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We investigate the decidability of the monadic second-order (MSO) theory of the structure (N; <, Py, ..., Pg), for various unary
predicates Py,..., Py C N. We focus in particular on ‘arithmetic’ predicates arising in the study of linear recurrence sequences,
such as fixed-base powers kN = {k” : n € N}, kth powers Nk = {n* : n € N}, and the set of terms of the Fibonacci sequence
Fib={0,1,2,3,5,8,13,...} (and similarly for other linear recurrence sequences having a single, non-repeated, dominant characteristic
root). We obtain several new unconditional and conditional decidability results, a select sample of which are the following:

e The MSO theory of (N; <, ZN, Fib) is decidable;

e The MSO theory of (N; <, 2N 3N ¢NY is decidable;

e The MSO theory of (N; <, 2N 3N, SN) is decidable assuming Schanuel’s conjecture;

e The MSO theory of (N; <, 4N N2) is decidable;

e The MSO theory of (N; <, 2N N2) is Turing-equivalent to the MSO theory of (N; <, y), where y: N — {0, 1} is the binary

expansion of V2 — 1. The widely believed conjecture that V2 is normal implies decidability of both MSO theories.

These results are obtained by exploiting and combining techniques from dynamical systems, number theory, and automata theory.
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1 INTRODUCTION

Biichi’s seminal 1962 paper [12] established the decidability of the monadic second-order (MSO) theory of the structure
(N; <), and in so doing brought to light the profound connections between mathematical logic and automata theory.
Over the ensuing decades, considerable work has been devoted to the question of which expansions of (N; <) retain MSO
decidability. In other words, for which unary predicates Pi, ..., Py is the MSO theory of (N; <, Py, ..., Pr) decidable?!

Here by unary predicate we mean a fixed set of non-negative integers P C N. Taking, for example, P to be the set of

The restricted focus on unary (or monadic) predicates is justified by the fact that most natural non-unary predicates immediately lead to undecidability;
see, e.g., [46, Thm. 3].
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2 Berthé et al.

prime numbers, Biichi and Landweber [13] observed in 1969 that a proof of decidability of the MSO theory of (N; <, P)
would “seem very difficult”, as it would inter alia enable one (at least in principle) to settle the twin prime conjecture.
(Decidability was subsequently established assuming the linear case of Schinzel’s hypothesis H [7], also known as
Dickson’s conjecture.)

The set of prime numbers is, of course, highly intricate. In 1966, Elgot and Rabin [21] considered a large class of
simpler predicates of ‘arithmetic’ origin, such as, for any fixed k, the set kN = {k" : n € N} of powers of k, and the set
NK = {n* : n € N} of kth powers. For any such predicate P, they systematically established decidability of the MSO
theory of (N; <, P) by using the so-called contraction method. Many years later, their automata-theoretic results were
substantially developed and extended by, among others, Carton and Thomas [17], Rabinovich [39], and Rabinovich and
Thomas [40], using the framework of effectively profinite ultimate periodicity. A related concept that plays a crucial role
in this paper is that of effective almost-periodicity, introduced in the 1980s by Seménov [45], and recently brought to
bear in the MSO model checking of linear dynamical systems [28].

It is notable that whilst Elgot and Rabin established separately the decidability of the MSO theories, for example,
of (N; <, ZN) and (N; <, SN), they remained resolutely silent on the obvious joint expansion (N; <, 2N SN). This in
hindsight is wholly unsurprising: there are various statements that one can express in the above theory whose truth
values are highly non-trivial to determine. For example, for given fixed a, b, the assertion that there exist infinitely
many powers of 3 whose distance to the next power of 2 is congruent to a modulo b. An immediate corollary of our
first main result (Thm. 4.4) is that the MSO theory of (N; <, 2N, 3N) is indeed decidable. Although this is new, we should
mention that decidability of the first-order theory of (IN; <, 2N, 3N} was proven (using quantifier elimination) over forty
years ago by Seménov [44].

Looking over the last several decades’ worth of research work on monadic second-order expansions of the structure
(N; <), it is fair to say that the bulk of the attention has focused on the addition of a single predicate P. The obvious
reason is that whilst, in general, the decidability of single-predicate expansions of (N; <) can usually be handled with
automata-theoretic techniques alone, by reasoning about individual patterns in isolation, this is not the case when
multiple predicates are at play simultaneously. Such collections of predicates can exhibit highly complex interaction
patterns, which existing approaches are ill-equipped to handle. In this paper, we overcome these difficulties by showing
that key aspects of such interactions can be modelled in the theory of dynamical systems.

Our approach to analysing decidability of the MSO theory of a structure M = (N; <, Py,. .., Py) with d > 1 predicates
is as follows. Firstly, using Biichi’s original construction [12], given an MSO formula ¢ we can construct an automaton
(over infinite words) such that ¢ holds in M if and only if A accepts the characteristic word a of M, which records, for
each P;, the positions n € N such that n € P;. That is, the decision problem of the MSO theory of M is Turing-equivalent
to the automaton acceptance problem for a, denoted Acc,. Next, we use arithmetic properties of specific Py, ..., Py to
argue that Acc, is Turing-equivalent to Accg, which is the automaton acceptance problem for the so-called order word 3
of M. The order word is a compressed version of the characteristic word that keeps track of only the order in which the
elements of Py, ..., P4 occur. In the final step, we give dynamical systems that generate the order word f, and use their
various properties to show decidability of Accg and hence the MSO theory of M.

In this paper, we study two kinds of structures. Firstly, we study the case of P; = {u,(f) > 0}, where (u,(li));’:’:o isa
linear recurrence sequence with a single, non-repeated dominant root. These include geometric progressions (ap");”
for integers a, p > 1, as well as the Fibonacci numbers. In this case, the relevant dynamical systems are translations on

the d-dimensional torus T? = [0,1), given by x + x + ¢ for some ¢ € T¢ where addition operates coordinatewise and
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modulo 1. These are fundamental compact dynamical systems that have been extensively studied from the perspectives
of symbolic dynamics, ergodic theory, and number theory [14, 23]. Below we state specialised versions of our main

results for MSO theories of value sets of LRS with a single, non-repeated dominant root.

Theorem (Weakened version of Thm. 4.4). Suppose we are given an MSO formula ¢ and positive integers a1, p1, . . ., ag, Pd
1 1 . . . _ .

such that g’ Toglpn) e linearly independent over Q, and for everyi # j, aip} = a]p;." has only finitely many

solutions (n,m) € N2, Then it is decidable whether ¢ holds in (N; <, P,..., Py), where P; = {aipl: n € N}.

The linear independence condition holds, for example, when d < 2, or the set {p1, ..., pg} contains at most two
multiplicatively independent elements; See Lem. 2.11 for the precise formulation. This captures, for example, the case of
p1 =2, p2 =3, and p3 = 6. The role of the linear independence condition is to ensure that a certain hypercubic billiard
dynamical system, which captures the order in which the elements of Py, ..., P; occur, is non-degenerate; see Sec. 4.3.
That P; N Pj should be finite for every i # j is similarly a non-degeneracy condition.

Now suppose we have a; = ay = a3, p1 = 2, p2 = 3, and p3. It is widely believed that 1/log(2), 1/log(3), 1/log(5) are
linearly independent over Q. However, no proof is known, and hence the theorem above does not apply. Nevertheless,
we can conditionally deduce the required linear independence by invoking, for example, Schanuel’s conjecture in
transcendental number theory [48, Chap. 1.4]. Schanuel’s conjecture is a unifying conjecture that, among others,
completely describes all polynomial relations between logarithms of algebraic numbers, which in turn captures all
linear relations between the inverses thereof. As another example, it implies that for any non-zero polynomial p(x, y)
with rational coefficients, p(e, ) # 0, i.e., the constants e and r are algebraically independent. It turns out that, for
power predicates, assuming Schanuel’s conjecture we can in fact prove the most general decidability result possible,

handling in particular the cases where 1/log(p1), ..., 1/log(py) are linearly dependent; see Thm. 4.6.

Theorem. Suppose we are given an MSO formula ¢ and integers a1, p1,...,aq, pg = 1. Assuming Schanuel’s conjecture,
it is decidable whether ¢ holds in (N; <, Py, ..., Py), where P; = {aip?: n € N}

We mention that throughout this paper, all conditional decision procedures that we give rely on Schanuel’s conjecture
only for termination and not correctness: whenever they terminate, the output assertion as to whether ¢ holds is
unconditionally guaranteed to correct.

Having stated the theorems above, it is natural to ask: what if we fix the structure and allow only the formula ¢ to
be given as the input? That is, for which Py, ..., P; is the MSO theory decidable? We obtain the following, somewhat

surprising result; see Thm. 4.9.

Theorem. Forany integersay, p1,...,aq, pq = 1, there exists an algorithm that, given an MSO formula ¢, decides whether
@ holds in (N; <, P1,...,Pg), where P; = {ajp}*: n € N}.

The caveat is that the attendant decision procedure is non-uniform in a;, p;, 1 < i < d, in that it “knows” the ideal of
all polynomial relations between log(aj),log(p1), .. .,log(ay), log(pq)-

When studying the ordering in which powers of integers occur (i.e., the order word corresponding to the predicates
Py, ..., P above), we discover interesting connections to word combinatorics and the problem of determining the factor
complexity (i.e., the number of distinct subwords of a given length n) for certain classes of infinite words. In Sec. 4.3, we
discuss how it is possible to replace roughly half of the number theory we make use of with arguments from word
combinatorics and automata theory, to establish weakened versions of our main theorems.
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4 Berthé et al.

The second setting we consider is that of (N; <, Py, P2), where P; = {qnd: n € N} and P; = {pb™: n € N} for integers
@b, d, b. In this case, the underlying dynamical systems are given by maps Tp: [0,1) — [0, 1), T (x) = {b - x} where
b > 2is an integer and {y} denotes the fractional part of y € R. Iteratively applying T, starting from x € [0, 1) generates
the expansion of x in base b. These are also fundamental dynamical systems that go as far back as the work of Rényi on
P-expansions [41]. For the predicates P;, P, above, we give a complete result that links their MSO theory to that of

base-b expansions of certain algebraic numbers.?

Theorem (See Thm. 5.1). Letb,d > 2 and p,q > 1 be integers, P; = {qnd: n € N}, and P, = {pb"™: n € N}. Write

n=4p/q.{ = 1/b,andletyy,...,y4_1 € {0,...,b—1}? be the base-b expansions of {n}, {n{},. .., {r]{d’l}, respectively.
Then the MSO theories of (N; <, P1, Py) and (N; <, yo, ..., yq_1) are Turing-equivalent.

Various interesting MSO decidability results follow readily from the above; see Sec. 5 for a detailed discussion.

(A) Taking p = ¢ = 1and b = d = 2, we obtain that the MSO theory of (N; <, N2, 2N} is Turing-equivalent to that of
(N; <, 1), where y is the binary expansion of V2 — 1 viewed as function of type N — {0, 1}.

(B) The MSO theory of (IN; <, bN,Nd) is decidable for any integers k,d > 2, where b = k?. In this case, n =1,
{ =1/k, and hence {n},{n{}....,{n{% '} € Q. Recall that expansions of rational numbers in any integer base
are ultimately periodic, and hence their representations as functions of type N — {0, ..., b—1} are MSO-definable
in (N; <), which itself has a decidable MSO theory.

But what do we know about the expansion of an irrational algebraic number in an integer base b? For such an

m.,T(n) = +oo where 7,4 (n) denotes the number of distinct finite

expansion a, it is known, for example, that lim inf, e
words of length w that appear in « (Thm. 2.17). On the other hand, many simple results that would be subsumed by
decidability of the MSO theory of an expansion in base b remain elusive: for example, at the time of writing no algorithm
is known that decides whether a given finite word occurs in a given expansion. Nevertheless, expansions of irrational
algebraic numbers in integer bases are widely conjectured to be normal, and a fortiori disjunctive: every finite pattern of
digits should occur infinitely often. As the MSO theory of any disjunctive word is decidable (Thm. 3.5), the MSO theory
of (N; <, N2, 2N) is decidable assuming the binary expansion of {\/5} =v2-1is disjunctive.

