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Abstract. Abstraction-Based Controller Synthesis (ABCS) is an emerging field for automatic synthesis of correct-by-design controllers for nonlinear dynamical systems in the presence of bounded disturbances. Existing ABCS techniques assume a global (state-independent) and uniform
upper bound on disturbances. This can be overly pessimistic, resulting in
a failure to find a controller. In this paper, we extend ABCS to accurately
compute abstractions for system models with state and input-dependent
non-uniform disturbances. This requires a subtle assume-guarantee style
computation of the state evolution and the estimation of the error. We
empirically show the benefit of our approach with significantly smaller
amount of non-determinism in the abstract transitions.
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Introduction

Abstraction-based controller synthesis (ABCS) is a fully automated controller
synthesis technique for non-linear, continuous dynamical systems with respect
to temporal control objectives [31, 4, 12, 27, 24, 17]. In ABCS, first, the original
non-linear dynamical system, under a sampled-time semantics, is approximated
by a simpler finite-state system, called the abstraction. Second, using automatatheoretic algorithms for reactive synthesis [21], an appropriate two-player game is
solved on the abstraction to compute an abstract controller. Finally, the abstract
controller is refined to a sampled-time controller for the original continuous system. The correctness of the refinement process, and thus correctness of ABCS,
depends on an alternating refinement or feedback refinement relation [2, 19, 24,
27] between the original continuous system and the abstraction.
A simple and effective abstraction procedure is to partition the state and the
input spaces using disjoint hypercubes, which form the state and input spaces
of the finite-state abstraction. For every abstract state and input pair, the (nondeterministic) transitions of the abstraction provides an over-approximation of
the possible states that can be reached under the effect of the continuous dynamics in the presence of disturbances. This algorithm has been implemented in
several tools [22, 29, 17].

Existing abstraction techniques work on systems whose dynamics can be
modeled as the differential inclusion
ẋ ∈ f (x, u) + J−d, dK,
where d represents a constant upper-bound on the disturbances which the system may experience. One important shortcoming of such techniques is the use of
a global, state-independent, uniform upper bound on the disturbances. In realworld applications, such a global worst-case view often leads to an unnecessarily
pessimistic abstraction, which could result in failure of controller synthesis. Consider for example a simple path planning problem for a robot in a space filled
with obstacles (Fig. 1). Assume that the disturbance models how slippery the
floor is. If it is observed that the floor is very slippery in some part (e.g. the
cross-hatched region in Fig. 1) of the state space, even if this part is less critical
and obstacle-free, the present state-of-the-art would assume that the floor is very
slippery everywhere. This pessimism might cause a significant reduction in the
size of the controller domain, especially in the critical obstacle-filled parts of the
state space.
In this paper, we extend ABCS to system models with state and inputdependent disturbance:
ẋ ∈ f (x, u) + J−d(x, u), d(x, u)K.
The advantage of this generalization is two fold: First, it increases the accuracy
of ABCS and the chances of a successful controller synthesis, even when the
existing approaches fail. For example, in Fig. 1 the small purple region is the domain of the controller obtained using one of the existing approaches, whereas the
large green region is the domain of the controller obtained using our proposed
abstraction method. Second, our generalization enables localized incremental updates of the existing abstraction when the underlying disturbance model either
changes locally over time, or is updated during runtime through learning-based
exploration of the state space. The problem of exploration has recently gained
popularity in the context of machine-learning and robotics applications, as it
turns out that in most cases only approximate models of the system and the environment are known apriori, and a more precise model is learnt during runtime
[10, 23, 5, 6]. Existing ABCS techniques are not suitable for dynamic changes in
the underlying model. Thus, any change in the model involves a complete recomputation of the whole abstraction and the associated controller. We show in
a companion paper [3] how the method presented in this paper is instrumental
for locally adapting an existing abstraction under changing disturbances. The
adaptation algorithm propagates the effect of changes backwards, and selectively re-computes transitions only for those abstract states which might have
been affected by this change. We do not discuss this application of adaptive
re-computation of abstractions any further in this paper.
Technically, for construction of abstraction, the extension to stateand input-dependent disturbances is non-trivial for the following reason.
The key step in the abstraction process is the estimation of a growth
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bound which is an upper-bound on the maximum perturbation of a nominal trajectory under the influence of disturbance. When the disturbance
does not depend on the system’s state, the growth bound can be computed independently of the system’s state trajectories by solving the initial
value problem for an auxiliary linear ordinary differential equation [27, 19].
However, for state-dependent disturbances, the dynamics of the growth
bound is non-linear, and is coupled
with the state trajectories of the
system. We show a new algorithm
that jointly computes state trajectories and growth bounds. The joint
evolution means that there is a cyclic
dependency between the size of the
initial hyper-rectangle from which the
trajectory starts and the size of the
growth bound. A simple numerical integration procedure can be unsound
unless the disturbance on the dynamics between two integration points is Fig. 1. State space of a vehicle assigned
estimated soundly. We show how the with a reach-avoid task. The goal and the
cycle can be broken by locally approx- obstacles are indicated using the hatched
imating the disturbance by an upper region in the bottom right and the gray
bound in an assume-guarantee fashion rectangles, respectively. The region in crosshatch has higher disturbance (d = 0.1)
and provide an algorithm to approxithan the rest (d = 0.05). The purple and
mate the growth bound to any desired the green region represent the controller
accuracy.
domains due to a uniform worst case disWe have implemented our algo- turbance (existing approaches) and staterithm on top of SCOTS v0.2 [29]. We dependent disturbances (our algorithm), reempirically show, through a number spectively.
of case studies, that a state-dependent
model of disturbances can lead to
more precise abstractions. In fact, in our examples, the global upper bound
was too conservative to find a controller.

