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Abstract
In a wide variety of applications, humans interact with a complex environment
by means of asynchronous stochastic discrete events in continuous time. Can we
design online interventions that will help humans achieve certain goals in such asynchronous setting? In this paper, we address the above problem from the perspective
of deep reinforcement learning of marked temporal point processes, where both
the actions taken by an agent and the feedback it receives from the environment
are asynchronous stochastic discrete events characterized using marked temporal
point processes. In doing so, we define the agent’s policy using the intensity and
mark distribution of the corresponding process and then derive a flexible policy
gradient method, which embeds the agent’s actions and the feedback it receives
into real-valued vectors using deep recurrent neural networks. Our method does not
make any assumptions on the functional form of the intensity and mark distribution
of the feedback and it allows for arbitrarily complex reward functions. We apply
our methodology to two different applications in personalized teaching and viral
marketing and, using data gathered from Duolingo and Twitter, we show that it
may be able to find interventions to help learners and marketers achieve their goals
more effectively than alternatives.
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Introduction

In recent years, the framework of marked temporal point processes (MTPPs) [1] has become increasingly popular for modeling asynchronous event data in continuous time, which is ubiquitous
in a wide range of application domains, from social and information networks to finance or health
informatics. For example, in social and information networks, events may represent users’ posts,
clicks or likes; in finance, they may represent buying and selling orders; or, in health informatics,
they may represent when a patient exhibits different symptoms or receives treatment. In most cases,
the development of a new model reduces to the problem of designing an appropriate functional form
for the conditional intensity (or intensities) of the events of interest as well as the distribution of the
corresponding mark(s).
In this context, a recent line of work [13, 27, 29, 30, 33, 34] has exploited an alternative view
of MTPPs as stochastic differential equations (SDEs) with jumps [10] to design online, adaptive
interventions using stochastic optimal control. While this line of work has shown promise at enhancing
the functioning of social and information systems, their wide spread use and deployment is precluded
mainly by two drawbacks. First, they make strong assumptions about the functional form of the
conditional intensities and mark distributions of the MTPPs, which in turn prevent them from using
state of the art MTPP models based on deep learning [5, 11, 17]. Second, the objective functions that
the interventions optimize upon, need to be carefully chosen to ensure that the underlying stochastic
optimal control problem remains tractable. As a consequence, the use of (more) meaningful objective
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Figure 1: Reinforcement learning setups. In the traditional discrete time setting [26], actions and
feedback occur in discrete time; in the continuous time setting [4], actions and feedback are real
value functions in continuous time; and, in the marked temporal point process setting (our work),
actions and feedback are asynchronous events localized in continuous time.

functions with clear semantics is often off limits. In our work, we overcome these drawbacks by
approaching the problem from the perspective of deep reinforcement learning of MTPPs.
More specifically, we first introduce a novel reinforcement learning problem where both the actions
taken by an agent and the feedback it receives from its environment are asynchronous stochastic
events in continuous time, which are characterized using MTPPs. Here, the goal is finding the
optimal intensity and mark distribution for the agent’s actions—the optimal policy—that maximize
an arbitrary reward function, which may depend on its actions and the feedback. Then, we derive
a novel policy gradient method, specially designed to solve the above problem, which embeds the
agent’s actions and the feedback from the environment into real-valued vectors using deep recurrent
neural networks (RNNs). In contrast with the literature on stochastic optimal control of SDEs with
jumps, our method does not make any assumptions on the functional form of the conditional intensity
(or intensities) and mark distribution(s) characterizing the feedback, and it allows for arbitrarily
complex reward functions. Moreover, it departs from previous work in the reinforcement learning
literature [4, 6, 8, 9, 15, 20, 26, 28, 31] in two key aspects, which are also illustrated in Figure 1:
I. The agent’s actions and environment’s feedback are asynchronous stochastic events in continuous time. In contrast, previous work has considered synchronous actions and (potentially
delayed) feedback in discrete time [6, 15, 20, 31], with few notable exceptions [4, 9, 28].
While these exceptions considered continuous time, they assumed actions and feedback to
be continuous and deterministic and the dynamics of the environment to be known.1
II. Our policy is a conditional intensity function (and a mark distribution), which is used to
sample the times (and marks) of the agent’s actions. Here, note that a sampled agent’s action
may need to be resampled due to the occurrence of new feedback events before the sampled
time. In contrast, previous works considered the policy to be a probability distribution or,
more rarely, a deterministic function [4, 9, 28].
Finally, we apply our methodology to two different applications in personalized teaching [14, 22, 27]
and viral marketing [12, 25, 29, 33, 34], respectively. For simple dynamics and objective functions, which allow for stochastic optimal control approaches, our method achieves a comparable
performance even though it does not have access to the true underlying dynamics. For complex
dynamics and/or objective functions, which do not allow for stochastic optimal control approaches, our
method is able to successfully find interventions that optimize the corresponding objective function
and beat several competitive baselines. To facilitate research in temporal point processes within the
reinforcement learning community at large, we are releasing an open-source implementation of our
method in TensorFlow as well as synthetic and real-world data used in our experiments.2

2

Problem formulation

In this section, we first briefly revisit the theoretical framework of marked temporal point processes [1]
and then use it to formally define our novel reinforcement learning problem, where an agent interacts
with a complex environment by means of asynchronous stochastic discrete events in continuous time.
1

Our setting should not be confused with the asynchronous setting of Mnih et al. [20], where the gradient descent is asynchronous but the
action/observations are synchronous and the system evolves at discrete time steps.
2
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Marked temporal point processes. A marked temporal point process (MTPP) is a random process
whose realization consists of an ordered sequence of events localized in time, i.e.,
H = {e0 = (t0 , z0 ), e1 = (t1 , z1 ), . . . , en = (tn , zn )},

where ti ∈ R+ is the time of occurrence of event i ∈ Z and zi ∈ Z is the associated mark. The
actual meaning of the events varies across applications, e.g. in social networks, ti may represent
the time when a message is posted, clicked or liked, zi may represent the type of interaction, the
message content, or its polarity, and the domain of the marks Z is application dependent. Here,
we characterize the event times of a MTPP using a conditional intensity function λ∗ (t), which
is the probability of observing an event in the time window [t, t + dt) given the events history
Ht = {ei = (ti , zi ) ∈ H | ti < t}, i.e.,
λ∗ (t) := P{event in [t, t + dt) | Ht },

∗

(1)

where the sign means that the intensity may depend on the history Ht . Moreover, we characterize
the marks of the events using a distribution m(z | Ht ) = m∗ (z), which is the probability that mark z
is selected, if an event has occurred at time t. Then, we can compute the likelihood of a history of
events A T ⊆ HT as:

P(A T ) := 
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In the remainder of the paper, whenever an intensity function and mark distribution are parametrized
by θ, we write λ∗θ (·), m∗θ (·), Pθ (A T ), and, for notational simplicity, use p∗θ = (λ∗θ , m∗θ ) as a shorthand to denote the joint probability density of the MTPP. Recent literature [5, 8, 12, 13, 17, 30, 33] has
established that MTPPs outperform other models (e.g., exponential law) in their ability to accurately
predict online and off-line human actions.
Reinforcement learning of marked temporal point processes. Assume there is an agent who takes
actions in a complex environment and the environment also provides feedback to the agent over time.
Moreover, both the actions and the feedback are asynchronous stochastic events localized in time and
thus we characterize them using marked temporal point processes (MTPPs), i.e.,
— Action events: A = {ei = (ti , yi )}, where (ti , yi ) ∼ p∗A;θ = (λ∗θ , m∗θ )
— Feedback events: F = {fi = (ti , zi )}, where (ti , zi ) ∼ p∗F;φ = (λ∗φ , m∗φ )

In the above characterization, we allow the joint probability densities p∗A;θ and p∗F;φ to depend on
the joint history of events Ht := At ∪ Ft . Finally, after a cut-off time T , we assume that the agent
receives an arbitrary (stochastic) reward R∗ (T ), which may depend on the agent’s actions AT and
the environment’s feedback FT .
Given the above problem setting, we can formally define our reinforcement learning (RL) problem
for marked temporal point processes as follows:
Problem definition. Given an agent with p∗A;θ = (λ∗θ , m∗θ ), an environment with p∗F;φ = (λ∗φ , m∗φ )
and an arbitrary stochastic reward R∗ (T ), the goal is to find the optimal action intensity and mark
distribution—the optimal policy—that maximize the expected reward. Formally,
maximize
∗
pA;θ (·)