We recall necessary preliminaries from logic, automata theory, number theory, and word combinatorics in Sec. 2.
In Sec. 3, we develop a range of automata-theoretic tools that allow us to reduce between the (decision problems of)
MSO theories of various structures. In Sec. 4, we apply our toolbox to show how to decide MSO theories of multiple
linear recurrence sequences with a single, non-repeated dominant root. Sec. 5 is dedicated to studying the MSO theories
of structures (N; <, {qnd: n € N}, {qnd: n € N}) through the lens of base-b expansions and normal numbers. Finally,

Sec. 6 contains a brief discussion of our results and open problems concerning decidability of MSO theories.

2 PRELIMINARIES

We denote by 0 the tuple (0,...,0) whose dimensions will be clear from the context. We write T for [0, 1), viewed as an

additive group where addition operates modulo 1. For x € R, we write {x} for the fractional part x — | x] of x.

2.1 Words and automata

By an alphabet ¥ we mean a finite non-empty set of letters. The sets of finite, finite non-empty, and infinite words over

¥ are denoted 3*, X, and =%, respectively. For a finite or infinite word @ and n € N, we write a(n) for the nth letter of a.

2We view the base-b expansion of x € [0, 1) as an infinite word over {0, ..., b — 1}, or equivalently, as a function of type N — {0, ..., b-1}.
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On the Decidability of Monadic Theories of Arithmetic Predicates 5

Thus @ = a(0)a(1) - - -. We define a[n,m) := a(n) - - - a(m — 1), and assuming « is infinite, «[n, o0) == a(n)a(n+1)---.
We denote the length of a finite word w by |w|. A finite word w € Z* occurs at a position n in « if a[n, n + |w|) = w.
Such w is called a factor of «. We denote by 74 (n) the number of distinct factors of length n of . The function 7 is
called the factor complexity of a.

A deterministic finite Muller automaton (simply called an automaton throughout the paper) A over an alphabet =
is given by a tuple (Q, ginit, J, F), where Q is the (finite) set of states, ginjt is the initial state, §: Q X ¥ — Q is the
transition function, and ¥ is the acceptance condition consisting of subsets of Q. For ¢ € Q and u € £*, we denote
by (g, u) the state obtained when the automaton reads u, starting at the state g. We denote by A(«) the sequence of
states visited when A reads a. A word a € =% is accepted by A if the set S of states appearing infinitely often in A(«)
is present in . We write a € L(A) to mean that A accepts a.

A deterministic finite transducer (simply called a transducer throughout the paper) 8 over an input alphabet ¥ and an
output alphabet T is given by (R, rinit, 0), where R is the (finite) set of states, riyjt is the initial state, and 6: RxY — RxT*
is the transition function. At every step, B reads a letter from the input alphabet 3, transitions to the next state, and
outputs a finite word over the output alphabet I'. We denote by B(«) the (possibly finite) word over T output by 8
upon reading o € X%.

Let A be an automaton as above. By a journey on A we mean an element of J = Q x Q x 29. A path 409192 - qn €
Q™! makes the journey (qo, qn, V) where V is the set of states occurring in the proper suffix q1qz - - - qu. If n > 1, then
qn € V necessarily, but go may not belong to V. The unique journey a word w € X* makes starting in qo € Q, denoted
by jour(w, qo), is the journey made by the path qq - - - ||, Where gi+1 = 6(gi, w(i)) for 1 < i < |w|. The empty word
makes journeys of the form (g, g, 0). If v makes the journey (g1, g3, V1) and w makes the journey (g3, g2, V2), then ow
makes the journey (q1, g2, V1 U V).

Next, we define the equivalence relation ~ # as follows. Two words v, w € X* are equivalent, denoted v ~ # w if
the sets of journeys they can undertake (starting from various states) are identical. The equivalence is moreover a
congruence: if v ~ 7 w and x ~ # y, then vx ~ # wy. Observe that ~ # is not the classical congruence associated with
the automaton A. Our choice, however, will be more convenient for technical reasons.

Since there are only finitely many equivalence classes of ~ 4, the quotient of X* by ~ 4 is a finite monoid M, called
the journey monoid. We use h to denote the natural morphism from 3* into M. The morphism h maps each letter to
its equivalence class modulo ~ #. We also extend the function jour to take inputs from M x Q: For an equivalence
class m = [w] and state g, we define jour(m, g) = jour(w, g). Finally, we will need the following lemma, whose proof is

immediate.

LEMMA 2.1. Let A be an automaton as above and a = uguy - - - € %, where u, € I* for all n. Then run of A on a can

be decomposed as the concatenation of journeys

(g0 91, Vo) (g1, 92, V1) (g2, @3, V2) - - -

where qo = qinit and jour(un, qn) = (qn, qn+1, Vn) for all n. Moreover, every q € Q appears infinitely often in A(a) if and
only if q € V,, for infinitely many n € N.
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6 Berthé et al.

2.2 Monadic second-order logic

Monadic second-order logic (MSO) is an extension of first-order logic that allows quantification over subsets of the
universe. Such subsets can be viewed as unary (that is, monadic) predicates. We will only be interpreting MSO formulas
over expansions of the structure (N; <). For a general perspective on MSO, see [11].

Let S = (N;<,Py,...,Pp) be a structure where each P; C N is a unary predicate. We associate a language Lg of
terms and formulas with S as follows. The terms of Lg are the countably many constant symbols {0, 1,2, .. .}, lowercase
variables that stand for elements of N, and uppercase variables that denote subsets of N. The formulas of Lg are the
well-formed statements constructed from the built-in equality (=) and membership (€) symbols, logical connectives,
quantification over elements of N (written Qx for a quantifier Q), and quantification over subsets (written QX for a
quantifier Q). The MSO theory of the structure S is the set of all sentences belonging to L that are true in S. We write
S [ ¢ to mean that the formula ¢ holds in the structure S. The MSO theory of S is decidable if there exists an algorithm
that, given a sentence ¢ € Lg, decides whether S = ¢.

As an example, consider S = (N; <, P) where P is the set of all primes. Let s(-) be the successor function defined by
s(x) = y if and only if

x<y A Vz:ix<z=y<z

That is, s(x) = x + 1. Further let

Pp(X)=1eX AN 0,2¢X AVx:xeX & s(s(s(x)) eX
Y =3X: o(X) A VyIz>y:z€X A P(z).

The formula ¢ defines the subset {n: n = 1 (mod 3)} of N, and ¢ is the sentence “there are infinitely many primes
congruent to 1 modulo 3”, which is the case. At the time of writing, it is not known whether the MSO theory of the
structure S above is decidable.

The Acceptance Problem for an infinite word a, denoted Accg, is to determine, given an automaton A, whether
a € L(A). Let Py,...,P; C N be predicates and X = {0, 1}d.

Definition 2.2. The characteristic word of (Pi,...,Py), written a = Char(Py,...,Py) € £, is defined by a(n) =
(bn1, ..., by q) Where by; = 1if n € P; and b,; = 0 otherwise.

The following is a reformulation of the seminal result of Biichi through which he showed decidability of the MSO
theory of (N; <), which will also be used to prove all of our MSO decidability results. We state it for deterministic
Muller automata, which are equivalent to non-deterministic Biichi automata [47]; the latter were used in the original

proof of Biichi.

THEOREM 2.3 ([47, THMS. 5.4 AND 5.9]). Given an MSO formula ¢ over predicates Py, ..., Py, we can construct an

automaton A over Y. = {0, 1}d such that for any structure S = (N; <, Py, ..., Pg) with the characteristic word a,
SE¢@ e aeL(A).

In particular, the decision problem of the MSO theory of S is Turing-equivalent to the decision problem Accg.

2.3 Algebraic Numbers

A complex number A is algebraic if there exists a non-zero polynomial p € Q[x] such that p(1) = 0. The set of algebraic

numbers is denoted by Q. The unique irreducible monic polynomial p € Q[x] that has A as a root is called the minimal
Manuscript submitted to ACM



On the Decidability of Monadic Theories of Arithmetic Predicates 7

polynomial of A. A canonical representation of an algebraic number A consists of its minimal polynomial p and sufficiently
accurate rational approximations of the real and imaginary parts of A to distinguish it from the other roots of p. All
arithmetic operations can be performed effectively on canonical representations of algebraic numbers; see, for example,
[18, Sec. 4.2] and [26, Sec. 1.5.4].

Let z1,...,2z4 € C*. The free abelian group

Gm(ztr.. o zg) = {(ki,.. k) 28 2R = 1y

is called the group of multiplicative relations of z1, . .., zy. We say that z1,...,z4 € C* are multiplicatively independent if
Gum(z1,. .., zq) is the trivial group. The rank of G = Gp(z1, .. ., z4) is the size of any of its bases: If rank(G) = m, then
G has a basis B = {vy,..., vy} C Z that is linearly independent over Q with the property that every z € G can be
uniquely written as an integer linear combination of vy, . .., vj,. For non-zero algebraic Ay, ..., A4, we can compute a

basis of G using a deep result of Masser [33], or the more recent polynomial-time algorithm of Combot [19].

2.4 Linear recurrence sequences

A sequence (up),, over aring R is a linear recurrence sequence (LRS) over R if there exist ¢y, ..., cq € R such that

Up+d = ClUpyd—1+ -+ CqUn (1)

for all n € N. The smallest such d is called the order of (u,),. . We will mostly work with LRS over Z, which we also
call integer LRS. For example, the Fibonacci sequence satisfies up42 = tp+1 + up for all n € N, and is an integer LRS of
order two. We refer the reader to the book [22] for a detailed account of LRS.

The characteristic polynomial of (upn),”, is p(x) = x? - Z?zl x4t Suppose p has the (distinct) roots Ay, . .., Am € Q,

called the characteristic roots of (u,);_ . Then there exist unique polynomials g1, ..., qm € Q[x] such that
un = qu(MAT + - + gm(n)Ap, (2)

for all n € N. Equation (2) is known as the exponential-polynomial form of (u,),” . A characteristic root 4; is called
non-repeated if q; is constant and dominant when |4;| > || forall1 < j < m.LetI C {1,..., m} contain the indices of
all dominant roots, i.e., i € Iifand only if |A;| > |A;| forall1 < j < m. The sequence {vn),_ givenby v, = 3;cr qi (M)A}
is called the dominant part of (upn),.; and is an LRS over Q but not necessarily over Z. The sequence (un),, is called
diagonalisable (alternatively, simple) if g; is constant for all 1 < i < m.

Decision problems for linear recurrence sequences, despite being of central interest in algebraic number theory,
largely remain open. The most famous problem is the Skolem Problem, which asks to decide whether a given LRS (un),,
contains zero. It is known to be decidable for sequences of order d < 4, and is open at order 5 and above [34]. Similarly,
the Positivity Problem asks to decide whether a given LRS (up), satisfies up > 0 for all n. Decidability (or, for that
matter, undecidability) of the Positivity Problem would imply substantial new results in Diophantine approximation
that are currently believed to be out of reach [36]. For this reason, any decision problem to which the Positivity Problem
can be reduced is referred to as Positivity-hard. Finally, the Ultimate Positivity Problem asks to decide whether a given
LRS (up),, satisfies u, > 0 for all sufficiently large n. This problem is known to be decidable for LRS of order at most
5 as well as LRS (of any order) whose characteristic roots are all non-repeated [36, 37]. At order 6, decidability is again
linked to certain open problems in Diophantine approximation [36].

We give two straightforward lemmas about linear recurrence sequences. First, the exponential-polynomial form (2)
immediately implies an exponential upper bound on |uy|, formalised below.
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8 Berthé et al.

Lemma 2.4. Let (upn),2, be an LRS,r,R € R>o N Q, and suppose R > |A;| for any characteristic root A; of (un) e, We
can compute N € N such that |up| < rR" foralln > N.

From (1) it readily follows that an integer LRS is ultimately periodic modulo any m € N> 1. This is known as being

procyclic.

LemMA 2.5. Let (un),, be an integer LRS, m be a positive integer, and define the sequence (vn), ., asvn = u, mod m.

We can compute N > 0 and p > 0 such that vpyp = vy foralln > N.

2.5 Schanuel’s conjecture

A set X = {ay,...,ay} of complex numbers is said to be algebraically independent over Q if p(as,...,ag) # 0 for
any non-zero polynomial p € Q[x1,...,x4]. The transcendence degree of X is the size of a largest subset of X that
is algebraically independent over Q. Below we state Schanuel’s conjecture, a classical conjecture in transcendental

number theory with far-reaching implications [30].