2
2.1

Preliminaries
Notation

We use the notation R, R>0 , and N to denote the set of reals, the set of positive
reals, and the set of natural numbers (excluding 0) respectively. Given a set A
and an n ∈ N, we use An to denote the cartesian product n A. Given any
vector x ∈ An , we use xi to denote the element in the i-th dimension of x. For
any function f : A → B, we write dom f to denote the domain of f .

×

3

2.2

Systems and Refinement

A system S = (X, U, F ) consists of a state space X, an input space U , and a
transition relation F ⊆ X × U × X. A system is called finite if X and U are
finite sets. A run of a system is a finite or infinite sequence ξ = x0 x1 . . . such
that for every i-th element in the sequence, with i ≥ 0, there is an ui ∈ U
such that (xi , ui , xi+1 ) ∈ F . The set of runs of S is denoted B(S) and the
set of runs of S starting from a state x ∈ X is denoted B(S)(x). A controller
C : X → U is a function mapping states to inputs which restricts the set of
behaviors of a system: a run ξ = x0 x1 . . . is compatible with C if for every i, we
have (xi , C(xi ), xi+1 ) ∈ F .
For ABCS to work, we need a suitable notion of abstraction. Feedback Refinement Relations (FRR) provide such a notion [2, 27]. Here we omit the details
of how an abstraction computed using FRR can be used in ABCS, which can be
found in the original paper on FRR-based symbolic control [27].
Definition 1 (Feedback Refinement Relations). Let Si = (Xi , U, Fi ) for
i ∈ {1, 2} be two systems on the same set of inputs. Let πi : Xi → 2U be the
mapping πi (x) = {u ∈ U | ∃x0 ∈ Xi · (x, u, x0 ) ∈ Fi } giving the set of allowed
inputs in state x of Si . A feedback refinement relation from S1 to S2 is a relation
Q ⊂ X1 ×X2 such that for all x1 ∈ X1 there is an x2 ∈ X2 such that (x1 , x2 ) ∈ Q,
and for all (x1 , x2 ) ∈ Q, the following holds:
(i) π2 (x2 ) ⊆ π1 (x1 ) and
(ii) for all u ∈ π2 (x2 ) and for all x01 ∈ X1 such that (x1 , u, x01 ) ∈ F1 , there is
an x02 ∈ X2 such that (x2 , u, x02 ) ∈ F2 and (x01 , x02 ) ∈ Q.
We use S1 4Q S2 to represent that Q from S1 to S2 is an FRR. We say S2 is
an abstraction of S1 if there is an FRR Q such that S1 4Q S2 . It is well known
that if S1 4Q S2 then any controller C : X2 → U solving a (suitably projected)
control problem on S2 can be refined to a controller solving the control problem
on S1 [2]. In this paper we focus on computing an abstraction; we refer to
the standard reactive synthesis literature [26, 21] for the details of the synthesis
algorithms.
2.3