EA T ∼p∗A ;θ (·),F T ∼p∗F;φ (·) [R∗ (T )] ,

(3)

where the expectation is taken over all possible realizations of the marked temporal point processes
associated to the agent’s action events and the environment’s feedback events. In the remainder of
the paper, we will denote the optimal policy using π ∗ (θ) = argmaxp∗A ;θ (·) E [R∗ (T )].
Note that the above definition departs from previous work on reinforcement learning [4, 6, 9, 15, 20,
26, 28, 31] in several ways. First, the agent’s actions and environment’s feedback are asynchronous
stochastic events in continuous time. Moreover, note that the agent may receive feedback from the
environment asynchronously at any time, not only after each of its actions. This is in contrast with
previous work in the literature, which has only considered synchronous actions (and potentially
delayed) feedback in discrete time (or, in some cases, continuous actions and feedback), as illustrated
3
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<latexit sha1_base64="7gCIgTmlXJiGQTcNfyHztU6SW24=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4kCFT+twV3LisYh/QDkMmzXRCM5kxyQhl6E+4caGIW3/HnX9j+hBU9MCFwzn3cu89fsKZ0gh9WLm19Y3Nrfx2YWd3b/+geHjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/uZz7vXsqFYvFrZ4m1I3wWLCAEayN1O954QX0vdArlpCNmuVGpQ6RXa1WyrWKIahabtYQdGy0QAms0PaK78NRTNKICk04VmrgoES7GZaaEU5nhWGqaILJBI/pwFCBI6rcbHHvDJ4ZZQSDWJoSGi7U7xMZjpSaRr7pjLAO1W9vLv7lDVIdNNyMiSTVVJDloiDlUMdw/jwcMUmJ5lNDMJHM3ApJiCUm2kRUMCF8fQr/J92y7SDbuUal1s0qjjw4AafgHDigDlrgCrRBBxDAwQN4As/WnfVovVivy9actZo5Bj9gvX0Cl1ePtw==</latexit>
sha1_base64="ViCjo7TJ2qfgImTGtrwt5qStBXk=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4CENPyHoLePEkUcwCSRh6Oj1Jk57F7h4hhPyEFw+KePUP/A5v/o2dREFFHxQ83quiqp4XC640xu9WamV1bX0jvZnZ2t7Z3cvuH7RUlEjKmjQSkex4RDHBQ9bUXAvWiSUjgSdY2xufzf32LZOKR+G1nsSsH5BhyH1OiTZSp+2O8shzR242h21cK1SLFYTtUqlYKBcNwaVCrYyRY+MFcvX86wUYNNzsW28Q0SRgoaaCKNV1cKz7UyI1p4LNMr1EsZjQMRmyrqEhCZjqTxf3ztCJUQbIj6SpUKOF+n1iSgKlJoFnOgOiR+q3Nxf/8rqJ9qv9KQ/jRLOQLhf5iUA6QvPn0YBLRrWYGEKo5OZWREdEEqpNRBkTwten6H/SKtgOtp1Lk8YVLJGGIziGU3CgAnU4hwY0gYKAO3iAR+vGureerOdla8r6nDmEH7BePgCL55Ep</latexit>
sha1_base64="VeCebgSeLfZ4YL6SNVgozCyzklk=">AAAB73icdVDLSgMxFM3UV61aq+LKTbAILsqQKX3uCm7cCFXsA9oyZNK0Dc1kxiQjlKE/4caFIm79A7/DnWt/w4Vpq6CiBy4czrmXe+/xQs6URujVSiwtr6yuJddTG5tb6e3Mzm5TBZEktEECHsi2hxXlTNCGZprTdigp9j1OW974ZOa3rqlULBCXehLSno+Hgg0YwdpI7ZY7ykHPHbmZLLJRNV8plCGyi8VCvlQwBBXz1RKCjo3myNZyz2fvb/vpupt56fYDEvlUaMKxUh0HhboXY6kZ4XSa6kaKhpiM8ZB2DBXYp6oXz++dwiOj9OEgkKaEhnP1+0SMfaUmvmc6faxH6rc3E//yOpEeVHoxE2GkqSCLRYOIQx3A2fOwzyQlmk8MwUQycyskIywx0SailAnh61P4P2nmbQfZzrlJ4wIskAQH4BAcAweUQQ2cgjpoAAI4uAF34N66sm6tB+tx0ZqwPmf2wA9YTx88NJMq</latexit>

Vcy
<latexit sha1_base64="gSryYXfPWM1ImuhwsjL4d8UcNTo=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFSZqm7oruHFZxaaFNpbJdNKOnWTCzEQIof/gxoUibv0fd/6N04egogcuHM65l3vvCRLOlEbowyosLa+srhXXSxubW9s75d09T4lUEtoiggvZCbCinMW0pZnmtJNIiqOA03Ywvpj67XsqFRPxjc4S6kd4GLOQEayN5Hl9Am+zfrmC7DPXrdUQRPapc+6gqiFOza2iOnRsNEMFLNDsl997A0HSiMaacKxU10GJ9nMsNSOcTkq9VNEEkzEe0q6hMY6o8vPZtRN4ZJQBDIU0FWs4U79P5DhSKosC0xlhPVK/van4l9dNdVj3cxYnqaYxmS8KUw61gNPX4YBJSjTPDMFEMnMrJCMsMdEmoJIJ4etT+D/xTmzHJHOFKo3rRRxFcAAOwTFwgAsa4BI0QQsQcAcewBN4toT1aL1Yr/PWgrWY2Qc/YL19An54jx0=</latexit>
sha1_base64="YcFxh/74XPQJBel1y/M7ybrtIuE=">AAAB7XicdVBNTwIxEJ3FL8Qv1KOXRmLCiXRRWLyRePGIRhYSRNItBSrd7qbtmhDCf/DiQWO8+n+86cmfYgFN1OhLJnl5byYz84JYcG0wfnVSC4tLyyvp1cza+sbmVnZ7x9dRoiir00hEqhkQzQSXrG64EawZK0bCQLBGMDyZ+o0bpjSP5IUZxawdkr7kPU6JsZLvdyi6GnWyOVw48rxyGSNcOHSPXVyyxC17JVxBbgHPkKsW82/vAFDrZF8uuxFNQiYNFUTrlotj0x4TZTgVbJK5TDSLCR2SPmtZKknIdHs8u3aCDqzSRb1I2ZIGzdTvE2MSaj0KA9sZEjPQv72p+JfXSkyv0h5zGSeGSTpf1EsEMhGavo66XDFqxMgSQhW3tyI6IIpQYwPK2BC+PkX/E79YcG0yZzaNc5gjDXuwD3lwwYMqnEIN6kDhGm7hHh6cyLlzHp2neWvK+ZzZhR9wnj8AokWRcQ==</latexit>
sha1_base64="bpSZIprA8XOk65PBbbwb0KUPmYc=">AAAB7XicdVDLSgMxFM3UV62vqks3wSJ0NWSq7dRdwY3LKnZaaGvJpJk2NvMgyQjD0H9w40IRt/6I+AHudCv4HaatgooeuHA4517uvceNOJMKoRcjMze/sLiUXc6trK6tb+Q3txwZxoLQBgl5KFoulpSzgDYUU5y2IkGx73LadEdHE795SYVkYXCmkoh2fTwImMcIVlpynB6B50kvX0DmgW1XKggic986tFBZE6til1EVWiaaolArFV/f3h+f6r38c6cfktingSIcS9m2UKS6KRaKEU7HuU4saYTJCA9oW9MA+1R20+m1Y7inlT70QqErUHCqfp9IsS9l4ru608dqKH97E/Evrx0rr9pNWRDFigZktsiLOVQhnLwO+0xQoniiCSaC6VshGWKBidIB5XQIX5/C/4lTMi2dzIlO4xTMkAU7YBcUgQVsUAPHoA4agIALcAVuwK0RGtfGnXE/a80YnzPb4AeMhw/oOpPk</latexit>