CONJECTURE 2.6 (SCHANUEL’S CONJECTURE). If a1, ..., a4 € C are linearly independent over Q, then the transcendence

degree of {a1, ..., ag,e™,...,e%} is at least d.

In particular, Schanuel’s conjecture implies that log(4;),...,log(1,) are algebraically independent over Q for
multiplicatively independent Ay,..., 45 € @* We will use Schanuel’s conjecture in the following way. Consider the
structure Rexp = (R; <,+, —, -, exp(-), 0, 1) of real numbers equipped with arithmetic and (real) exponentiation. By
the first-order theory of Rexp we mean the set of all well-formed first-order sentences that are true in Rexp. In [32],

Macintyre and Wilkie show that the first-order theory of the structure Reyp is decidable assuming Schanuel’s conjecture.

THEOREM 2.7. Assuming Schanuel’s conjecture, given a sentence ¢ € Lexp, we can decide whether Rexp = ¢. Moreover,

Schanuel’s conjecture is only required for termination and not correctness.

The second statement in the theorem above means that the algorithm of Macintyre and Wilkie always terminates

assuming Schanuel’s conjecture, and whenever it does, it is unconditionally guaranteed to correctly decide whether
Rexp E o
2.6 Baker’s theorem

By an R-affine form, where R is a ring, we mean h(xy,...,xq) = ao + Z;jzl ajxj, where a; € Rforall 0 < i < d. The

following is a (rather weak) version of Baker’s celebrated theorem on Z-affine forms of logarithms [5].

THEOREM 2.8. Let py, ..., pg € Rso N Q. There exists a computable constant C > 0 such that for all by, ..., by € Z with
B :=max{|b1| +2,...,|bg| + 2} and A := b1 log(p1) +-- -+ by log(py),

A#0=|A]>BC.
From Baker’s theorem, we derive the following consequence.

THEOREM 2.9. Let p1,p2 > Ro1 N @ andci,¢c3 € RN @ There exists a computable constant C with the following
property. Write E(ny, ng) = clp;” + cngz forny,ny € N. Then

ny nz
P1 Py

E(ny,ny) # 0 = |E(ny,ny)| > >
(n1,n2) |E(n1, n2)] 1 +2)C (+2)C

forallny,ng € N.
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ProOOF. We can assume that cicp < 0; otherwise the result is trivial. Suppose E(ny, n2) # 0. Then, for (i, j) = (1,2)
or (2,1),

|E(n,n2)| = lej - p - > lejl - i - 1log(ci/ej) +nilog(pi) = njlog(p))

Gioni mn
g 1
where we have used the fact that e¥ — 1 > x for all x > 0. Therefore,

n
[E(nin)| > lejl - o7 - 1AGn1 )]

where A(ny, nz) = |[log(c1/c2) + n1log(p1) — nzlog(p2)| = |log(ca/c1) + nz2log(pz) — n1log(p1)|. Therefore, we need

construct C > 0 such that
1

|A(n1, n2)| > , .
le1l(n1 +2)C 7 |eal(ng +2)€

Compute k > 1 such that for all ny, ny € N1,

e n; > kny = log(cq1/c) + nzlog(ps) < %nl log(p1), which, in turn, implies that |[A(ny, n2)| > %nl log(pi) as

well as |[A(ny, ny)| > %nz log(p2), and
o ny > kny = log(ci/c2) + nilog(pr) < %nz log(pz2), which implies that |A(ny, ng)| > %ng log(p2), %nl log(p1).
2

It remains to consider the case where n? < ny < kny or niny = 0. In the former case, by Baker’s theorem, there exists a

computable constant D > 0 such that
|A(n1,n2)| > (max{2 +ny,2+n2}) "2 > (2 +xn;) P

for i = 1, 2. In the latter case, compute M; := min,en{|A(0, n)|: A(0,n) # 0} and My := min,en{|A(n,0)|: A(n,0) # 0},
which one can do as A(0,n) and A(n,0) are linear in one variable and we can find the n for which they are zero. It
remains to choose C sufficiently large such that
1 1
(2 +xn)P il (n +2)€

forallneNandi=1,2. [m]

1
sgnlog(Pi),MLMz >

Baker also proved the following, which is a very special case of Schanuel’s conjecture. We will use it to prove the

following two lemmas.

TuroREM 2.10 (TuM. 1.6 IN [48]). Let p1,..., pg € Rso N Q be multiplicatively independent, i.e., log(p1), .. .,log(pg)
are linearly independent over Q. Then 1,log(A1), . . .,log(Ay) are linearly independent over Q.

LemMA 2.11. Letd > 2, A1,..., A4 € Rsq N Q be pairwise multiplicatively independent, and suppose
rank(Gpr(Ay,...,4g)) =d —2.
Then 1/log(A1), ..., 1/log(Ay) are linearly independent over Q.

Note that the condition rank(Gp(p1,...,pq)) = d — 2 is exactly the same as “each triple of distinct p;, pj, p is
multiplicatively dependent”, as well as “each triple of distinct log(p;), log(p;),log(pg) is linearly dependent over Q”.
This holds trivially when d = 2.

ProoF oF LEM. 2.11. By the two assumptions, for any distinct i, j, k there exist b;, bj, by € Zzo such that /1?"/1?] /12" =

1. Equivalently, b; log(4;) + bjlog(4;) + b log(Ax) = 0. For 1 < j < d, let by j,by; € Q be such that log(1;) =
by,jlog(A1) + by, jlog(A2). Then by 1 = ba2 = 0 and all other b; j are non-zero.
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10 Berthé et al.

Letcy,...,cq € Q be rational numbers such that Z;lzl cj/log(A;) = 0. We will argue that cj = 0 for all j. Multiplying
by (the non-zero number) H?:1 log(4;) gives

d
i [ (brjlogan) +bs108(22)) = 0,
J=1  1<i#j<d
which simplifies to
d-1
. i d—i _
> eilog(21)' log(22)? " =0
i=0

for some ¢; € Q. Assume not all e; are zero. Then dividing by log(12)¢~! shows that log(1;)/log(12) is the root
of the non-zero polynomial Z;.iz_ol eix! € Q[x]. That is, log(A1)/log(Az) is an algebraic number, say @, and hence
log(A1) — alog(A2) = 0, contradicting Thm. 2.10 A; and A are multiplicatively independent. Therefore, all e; have to be

zero. It follows that the rational function

d
Ci
X, = _— =90
SED =)

must be zero everywhere it is defined.

Suppose c; # 0 for some i. By the multiplicative independence assumption, the following holds. For every 1 € Q
and j # i, it is not the case that for all x,y € R, by ;x + bajy = A(by,jx + ba,jy). (Since by j, bz j € Q for all j, the same
holds for all A € R and i # j.) Therefore, we can find x,y € Q such that by ;X + by;jy = 0 and by jX + bz jy # 0 for all
Jj # i. Now consider what happens as (x,y) — (X, 7). We have that for all j # i, by jX + by, jyy — z; for some non-zero
zj € Q, but by ;X + by ;y — 0, which implies that | f(x, y)| must diverge. This contradicts the fact that f(x, y) is constant

everywhere it is defined, which implies that ¢; = 0. O
LEMMA 2.12. Given Ay,..., g € Q and ay, ..., ag € Q, we can effectively determine the sign of ag + Z;.izl a;log(A;).

ProoF. By computing a basis of Gp1(41,...,44) (see Sec. 2.3), we can rewrite this expression as ag + X.{_; b; log(y;),
where forall 1 <i <e, b; # 0, y; = Aj for some j, and py, ..., jie are multiplicatively independent. By Thm. 2.10, this
expression is zero if and only if ag = b1 = - - - = be = 0. If it is non-zero, we can compute its sign by approximating its

value from above and below to arbitrary precision. O

2.7 Kronecker’s theorem and translations on a torus

Recall that T denotes [0, 1), viewed as a group with addition modulo 1. In our analysis of MSO theories of powers of

integers, we will frequently encounter compact dynamical systems of the form

(19, g5: T¢ — 19, 95((x1,-.x2)) = ({x1 + 81} .. {xg + 8a})
for some § = (81,...,84) € T¢. These dynamical systems are well-understood thanks to Kronecker’s theorem on
Diophantine approximation. Let § = (8y,...,8;) € T%, and define the groups of affine linear relations and linear

relations, respectively, as
GA(51, .. .,5d) = {(ko, .. .,kd) € Zd+1 t kb1 +-- -+ kdéd = ko} and
GL(S1,....80) = {(k1,....kg) € Z%: k181 + -+ kgS4 = 0}.
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On the Decidability of Monadic Theories of Arithmetic Predicates 11

Further, let
Xs = {(x1,....xg7 € T : Ga(x1,...,xq) CGL(S1,...,8)}-

The following is a rephrasing of Kronecker’s theorem in Diophantine approximation [24].
THEOREM 2.13. The orbit of 0 € T¢ under the map g is dense in X.

That is, every open subset of X is visited infinitely often by the orbit of 0 and Xj is a closed set. For s € T4, define

Xs.s = {s+x: x € Xs}. The following is an immediate consequence of Kronecker’s theorem.

THEOREM 2.14. The orbit of s € T4 under the map gs is dense in X5 .

(n)

COROLLARY 2.15. Let Z C T¢ be open. For any s € T¢, the set T = {n € N: gs

(s) € Z} is either empty, or has
uniformly bounded gaps.

Proor. If Z = Z N X5.s = @, then T is empty. Now suppose Z+ 0. LetZ = g((s_k) (Z) for k > 0. By Thm. 2.14, these
sets form an open cover of Z. Because X ¢ is compact (being closed and bounded), there exists K such that Zy, ..., Z_g
covers X ; and thus Zc Xs,s- It follows that any g((sn) (s) “falls into” Z within at most K steps. Therefore, for any n > K,
n € T, there exist ny,ny € T suchthatn —K <ny <n<ny <n+K. ]

2.8 Normal numbers

Call a number a € R is disjunctive in base b if its base-b expansion « is a disjunctive word, i.e. a contains infinitely many
occurrences of every w € {0,...,b — 1}*. Disjunctivity is a weaker property than the more well-known property of
being a normal number: in the latter case, the frequency of occurrences of every finite word w € {0,...,b — 1} has to be
equal to b=!"!. For a detailed discussion of disjunctivity, see the book [15] and of normal numbers, see surveys [25, 38]

and the book [14]. In particular, [25] states the following conjecture.
CONJECTURE 2.16. A real irrational algebraic number « is normal in any integer base b > 2.

Thus, in particular, this conjecture implies that every real irrational algebraic number is disjunctive in any integer

base. The strongest result towards this conjecture is due to Adamczewski and Bugeaud [1].

THEOREM 2.17. Ifb > 2, a is the base-b expansion of a real irrational algebraic number, and r, denotes the factor
complexity of a, then

lim inf
n—oo

Ta(m) _
) .

2.9 Fourier-Motzkin elimination

Fourier-Motzkin elimination is a method for solving systems of linear equalities and inequalities over the reals. Suppose

we are given the system

D(xy,. .., xm) = /\ai,lxl +ooF AimXm ~i bi A /\ ajaxy -+ ajmXm ~j bj
iel Jej

where a; ., b; € R are some constants, a; ., ajx > 0, ~; € {>,2},and ~j € {<, <} forall i, j, k. Then ®(x1, ..., xm) can
be written as

ai?2 ai,m aj2 ajm
/\x1~i—xg+~-+—xm+bi/\/\x1~j]—x2+~--+j—xm+bj

a; aj aj aj
iel 0,1 i,1 jeJ Jj,1 j,1
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12 Berthé et al.

and hence the formula Jx1: ®(x1,...,xpm) is equivalent to
a2 ai,m aj,2 aj,m
—x2+-~~+—xm+b,~ ~i,j —x2+-~~+—xm+bj
a; a; a;i aj
iel,jey “b1 i1 ji1 j,1

where ~; j is < if both ~; and ~; are non-strict, and ~; j is < otherwise. Hence we can eliminate the variable x;.

Let A be the set of all numbers that appear as the coefficient of some x; in @ (i.e., the set of all a; ¢, a; ), and B be
the set of all other constants (i.e., the set of all b;, b;). By repeating the process described above, we can construct a
Boolean combination ¥ of linear inequalities (without any free variables) in the elements of B with coefficients that are

polynomial in the elements of A such that ¥ is true if and only if 3x1,...,xm: ®(x1,...,Xp) is true.