Time-Sampled Control Systems

We consider continuous-time control systems Σ = (X, U, d, f ), where X = Rn
is the state space, U ⊂ Rm is the input space, d : X × U → X is a function
having continuous first order derivative in the first argument which models the
upper-bound of the state dependent disturbances, and f : X × U → X is the unperturbed system dynamics. The overall dynamics is expressed by the following
differential inclusion:
ẋ ∈ f (x, u) + J−d(x, u), d(x, u)K.

(1)

Since the set of disturbances J−d(x, u), d(x, u)K at any given state x ∈ X and
input u ∈ U is symmetric about the origin, hence without loss of generality we
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assume that d(x, u) is positive for all x ∈ X and input u ∈ U . We assume that
f is explicitly known and is continuously differentiable in x for all u ∈ U . The
set J−d(x, u), d(x, u)K represents the set of all possible disturbances capturing
the unmodeled dynamics and environmental uncertainties. Given an initial state
x0 ∈ X, a constant control input3 u ∈ U for time τ ∈ R+ and any interval
I ⊂ [0, τ ], the evolution of Σ in I is given by the continuous trajectory ξu : I → X
which satisfies ξ˙u (t) ∈ f (ξu (t), u)+J−d(ξu (t), u), d(ξu (t), u)K. Moreover we define
the nominal trajectory ϕx0 u : I → X, which satisfies the unperturbed differential
equation ϕ̇x0 u (t) = f (ϕx0 u (t), u) and ϕx0 u (0) = x0 .
Given a fixed time sampling parameter τ > 0, we define a system Στ =
(X, U, fτ ) that represents the sampled-time representation of a control system
Σ, where fτ ⊆ X × U × X is the transition relation such that for all (x, u, x0 ) ∈
X × U × X, we have (x, u, x0 ) ∈ fτ if and only if there is a solution of (1) for
the constant input u such that ξ(0) = x and ξ(τ ) = x0 . The state space of Στ is
b of Στ .
still infinite; our goal is to obtain a finite-state abstraction Σ

3

Computation of Abstraction

3.1

A Generic Construction

Fix a control system Σ = (X, U, d, f ) and its sampled-time representation Στ =
(X, U, fτ ) for a fixed sampling time τ > 0. Our goal is to compute a finite-state
b = (X,
b U
b , fb). We work in the usual setting of ABCS, where an
abstraction Σ
abstraction is obtained by first partitioning the state space and input space of
Στ into finitely many hypercubes, and then over-approximating the transitions
b
to obtain the desired finite-state abstraction Σ.
We consider abstract state spaces defined by hyper-rectangular covers. A
hyper-rectangle Ja, bK with a, b ∈ (R ∪ {±∞})n defines the set {x ∈ Rn | ai ≤
xi ≤ bi for i ∈ {1, . . . , n}}; it is non-empty if a < b. For η ∈ Rn>0 , we say that a
hyper-rectangle Ja, bK has diameter η ∈ (R>0 ∪{±∞})n if for each i ∈ {1, . . . , n},
we have |bi − ai | = ηi . The center of a non-empty hyper-rectangle Ja, bK, written
ctr (Ja, bK), is the point ( 21 (b1 − a1 ), 21 (b2 − a2 ), . . . , 12 (bn − an )).
A set C of hyper-rectangles is called a cover of the state space X if every
x ∈ X belongs to some hyper-rectangle in C.
In the following, we make the standard assumption that there is a compact
subset X 0 ⊆ X of the state space that is of interest to the control problem. Given
b is a (finite) cover
a discretization parameter η ∈ Rn>0 , the abstract state space X
0
of the compact set X with hyper-rectangles of diameter η together with a finite
number of hyper-rectangles (some are unbounded) which cover X \ X 0 .
The abstract transition relation fb is defined as an over-approximation of the
reachable states in a single time sampling period τ . The over-approximation is
formalized by a growth bound.
3