V ,b ,!
<latexit sha1_base64="r83pva4pPZ2FjbT8nq7wCsip1rE=">AAACB3icdVDLSgMxFM34rPU16lKQYBFclCGjtlN3BTcuq9gHdIYhk0nb0MyDJCOUoTs3/oobF4q49Rfc+TemD0FFDwQO55zLzT1ByplUCH0YC4tLyyurhbXi+sbm1ra5s9uSSSYIbZKEJ6ITYEk5i2lTMcVpJxUURwGn7WB4MfHbt1RIlsQ3apRSL8L9mPUYwUpLvnnQ8nOX63yIx2UY+HNehm4S0T72zRKyzhynWkUQWaf2uY0qmthVp4Jq0LbQFCUwR8M3390wIVlEY0U4lrJro1R5ORaKEU7HRTeTNMVkiPu0q2mMIyq9fHrHGB5pJYS9ROgXKzhVv0/kOJJyFAU6GWE1kL+9ifiX181Ur+blLE4zRWMyW9TLOFQJnJQCQyYoUXykCSaC6b9CMsACE6WrK+oSvi6F/5PWiWXrZq5QqX49r6MA9sEhOAY2cEAdXIIGaAIC7sADeALPxr3xaLwYr7PogjGf2QM/YLx9AnFEmRQ=</latexit>
sha1_base64="cGm5weJD3xr+BmtFFH+a9SoQQ4I=">AAACB3icdVDLSgMxFL1TX7W+Rl0KEiyCi1Iyah/uCm5cSRVbC20ZMmnahmYeJBmhDN258VfcuFCkW3/BnX9j+hBU9EDgcM653NzjRYIrjfGHlVpYXFpeSa9m1tY3Nrfs7Z26CmNJWY2GIpQNjygmeMBqmmvBGpFkxPcEu/UG5xP/9o5JxcPgRg8j1vZJL+BdTok2kmvv192kJUy+Q0Y55LlznkOt0Gc94tpZnD8tlYpFjHD+xDlzcMEQp1gq4DJy8niKbCU3vgSDqmu/tzohjX0WaCqIUk0HR7qdEKk5FWyUacWKRYQOSI81DQ2Iz1Q7md4xQodG6aBuKM0LNJqq3ycS4is19D2T9Inuq9/eRPzLa8a6W24nPIhizQI6W9SNBdIhmpSCOlwyqsXQEEIlN39FtE8kodpUlzElfF2K/if147xjmrkybVzDDGnYgwM4AgdKUIELqEINKNzDIzzDi/VgPVmv1ngWTVnzmV34AevtE2XUmoY=</latexit>
sha1_base64="WWUD0tyYgWunsDiW2ftw8H9s+hI="></latexit>

<latexit sha1_base64="U8NYXBvSQzWVjHrNJQRrq36rFoE=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hR0vegx48RgfeUCyhNnJbDJkdnaZ6RXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KUyUt+v63t7a+sbm1Xdop7+7tHxxWjo5bNskMF02eqMR0QmaFklo0UaISndQIFodKtMPxzcxvPwljZaIfcZKKIGZDLSPJGTrpod2n/UrVr/lzkFVCC1KFAo1+5as3SHgWC41cMWu71E8xyJlByZWYlnuZFSnjYzYUXUc1i4UN8vmpU3LulAGJEuNKI5mrvydyFls7iUPXGTMc2WVvJv7ndTOMroNc6jRDofliUZQpggmZ/U0G0giOauII40a6WwkfMcM4unTKLgS6/PIqaV3WqF+jd361fl/EUYJTOIMLoHAFdbiFBjSBwxCe4RXePOW9eO/ex6J1zStmTuAPvM8f3OuNiw==</latexit>
sha1_base64="DHZhh6rQshQ8jp36EsvYgf3Fbdo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPiKex6iceAF4+JmgckS5idzCZDZmeXmV4hLPkELx4U8eqH+A3exJ9x8jhoYkFDUdVNd1eQSGHQdb+c3Nr6xuZWfruws7u3f1A8PGqaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkbXU7/1wLURsbrHccL9iA6UCAWjaKW7Vs/rFUtu2Z2BrBJvQUrV8/r3BwDUesXPbj9macQVMkmN6Xhugn5GNQom+aTQTQ1PKBvRAe9YqmjEjZ/NTp2QM6v0SRhrWwrJTP09kdHImHEU2M6I4tAse1PxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7AheMsvr5LmZdlzy17dpnELc+ThBE7hAjyoQBVuoAYNYDCAR3iGF0c6T86r8zZvzTmLmWP4A+f9B/43j90=</latexit>
sha1_base64="MUqs3NEcODOHeXe+o9Sjgjz6NMk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNiFe5stAzYWCZqPiAJYW8zlyzZ2zt294Rw5CdYaBERW8H/Ymkn/hk3H4UmPhh4vDfDzDw/Flwb1/1yMiura+sb2c3c1vbO7l5+/6Cmo0QxrLJIRKrhU42CS6wabgQ2YoU09AXW/cHVxK/fo9I8kndmGGM7pD3JA86osdJtveN18gW36E5Blok3J4XSaeX7Y/z4Xu7kP1vdiCUhSsME1brpubFpp1QZzgSOcq1EY0zZgPawaamkIep2Oj11RE6s0iVBpGxJQ6bq74mUhloPQ992htT09aI3Ef/zmokJLtspl3FiULLZoiARxERk8jfpcoXMiKEllClubyWsTxVlxqaTsyF4iy8vk9p50XOLXsWmcQMzZOEIjuEMPLiAElxDGarAoAcPMIZnRzhPzovzOmvNOPOZQ/gD5+0HdPeRtQ==</latexit>

ti
<latexit sha1_base64="y2D3n2PzL4x7YAbo6T6kDNA+NjM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgpSXxoseCF49V7Ae0IWy2m3bpZjfsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEkr3ImKY4JK1kaNgvVQzkkSCdaPJ7dzvPjFtuJKPOE1ZkJCR5DGnBK3Ux5DXMcx53Z+F1ZrX8BZw14lfkBoUaIXVr8FQ0SxhEqkgxvR9L8UgJxo5FWxWGWSGpYROyIj1LZUkYSbIFyfP3AurDN1YaVsS3YX6eyIniTHTJLKdCcGxWfXm4n9eP8P4Jsi5TDNkki4XxZlwUbnz/90h14yimFpCqOb2VpeOiSYUbUoVG4K/+vI66Vw1fK/h33u15kMRRxnO4BwuwYdraMIdtKANFBQ8wyu8Oei8OO/Ox7K15BQzp/AHzucPwqeQ7w==</latexit>
sha1_base64="pkHrGCzZOfSBaNm7yHHtv4RoVwY=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBBySdj1oseAF49RzAOSZZmdzCZDZneWmV4hLPkMLx4U8erXePPmL/gHTh4HTSxoKKq66e4KUykMuu6ns7a+sbm1Xdgp7u7tHxyWjo5bRmWa8SZTUulOSA2XIuFNFCh5J9WcxqHk7XB0PfXbD1wboZJ7HKfcj+kgEZFgFK3UxUBUMchF1ZsEpbJbc2cgq8RbkHLdq3x/AUAjKH30+oplMU+QSWpM13NT9HOqUTDJJ8VeZnhK2YgOeNfShMbc+Pns5Ak5t0qfRErbSpDM1N8TOY2NGceh7YwpDs2yNxX/87oZRld+LpI0Q56w+aIokwQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUijYEb/nlVdK6qHluzbu1adzBHAU4hTOogAeXUIcbaEATGCh4hGd4cdB5cl6dt3nrmrOYOYE/cN5/AAQnk1k=</latexit>
sha1_base64="FAa4VqcC+evk5m6vXTHYMaKS7q0=">AAAB8nicbVC7SgNBFJ2NrxhfUUsLF4OQJmHHRsuAjVhFMQ/YLMvsZJIMmZ1ZZu4KYcln2FgoYmvpl9jZ+wP+gZNHoYkHLhzOuZd774kSwQ143qeTW1ldW9/Ibxa2tnd294r7B02jUk1ZgyqhdDsihgkuWQM4CNZONCNxJFgrGl5O/NY904YreQejhAUx6Uve45SAlXwIeQXCjFfwOCyWvKo3hbtM8JyUarj8/fV+fVwPix+drqJpzCRQQYzxsZdAkBENnAo2LnRSwxJCh6TPfEsliZkJsunJY/fUKl23p7QtCe5U/T2RkdiYURzZzpjAwCx6E/E/z0+hdxFkXCYpMElni3qpcEG5k//dLteMghhZQqjm9laXDogmFGxKBRsCXnx5mTTPqtir4hubxi2aIY+O0AkqI4zOUQ1doTpqIIoUekBP6NkB59F5cV5nrTlnPnOI/sB5+wGG6ZR6</latexit>

t 2 Ht

t!