3 A TOOLBOX FOR PROVING MSO DECIDABILITY

We recall classical results in Sec. 3.1 and 3.2. Thereafter we give our main new results concerning MSO decidability.

3.1 Uniformly recurrent words
A word @ € 3 is

o recurrent if every factor u € * of @ occurs infinitely often in «, and
o uniformly recurrent if it is recurrent and for every factor u, the gaps between consecutive occurrences of u in
are bounded. In this case, we define R, (n) to be the smallest integer R such that every factor u of @ with |u| =n

appears in a[k, k + R) for all k. The function Ry is called the recurrence function of a.

Prominent examples of uniformly recurrent words include the Thue-Morse word [2, Chap. 1] and all Sturmian words

[31, Chap. 2]. The following is due to Seménov [45], and a modernized version of this proof is given in [26, Section 3.1].3

THEOREM 3.1. Suppose we are given an automaton A and a uniformly recurrent word a, represented by (i) an oracle to

compute a(n) given n, and (ii) an oracle to compute Ry (n) given n. Then we can decide whether A accepts a.

COROLLARY 3.2. Suppose we are given an automaton ‘A and a uniformly recurrent word o represented by the oracle (i)

above and either

(iii) an oracle to decide whether a given finite word u occurs in a, or

(iv) an oracle to compute the factor complexity n,(n) given n.

Then we can decide whether A accepts a.

ProoF. Suppose we can decide whether a given u occurs in a. Then for any k, we can compute the set L(k) of all
factors of « of length k. Thus we can compute R, (n) by computing L(k) for increasing values of k > n until we arrive
at a set of finite words all of which contain all of L(n) as factors.

Now suppose we can compute 7, (n) given n. Then we can decide whether u occurs in @ by first computing 7 (|ul),
and then computing increasingly larger prefixes of a until we have seen 7, (|u|) different factors of length |u|. At that

point we can decide whether u occurs in a. O

3.2 Profinitely ultimately periodic words

Carton and Thomas [17] introduced the class of profinitely ultimately periodic words as a framework to generalise the

contraction method of Elgot and Rabin [21]. Let X be an alphabet.

3In fact, Seménov’s result works for the more general class of effectively almost-periodic words, in which every factor occurs either finitely many times, or
with bounded gaps.
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(a) A sequence of finite words (up ), en is effectively profinitely ultimately periodic [17] if for any morphism h: * —
M into a finite monoid M, we can compute integers N, m with m > 1 such that for all n > N, h(u,) = h(up+m).

(b) An infinite word « is effectively profinitely ultimately periodic if it can be effectively factorised (by, e.g., a Turing
machine that is given « as input) as an infinite concatenation ugu; - - - of finite non-empty words forming an
effectively profinitely ultimately periodic sequence [39].

(c) We say that a strictly increasing function f: N — N is effectively contractive if for any morphism h: N — M
into a finite monoid, the sequence (h(f(n+1) - f(n) — 1)), is ultimately periodic with computable period and
pre-period.

We have the following results about MSO decidability.

THEOREM 3.3. Let o € 2, and suppose we can compute a(n) given n. The problem Accy, is decidable if and only if a is

effectively profinitely ultimately periodic.

The “if” direction of Thm. 3.3 is due to Carton and Thomas [17], and the converse is due to Rabinovich [39]. Every
infinite word is profinitely ultimately periodic, as a close inspection of the use of Ramsey’s theorem in Rabinovich’s proof
reveals. The effectiveness distinguishes words whose automaton acceptance problem is decidable. A comprehensive
class of predicates whose characteristic words (@ € {0, 1}*’) are effectively profinitely ultimately periodic is identified
by [17, Thm. 5.2]. This class includes fixed base powers kN as well as kth powers N¥ (see the Introduction).

Effectively contractible words, where f itself is computable, are more restrictive than effectively profinitely ultimately
periodic words: in the latter case, we are free to choose the factorisation, but in the former case, the factorisation has
to be the natural one. It turns out, however, that effectively contractible words have better compositional properties

(Sec. 3.6). For now, we record the following corollary of Thm. 3.3.

COROLLARY 3.4. The MSO theory of (N; <, P), where P = {f(n): n € N} for a computable and effectively contractive
function f, is decidable.

ProorF. The characteristic word « of P is effectively profinitely ultimately periodic, with the required factorisation
of a being Of(o) lof(l)_f(o)_l10f(2)_f(1)_11 v, O

3.3 Disjunctive words

Recall that a word a € ¢ is disjunctive if every u € X* appears infinitely often in a. Disjunctivity is usually considered
when ¥ = {0,...,b — 1} is the alphabet of digits and « is the base-b expansion of a real number x € [0, 1]. Thus, when
x=v2-1=0.41421356--- and b = 10, @ = 41421356 - - - . We have the following result about such words.

THEOREM 3.5. If a is disjunctive, then Acc is decidable.

Intuitively, the proof uses the abundance of all factors in « to deduce that the set of states visited infinitely often is

an entire bottom strongly connected component in the graph induced by the automaton.

Proor. Consider an automaton A as a directed graph allowing multiple edges. We partition the graph into its
strongly connected components (SCCs) and call an SCC without outgoing edges a bottom SCC. We will show that
the set of states visited infinitely often by the run of A on « is precisely a bottom SCC. Hence, we decide Accy by
simulating this run until a bottom SCC is inevitably reached. Then « is accepted if and only if this bottom SCC is in the

(Muller) acceptance condition.
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We need to show that (a) if an SCC is not a bottom SCC, then the run eventually exits it; and (b) if the run
enters a bottom SCC, it visits all its states infinitely often. To prove (a), let S be a non-bottom SCC. Order the states
of S as q1, ..., qn. Inductively construct a sequence of words uy,...,u, € 3%, starting with k = 1, such that for all
1<k<n 6(qxur---ug) ¢ S. Here, up,q can be chosen to be any word such that takes the automaton from the state
O(qr41, U1 - - - ug) to state outside S. Then the word u = uy - - - up, is such that for any g € S, §(q, u) ¢ S. By disjunctivity,
u occurs in a. It follows that when reading o from any q € S the run will exit S.

We prove (b) similarly. Let S be a bottom SCC consisting of the states g1, ..., gn, and g € S. Inductively construct
ui,...,un € ¥ such that 5(qg, u1 - - - ug) = q for all k. Here, uy,; can be chosen to be any word that takes the automaton
from the state §(qp1, u1 - - - u) to the state q. It follows that whenever the word u = u; - - - uy, is read, regardless of

from which state in S, the state q will be visited. By disjunctivity we have that every q € S is visited infinitely often. O

3.4 Closure under transductions

In this section, when we say a word a € X% is given, we mean that an oracle is given that computes a(n) on input n.
Our first result is that automaton acceptance for an infinite word ¢ = 77 (), where 7 is a transducer, can be reduced to

automaton acceptance for f.

LEMMA 3.6. Suppose we are given € £, f € X, an automaton A, and a transducer T~ such that a = T (f3). We can
compute an automaton B such that @ € L(A) © p € L(B).

Proor. Write A = (Q, ginit, 6, F) and T~ = (R, rinit, 0). The automaton B simulates what 7~ would do upon reading «,
and furthermore, what A would do upon reading each output block of 7 ().

The set of states of B is Q” = J X R, where ] is the set of journeys in A. Each state keeps track of the last journey
made in A and the current state in 7. We further define qi’nit = ((¢init> Ginit 9), rinit) and

&' (((p.q.V).1).b) = (jour(q,u),r")

where o(r,b) = (r’,u). By Lem. 2.1, a state s appears infinitely often in A(«) if and only if a state ((p, g, V), r) with
s € V appears infinitely often in B(f). We therefore define ¥’ by

Fef ( 1% ) eF

((p.gV)r)eF

and 8 = (Q’,q; ;.. &', F7). O

CoROLLARY 3.7. Leta € 2, B € %, and suppose that a = T (f) for a transducer T". Then Accq reduces to Accg.

We next give a generalisation of Lem. 3.6 that we will be crucial throughout the paper. Here we transduce from f
not into « but rather a “compressed” version thereof, where the compression is performed by a morphism into a finite
monoid. Given an automaton A, we can choose the monoid to be the journey monoid, and show that to the automaton

A, a is indistinguishable from its relevant “compressed" version.

THEOREM 3.8. Suppose we are given & € X, f € X, an automaton A, and an oracle that, given a morphism
h: 3] — M into a finite monoid M, computes a transducer 7~ (with input alphabet 3.y and output alphabet M) with the
following property: There exists a factorisation a = [,_, wn such that [1}_, h(wn) is a factorisation of T (f). Then we
can compute an automaton B such that a € L(A) & f € L(B).
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Proor. Let J be the set of all journeys in A, M be the journey monoid of A, h: ] — M be the morphism
mapping each finite word to the equivalence class of its set of journeys in A, 7 be the corresponding transducer,
and & = [];_, wn be the corresponding factorisation. Write A = (Q, ginit, 5, F) and 7 = (R, rinjt, 0). We construct an
automaton M = (J, (Ginit, ¢init: @), 8’, ') over the alphabet M as follows. The states simply record the last journey
taken. For (p,q,V) € J and x € M, we define &’ ((p, g, V), x) = jour(g, x). Finally, we define the acceptance condition by

FeF ( V) eF.
(q.r.V)eF
Then M(T (p)) is factorisation of the run of A on « into journeys as in Lem. 2.1, and ¢ € L(A) © T (f) € L(M).
Applying Lem. 3.6, we construct an automaton 8 such that 7 (f) € L(M) & p € L(B). O

3.5 Sparse procyclic predicates

We now discuss the main automata-theoretic tool that will be used Sec. 4. The idea is that we reduce from the
characteristic word to its compressed version, called the order word. Let Py, ..., P; be infinite predicates with the
characteristic word a € ({0, 1})®. Order the elements of P; as (p,(ll) Yoo

Definition 3.9 (Order Word). The order word of Py, ..., Py, written Ord(Py, ..., Py), is the infinite word obtained by

deleting all occurrences of 0 from a.

In compressing the characteristic word « to the order word f, one only retains partial information, i.e. a particular
aspect of the interaction between predicates. Not surprisingly, by an immediate application of Lem. 3.6, given an
automaton B we can construct an automaton A such that ¢ € L(A) & f € L(B) for any characteristic word a. In
particular, Acc 5 reduces to Acc,. Remarkably however, under certain circumstances, the order word captures all the

information we need to decide automaton acceptance, and we can perform the reverse reduction. To see this, write
a= Okoﬁ(O)---Ok"ﬁ(n)--~

and suppose we want to decide whether & € L(A). The automaton A is finite, and consequently one can compute
L,p > Osuchthatforalln > L, it cannot distinguish 0" from 0™*”. Provided that ky, is persistently larger than L, it suffices
to only keep track of k, modulo p. That is, we can construct an automaton A’ such that « € L(A) © a’ € L(A’)
where a’ = 0™ (0)---0™nf(n)--- and each m, is small but indistinguishable from k; by A. We can then hope to
insert the sequence (07)>  into f: that is, construct a transducer C such that a’ = C(f}). Then by Lem. 3.6, deciding
whether a’ € L(A’) reduces to deciding whether ff € L(8B) for an automaton 8 computed from A’ and C. We next
formalise this argument. We say that a sequence (un),, (over any countable set X)) is effectively procyclic if, given

m 2 1, we can compute N, p such that up+p mod m = u, mod p foralln > N.

Definition 3.10 (Effectively Procyclic Predicates). The predicates Py, ..., Py are effectively procyclic if each (p,(,i) Yoo 18
effectively procyclic.

Note that the predicates (Pi,. .., P;) being (effectively) procyclic is equivalent to the characteristic word «, viewed
as an infinite sequence, being (effectively) procyclic. We briefly argue that for a single predicate P, the notions of being
effectively procyclic and having an effectively profinitely ultimately periodic characteristic word are incomparable.

Firstly, let a € {0,1}* be such that a(n) can be computed given n, but Accg is undecidable. For example,* writing tn,

4This example is due to Edon Kelmendi.
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for the mth prime number, we can take
a(n=1on= t,l; for some m, k and the mth Turing Machine halts (on empty input) in at most k steps.