We restrict our notation to piecewise constant control inputs as more general control
inputs will be unnecessary for the later part.
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Definition 2 (Growth bound). Let Σ = (X, U, d, f ) be a control system.
Given a fixed sampling time τ > 0 and sets K ⊂ X and U 0 ⊂ U , a growth
bound is a map βτ : Rn × Rn>0 × U 0 → Rn>0 satisfying the following conditions:
(i) βτ (p, r, u) ≥ βτ (p, r0 , u) whenever r ≥ r0 and u ∈ U 0 ;
(ii) for all p ∈ K and u ∈ U 0 , [0, τ ] ⊂ dom ϕpu , and if ξu is a trajectory of (1)
on [0, τ ] with ξu (0) ∈ K then
| ξu (τ ) − ϕpu (τ ) |≤ βτ (p, | ξu (0) − p |, u)

(2)

holds component-wise. Recall that ϕpu (t) denotes the nominal trajectory
starting from state p.
Def. 2 is an adaptation of the growth bound introduced by Resissig et al.
[27]; the difference is that our growth bound also depends on the initial state
of the nominal trajectory. The intuition behind this extra requirement is that
the deviation of the actual trajectory from the nominal trajectory may not be
independent of the path of the state trajectory in our case. This will be clear in
the subsequent development.
Given the notion of state space partition and growth bound, we can now
define the finite-state abstraction as follows:
Definition 3. Let Σ = (X, U, d, f ) be a control system, let τ > 0 be a sampling
b → Rn a
time, η ∈ Rn>0 a discretization parameter, and βτ : Rn × Rn>0 × U
>0
b = (X,
b U
b , fb) of Στ consists of a finite
growth bound. A finite-state abstraction Σ
b which forms a cover of X with hyper-rectangles of diameter η, a finite set
set X
b
b ×U
b ×X
b which satisfies, for
U ⊆ U of inputs, and a transition relation fb ⊆ X
0
0
b
b
b
all x
b, x
b ∈ X and u
b ∈ U , (b
x, u
b, x
b ) ∈ f if and only if

ϕctr (bx)bu (τ ) + J−γ, γK ∩ x
b0 6= ∅,
(3)
where γ = βτ (ctr (b
x), 12 η, u
b).
The following theorem is adapted from [27, Thm. VIII.4].
Theorem 1. For every control system Σ = (X, U, d, F ), for every sampling
b through
time τ , state discretization η, and growth bound β, we have Στ 4Q Σ,
the Feedback Refinement Relation (x, x
b) ∈ Q if and only if x ∈ x
b.
Thus, given parameters τ and η, in order to compute an abstraction, we have
to show how to compute a suitable growth bound.
3.2