<latexit sha1_base64="SvJrisSAoGLSD/jP9v7xVQadqdI=">AAAB+3icbVA9T8MwFHTKVylfoYwsFhUSU5WwwFiJpWNBtEVqoshxndaq40T2C6KK8ldYGECIlT/Cxr/BaTNAy0mWTnfv6Z0vTAXX4DjfVm1jc2t7p77b2Ns/ODyyj5sDnWSKsj5NRKIeQqKZ4JL1gYNgD6liJA4FG4azm9IfPjKleSLvYZ4yPyYTySNOCRgpsJuAPS69mMCUEpF3iwACu+W0nQXwOnEr0kIVeoH95Y0TmsVMAhVE65HrpODnRAGnghUNL9MsJXRGJmxkqCQx036+yF7gc6OMcZQo8yTghfp7Iyex1vM4NJNlSL3qleJ/3iiD6NrPuUwzYJIuD0WZwJDgsgg85opREHNDCFXcZMV0ShShYOpqmBLc1S+vk8Fl23Xa7q3T6txVddTRKTpDF8hFV6iDuqiH+oiiJ/SMXtGbVVgv1rv1sRytWdXOCfoD6/MHDv6Uew==</latexit>
sha1_base64="+GNtUoW3lu/UXWynyGRhEV07FjQ=">AAAB+3icbVC7TgJBFL3rE/GFWNpMJBorsmujJYkNJRh5JLAhs8MAE2ZnNzN3jWTDr9hYaIytvd9gZ/wZZ4FCwZNMcnLOvblnThBLYdB1v5y19Y3Nre3cTn53b//gsHBUbJoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4KxjeZ37rn2ohI3eEk5n5Ih0oMBKNopV6hiKQrVDekOGJUptVpD3uFklt2ZyCrxFuQUuW8/v0BALVe4bPbj1gScoVMUmM6nhujn1KNgkk+zXcTw2PKxnTIO5YqGnLjp7PsU3JmlT4ZRNo+hWSm/t5IaWjMJAzsZBbSLHuZ+J/XSXBw7adCxQlyxeaHBokkGJGsCNIXmjOUE0so08JmJWxENWVo68rbErzlL6+S5mXZc8te3bZxC3Pk4ARO4QI8uIIKVKEGDWDwAI/wDC/O1HlyXp23+eias9g5hj9w3n8AMEqWzQ==</latexit>
sha1_base64="btUehsqnwkZ8/Cz5NuT65Pzoz0k=">AAAB+3icbVC7TsMwFHXKq5RXKSOLRQViqhIWGCuxdGwRfUhNFDmu01p1nMi+QVRRP4KFkYWhCLHyE4xsiJ/BfQzQciRLR+fcq3t8gkRwDbb9ZeXW1jc2t/LbhZ3dvf2D4mGppeNUUdaksYhVJyCaCS5ZEzgI1kkUI1EgWDsYXk/99h1TmsfyFkYJ8yLSlzzklICR/GIJsMulGxEYUCKy2tgHv1i2K/YMeJU4C1KunjW+Px4fJnW/+On2YppGTAIVROuuYyfgZUQBp4KNC26qWULokPRZ11BJIqa9bJZ9jE+N0sNhrMyTgGfq742MRFqPosBMTkPqZW8q/ud1UwivvIzLJAUm6fxQmAoMMZ4WgXtcMQpiZAihipusmA6IIhRMXQVTgrP85VXSuqg4dsVpmDZu0Bx5dIxO0Dly0CWqohqqoyai6B49oQl6scbWs/Vqvc1Hc9Zi5wj9gfX+A6b7mKU=</latexit>

<latexit sha1_base64="HVJKtLEY5ibxojYW9X35Pz1e8OE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NJlmye3vszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxqW50axltMS206EbVcipi3UKDkncRwqiLJH6PJzdx/fOLGCh0/4DThoaKjWAwFo5hLPdT9as2v+znIKgkKUoMCzX71qzfQLFU8Riaptd3ATzDMqEHBJJ9VeqnlCWUTOuJdR2OquA2z/NYZOXPKgAy1cRUjydXfExlV1k5V5DoVxbFd9ubif143xeF1mIk4SZHHbLFomEqCmswfJwNhOEM5dYQyI9ythI2poQxdPBUXQrD88ippX9QDvx7cXdYa90UcZTiBUziHAK6gAbfQhBYwGMMzvMKbp7wX7937WLSWvGLmGP7A+/wBOdyOZQ==</latexit>

ti

1

W

W a , W f , bb
<latexit sha1_base64="y4TO8Re8P65s2fH/uSs+f/9ow5k=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgIeHOJpYBG8tEzAckR9jbzCVr9vaO3T0hHPkFNhaK2PqT7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7euq51a9plup3+dxFOEMzuESPKhBHe6gAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDdpmMvA==</latexit>
sha1_base64="HxJb/z96QlCUphfreTSTOlMKYhI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgIYRdL3oMePEkiZgHJEuYnfQmY2Znl5lZISz5Ai8eFPHqV/gd3vwbJ4+DJhY0FFXddHcFieDauO63k1tb39jcym8Xdnb39g+Kh0dNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYyup37rEZXmsbw34wT9iA4kDzmjxkr1cq9YcivuDGSVeAtSqpY/b8Gi1it+dfsxSyOUhgmqdcdzE+NnVBnOBE4K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ62ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukeVHx3IpXt2ncwRx5OIFTOAcPLqEKN1CDBjBAeIIXeHUenGfnzXmft+acxcwx/IHz8QNrKY4u</latexit>
sha1_base64="OL95bnNajyP9E32W2pN41xR7A3A=">AAAB6HicbVC7SgNBFL0bXzFqjIqVzWAQLELYtdEyYGMjJGIekCxhdnI3GTP7YGZWCEu+wMZCEVu/wu+ws/Y3LJw8Ck08cOFwzr3ce48XC660bX9amZXVtfWN7GZua3snv1vY22+oKJEM6ywSkWx5VKHgIdY11wJbsUQaeAKb3vBy4jfvUSoehbd6FKMb0H7Ifc6oNlKt1C0U7bI9BVkmzpwUK6X36++vw3y1W/jo9CKWBBhqJqhSbceOtZtSqTkTOM51EoUxZUPax7ahIQ1Quen00DE5MUqP+JE0FWoyVX9PpDRQahR4pjOgeqAWvYn4n9dOtH/hpjyME40hmy3yE0F0RCZfkx6XyLQYGUKZ5OZWwgZUUqZNNjkTgrP48jJpnJUdu+zUTBo3MEMWjuAYTsGBc6jAFVShDgwQHuAJnq0769F6sV5nrRlrPnMAf2C9/QAbdpAv</latexit>
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(a) Data and representation

b Po cy pa ame za on

F gure 2 Re nforcemen earn ng (RL) of of marked empora po n processes (MTPPs) Pane
(a) shows he ype of da a and represen a on used n RL of MTPPs Pane (b) shows he po cy
parame r za on used by our po cy grad en me hod
n F gure 1 Second our po cy s defined by a cond ona n ens y func on (and a mark d s r bu on)
wh ch s used o samp e he mes (and marks) of he agen ’s ac ons Here no e ha a samp ed agen ’s
ac on may need o be resamp ed due o he occurrence of new feedback even s before he samp ed
me In con ras prev ous work has used probab y d s r bu ons (or n some cases de erm n s c
func ons) as po c es
Remarkab y he above prob em defin on na ura y fi s numerous prob ems n a w de var e y of
app ca on doma ns par cu ar y n he con ex of soc a and nforma on on ne sys ems For examp e
n persona zed each ng n on ne earn ng p a forms he p a form ha shows con en ems o earners
s he agen he p a form akes an ac on when shows an em o a earner he earners are he
env ronmen and he probab y ha he earner reca s an em defines he reward In v ra marke ng
n soc a ne works a user who a ms o ncrease he v s b y of her pos s s he agen he user akes
an ac on when she pos s a message her fo owers’ feeds form he env ronmen and he v s b y (or
a en on) she rece ves defines he reward In a hese cases he env ronmen d s r bu on p∗F φ may
be h gh y comp ex and hus our po cy grad en me hod w on y assume ha can samp e from
p∗F φ In o her words he env ronmen d s r bu on w be cons dered a b ack box
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Proposed policy gradient method

