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Vector Additions Systems with States
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Reachability Problem

Given: A Vector Addition System with States (VASS) V , two
configurations s and t.

Question: Is there a run from s to t in V ?
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Short history

Lipton ‘76: ExpSpace-hardness

Mayr ‘81: Decidability
Kosaraju ‘82, Lambert ‘92: Simplifications
Leroux, Schmitz ‘19: Ackermann upper bound
Leroux and Czerwiński, O. ‘21: Ackermann-hardness
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Fixed-dimension VASSs

UNARY BINARY

1 NL-complete NP-complete
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Fixed-dimension VASSs

UNARY BINARY

1 NL-complete NP-complete

2 NL-complete PSPACE-
complete

d ≥ 3 in Fd in Fd

8 TOWER-hard TOWER-hard

Big gaps between lower bounds and upper bounds
Hope for elementary complexity bounds
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Main result

Theorem
The reachability problem in 3-VASS is in 2-ExpSpace, under binary
encoding.

We prove this by induction on the number of strongly connected
components

We show, that length of the shortest run is n22
O(k)

where n is size
of VASS and k is the number of strongly connected components
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In the previous episode...(HIGHLIGHTS 2024)

ExpSpace ⊂ 2-ExpSpace

To be fair... "It is not written and we are
90% sure"
Now it is at least written and published
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Impact of an additional SCC

Our initial assumption: Each additional SCC increases the length of
the run quadratically:

n → n2 → n4 → n8 → · · · → n2k

What we actually observed: Each additional SCC increases the
exponent of the length of the run quadratically:

n2 → n4 → n16 → · · · → n22
k

Reachability in 3-VASS is Elementary HIGHLIGHTS 2025 03.09.2025 8 / 10



Impact of an additional SCC

Our initial assumption: Each additional SCC increases the length of
the run quadratically:

n → n2 → n4 → n8 → · · · → n2k

What we actually observed: Each additional SCC increases the
exponent of the length of the run quadratically:

n2 → n4 → n16 → · · · → n22
k

Reachability in 3-VASS is Elementary HIGHLIGHTS 2025 03.09.2025 8 / 10



Impact of an additional SCC

Our initial assumption: Each additional SCC increases the length of
the run quadratically:

n → n2 → n4 → n8 → · · · → n2k

What we actually observed: Each additional SCC increases the
exponent of the length of the run quadratically:

n2 → n4 → n16 → · · · → n22
k

Reachability in 3-VASS is Elementary HIGHLIGHTS 2025 03.09.2025 8 / 10



Impact of an additional SCC

Our initial assumption: Each additional SCC increases the length of
the run quadratically:

n → n2 → n4 → n8 → · · · → n2k

What we actually observed: Each additional SCC increases the
exponent of the length of the run quadratically:

n2 → n4 → n16 → · · · → n22
k

Reachability in 3-VASS is Elementary HIGHLIGHTS 2025 03.09.2025 8 / 10



Techniques

Easier case: diagonal VASS

We use Z-reachability
Harder case: non-diagonal VASS

Zigzag characterisation of 2-VASS runs
Challenge: finite reachability sets of up to Tower size
Solution: over- and under-approximating a big reachability set by
similarly behaving small semilinear sets
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In the next episode...

Currently we have a triply exponential upper bound on the length
→ 2-ExpSpace upper bound

We believe in doubly exponential upper bound on the length →
ExpSpace upper bound
Connections to conjecture about length of run linear in the norms
of source and target
Maybe we can approach higher dimensions

Thank You!
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