Growth Bound Computation

We now present a specific way of computing the growth bound βτ (·, ·, ·), which is
motivated by the growth bound used in [27] for the case of uniform disturbance.
Given that f is continuously differentiable, we can define a certain upper
bound on the speed of deviation of two perturbed trajectories of the system Σ,
which is formalized in the following definition. We use Dj fi to denote the partial
derivative with respect to the j-th component of the first argument of fi .
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Definition 4. For a given control system Σ = (X, U, d, f ), let K ⊆ K 0 ⊆ X
be sets, where K 0 is convex, such that for all u ∈ U 0 and for all t ∈ [0, τ ],
ξu (0) ∈ K implies ξu (t) ∈ K 0 . Define the parametrized matrix L : U 0 → Rn×n
which satisfies
(
supx∈K 0 Dj fi (x, u)
if i = j,
Li,j (u) ≥
(4)
supx∈K 0 |Dj fi (x, u)| otherwise.
In the following, we use the maximum disturbance functions w(t; p, u, z(t)) :=
sup{d(x0 , u) | x0 ∈ [ϕpu (t) − z(t), ϕpu (t) + z(t)]} and wmax (u) = sup{d(x, u) |
x ∈ X}. Note that we use semicolon in the function argument to separate variables (symbols preceding the semicolon) from parameters (symbols following the
semicolon). The following theorem establishes a way of sound computation of
the growth bound.
Theorem 2. Fix a time-sampling parameter τ > 0. Let Σ = (X, U, d, f ) be a
control system, and z : R>0 → X be a solution to the initial value problem:
ż(t) = L(u)z(t) + w(t; u),

z(0) = r

(5)

where for all t ∈ [0, τ ], w(t; u) ≥ w(t; p, u, z(t)). Then any trajectory ξu (·) of Σ
with |ξu (0) − p| ≤ r is continuable to [0, τ ], and |ξu (t) − ϕpu (t)| ≤ z(t) holds for
all t ∈ [0, τ ]. In particular, βτ (p, r, u) = z(τ ) is a growth bound of (1) on K, U 0
associated with τ .

zmax

z(t0 + δ)

v

ϕ(t)

z(t0 )
z(t0 + δ)

z(t0 )

v

z(0) = r

zmax
t=0

t=t

0

0

t +δ

Fig. 2. Growth bound computation. The dashed line shows the nominal trajectory and
the solid lines show the ideal growth bound z ∗ . The dotted lines show the upper bound
zmax . Having computed z̄ at time t0 , we want to compute z̄ at time t0 + δ. The green
lines show that it is unsound to use z̄(t0 ) to compute a bound on the disturbance in
the interval [t0 , t0 + δ). Instead, we compute v̄ using the estimate z̄(t0 ) and the upper
bound wmax on the error (the red lines). Using v̄(t0 + δ), we estimate z̄(t0 + δ) soundly.

The proof of Thm. 2 relies on a lemma adopted from [27].
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Lemma 1. Let for any given τ > 0 and A ⊆ Rn , ξi : [0, τ ] → A with i ∈ {1, 2}
be two perturbed solutions of a control system with continuous right hand side
f : Rn → Rn s.t. the following holds for almost all t ∈ [0, τ ]:
|ξ˙i (t) − f (ξi (t))| ≤ wi (t)

(6)

where wi : [0, τ ] → Rn>0 , i ∈ {1, 2} are integrable. Let L ∈ Rn×n be a matrix with
non-negative off-diagonal entries, and let for all x, y ∈ A we have
xi ≥ yi ⇒ fi (x) − fi (y) ≤

n
X

Li,j |xj − yj |.

(7)

j=1

Let ρ : [0, τ ] → Rn>0 be absolutely continuous and satisfying
ρ̇(t) = Lρ(t) + w1 (t) + w2 (t)

(8)