Then the mth Turing machine does not halt on empty input if and only if there exist infinitely many n = 0 (mod t,)
such that a(n) = 1. Note that by undecidability of Accg, both 0 and 1 must occur infinitely often in a. Construct § by
replacing in « each 0 by 10 and the kth occurrence of 1 by 10X*1 Let P = {n: B(n) = 1}, which is effectively procyclic
by construction. However, since a = 8(f) for a transducer, by Lem. 3.6, Acc 5 and hence the MSO theory of (N; <, P)
must be undecidable. Hence f§ cannot be effectively profinitely ultimately periodic by Thm. 3.3.

Now suppose @ € {0,1}“ is a non-periodic word such that Acc, is decidable, e.g., the Thue-Morse word. Let
B=020102M1... P={neN:f(n) =1},and (pn),—, be the ordering of P. Observe that py+1 — pn € {1,2}. By
construction, for all m > 2, {pn, mod m)?”  is not ultimately periodic, which implies that P is not procyclic. However,
by a transduction argument, Acc,, is Turing-equivalent to Accg. Therefore, Accg is decidable and hence f is effectively

profinitely ultimately periodic.

Definition 3.11 (Effectively Sparse Predicates). The predicates Py, ..., Py are effectively sparse if for every i, j and K,

0<| p,(li) - p,(,{ )| < K has only finitely many solutions that can be effectively determined.

This is equivalent to effective divergence of k,, to +oo: for every K, we can compute N such that foralln > N, k, > K.
We are ready to state our reduction from characteristic words to order words. We assume that effectively procyclic and
effectively sparse predicates Py, ..., P; are given by oracles to check whether n € P; foralln e Nand 1 < i < d, as well

as the oracles described in the definitions above.

THEOREM 3.12. There exists an algorithm that takes an automaton A and effectively procyclic and effectively sparse
predicates Py, . .., Py, and outputs an automaton B such that a € L(A) & f € L(B), where a is the characteristic word of
(P1,...,Pg) and B is the corresponding order word.

Proor. We factorise a = [, wn, where wy, = 07 B(n). By Thm. 3.8 it suffices to show how to construct, given a
morphism h: ({0, 1}9)* — M, a transducer 7 such that T (B) = [15=o h(wn). By the classical lasso argument, from M

L+(k=L) mod m From effective sparsity, we

we can construct L,m > 1 such that forany x e Mandk > L+m, x" =x
can compute N such that foralln > N, k,, > L.

Define, foralln > 0and 1 <i < d,
o tp = 31 (ki + 1), which is equal to [wo| + - - - + [wp],
. l,(,i) =max{ty < ty: f(k) = (b1,...,bg),bi =1} — 1, i.e. the largest j < t, such that j € P;, and
. s,(li) = min{ty > ty: f(k) = (by1,...,bg),bi = 1} — 1, i.e. the smallest j > t, such that j € P;.
Since (Py,...,Py) are effectively procyclic, (s,(li) - l,(li)) is periodic modulo every m with computable period and
pre-period.
The transducer 7 has the values of h(wy), ..., h(wy) hard-coded into it. Before reading f(n + 1) for n > N, it has
l,(li) ,(f) - l,(li)) mod m, the latter via

in memory t, mod m for each 1 < i < d, as well as the values of mod m and (s

effective procyclicity. Upon reading f(n + 1) = (by,. .., by), it first determines some i such that b; = 1. At this point we
have that s,(li) = tp+1 — 1 and hence t;41 = l,(li) + (s,(li) - l,(,i)) + 1. Therefore, the transducer can compute t,4+1 mod m
using the values it has in memory. To compute kp+1 mod m, it remains to observe that kp+1 = tp41 — tn — 1. Since
kn+1 = L + m, we have that

h(wn) = (h(0))"+ K =bhmod . j((n))
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(1)
n+1
mod m for all i, by checking whether b; = 1 or b; = 0 and using the value of k,+1 mod m. O

which can now be computed and output by 7. Finally, the transducer computes the values of [ " mod m as well as

(i) (1)
snl+1 - lni—l

COROLLARY 3.13. Let (Py,. .., Py) be effectively procyclic and effectively sparse predicates with the characteristic word o

and the order word f. The problems Accq and Accg are Turing-equivalent.

Proor. That Acc, reduces to Acc 5 follows from Thm. 3.12, and that Acc 8 reduces to Accy is true for any predicates

Py, ..., Py as discussed earlier. O

3.6 Closure under compositions

We now study predicates linked by function composition.

THEOREM 3.14. Let gi,...,94: N — N be effectively contractible functions and f; = gy o ---og; for1 <i < d. The
MSO theory of (N; <, Py,. .., Py), where P; = {fi(n): n € N}, is decidable.

PRroOF. Observe that fi(n) = g1(n), f2(n) = g1(g2(n)), 3(n) = g1(g92(g3(n))), and so on. Hence P; C - - - C P;.

We proceed by induction. If d = 1, then decidability follows from Cor. 3.4. Next, consider g1, . .., g4 for some d > 1.
Let ¥ = ({0, 1})d, a € X% be the characteristic word of (N; <, Py,...,P;), and € X be the order word. Further let
hi =gpo---ogjfor2 <i<d,Q; ={hi(n): n € N}, and o be the characteristic word of (N; <, Qa,...,Qy). By the
induction hypothesis, Accy is decidable. We will show how to transduce from o into (any compressed version, as
appropriate, of) a. The decidability then follows from Thm. 3.8.

Leth: X* — Mbeamorphism into a finite monoid M. For n € N, write f(n) = (bn,1,...,bpq) andop = (sp2,...,Spq4)-
Observe that by, = s, forall 2 < k < d. We factorise « = [];_, wn, where w, = 051 8(n), ko = 91(0), and
kn =g(n)—g(n—1) —1foralln > 1. By the assumption on g1 = fi, (kn),_, is effectively profinitely ultimately periodic.
In particular, a transducer can compute (h(Ok"));":O at the nth step. Therefore, our transducer 7, upon reading o(n),
outputs h(Ok")h((l,sn,z, ..esSp.4)). Then 7 (o) = h(wo)h(wy) - - -. O

We will not use Thm. 3.14 to prove any of our main theorems. However, we believe that it is of independent interest,
as it gives us other new decidability results: for example, if we take g1 (n) = ng, g2(n) = 2", and g3(n) = 3", we obtain
that the MSO theory of (N; <, N2, 4N, {223": n € N}) is decidable. By a similar argument, we obtain that the MSO
theory of (N; <, {(kH™: n e N}, N9) is decidable for any integers k,d > 2, which also follows from our second main
result (see Cor. 5.4).

4 LINEAR RECURRENCE SEQUENCES WITH A SINGLE NON-REPEATED DOMINANT ROOT
4.1 Overview

In this section, we consider integer linear recurrence sequences (u,(ll) Yoo With respective value sets P; C Nfor1 <i <d

that satisfy the following condition.

(A) Each (u,(,i) Yo has the exponential polynomial representation

ki
un = ipfl + 3 pi (Pl
j=1

J

and the dominant part {c;p}");,, where c¢; > 0 and p; > 1. That s, (ur(li))flozo is non-constant, has the single

n=0’
non-repeated dominant root p;, and P; is infinite.
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Note that if p; = 1, because (u,(li) Yo takes integer values, P; must be finite. The same conclusion holds if ¢; < 0. Such P;

can be defined in the structure (N; <), and are not of interest to us. Our main decision problem is the following.

PrOBLEM 1. Given (u,(ll))‘x’ A (u,(ld) >, and an MSO formula ¢, decide whether (N; <, Py, ...,Py) | ¢.

n=0’ n=0

When d = 1, decidability of Problem 1 can be shown using the contraction method of Elgot and Rabin. (The
decidability also follows from the main results in this section.) On the other hand, it is easily shown that Problem 1,

even in case of d = 2, subsumes many major open decision problems about integer LRS.

(e8]

LEMMA 4.1. Let A be an automaton over 3. := {~,0,+} and (vn), ., an integer LRS with sign pattern o € X, where

n=0’
sets Py, Py, and an automaton C such that o € L(A) < t € L(C), where T is the characteristic word of (P, P2).

o(n) is defined by the sign of v,,. We can construct integer LRS (u,(ll)) <“r(12)>;°:0 satisfying (A) with respective value

ProoF. Let ¢ € (0,1) be such that %(l +¢) <(1-¢) <(1+¢) < pandlet C € N5 and p € N5 be such that
lon| < &- Cp™ for all n. Define u,(,l) = Cp™ and u,(lz) = Cp"™ + v,. We give a transducer I such that I'(r) = 0, and then
invoke Lem. 3.6.

By construction of C, p and ¢, for alln > 0, u,(lz) is the unique term in the sequence <u'(12) ) belonging to the interval
((1—-¢)- u,(ll), (1+¢)- u,(ll)). Moreover, by construction of ¢ these intervals are disjoint and ordered according to n.
Hence the order word f of (P1, P2) can be uniquely factorised as § = wowiws - - - where each wy, is either (1, 1) (when
vp = 0), or (0,1)(1,0) (when v, > 0), or (1,0)(0,1) (when v, < 0). The transducer T simply discards all occurrences of 0

from 7, performs the factorisation above, and outputs —, 0 or + for each factor wy,. O

By the MSO theory of the sign pattern of an LRS (Un>;°:0 we mean the MSO theory of the structure (N; <, P_, Py, Py )
where the unique predicate P € {P_, Py, P;} containing n is determined by the sign of v, (i.e., n € P_ if and only if
vp < 0). Observe that in this structure we can ask whether v,, = 0 for some n (i.e., the Skolem Problem), whether v, > 0
for all (sufficiently large) n (i.e., whether the LRS is ultimately positive), etc. The two corollaries of Lem. 4.1 below
follow immediately from Biichi’s theorem (Thm. 2.3) and the definitions of Skolem and other problems of LRS (Sec. 2.4).

Dyeo (,@yen

COROLLARY 4.2. Given an integer LRS (vn), . and an MSO formula ¢, we can construct integer LRS (u,g o0 {Un Do

and a formula y such that (N; <,P_,Py,P.) E ¢ © (N;<,P1,P) E ¢.
COROLLARY 4.3. The Skolem Problem, the Positivity Problem, and the Ultimate Positivity Problem reduce to Problem 1.

Surprisingly, the problem of deciding, given an MSO formula ¢ and a diagonalisable integer LRS (v,,) whether

n=0’
(N; <, P_, Py, Py) E ¢ is Turing-equivalent to the Positivity Problem for diagonalisable integer LRS; see [27, Thm. 12]
and [26, Lem. 7.0.2]. For non-diagonalisable LRS, no such equivalence is known.

Examining the construction of Lem. 4.1, it is not difficult to see that all three problems, in fact, reduce to the restriction
of Problem 1 to first-order formulas ¢. By a similar argument, the problem of deciding, given two integer LRS (vp);”

and (wp) whether v, = wp, for some n, m also reduces to Problem 1 with first-order ¢ and d = 2. The intersection

[ee)
n=0’
problem is another problem about LRS that is wide-open at the moment.

Given the hardness of Problem 1, we will further restrict the linear recurrence sequences that we consider. We will

be interested in the following conditions in addition to (A).
(B) For any i # j, cip! = c;j p;.” holds for finitely many (n,m) € N2. Equivalently, for every i # j, the equation
cipl = ij;." has at most one solution (n, m) in N2.

(C) The numbers 1/log(p1),...,1/log(py) are linearly independent over Q.
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Observe that (C) implies that p;, p; are multiplicatively independent for every i # j, which implies (B). Our main result

is the following.

THEOREM 4.4. Problem 1 is decidable for (unl)) (u(d) oo that satisfy the conditions (A) and (C).

n=0>"""

To see how (C) can be applied in practice, recall from Lem. 2.11 that if rank(Ga(p1, . . -, pg)) = d — 2 (in particular, if
d < 2)and py, ..., pg are pairwise multiplicatively independent, then (C) is satisfied. Our next main result is that if we

assume Schanuel’s conjecture, then we can drop the condition (C).

THEOREM 4.5. Assuming Schanuel’s conjecture, Problem 1 is decidable for integer LRS satisfying conditions (A) and (B).

Moreover, the decision procedure relies on Schanuel’s conjecture only for termination.