In h s sec on we ack e he re nforcemen earn ng prob em defined by Eq 3 us ng a nove po cy
grad en me hod for marked empora po n processes More spec fica y we firs everage recurren
neura ne works (RNNs) o parame r ze he po cy p∗A θ and hen use s ochas c grad en descen
(SGD) o find he po cy parame ers θ ha max m zes he expec ed reward E R∗
Po cy parametr zat on In many app ca on doma ns a any me t he (op ma ) po cy p∗A θ ha
max m zes he reward may depend on he prev ous h s ory of he ac on even s and he feedback
even s Ht = At ∪ Ft n an unknown and comp ex way To cap ure such dependence we parame r ze
he po cy p∗A θ us ng a recurren neura ne work (RNN) where we embed bo h he ac ons even s and
he feedback even s n o rea -va ued vec ors h s m ar y as n severa recen s a e of he ar MTPP
deep earn ng mode s [5 11 17]3 Nex we e abora e fur her on our arch ec ure4 wh ch we a so
summar ze n F gure 2 and hen d scuss how o effic en y samp e ac on even s from he (op ma )
po cy
— Inpu ayer Af er he i- h even occurs be an ac on even or a feedback even he npu
ayer conver s he assoc a ed nforma on e he me t he marker z (or y ) and he ype of
even e ∈ {0 1} where e = 0 deno es ac on and e = 1 deno es feedback n o compac vec ors
Spec fica y compu es
τ = Wt (t − t −1 ) + bt
b = Wa (1 − e ) + Wf e + bb

y = Wy y + by f e = 0
z = Wz z + bz f e = 1

No e ha p ev ou MTPP deep ea n ng mode a m o p ov de even p ed c on Th
con a w h he cu en wo k wh ch a m o
p ov de op ma even n e ven on
Depend ng on he app ca on doma n ac on even o eedback even may no con a n ma k and hu he a ch ec u e may be gh y
mp e
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Algorithm 1: Returns the next action time
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

Input: Parameters bλ , wt , Vλ , hi , last event time t0
Output: Next action time t
CDF (•) ← Cumulative distribution of next arrival time
u ←U NIF[0, 1]
t ← CDF −1 (u)
while t < T do
(s, z) ←WAIT U NTIL N EXT F EEDBACK(t)
if feedback arrived before t then
CDF (•) ← M ODIFY(CDF (•), s, z)
t ← CDF −1 (u)
else
return t
end if
end while
return t

where W• , bt , by , bz and bb are trainable weights. Moreover, note that we encode the action marks
yi and feedback marks zi separately since they may belong to different domains. To this aim, one of
the inputs yi and zi will be marked as absent using sentinel values depending on whether ei = 0 or
ei = 1, respectively. Finally, these signals are fed into the hidden layer, which we describe next.
— Hidden layer. This layer iteratively updates the latent embedding hi−1 , by taking inputs of previous
events from the input layer:
hi = tanh(Wh hi−1 + W1 τi + W2 yi + W3 zi + W4 bi + bh ),

(4)

where W• and bh are trainable weights.

— Output layer. The output layer computes the policy p∗A;θ = (λ∗θ , m∗θ ), i.e., the intensity function
λ∗θ and the mark distribution m∗θ . Assume the agent has generated i events by time t, then, the output
layer computes the intensity as:
λ∗θ (t) = exp (bλ + wt (t − ti ) + Vλ hi )

(5)

where Vλ , bλ and wt are trainable weights and ti denotes the time of the i-th action event. Here, the
bλ encodes a base intensity level for the occurrence of the (i + 1)-th action event, the term wt (t − ti )
encodes the influence of the i-th action event, and the term Vλ encodes the influence of previous
events. The particular choice of mark distribution m∗θ depends on the application domain. Here, we
experiment with discrete marks and thus model the marks using a multinomial distribution, i.e.,
y
exp(Vc,:
hi )
,
y
l∈Y exp(Vl,: hi )

P[yi+1 = c] = P

(6)

where Y denote the domain of the marks and V y are trainable weights.

Sampling action events from the policy. To implement the above policy p∗A;θ = (λ∗θ , m∗θ ), we need
to be able to sample the action times t and marks y from the intensity function defined by Eq. 5 and
the mark distribution defined by Eq. 6, respectively. While the latter reduces to sampling from a
multinomial distribution, which is straightforward, the former requires developing a novel sampling
algorithm leveraging inverse transform sampling, which we describe in Algorithm 1. The details of
calculating CDF (•) and the related modifications are provided in Appendix C.
Maximizing the expected reward. In the following, we denote the expected reward as a function of
the policy parameters θ as:
J(θ) = EA T ∼p∗A ;θ (·),F T ∼p∗F ;φ (·) [R∗ (T )]

(7)

Then, we find the optimal policy p∗A;θ that maximizes the expected reward function J(θ) using
stochastic gradient descent (SGD) [23], i.e., θl+1 = θl + αl ∇θ J(θ)|θ=θl . To do so, we need to
compute the gradient of the expected reward function ∇θ J(θ), however, this may seem challenging
at first especially since the expectation is taken over realizations of marked temporal point processes.
Perhaps surprisingly, we can compute such gradient using the following proposition (proved in
Appendix A).
5

Proposition 1. Given an agent with p∗A;θ = (λ∗θ , m∗θ ), an environment with p∗F;φ = (λ∗φ , m∗φ ), the
gradient of the expected reward function J(θ) with respect to θ is given by:
∇θ J(θ) = EA T ∼p∗A ;θ (·),F T ∼p∗F;φ (·) [R∗ (T )∇θ log Pθ (A T )] ,
where log Pθ (A T ) =

P

ei ∈AT

(log λ∗θ (ti ) + log m∗θ (zi )) −

RT
0

(8)

λ∗θ (s) ds.

In the above proposition, the gradient of the log-likelihood of the times and marks of a realization
of the marked temporal point process associated to the agent’s actions, ∇θ log P∗A;θ (HT ), can be
easily computed using the policy parametrization defined by Eqs. 5 and 6. Moreover, note that the
proposition formally shows that the REINFORCE trick [32] is still valid if the expectation is taken
over realizations of marked temporal point processes, which are a type of random elements [3] whose
values are discrete events localized in continuous time.
Unfortunately, the above procedure does not limit the intensity of actions by the agent and this may
be problematic in practice (e.g., in viral marketing in social networks, a user who aims to increase
the visibility of her posts may only be able to post a certain number of times). To overcome this,
we consider instead a penalized expected reward function Jr (θ) with differentiable regularizers
gλ (λ∗θ (t)) and gm (m∗θ (t)), which implicitly impose a budget on the number of action events and
marks, respectively, i.e.,
"
#
Z T
Z T
Jr (θ) = EA T ∼p∗A ;θ (·),F T ∼p∗F;φ (·) R∗ (T ) − ql
gλ (λ∗θ (t)) − qm
gm (m∗θ (t))dt .
(9)
0

0

The gradient of the penalized reward can be readily computed using the following proposition (proved
in Appendix B):
Proposition 2. Given an agent with p∗A;θ = (λ∗θ , m∗θ ), an environment with p∗F;φ = (λ∗φ , m∗φ ), the
gradient of Jr (θ) is given by,
"
∇θ Jr (θ) = EA T ∼p∗A ;θ (·),F T ∼p∗F;φ (·)
∗

R (T ) − ql
−
where gλ0 (λ∗θ (t)) =

Z
ql
0

T

Z
0

T

gλ (λ∗θ (t))

− qm

Z

0
(m∗θ (t)) =
and gm

gm (m∗θ (t)) dt

0

gλ0 (λ∗θ (t))∇θ λ∗θ (t) dt + qm

d gλ (λ∗
θ (t))
d λ∗
θ (t)

!

T

Z
0

T

∇θ log Pθ (A T )
!#

0
gm
(m∗θ (t))∇θ m∗θ (t) dt

,

(10)

d gm (m∗
θ (t))
.
d m∗
θ (t)

In our experiments, we will approximate the expectation in Eq. (10) by first running a batch of
realizations (or episodes) of the corresponding marked temporal point processes5 and then calculating
the mean of the resulting gradients for each batch.