for almost all t ∈ [0, τ ]. Then |ξ1 (0) − ξ2 (0)| ≤ ρ(0) implies |ξ1 (t) − ξ2 (t)| ≤ ρ(t)
for every t ∈ [0, τ ].
Proof (Proof of Thm. 2).
Condition (i) in Def. 2 follows from the same argument in the proof of [27,
Thm. VIII.5]. In order to prove Condition (ii), we will apply Lem. 1 to an unperturbed trajectory ξ1 = ϕpu (·) (with w1 (t) uniformly set to 0) and a perturbed
trajectory ξ2 = ξu (·) (with w2 (·) = w(·)) of (1). To be able to do that, we first
prove (6) and (7). (6) holds by definition of w(·; p, u, z(·)) in Thm. 2: At any time
instant t, w(t; p, u, z(t)) gives the supremum of the disturbances experienced by
all the perturbed trajectories ξu (t) which started from p. (7) follows by the same
argument as in the proof of [27, Thm. VIII.5].
Now note that since both d(·, u) and ξ(·) are continuous functions, hence
d(ξ(·), u) is also a continuous function. Then the time varying map W : t 7→
J−d(ξ(t), u), d(ξ(t), u)K can be shown to be upper semi continuous w.r.t. inclusion
(in t). So by Filippov’s Lemma [9], there exists an integrable map m : [0, τ ] →
˙ = f (ξ(t), u)+m(t) for any t ∈ [0, τ ]. The rest of the
J−dmax , dmax K such that ξ(t)
first part of the proof amounts to applying Lem. 1 to derive the inequality (2),
and showing that any trajectory ξu : [0, τ 0 ] → K 0 is continuable to [0, τ ]. These
follow the same arguments as in the proof of [27, Thm. VIII.5], and is omitted.
The second part of Thm. 2 follows by observing that for any two w1 (·) and
w2 (·) with z1 (·) and z2 (·) being the associated solutions of (5), if for all t ∈ [0, τ ],
w1 (t) ≥ w2 (t) ≥ w(t; p, u, z(t)) holds, then since the r.h.s. of (5) and z(0) are
positive, hence for all t ∈ [0, τ ], z1 (t) ≥ z2 (t) holds. Hence z ∗ (·) must be the
smallest possible solution of the ODE (5).
t
u
In the following, we write zmax (·; r, u) for the solution of the IVP (5) when
w(·; u) = wmax (u) and write z ∗ (·; p, r, u) for the solution when w(·; u) =
w(·; p, u, z(·)). Note that in either case, existence and uniqueness of the solution is guaranteed by the continuity of both the r.h.s. and the first order partial
derivative of the r.h.s. w.r.t. z(t); the non-trivial latter case follows from the fact
that the function d(·, u) has continuous first order derivative.
8