The second part of the statement of Thm. 4.5 means that termination of the decision procedure is guaranteed by
Schanuel’s conjecture, and whenever the procedure terminates, its output is unconditionally guaranteed to be correct.

As a corollary of Thm. 4.5, we obtain the following theorem from the Introduction.

THEOREM 4.6. Suppose we are given an MSO formula ¢ and integers a1, p1,...,aq, pg = 1. Assuming Schanuel’s
conjecture, it is decidable whether ¢ holds in (N; <, Py, ..., Py), where P; = {a,-p?: n € N}

Proor. Observe that if a;p}! = a jp;" has more that one solution in n, m, then pf’ = pj for some positive integers b, c.
Therefore, from py, ..., pg we can compute k > 1 such that, writing b; = a;p}, pi; = pf, and Q;r = {aipk”+r: neN} =
{b,yl neN}forl<i<dand0 <r <k, we have that for all i, i’, r, 7/, either Q; , = Qyr ,» or Q; » N Qy , is finite. Let
Q Qm be all the distinct predicates from {Q;,: 1 < i < d, 0 < r < k}. Then Q, N Q] is finite for all i # j. Since
P; = Qi,O U---UQ;k_1, we can construct an MSO formula ¢ that holds in (N; <, O1,...,0pm) ifand only if ¢ holds in
(N; <, Py,...,Pg). It remains to invoke Thm. 4.5. O

What about decidability of the individual MSO theories (N; <, Py, ..., P;)? That is, what happens if we fix the
(d) yoo

n=0’

specific LRS do we need to decide the MSO theory? The answer is given in Cor. 4.8, which is based on the following

sequences (u )n 00> {Un but allow the MSO formula ¢ to be given as input? What information about the

theorem. In short, in this setting too we can replace (C) with the weaker condition (B).

THEOREM 4.7. Given integer LRS (unl)) (u(d) o Satisfying conditions (A) and (B), the ideal of all polynomial

n=0>"""

relations between log(c1), log(p1), . ..,log(cq),log(pg), a baszs of GL(1/log(p1), ..., 1/log(pg)), and an MSO formula ¢,
we can decide whether (N; <, P1,...,Py) F ¢.

We note that a basis for Gy (1/log(p1),...,1/log(pg)) can be extracted from the aforementioned ideal by using, for
example, Grébner bases and modifying the algorithm for deciding whether a given polynomial occurs in an ideal [20]:
observe that for all ki, ..., kg € Z, Zl 1 log(p )

that there are two distinct sources of non-uniformity in the following results.

= 0 if and only if Z?’:l ki TTjz; zj = 0. In our formulation, we emphasise

COROLLARY 4.8. Let (unl)) (u(d) neo be integer LRS satisfying conditions (A) and (B). The MSO theory of

(N; <, Py,...,Py) is decidable.

n=0>"""

Proor. The Turing machine for deciding the MSO theory of (N; <, Py,..., P;) simply has the ideal of all polyno-
mial relations between log(ci),log(p1),...,log(cg), log(pg), which has a finite representation thanks to Hilbert basis

theorem, hard-coded into it. This representation can be effectively operated on using, for example, Grobner bases. O
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From Thm. 4.7 we also obtain the following result stated in the Introduction.

THEOREM 4.9. For any integers ai, p1, ..., aq, pq = 1, there exists an algorithm that, given an MSO formula ¢, decides
whether ¢ holds in (N; <, Py, ..., Pg), where P; = {aip]: n € N}.

Proor. Constructk > 1and @1, e ém as in the proof of Thm. 4.6. By Cor. 4.8, the MSO theory of (N; <, Ql, <o, Om)
is decidable. Given ¢, construct ¥ as in the proof of Thm. 4.6. We have that ¢ holds in (N; <, Py, ..., Py) if and only if ¢
holds in (N; <, él, el ém) It remains to check whether the latter is the case. ]

We mention that the first part of the statement of Thm. 4.5 immediately follows from Thm. 4.7: Schanuel’s conjecture
tells us that all polynomial relations between log(c1),log(p1), .. .,log(cg),log(pg) come from rational multiplicative
relations between c1, p1, . . ., ¢4, pg- Making sure that Schanuel’s conjecture is only needed for termination and not for
correctness is non-trivial. (This issue is explored in some detail in [29].) However, no unconditional method is known
for computing all polynomial relations between logarithms of algebraic numbers. Hence, for example, the MSO theory
of (N; <, alN, el adN) is decidable for any positive integers aj, . .., ag, but with a caveat: we know that a decision
procedure exists, but to write it down we need solve a difficult problem about polynomial relations between logarithms
of algebraic numbers.

Can we drop condition (B) in the statement of Cor. 4.8? If we could, then applying Lem. 4.1 we would obtain that
the MSO theory of the sign pattern of any LRS (v,), is decidable. For diagonalisable LRS, this is indeed the case,
but with a caveat: the sign pattern of a diagonalisable LRS has a toric suffix [3, Sec. 3], and hence a decidable MSO
theory [10]. However, no method is known for determining this suffix efficiently. Nevertheless, a decision procedure for
the MSO theory is allowed to have the position where this suffix begins hard-coded into it. For non-diagonalisable LRS,
essentially nothing is known about the decidability of the MSO theory of its sign pattern.

We will prove our main theorems (Thm. 4.4, Thm. 4.5, Thm. 4.7) together. In the remainder of Sec. 4, we denote
by Pi,..., P; the respective value sets of integer linear recurrence sequences (u,(ll) Yo > (u,(,d) Yoo Satisfying (A-B),
by ¢ an MSO formula and by A the corresponding automaton, by « the characteristic word of (Py, ..., Py), and by
the order word of (Py, ..., Py). Recall that deciding whether (N; <, Py, ..., P;) | ¢ is equivalent to deciding whether
a € L(A).

4.2 From characteristic words to order words

In this section, fix LRS (u,(ll) Vs - > (u,(Ld) )reo satisfying (A-B) and use the notation above. Thus, let P; be the value
set of (u,(li) Yoo and a be the characteristic word of (Py, ..., P;). Our approach to deciding whether an automaton A

accepts a is to first reduce this to the problem of checking whether an automaton 8 accepts its order word f. We will
do this by showing that the predicates (Ps, ..., Py) are effectively procyclic and effectively sparse, and then invoking
Thm. 3.12. Thereafter, we will reduce from the order word to a uniformly recurrent word obtained by ordering the
dominant parts of our recurrence sequences. We will need order words obtained from sequences that do not necessarily

take integer values.

Definition 4.10. Let fi(n),..., f3(n): N — R be strictly increasing functions such that f;(n) — +co as n — oo for
alli. Write T = Uil{fl(’l) : n € N}, and order the terms of T as (t,), . The nth letter (b1, ..., by) of the order word

y = Ord(fi(n)...., fa(m) € ({0,1}%)®

is defined by b; =1 & t, = f;(m) for some m.
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The following two lemmas contains the main number-theoretic arguments that we will need.
LEMMA 4.11. We can compute N > 0 with the following properties. For 1 < i < d, let m; be the smallest integer with the
property thatu(l) > N.

(a) Foralli, (u o 18 strictly increasing.

m;+n
(b) Foralli+ j and ni,nj such that n; > m;, we have that c,pl L c]pj u,(lll) * u,(d) and cipii > ¢jp; Vo u,(,ll)
W,

(c) Foralli # j and n; > m;, there existsnj > mj such thatcip?i < cjp;.lj < pj -cip;”.

Proor. Denote by <Un ) the non-dominant part of (u )n o> and recall that |v,(li) | = o((pl.l’s)") for all sufficiently

small ¢ > 0 (where the 1mplled constant is effective due to Lem. 2.4). For all i, we have that

) —ul? = ci(pi — Dpf +00), 0l ®3)

Hence we can compute N; such that for all m with u(') > Nj, the sequence (u is strictly increasing. We then

m+n/p= 0
take Nl = max; N;. We next move on to (b).

Next, we compute for every pair i # j, an integer N; j such that ¢;p' # c; p;" for all n, m satisfying u,(li) > N; j. Todo
this, we first compute a basis X of Gar(pi, pj, ci/cj) (see Sec. 2.3). If X = {(0,0,0)}, then ¢c;p! = ij;” has no non-trivial
solution in n,m € Z, and we can take Nj ; = 1. Otherwise, by assumption (B), we will have X = {(ki, k2, k3)} with
ks # 0.1f |k3| = 1, then ¢;p]' = ¢; p}" has a unique solution in n, m € Z, and we can compute N; j accordingly. Otherwise,
there are no solutions and we can take N; j = 1. We then define N = max {Ny, max; j Nj ;}.

Next, applying Thm. 2.9, we have that for all i # j and n,m € N with p; > p; and u( > N,

ol
A M = e p™ — it Tt
lcip; CiPj | = |Cj,0j cipi| > (n+2)C (4)
for a computable constant C. Since
u,(ll) uﬁ,{) =cip} —c]pj +v,(1') U,(,,{) (5)

we can compute M; j > Nj such that, assuming u,si) > M;j, u,(li) (1)

is non-zero and has the same sign as ¢;p' — c; p} .
Let N3 = max; j M; ;.

Finally, we choose N > Nj such that for all 1 < i < d, there exists n satisfying N3 < u,(,i) < N. Then (a-b) are
satisfied since N > N, ]\72. To see that (c) is satisfied, consider i # j and n; > m;. Let nj be the unique integer with
the property that cjp™ € [c; pf", pj-ci pni) We have to argue that n; € N. By construction of N, there exists k;j such
that N3 < u(J) < N. Because u](c s N3, we have that u(J) '(li) has the same sign as ijj chJ ', and the latter is

(1) ne)

J
non-zero. Since u,; u’s it follows that n; > k; and hence nj € N. O
J

LEMMA 4.12. Given1 <i,j < d and K > 0, we can compute L such that for allu( ) ﬁ,{) >L

(l) ( N |u(l) ﬁr{)| S K.

Proor. If i = j, we use (3) and the fact that |v,(1i) | = o((pil_f)") for all sufficiently small ¢ > 0 for an effective implied
constant. Suppose i # j and that, without loss of generality, p; > p;. Let N, my, ..., mg be as in the previous lemma. We
will enumerate all solutions (of which there are finitely many, as argued below) of |u(l) uﬁ,f ) | < K with u,(;), uﬁ,{ ) <N.
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By (4) and (5), for u,(li), u,(,{) > N we have that
W _ 0 _Pr (1-¢)
i iy _ i n(l-¢
lun” —up | = W+0(Pi )
for all sufficiently small ¢ > 0 (where the implied constant is effective). It remains to compute v such that the right-hand

side is greater than K for all n > v, and then L > N such that u,(,i) >L=>n>v. O
COROLLARY 4.13. The predicates Py, . .., Py are effectively procyclic and effectively sparse.

Proor. Enumerate the elements of P; as (p,(li));;"zo, and let N, my, ..., my be as in the statement of Lem. 4.11. By
(i)

Lem. 4.11 (a-b), we have that a suffix of (p,(,i) Yo (which can be effectively determined) is equal to (uy,; )~ Which is
effectively procyclic (Lem. 2.5). Hence P; is effectively procyclic, which implies that (Ps, . .., P;) are effectively procyclic.

That (Py,. .., Py) are effectively sparse follows immediately from the preceding lemma. O
Recall that @ and f denote the characteristic and order words of (Py, ..., Py), respectively.

COROLLARY 4.14. Given an automaton A, we can compute
e an automaton B such that
a€L(A)e feLl(B),

e and an automaton C such that
a € L(A) & Ord(r1p7,...,rqpy) € L(C)
wherer; = cip; .

Proor. The first claim follows from Cor. 3.13. Let y be the word obtained by deleting all occurrences of 0 from
[N, ). Then y = [N, co) for some N. Moreover, by Lem. 4.11 (a-b),

y =0rd(r1p7,....7ap})-
Therefore, C can be constructed from B by changing the initial state to the one obtained after B reads [0, N). O

Henceforth, when the context is clear, we denote by N the smallest integer satisfying the statement of Lem. 4.11, and
define my, ..., my as in the statement of Lem. 4.11. We further write r; = cip;"i, Y= Ord((rlp? ;'l":o, el (rdpg>;’l°:o),
and denote by C the automaton given in Cor. 4.14. Note that by Lem. 4.11, each letter in y is of the form (b1, ..., by),
where exactly one b; = 1 and b; = 0 for all i # j. We replace every such letter with i in both y and C to construct

7€ {1,....d}* and C such that y € L(C) & 7 € L(C).