4

Experiments on spaced repetition

Problem definition. It is well known in the psychology literature that repeated and temporally
distributed reviewing of information aids long term memorization [14, 16, 19, 18]. Following recent
work in the machine learning literature [18, 22, 27], we will consider the following setting: an online
learning platform needs to teach one student some number of items with varying difficulty, say, words
from the vocabulary of a foreign language. To this aim, the platform interacts with the student during
a studying period by asking her to review each item multiple times, i.e., show a word to the student,
ask for its translation, and then show the correct answer. Then, the goal is to help the platform decide
when to ask the student to review each item to better prepare her for a test, which will take place
sometime after the learning period is over. Under our problem definition, the online platform is
the agent, it generates action events A when it asks a student to review an item, the student is the
5

In some applications, we may be able to play back historical data from the environment against our policy and, in other domains, we may
need to resort to a (complex) environment simulator.
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Figure 3: Spaced Repetition. Performance of our policy gradient method against M EMORIZE [27] and
a uniform baseline, which follows a constant reviewing rate and chooses items uniformly at random.
Panel (a) shows the empirical recall probability at time T + τ and Panel (b) shows the difficulty
level of the items selected for review by different methods. In both cases, the solid horizontal line
(triangle) shows the median (average) value across review sequences and the box limits correspond
to the 25%-75% percentiles. All methods schedule (within a small tolerance) the same number of
review events. Panel (c) compares the average fraction of review events per day across all items for
our method (above) and M EMORIZE (below).

environment and she generates feedback events F when she reviews an item, indicating whether she
was able to recall the item or not, and the recall probability at the test time defines the reward.
Interestingly, the above setting has been recently studied from the point of view of stochastic optimal
control [27], where the authors have derived the optimal scheduling algorithm for a set of items.
However, their solution assumes that the difficulty of the items and the student model are known [24]
and that the objective function—the reward—has a particular functional form which depends on the
average recall probability over time (and not the actual sampled recall at test time). Here, we use
our reinforcement learning method to derive (optimal) policies for arbitrarily complex and unknown
student models, items with unknown difficulties and more intuitive reward definitions.
Experimental setup. Since we cannot make real interventions in an online learning platform, we use
data from Duolingo to fit a probabilistic student model, as reported in previous work [24, 27], which
we then use to simulate a student’s performance over time (refer to Appendix E for further details
on the student model). Here, the optimal policy p∗A;θ = (λ∗θ (t), m∗θ (t)) comprises of a reviewing
intensity function and a multinomial mark distribution. The former characterizes when to review and
the latter characterizes which item to review each time. Then, we train and test our policy gradient
method as follows.
Given a student model and a set of items, we train the platform’s policy p∗A;θ by using SGD with a
quadratic (entropy) regularizer on the reviewing intensity (mark distribution), i.e., g(λ∗θ (t), m∗θ (t)) =
P
2
(λ∗θ (t)) + H(m∗θ (t)) where H(m∗θ (ti )) := − c∈Y P[yi = c] log P[yi = c], on a training consisting
of simulated reviewing and test sequences. More specifically, on iteration i, we build a batch of b
reviewing (or studying) sequences of time length T , where we sample student’s recalls from the
student model every time our policy p∗θi generates a reviewing events and compute the reward at the
end of each sequence. Here, the reward is the sampled recall at test time T + τ , which is a natural
performance measure for the goal stated in the problem definition. To test the trained model, we
just generate additional reviewing sequences using the student model and the trained policy and
compute the reward at the end of each sequence. Appendix D for further details on the training and
testing procedure. Here, we compare the performance of our method with two alternatives: (i) a state
of the art method called M EMORIZE [27] which, in contrast with our work, has full access to the
student model and is specially designed to maximize the average recall probability over time, and (ii)
a baseline reviewing schedule which follows a constant reviewing rate and choose items uniformly at
random.
Results. Figures 3(a-b) summarize the results, where the number of reviewing events by each method
is the same. The results show that: (i) by maximizing the actual reward one is aiming for, our method
is able to outperform both M EMORIZE and the baseline by large margins; and, (ii) given the limited
study time, our method tends to focus on less difficult items. Finally, in Figure 3(c), we compare
how our method and M EMORIZE distribute reviewing events during the studying period. While our
method keeps a constant load over time, M EMORIZE provides initially a heavier studying load.
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Figure 4: Smart broadcasting. Performance of our policy gradient method against R ED Q UEEN [34]
(RQ), a variant of R ED Q UEEN which has access to true ranks (RQ∗ ), and Karimi’s method [12] on
feeds using a sorting algorithm based on a priority queue (refer to Appendix F). Panels (a) and (b)
show the average rank and time at the top, where the solid horizontal line shows the median value
across users, normalized with respect to the value achieved by a user who follows a uniform Poisson
intensity, and the box limits correspond to the 25%-75% percentiles. For the average rank, lower is
better and, for time at the top, higher is better. In both cases, the number of messages posted by each
method is the same. Panel (c) shows a user’s intensity λ∗θ (·) (in blue), as provided by our method, the
counts of the user’s posts (in green), the average rank (in red), the posting times of a competing user
with higher priority (in purple), and the posting times of another competing user with lower priority
(in yellow).
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Experiments on smart broadcasting

Problem definition. In the smart broadcasting problem, first introduced by Spasojevic et al. [25],
the goal is to help a social media user decide when to post to achieve high visibility in her followers’
feeds, i.e., to elicit attention from her followers. Under our problem definition, the user is the agent,
she generates action events A when she posts, her followers’ feeds forms the environment, the
environment generates feedback events F when any of the other users her followers follow post, and
the visibility she receives defines the reward. Then, the problem reduces to finding the (optimal)
policy p∗A;θ that maximizes the reward.
Following previous work [29, 33, 34], we measure visibility a user achieves, i.e., the reward, using
two different metrics: (i) the position of her most recent post on her followers’ feeds over time,
RT
or rank, i.e., R∗ (T ) = 0 r(t)dt, where the position zero, r(t) = 0, corresponds to top and thus
lower is better; (ii) the (amount of) time that her most recent post is at the top of her followers’
RT
feeds, or time at the top, i.e., R∗ (T ) = 0 I(r(t) < 1)dt, and thus higher is better. If the followers’
feeds are sorted in reverse chronological order, previous work has derived optimal offline [12] and
online [34] algorithms for (i) and (ii), respectively, under the additional assumption that the posting
intensity of other users her followers follow adopts certain functional form. However, as pointed
out by previous work, feeds are typically algorithmically sorted, the posting intensity of other users
may be highly complex, and thus the derived algorithms may be of limited use in practice. Here,
we use our reinforcement learning method to derive (optimal) policies for algorithmically sorted
feeds and, by doing so, we are able to help users achieve higher visibility than the above algorithms.
Appendix G contains additional experiments for feeds sorted in reverse chronological order.
Experimental setup. We use data gathered from Twitter as reported in previous work [2], which
comprises profiles of 52 million users, 1.9 billion directed follow links among these users, and 1.7
billion public tweets posted by the collected users. The follow link information is based on a snapshot
taken at the time of data collection, in September 2009. Here, we focus on the tweets published during
a two month period, from July 1, 2009 to September 1, 2009, and sample 1000 users uniformly at
random. For each of these users, we retrieve five of her followers (chosen at random), select five other
followees of each follower (chosen at random), and collect all the (re)tweets they published. Each
follower represents a wall and our broadcaster is competing with the other followees of follower for
attention. Since we do not have access to the feed sorting algorithm used by Twitter, we experiment
with a relatively simple sorting algorithm based on a priority queue6 (refer to Appendix F). Here,
6

We expect that, the more complex the sorting algorithm, the larger the competitive advantage our algorithm will offer in comparison with
competing methods designed for feeds sorted in reverse chronological order.
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since our feed sorting algorithm does only depends on the time of the post and the identity of the
user who posts, not marks (e.g., content of the post), the optimal policy only comprises an intensity
function, i.e., p∗A;θ = λ∗θ (t). Then, we train and test our policy gradient method as follows.
For each user, we divide her feedback events, i.e., the posts by other users her followers follow, into
a training set and a test set. The latter contains all feedback events generated in a time window of
length T at the end of the recording period and the former contains all other feedback events. Here,
we set the length T such that the overall expected number of events in the test set is ∼200. Then, we
train each user’s policy λ∗θ (t) by using stochastic gradient descent (SGD) with a quadratic regularizer
2
g(λ∗ (t)) = (λ∗ (t)) . More specifically, on each iteration i, we build a batch of b sequences of
length T , taken uniformly at random from the training set, we replay the feedback events from these
sequences while interleaving the posts generated by our policy λ∗θi , and compute the reward at the
end of each sequence. To test the trained policy λ∗θ (t), we just replay the feedback events from the
test set while interleaving the posts generated by the policy and compute the reward at the end of the
sequence. Appendix D contain additional implementation details.
In the above, we experiment both with rank and time at the top as rewards and compare our method
with two state of the art methods, R ED Q UEEN [34] and the method by Karimi et al. [12]. The former
is an online algorithm specially designed to minimize the average rank in feeds sorted in reverse
chronological order and the latter is an offline algorithm specially designed to maximize the time at
the top in feeds sorted in reverse chronological order. However, because R ED Q UEEN assumes that
the feed is inverse chronologically sorted and posts with intensity ∝ rankchrono (t), we also compare
our method TPPRL against a stronger heuristic RQ∗ , which posts with intensity ∝ rankpriority (t).