Remark 1. For all feasible w(t; u), if z(t) is associated with the disturbance
w(t; u), then z ∗ (t; ·, ·, ·) ≤ z(t) ≤ zmax (t; ·, ·) holds for all t. That is, z ∗ (τ ; ·, ·, ·) is
the tightest growth bound for a fixed L(u) and zmax (τ ; ·, ·, ·) is an upper bound.
The growth bound used in [27] is basically zmax (τ ; ·, ·).
Unfortunately, when w(t; u) = w(t; p, u, z(t)), (5) is a highly non-linear ODE,
and it is difficult to obtain a closed form solution for z(t), if it exists at all.
On the other hand, numerical computation of z(t) will be unsound due to the
unavoidable time-discretization: At any given time-step k, w will be estimated
based on the disturbances seen upto the previous time-step k − 1, which could
be smaller than the actual disturbances seen in the interval ((k − 1)h, kh], where
h is the step size of the numerical solver (see Fig. 2).
For these reasons, we only give an algorithm that approximates the value
of z ∗ (t; p, r, u) by z(t; p, r, u, δ) for a fixed parameter δ ∈ (0, τ ], such that the
approximation z(τ ; p, r, u, δ) is a sound growth bound of (1) and the approximation error can be made arbitrarily small. (Soundness of z(τ ; p, r, u, δ) as a growth
bound essentially prove that the numerical solution that we present later is also
sound.) We introduce a conservative over-approximation of w(t; p, u, z(t)) that
does not depend on z(t), and the conservatism can be made arbitrarily small by
tuning δ. This is based on an an assume-guarantee style decomposition of the
computation of w(t; p, u, z(t)). For any t ≥ 0, define t− := max{0, t − δ}. Assume that for any given t ≥ 0, the value of z(t− ; p, r, u, δ) is already known,
and in particular, z(0; p, r, u, δ) = r. Then we can guarantee that the overapproximation of the maximum disturbance seen at time t is v(t; p, r, u, δ) :=
sup{d(x0 ) | ϕpu (t) − ε ≤ x0 ≤ ϕpu (t) + ε}, where ε = zmax (δ − ; z(t− ; p, r, u, δ), u)
and δ − = min{t, δ}. Fig. 2 shows the calculations.
We write z(·; p, r, u, δ) for the solution of the IVP (5) when w(·; u) is set
to v(·; p, r, u, δ). Note that existence and uniqueness of the solution is guaranteed, because the right hand side is both continuous and has continuous first
order partial derivative with respect to z(t): the proof is trivial when we note
that v(t; ·, ·, ·, δ) is independent of z(t; ·, ·, ·, δ). For every δ > 0, the solution
z(τ ; p, r, u, δ) is a growth bound, and the smaller the value of δ, the tighter is
the growth bound, and hence the less conservative (i.e. less non-determinism) is
the abstract transition system. This is formalized using the following theorem.
Theorem 3. Using the notation as in Thm. 2, for all δ > 0 and for all t ∈ [0, τ ],
v(t; p, r, u, δ) ≥ w(t; p, u, z ∗ (t)). Moreover, for all t ∈ [0, τ ] and for all ε > 0, there
exists a δ > 0, s.t. |z(t; p, r, u, δ) − z ∗ (t; p, r, u)| < ε.
It is easy to see from Thm. 3 that by fixing t = τ , we can always find
a small enough δ > 0 to get an arbitrarily tight and sound growth bound
βτ (p, r, u) = z(τ ; p, r, u, δ). Moreover, it can be shown that if L(u) is a nonnegative matrix, then a δ corresponding to t = τ and ε > 0 ensures that
|z(t; p, r, u, δ) − z ∗ (t; p, r, u)| < ε for all t ∈ [0, τ ].
9

3.3

ComputeAbs: Abstraction Algorithm

The abstraction algorithm ComputeAbs iterates over all the abstract stateb ×U
b . For each pair, it computes the set of transitions
input pairs (b
x, u
b) ∈ X
0
(b
x, u
b, x
b ) using an ODE solver in the following way.
First, for all (b
x, u
b), the disturbance function d is over-approximated using a
b ×U
b → Rn defined as
piecewise constant function db : X
b x, u
d(b
b) := sup {d(x0 , u
b)}.

(9)

x0 ∈b
x

Second, a numerical ODE solver is used to jointly solve the IVP for the
dynamics and the growth bound:
ẋ(t) = f (x(t), u),

x(0) = ctr (b
x)

ż(t) = L(u)z(t) + w(t;
b u),

1
z(0) = η
2

(10)
(11)

where w(t;
b u) approximates w(t; u) as described below.
The numerical algorithm used in our implementation is based on 4th order Runge-Kutta method. The ODE solver uses a fixed step size h > 0. For
soundness, we need to make sure that the distance between two consecutive intermediate points obtained during the numerical solution of the IVP are not
separated by a distance more than the discretization η. The following condition
ensures this property:
η ≥ sup |f (x, u)| × h.
(12)
x,u

Using the notation used in Thm. 3 we set δ = h. This sets δ − = δ = h, t− =
t − δ = t − h (note that each time point t equals kh for some k ∈ N) and
ε = zmax (δ − ; z ∗ (t − h; p, r, u), u). Finally, we define
b x0 , u) | x
b s.t. x
w(t;
b u) = sup{d(b
b0 ∈ X
b0 ∩ (x(t) + J−r(t) − ε, r(t) + εK) 6= ∅}
x
b0