4.3 Interlude: applying the theory of cutting sequences

It turns out that the word y belongs to the class of cutting sequences (also known as billiard words), which have been

studied in word combinatorics [4, 6, 8]. We illustrate this connection through an example.

(

Example 4.15. Consider ¢; =3,p1 = 2,¢2 =10, p2 =3, unl) =3-2"and u,(lz) =10 - 3™. Because these two sequences

are disjoint and do not have non-dominant parts,
B =0rd(3-2"10-3") = 112112122 - - -

where the second equality is up to the renaming (1,0) — 1, (0,1) — 2. The smallest N satisfying Lem. 4.11 (particularly
note the property (c)) yields m; = 1, my = 0, and y = [1,00). Let ap = log(c1pf) = log(3) + nlog(2) and b, =
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7/
.
/
b, y
// 4
I
.
by = 7
R 3 —
7/ -
X -
bo - A
7/ 2 P
X .
7/ //
4 s
7/ -
g 1 _
7/ -
. P
7/
7/
.
dp ap 4z as da4q Gas 1 2 3 4

Fig. 1. Generating the word g (left) and its suffix y, which is a cutting sequence (right).

log(cz2p}) = log(7) + nlog(3). Figure 1 (left) illustrates a way to generate 5. We start at the point (0, 0) and follow the
line y = x. Every time a vertical line x = a, for some n is hit, we write 1. When we hit a horizontal line y = b, for
some n, we write 2. If we discard the first letter of 8, we obtain a cutting sequence, illustrated in Fig. 1 (right). The figure
on the right is obtained from the one on the left by a translation and a scaling. In the former, we start at a point (0, y),
where 0 < y < 1, and follow the dashed line, which has the slope log(2) /log(3). When we hit a line x = n for n € N, we

write 1; When we hit y = n, we write 2.

Formally, the cutting sequence over ¥ = {1,...,d} with slopes Ay, ..., A4 and intercepts s1, . . ., s4 is the infinite word
obtained by considering intersections of the line {(&1 + A1t,..., &g+ Agt): t > 0} with the grid lines x; = ¢ (wWhere c € N
and xy, ..., xg denote the d standard coordinates in Rd) as t — oo starting from ¢ = 0, assuming no two grid lines are
intersected simultaneously. Cutting sequences are uniformly recurrent, and under some mild assumptions on the slope,

there is an explicit formula for the factor complexity, which allows us to apply Cor. 3.2.

(i) If d = 2 and log(p1) /log(p2) is irrational (which is the case in Fig. 1), then y is a Sturmian word and therefore
my(n) =n+1. See, e.g. [2, Sec. 10.5] and [31, Chap. 2].
(if) By [4],if d = 3, and 1/log(p1), 1/log(p2), 1/log(p3) as well as log(p1), log(p2),log(p3) are linearly independent
over Q, then 7y (n) = n?+n+l.
(iii) For arbitrary d > 0, Bédaride [8] gives an exact formula for 7, (n) assuming 1/log(p1),...,1/log(pg) as well as
every triple log(p;),log(p;),log(py) for pairwise distinct i, j, k are linearly independent over Q. This generalises
the well-known result [6] of Baryshnikov, which gives an exact formula for the factor complexity assuming both

the logarithms and their inverses are linearly independent over Q.

Note that the exact value of the intercept does not matter in (i-iii) above: the only requirement is that no two grid
hyperplanes be simultaneously reachable We will not be using cutting sequences to prove our main results. However,
we could prove weaker results using the theory of cutting sequences: it is not difficult to prove that y is the cutting
sequence generated by the line {(y1 + t/log(p1), ..., xqg + t/log(pg)): t > 0}, where y; € [0,1) for all i. The following

is an immediate consequence of Cor. 3.2 and the aforementioned result of Bédaride.
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PROPOSITION 4.16. Problem 1 is decidable for integer LRS (u,(ll))‘x’ e (u,(ld))fl"_o satisfying conditions (A), (C), and

n=0’ =

that every triplelog(p;),log(p;),log(py) for pairwise distinct i, j, k are linearly independent over Q.

Note that, however, this is strictly weaker than Thm. 4.4. Consider, for example, p; = 2, p2 = 3 and p3 = 6. By
Lem. 2.11, 1/log(p1), 1/1og(p2), 1/log(p3) are linearly independent over Q, but log(p1), log(p2), log(p3) are not.

4.4 Deciding whethery € L(é)

So far, we have only used the assumptions (A-B) to reduce the problem of deciding whether « € L(A) to whether
Yy € L(C). We will show that (i) Y is uniformly recurrent and (ii) apply Cor. 3.2 to decide whether C accepts y. Let
2 ={1....d}, and recall thaty € £ and y = Ord((r1p{); 2. .- - {rap})u’,) up to the renaming of letters that maps
the letter (by,...,by) with b; = 1 and bj = 0 for j # i to the letter i. For b € ¥ and w € 2%, we denote by |w|, the
number of occurrences of b in w.

Let w = boby -+ - by, € 3* and b = by. Define f(n, i) to be the smallest term rip]" such that m > 0, r;pl"* > rbpl':,
and f(n,i,k) = pf.‘_lf(n, i). Thus, f(n, i, k) is the kth largest term of the form riplf", such that m > 0 and rip;" > rbp]’;,
counting from one. Further write v;(n) = f(n, b;, [w[0,i+1)|,) and 7;(n) = f(n, b;, |wlp, +1). Then the word w occurs

iny at the position corresponding to ry,p} if and only if

vo(n) < -+ <vm(n) <7i(n), 22(n),....7q(n) (©)
which is equivalent to
Py . Py ThPy ThPy Py -
vo(n) vm(n) = 1(n)” ©2(n)” " a(n)”

Next, observe that by definition and Lem. 4.11 (c),

1 TPy
— < — <1
pi ~ f(ni)
for all i, which implies that
1 "opy 1
R G A, -
ET S Fmik) ©
for all i, k.
Write f(n,i,k) =r; pf. Taking logarithms, (8) is equivalent to
—(k+1)log(pi) <lo % —log (2| +nlo (pp) — Llog(pi) < —klog(p;) 9)
glpi) < log Fmik)) g . g p gLpi glpi
which is equivalent to
0 < log (’—”) +nlog(pp) + (k+1—1)log(p;) < log(pr). (10)
ri
Dividing by log(p;), we obtain that
1 -1 1
< log(ny) “log(r)  log(py) oy _py g (11)

log(p:) "log(pi)

Define s; = IOglglg’(_;?)gri L0 = Il(;?:i’ ,$=1(s1,...,84),and § = (d1,...,04). Then from (11) we conclude that

log(rp) —log(r1) _ log(pp)
log(pi) log(pi)

{yi +ndi} = +(k+1-1).
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From (9) it then follows that

"opy
f(nik)

Hence, taking logarithms, we can write (7) as

= exp (- (k+1)log(p;) +log(pi){yi + ndi}).

k1log(pp,) +10g(pp,) {Vb, + 1k, } > -+ > kmlog(pp,,) +log(ps, ) {ys,, +nds,,} >
lilog(p1) +log(p1){y1 +nd1},....lqlog(pg) +log(pa){yqs +nds} (12)

where k;j, [; are integers.

So, what did we achieve? Let O,, be the open subset of Td consisting of all x = (x1, ..., xg) such that

kilog(pp,) +log(pp,)xp, > -+ > km log(py,,) +1og(pp,,)xp,, >
lilog(p1) +log(p1)x1, ..., lglog(pg) +log(pg)xa. (13)

We have the toric dynamical system (see Sec. 2.7) given by x > x + §, and whether the pattern w occurs at a position
corresponding to ry,py is characterised by whether s + né € O,,, i.e. whether the orbit of s falls into the open set O,
at the step n. By uniform recurrence (Cor. 2.15), the set {n € N: s + n§ € O,,} is either empty or is infinite and has
bounded gaps. Because the letter by occurs infinitely often in ¥ and with bounded gaps, it follows that either w does not
occur in y[K, o) at all, or does so with bounded gaps. Therefore, y is uniformly recurrent.

We now move on to the question of how to effectively check whether w occurs in y, which is all we need by Cor. 3.2
to decide whether y € L(C~). Let X5 be the closure of ({né});2, which is a subset of T4 defined by Q-affine inequalities.
Further let X5 ¢ = s + X;s; this is the closure of ({nd + s})7” ). We have that the word w occurs (infinitely often) in y if

and only if X5 ; intersects O,,.

Proor or THM. 4.4. Suppose are linearly independent. Consider the equation

1 1
log(py)* " log(pa)
2151+~~-+Zd5d=20

where z; € Z. Because Jp, = 1, it is equivalent to

zi _ ap—2p
24 Togtn ~ Toglon)
By the linear independence assumption, the solutions are
21 = =2p 1= 241 = =24 =202 =0.
From Kronecker’s theorem (Sec. 2.7) it follows that the orbit of 0 under x + x + § is dense in
X ={(x1,...,x9) € T4 xp = 0}.

Since s; = 0, the orbit of s dense in X5 5 = {y: y = x + s for some x € X} = X. Hence w occurs (infinitely often) in y

if and only if O,, N X is non-empty. To check this condition, we perform a change of variables y; = log(p;)x; on the

Manuscript submitted to ACM



26 Berthé et al.

system of equations defining O,, to obtain
0<vy; <log(p;) for1<i<d, i#b
Yp =0
k1log(pp,) +yp, > -+ > kmlog(pp,,) +yp,, > lilog(p;) fori=1,....d.

Note that the coefficients of all yy, . ..,y are 1. Eliminating yy, . . .,y using the Fourier-Motzkin algorithm (Sec. 2.9),

we transform the system above into a Boolean combination of linear inequalities in log(p1), . . .,log(py), which we
then solve using Lem. 2.12. O
Proor or THM. 4.7. As discussed above, for all zy,...,z4 € Z,

Zi z0 — 2p
5 = —_— = .
Quhi=a e % log(pi) ~ log(pp)

Therefore, from a basis of Gy (1/log(p1),...,1/log(pg)) we can compute a basis of G4 (1, . . ., 84) and hence the closure
X5 C T? of the orbit of 0 under x — x + & (see Sec. 2.7). Hence whether Xss = s+ X intersects O,, (which is
equivalent to w appearing y) can be written as the system consisting of (13), the equation 0 < x1,...,x5 < 1, and
Q-affine equations stating that (x1,...,x4) € X obtained from the basis of GA(61,...,84). Recall that r;, which
appears in the definition of s;, is equal to ¢; p;ni . We thus have a system of polynomial equalities and inequalities in
log(c1),log(p1), ..., log(cq), log(pg) that holds if and only if X5 ¢ intersects O,,. To solve the system, we first check
which p(log(ci1),log(p1),...,log(cg),log(py)), where p is a polynomial appearing in the system, are equal to zero
using the ideal of all polynomial relations (i.e., solving the ideal membership problem using, e.g., Grébner bases [20]).
Thereafter, we can determine the signs of non-zero p(log(c1),log(p1),...,log(cy),log(pg)) by computing sufficiently

close over- and under-approximations. O

Proor oF THM. 4.5. It suffices to give an algorithm for deciding whether w occurs in y that relies on Schanuel’s
conjecture only for termination. We run two semi-algorithms in parallel. On one hand, we generate larger and larger
prefixes of y, and halt if we detect an occurrence of the finite word w. On the other hand, we enumerate all finite
subsets V of Q4*1, For each such V, using the decision procedure for the first-order theory of Reyp, we check whether
for all v = (vo,...,0q) € V, 09 = Z;j:l loguﬁ' That is, we check whether V is a set of affine relations satisfied by

1 1
Tog(or)’ "+ Tog(pa) " If no, we generate the next V. If yes, we compute
Xy ={(x1,...,xg) € T vy = x101 +- -+ xq0g}

which satisfies Xy 2 X5. We then check, again using the decision procedure for Rexp, whether s + Xy, (which contains
Xs,5) intersects O,,. If yes, we move on to the next value of V. If no, we have found a certificate that X ; does not
intersect Oy, i.e. the word w does not occur in y. Note that this algorithm always terminates (assuming Schanuel’s

conjecture) since in case w does not occur, eventually we will generate V such that Xy = X;. O

5 MSO DECIDABILITY VIA EXPANSIONS IN INTEGER BASES

In this section, we discuss MSO theories of structures of the form (N; <, P;, P;) where P; = {qnd: n € N} and
Py = {pb™: n € N} for some positive integers g, p, b, d. Note that both (qnd>;°:0 and (pb™)" | are linear recurrence
sequences with a single dominant root (1 and b, respectively), but in the former case the dominant root is repeated (in
particular, it has multiplicity d + 1), which does not fall into the scope of the previous section. If d = 1 or b = 1, then
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at least one of Py, P, can be defined in (N; <), and hence the MSO theory of (N; <, P, P;) is decidable by the result of
Carton and Thomas [17]. Our approach is again to use automata-theoretic tools to reduce the MSO decision problem to
a problem about dynamical systems. However, in this case the relevant dynamical system is given by x — {b - x} (in
contrast to x — x + ¢ mod 1), which generates the greedy expansion 7 € {0,...,b — 1} of x € (0,1) in base b. Our
main result is that the MSO theories of our structures are intimately connected to MSO theories of base-b expansions of

certain numbers. Recall that for any X C N, we can view a word 7 € ¢ as a function of type N — N.