Results. Figures 4(a-b) summarize the results, where the number of messages posted by each method
is the same and all rewards are normalized by the reward achieved by a baseline user who follows
a uniform Poisson intensity. The results show that, by not making any assumption about the feed
sorting algorithm, our method is able to outperform both R ED Q UEEN and Karimi’s method, which
were specially designed to minimize the average rank and time at the top in feeds sorted in reverse
chronological order, respectively. Moreover, our method provides solutions with smaller variance in
performance than R ED Q UEEN. Finally, in Figure 4(c), we give some intuition on the type of policy
our method learns using a toy example, where a user competes for attention with two other users in a
follower’s feed, one with higher priority and another with lower priority. Our method learns to avoid
posting whenever the user with higher priority posts.

6

Conclusions

In this paper, we approached a novel reinforcement learning problem where both actions and feedback
are asynchronous stochastic events in continuous time, characterized using marked temporal point
processes (MTPPs). In this problem, the policy is a conditional intensity function (and mark
distribution), which is then used to sample the times (and marks) of the agent’s actions. Then, we
derived a flexible policy gradient method, which does not make any assumptions on the functional
form of the intensity and mark distribution of the feedback and it allows for arbitrarily complex reward
functions. Experiments on two different applications in personalized teaching and viral marketing
show that our method beats competing methods.
There are many interesting venues for future work. For example, we have taken a first step towards
developing reinforcement learning algorithms for MTPPs, however, a natural follow up would be
deriving more sophisticated reinforcement learning algorithms, e.g., actor-critic algorithms, for our
novel problem setting. We have evaluated in two real-world applications in personalized teaching and
viral marketing, however, there are many other (high impact) applications fitting our novel problem
setting, e.g., quantitative trading. Finally, it would be very interesting to develop multiple agent
reinforcement learning algorithms for MTPPs.
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Appendix
A

Proof of Proposition 1

We first start by rewriting the expected reward function J(θ) as:


J(θ) = EA T ∼p∗A ;θ (·),F T ∼p∗F;φ (·) [R∗ (T )] = E|A T |,|F T | EA T ,F T | |A T |,|F T | [R(T ) | |A T |, |F T |]


!
Z T
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Y Z
∗
∗
∗
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d tj d zj ,
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where we have first taken the expectation with respect to all histories conditioned on a given number
of events and then taken the expectation with respect to the number of events. Then, we can compute
the gradient ∇θ J(θ) as follows:
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Proof of Proposition 2

We first start by rewriting the penalized expected reward function Jr (θ) as:
"
Z
Z
Jr (θ) = EA T ∼p∗A ;θ (·),F T ∼p∗F;φ (·) R∗ (T ) − ql

T

0

gλ (λ∗θ (t))dt − qm
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where we have just used the linearity of the expectation. Then, we can use Proposition 1 and the
chain rule to compute the gradient ∇θ Jr (θ):
∇θ Jr (θ) = EA T ∼p∗A ;θ (·),F T ∼p∗F;φ (·) [R∗ (T )∇θ log Pθ (A T )]
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Sampling event times from the intensity λ∗θ (t)

Immediately after taking an action at time ti , the agent has to determine the time of the next action
ti+1 by sampling from the intensity function λ∗θ (t) given by Eq. 5. However, if a feedback event
arrives at time s < ti+1 , i.e., the feedback event arrives before the agent has performed her next
action, then the intensity function λ∗θ (t) will need to be updated and the time ti+1 will not be a valid
sample from the updated intensity. To overcome this difficulty, we design the following procedure,
which to the best of our knowledge, is novel in the context of temporal point processes. Recall that
the intensity function of the action events was
λ∗θ (t) = exp(bλ + Vh hi ) exp(ωt (t − ti ))
13

(11)

In other words, we write λ∗θ (t) = c.eωt (t−ti ) and c changes due to an arrival of an event. So, we
can state our problem as the following more general problem of sampling from a partially known
intensity function:
 −ω(t−t )
i
c e
if t < s
λ(t) = 1 −ω(t−ti )
(12)
c2 e
otherwise,
where the parameters c1 is known to us at time ti but s, c2 are revealed to us only at time s, i.e.,
if our sampled time is greater than s. Due to this, we cannot sample from the above intensity
using simple rejection sampling or the superposition property of Poisson processes, as previous
work [27, 34]. Instead, at a high level, we solve the problem by first sampling a uniform random
variable u ∼ U [0, 1] and then using it to calculate ti+1 = CDF1−1 (u | c1 , ti ), where CDF1 (t | c1 , ti )
denotes the cumulative distribution function of the next event time. Here, we are using inverse
transform sampling under the assumption that the intensity function is defined completely using c1
only. Then, we wait until the earlier of either ti+1 , when we accept the sample, or s, in which case the
parameters c2 are revealed to us. With the full knowledge of the intensity function, we can now refine
our sample ti+1 ← CDF2−1 (t | c1 , ti , c2 , s) re-using the same u that we had originally sampled.
To be able to perform the above procedure in an efficient manner, we should be able to express
CDF1−1 (t | c1 , ti ) and CDF2−1 (t | c1 , ti , c2 , s) analytically. Perhaps surprisingly, we can indeed
express both functions analytically for our parametrized intensity function, given by Eq. 12, i.e.,
CDF1 (t | c1 , ti ) = Pr [An event happens before t]
= 1 − Pr [No event in (ti , t]]
 Z t

= 1 − exp −
λ(τ )dτ
ti

 Z t

−ω(τ −ti )
= 1 − exp −
c1 e
dτ
ti
c

1 −ω(t−ti )
= 1 − exp
(e
− 1)
ω

1
ω
−1
=⇒ CDF1 (u | c1 , ti ) = ti − log 1 +
log (1 − u)
ω
c1



1−u
1
ω
−1
Similarly, CDF2 (u | c1 , ti , c2 , s) = s − log 1 +
log
ω
c2
Q
 c

1
where Q = exp − (1 − exp (−ω(s − ti ))) .
ω

(13)
(14)

Notice that Eq. 14 is the same as Eq. 13, if our uniform sample had been u0 = 1 − 1−u
Q , and
we had started the sampling process at time s instead of time ti with parameters c2 , ω. Using
this insight, we can easily generalize this sampling mechanism to account for an arbitrary number
of feedback events occurring between two actions of the agent. Algorithm 2 summarizes our
sampling algorithm, where C OMPUTE C1 and C OMPUTE C2 compute the current values of c1 and c2 ,
respectively, WAIT U NTIL N EXT F EEDBACK(t) sets a flag e to True if a feedback event (s, z) happens
before time t. Remarkably, given a cut-off time T , the algorithm only needs to sample |AT | times
from a uniform distribution and perform O(|HT |) computations.
Finally, note that, in the above procedure, there is a possibility that the inverse CDF functions may
not be completely defined on the domain [0, 1]. This would mean that the agent’s MTPP may go
extinct, i.e., there may be a finite probability of the agent not taking an action after time ti at all. In
such cases, we assume that the next action time is beyond our episode horizon T , but we will save
the original u and will keep calculating the inverse CDF using it as, due to the non-linear dependence
of the parameters on the history, the samples may become finite again.