TuroreM 5.1. Letb,d > 2 and p,q > 1 be integers, P; = {qgn®: n € N}, and P, = {pb": n € N}. Write p = {p/q,

{=41/b,and letyy,...,yq_1 €{0,...,b—1}© be the base-b expansions of {n},{n{}....,{n{% 1}, respectively. Then
the MSO theories of (N; <, P1, Pp) and (N; <, yo,...,yq—1) are Turing-equivalent.

For example, if P; = {27n3: n€N}and P, = 8N thend = 3, n =1/27,{ = 1/8, and the base-8 expansions of 1/3, 1/6,
and 1/12 underlie the pair of predicates Py, P. Recall that the expansion of a rational number in any base is ultimately
periodic with a computable period and pre-period (see, e.g., [42, Thm. 12.4]), and hence definable in (N; <). In our
example, because 7, {’ € Q, all three relevant expansions are periodic and the attendant MSO theory is decidable. Let us

formalise a few similar corollaries before proving our main result.

COROLLARY 5.2. Assuming Conj. 2.16, the MSO theory of (N; <, P1, P2) is decidable whenever d = 2 and at least one of

n,n¢ is rational.

PRroOF. Suppose p € Qor n{ € Q. Note that #, { are both algebraic. If 5, {’ € Q, then yy, y1 are periodic and decidability
is immediate. Otherwise, for some i € {0, 1}, y; is periodic and y;—; is disjunctive by Conj. 2.16. Decidability then
follows from Thm. 3.5. O

COROLLARY 5.3. The MSO theory of (N; <,N2,2N) is Turing-equivalent to that of (N; <,y), where y is the binary
expansion of V2 — 1. .

Proor. By Thm. 5.1, the MSO theory of (N; <, N2, 2N) is Turing-equivalent to that of (N; <, yo, y1) where yp = 0¢
and y; is the binary expansion of \/g = % -4/2, which is simply the shifted version of the binary expansion of V2—1. O

COROLLARY 5.4. Let b,d, p, q, P1, P2, 1, { be as above. Suppose 1/{ = ¢ for an integer £. Then the (decision problem of
the) MSO theory of (N; <, Py, P2) is Turing equivalent to Accg, where 8 is the base-¢ expansion of n. In particular, the MSO
theory of (N; <, {(k)": n e N}, N%) is decidable for any integers k,d > 2.

PrOOF. We have that b = ¢4, Let Y = ¥o X+ X yg—1. Applying Thm. 5.1, it suffices to show that Accy is Turing-
equivalent to Acce.

If x € (0,1) has the base-b expansion o € {0,...,b — 1}?, then its base-f expansion can be obtained by simply
replacing each letter o(n) with its base-¢ expansion, padded with leading zeros to make the total length equal to d.
Hence we can map the base-b expansion of a number to its base-£ expansion using a transducer, and vice versa.

Let 7; be the base-¢ expansion of {5’} = {¢'}, which is just a shift of the base-¢ expansion of {5}. Combining this
with the earlier argument, we obtain that the base-b expansion y; of {5’} can be obtained from the base-¢ expansion f
of {n} via a transduction, and vice versa. The same conclusion then also holds for y and f. It remains to apply Cor. 3.7.

To prove the second statement, note that in that case we have b = kd, 1/{=ke€Z,np=1,and f=0°. O

Proor oF TeM. 5.1. Henceforth let Py, P, and 1, { be as above and @ € ({0,1}2)® be the characteristic word of
(N; <, Py, Py). For 0 < i < d,let Qi = {pb¥"*': n € N}, and let & € ({0,1}%*1)® be the characteristic word of
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(N; <, P1,Q0,...,0Qq4_1)- We can construct transducers 8B, C such that @ = B(«) and @ = C(«). By Lem. 3.6, Accg
and Acc, are Turing-equivalent. Therefore, our goal is to show that Acc, is Turing-equivalent to Accy, where y =
Yo X Xyg_q € ({0,...,b—1}9)°,

Let § € ({0,1}4*1)® be the order word of (Py,Qy, ..., Q4_1). We first show that (P1, Qq, . .., Q4_;) are effectively
procyclic and effectively sparse, and hence Accy is Turing-equivalent to Accg. Each predicate is the value set of a strictly
increasing integer linear recurrence sequence, and hence is effectively procyclic (Lem. 2.5). It remains to argue that they

are collectively effectively sparse. This follows immediately from the facts that

o [pbdmitr - ppdnztre| > ppmintdnitringtre} (1 1) for all ny, ng, r1, rp such that pb9m*ri — phdnztrz 2 o,

o limy 00 q(n+ e - qnd = oo,
and the following classical result of Schinzel and Tijdeman [43].
THEOREM 5.5. For every N > 1, the equation |qn® — pb™| = N has finitely many solutions (n,m) € N? that can be
effectively enumerated.

We next prove that Accg is Turing-equivalent to Accy. Note that Q; N Q;j = @ for all i # j, and

Ord(Qo, ..., 04-1) = ((1,0,...,0) (0,1,0,...,0) --- (0,...,0,1))?.

This is because, when constructing Qy, ..., Q4_1, we simply took the d alternating subsequences from the strictly

increasing sequence (pb™)” . By Definition 4.10, we have that
;B — Ord(qnd,pb"d,pbnd+l, . ,pb"d+(d—l)).

Dividing by q and taking dth roots,
B = Ord(n, 0}10), .. .,u,(,d_l))

() _ 4| P n#l _ yd—i pn+l
v, = ’qbd’i bt =l b, (14)

To see the connection to expansions in base b, recall that for any x > 0, the nth digit in the base-b expansion of {x} is

where

given by |x - b™1] mod b. Hence

vi(n) = Lv,(li)J mod d (15)
for all i, n. Next, observe that v,(li) < U,(lj) forallnandi < j,and U,(li) < U,(,{) for all i, j and n < m. We can therefore write
x o ()
,b’:]_[w,,, wn = (1,0,...,00 2y - (1,0,...,00F 2,
n=0

where k,(,i) > 0and

zi =(yi, 0,...,0,1,0,...,0)
N——
i—1times

with y; € {0, 1} for all i and n. The term v,(li) corresponds to the letter z; in the factor wy. By simple counting,

n-1d-1 i
lox” =1 e Lo} = 30 N (k) +yp) + Y (k5 +yp) (16)
m=0 j=0 7=0
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(=1 (d-1

for all n, i. Write v =, ) for all n, i. We then have that

n+1
los” 1 = Lo ™V + K + i (17)
or all n > 1 and i. Note that
oD 1
n__—pa>1
(i-1)
Un
for all n > 1 and i, and hence
lim_ kD = oo (18)

for all i. On the other hand, U,(li)l =b- U,(li) for all n, i, and from (15) it therefore follows that

LoD 1 =b- of? ] +yi(n). (19)

n+1

We can now prove that Accg and Accy, are Turing-equivalent.

Accy reduces to Accg. We give a transducer B such that y = 8(f), and apply Lem. 3.6. The transducer reads 8 in
chunks (wn);” o,
the value of vr(ll_)

using (17) and y;(n) using (15).

and outputs y(n) after reading wy,. Before reading wy, for n > 1, the transducer has in memory only

(

; mod b. As it reads wp, for all i it records k,(li) mod b using b states, from which it computes Lvni)J

Accg reduces to Accy. We will apply Thm. 3.8. The factorisation of § is given by f = [1;-, wn as above. Let
¥ = {0,...,b — l}d, %o = {0, l}d”, and h: 37 — M be a morphism into a finite monoid. We have to give a
transducer B such that B(y) = [1,,_, h(wn). By the classical lasso argument, from M we can construct L, m with m > 1
such that for any x € M and n > L, x" = x[+((n=L) mod m)_

Using (18) and (14), compute N such that k,(li) > L and LU,(li)J > L for all i and n > N. The transducer 8 has the
values of h(wp) hard-coded into it for all n < N. Before reading y(n) for n > N, it has in its memory the value of
rr(li_)1 = (Lf’,(li_)lJ — L) mod m for all i. After reading y(n), it first computes r,(li) = (va,i)J — L) mod m for all i using (19).
Then it computes xky) for all i, where x = h((1,0,...,0)), using the fact that

xkff) = xLUff)J—LULi_)lJ—yi = xL+((rr(1i)‘rr(1i—)1‘1) mod m)

(1) (d)
which follows from our construction of N. Finally, it outputs h(w,) = xk"1 h(zy) -~ - xkn h(zg). ]

6 DISCUSSION

The results of Sec. 4 tell us everything that can be said about decidability of the MSO theories of linear recurrence
sequences with one dominant root, barring major advances in the open decision problems of LRS including the Skolem
Problem, the Positivity Problem, etc. However, they do not really tell us anything new about the decidability of the
MSO theory of (N; <, {up > 0: n € N}), where (un),, is an arbitrary integer LRS: our focus in this paper was
rather on how to combine multiple predicates of arithmetic origin. For an LRS (uy),. , with a single dominant root
(which must be real), decidability of the MSO theory of (N; <, {u,, > 0: n € N}) can be shown using the approach of
Carton and Thomas, or even Elgot and Rabin. Recently, it was shown that for non-degenerate (un),-, with exactly
two non-repeated non-real dominant roots, the MSO theory of (N; <, {u, > 0: n € N}) is decidable [35]. The proof
is based on a novel idea: such (un),”, are pro-disjunctive, defined as follows. Order {u, > 0: n € N} (which is
guaranteed to be infinite due to the assumption on (un),~,) as {pn),—,. Then for any m > 1 and w € X*, where

% = {0 < r < m: r occurs infinitely often in (p, mod m);’  }, the word w occurs infinitely often in (p, mod m);_ .
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That is, rather than showing that {(p, mod m)?  is very structured for any m > 1, it is shown that (p, mod m)"  is
as random as possible for any m > 1. However, for LRS with more than two dominant roots (as well as LRS with two
repeated non-real dominant roots) decidability of the corresponding MSO theory remains open.

For predicates P; and Py of arithmetic origin, the following elementary property can be expressed in the monadic
second-order (or even first-order) language that is nevertheless of great interest. There exist (infinitely many) pairs n, m
such that n € P, m € P2, and n — m = ¢, where c is a fixed integer. For example, the famously open Brocard-Ramanujan
problem is to determine whether n! + 1 = m? has any solution (n,m) € N2 with n ¢ {4,5,7}. Therefore, showing
decidability of the MSO theory of (N; <, {n!: n € N}, {n?: n € N}) would entail major mathematical breakthroughs.
Similarly, for any constant k > 2, the solutions (n, m) of |F, — mk | = 1, where F,, denotes the nth Fibonacci number,
can be effectively enumerated [16]. However, this is already highly non-trivial, and at the time of writing, no algorithm
is known for enumerating all solutions (n, m) of F,, — m* = ¢ for given constants k > 2, ¢ € Z. There are many other
examples of arithmetic predicates whose MSO theories are connected to unsolved problems in number theory: in the

cases we considered, the number-theoretic obstacles were all overcome using Baker’s theorem.
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