D

Experimental details

We carried out all our experiments using TensorFlow 1.4.1 with DynamicRNN API and we implemented stochastic gradient descent (SGD) using the Adam optimizer, which achieved good
performance in practice, as shown in Figure 5. Therein, we had to specify eight hyperparameters: (i)
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Algorithm 2: It returns the next action time
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:

Input: Time of previous action t0 , history Ht0 up to t0 , cut-off time T
Output: Next action time t
c1 ← C OMPUTE C1(Ht0 )
0
t ← CDF −1
1 (u | c1 , t )
while t < T do
(e, s, z) ←WAIT U NTIL N EXT F EEDBACK(t)
if e == True then
Ht0 ← Ht0 ∪ {(s, z)}
c1 ← C OMPUTE C1(Ht0 ), c2 ← C OMPUTE C2(Ht0 )
t ← CDF2−1 (u | c1 , t0 , c2 , s)
else
return t
break
end if
end while
return t
Application
Spaced repetition

Nb
5000

Ne
32

T
14 days

lr

Smart broadcasting

1000

16

It varies across users

0.02
1+2i·10−3
10−2
1+i·10−4

Di
8

Dh
8

ql
10−2

qm
5 · 10−3

8

8

0.33 (100)

–

Table 1: Hyperparameter values used in the implementation of our method for smart broadcasting
and spaced repetition. In smart broadcasting, ql = 0.33 for top-1 inverse chronological ordering and
ql = 100 for average rank inverse chronological ordering.

Nb – the number of batches, (ii) Ne – the number of episodes in each batch, (iii) T – the time length
of each episode, (iv) lr – the learning rate, (v) Di – the dimension of vectors W• , b• ’s in the input
layer, (vi) Dh – the dimension of the hidden state hi , (vii) ql – the value of the regularizer coefficient
for intensity function, (viii) qm – the value of the regularizer coefficient for mark distribution. Note
that, the dimensions of the other trainable parameters Wh , W1 , .., W4 and bh in the hidden layer
depend on Di and Vλ and Vcy in the output layer depend on Dh , which we selected using cross
validation. The values for both applications—spaced repetition and smart broadcasting —are given
in Table 1.
We run the spaced repetition experiments using a Tesla K80 GPU on a machine with 32 cores and
500GB RAM. With this configuration, for episodes with up to ∼2000 events, the training process
takes ∼5 seconds in average to run one iteration of SGD with batch size Ne = 32. We run the smart
broadcasting experiments on 2 CPU cores of an Intel(R) Xeon(R) CPU E5-2680 v2 @ 2.80GHz and
20GB RAM. With this configuration, for feeds sorted algorithmically and episodes with up to ∼250
events, the training process takes ∼30 seconds to run one iteration of SGD with batch size Ne = 16.

E

Student model

We use the student model proposed by Tabibian et al. [27], which is an improved version of the
student model proposed by Settles et al. [24]. To accurately predict the student’s ability to recall an
item, the model accounts for the item difficulty, the history of reviews (and recalls) by the student,
and the time since the last review.
More formally, the probability mi (t) that an item i, which was last reviewed at time η, will be
successfully recalled at time t is given by:
mi (t) = e−ni (t)×(t−η)

(15)

where ni (t) denotes the forgetting rate for the item i. The rate of forgetting an item depends on the
inherent difficulty of the item, denoted by ni (0), but also on whether the user was able to recall the
item successfully in the past or not. More specifically, the model has two additional parameters α
and β, which determine by how much the forgetting rate ought to change if the student recall, or fails
15
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Figure 5: The cost-to-go J(θ) calculated on the held-out test-set for different loss functions during
training falls quickly with the number of epochs.

to recall, the item on a review at time t, i.e.,

ni (t) =

(1 − α) × ni (t− )
(1 + β) × ni (t− )

if recalled
if forgotten

(16)

In our work, the parameters α and β, as well as the initial item difficulty ni (0), are learned using
historical learning data from Duolingo as in Tabibian et al. [27].
Note that we have picked this student model for its simplicity but relatively good predictive power, as
shown by previous work. Several other student models have also been proposed in literature, ranging
from exponential [7] to more recent multi-scale context models (MCM) [21], which are biologically
inspired and can explain a wider variety of learning phenomenon. Since our methodology is agnostic
to the choice of student model, it would be very interesting to experiment with other student models.

F

Feed sorting algorithm

We use a feed sorting algorithm inspired by the in-case-you-missed-it feature, which is now prevalent
in a variety of social media sites, notably Twitter at the time of writing. Our sorting algorithm divides
each user’s feed in two sections: (i) a prioritized section at the top of the user’s feed, where messages
are sorted according to the priority of the user who posted the message, and (ii) a bulk section, where
messages are sorted in reverse chronological order. In the above, each post stays for a fixed time τ in
the prioritized section and then it moves to the inverse chronological section. Moreover, note that if
the prioritized section contains several messages from the same user, they are sorted chronologically.
In our experiments, for each user’s feed, we set the priority of the users she follows inversely
proportional to her level of activity, as more active users will naturally appear on the feed while users
with sporadic posting activity may need more promotion, we set the priority of the user under our
control to be at the median priority among all users posting in the feed, and set τ to be approximately
10% of the prioritized lifetime of posts τ = 0.1T , where T is the time length of each sequence.

G

Experiments on feeds sorted in reverse chronological order

We follow the same experimental setup as in Section 5, however, feeds are sorted in reverse chronological order. Figure 6 summarizes the results, where the number of messages posted by each method
is the same and all rewards are normalized by the reward achieved by a baseline user who follows a
uniform Poisson intensity. The results show that our method is able to achieve competitive results
in comparison with R ED Q UEEN, which is an online algorithm specially designed to minimize the
average rank in feeds sorted in reverse chronological order, and it outperforms Karimi’s method,
which is an offline algorithm specially designed to maximize the time at the top in feeds sorted in
reverse chronological order.
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Figure 6: Performance of our policy gradient method against R ED Q UEEN [34] and Karimi’s
method [12] on feeds sorted in reverse chronological order. Panels (a) and (b) show the average rank and time at the top, where the solid horizontal line shows the median value across users,
normalized with respect to the value achieved by a user who follows a uniform Poisson intensity, and
the box limits correspond to the 25%-75% percentiles. For the average rank, lower is better and, for
time at the top, higher is better. In both cases, the number of messages posted by each method is the
same.
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Figure 7: Comparing against piece-wise constant (wt = 0) baseline. In all figures, the solid horizontal
line shows the median value across users and the box limits correspond to the 25%-75% percentiles.
Panels (a) and (b) show the average rank and time at the top for the smart broadcasting experiments,
respectively. The values are normalized with respect to the value achieved by a user who follows a
uniform Poisson intensity. For the average rank, lower is better and, for time at the top, higher is better.
In both cases, the number of messages posted by each method is the same within a 10% tolerance.
Panel (c) shows the empirical recall probability at test time and Panel (d) shows the distribution of the
difficulty of items chosen by our method and the baseline version for the space repetition experiments.
The total number of learning events (across all items) are within 5% of each other in the two settings.

H

Baseline with wt = 0

We also explored how our algorithm performs when we force the wt parameter to be zero, i.e., we
force the policy to be piece-wise constant between feedback and action events. To this end, we
retrained the neural networks by doing a parameter sweep over ql (and qm for the spaced repetition
experiments) and picked those values which arrived to roughly the same number of events as produced
by the policy learned by the network where we do not constraint wt = 0.
The resulting baseline is shown in Figure 7 for both the smart broadcasting (Figures 7a and 7b) and
spaced repetition experiments (Figures 7c and 7d). We see that forcing the policy to be piecewise
constant degrades performance and increases the variance in both settings, as expected. In the smart
broadcasting experiments, the mean (median) relative decrease in average rank is 33% (33%) for our
method TPPRL, while it is 28% (30%) for the wt = 0 baseline. Similarly, the increase in mean time
spent at the top is about 11% for our method (TPPRL), while it is 9% for the wt = 0 baseline. In the
spaced repetition experiment, we see that the mean recall falls from 38.9% to 37.9%. The difference
in policy learned is especially notable in Figure 7d where we see that the agent, when constrained to
wt = 0, learns to spread its attempts over a wider set of items, which have higher difficulty than the
items selected by the unconstrained policy.
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