Remark 2. Notice that the solution zmax (t; r, u) can be written explicitly as
Rt
eL(u)t r + 0 eL(u)(t−s) wmax (u)ds. Since t = δ − is fixed, for each u
b, we can preL(b
u)δ −
compute the matrix exponential e
and the above integral for t = δ − , and
compute ε as an affine transformation of z ∗ (t − h; p, r, u).
Based on the solution (x(τ ), z(τ )) returned by the ODE solver, the abstracb and every u
b
tion algorithm adds transitions (b
x, u
b, x
b0 ) for every x
b, x
b0 ∈ X
b∈U
0
such that x
b ∩ [x(τ ) + −z(τ ), x(τ ) + z(τ )] 6= ∅.
Related Work on Reach-tube Computation Our growth bound can be seen as
a special case of over-approximating the set of reachable states of perturbed
nonlinear systems over a bounded time horizon. We compare our setting with
related work in reach-tube construction and point out some specifics of our setting. Reach-set (set of reachable states after a fixed time horizon), and reach-tube
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(set of reachable states in an interval of time) computation is a very well explored
area in the hybrid systems research. The problem of exact computation of reachset or reach-tube is undecidable for general nonlinear systems [16]. Despite that,
many researchers have presented various ways to approximate reach-set and
reach-tube computation in the past. We point out few features of our growth
bound computation in contrast to the reach-set computation in the existing literature. First, the difficulties: our dynamics is non-linear and in continuous time
(unlike, e.g., [11, 28]), we do not assume any stability conditions (unlike [13])
and our disturbances are state- and input-dependent and depend on the intersampling behavior of the underlying trajectories (unlike [19, 27]). On the oher
hand, in our setting, the reach-set is guaranteed to be convex hyper-rectangles,
so that checking intersection with abstract states is efficient (unlike [30, 1, 14])
and the numerical algorithm always terminates (unlike [30]).

4

Experimental results

We implemented ComputeAbs as an extension of SCOTSv0.2 [29], and evaluated the algorithms on 4 benchmark examples to show the effectiveness of
our method. All the experiments of this section were performed on an Intel(R)
Xeon(R) Processor E7-8857 v2 (3.00GHz) with 16 GB memory.
Since we focus on the abstraction step of ABCS in this paper, no data related
to synthesis is presented. However, we emphasize that the number of abstract
transitions is a good indicator for the chances of successful synthesis. More transitions indicates a less accurate abstraction making the synthesis harder.
Case Study

SCOTSv0.2 ComputeAbs relative

# transitions 3.123 × 107 2.921 × 107
55%
time (sec.)
16.81
24.64
0.7×
# transitions 1.244 × 109 1.048 × 109
84%
Manipulator(4d)
time (sec.)
735.65
1012.34
0.7×
88%
# transitions 8.301 × 108 7.263 × 108
Cancer treatment(3d)
time (sec.)
28.28
78.56
0.4×
# transitions 5.530 × 109 2.047 × 109
37%
Aircraft landing (3d)
time (sec.)
264.099
528.62
0.5×
Table 1. Experimental results for four different system models : Comparison of
SCOTSv0.2 and ComputeAbs in terms of number of transitions (top) and computation time (bottom).
Vehicle (3d)

In the following, we provide more information about the model used in each
of the experiments. A performance comparison between ComputeAbs and the
original SCOTSv0.2 for all the experiments is summarized in Table 1.
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4.1

Vehicle Dynamics

The model. We consider the three-dimensional vehicle dynamics
u1 cos(α + x3 )
+ J−d1 (x1 , x2 ), d1 (x1 , x2 )K
cos α
u1 sin(α + x3 )
ẋ2 =
+ J−d2 (x1 , x2 ), d2 (x1 , x2 )K
cos α
ẋ3 = u1 tan u2 ,

ẋ1 =

adapted from [27], where the states x1 , x2 and x3 respectively represent the twodimensional coordinates and the orientation of the vehicle as function of time.
The control inputs u1 and u2 represent the rear wheel velocity and the steering
angle, respectively, and α is a parameter given by α = tan−1 (tan(u2 )/2). The
bounds for the state and input spaces are given by [0, 10] × [0, 6] × [−3.5, 3.5]
and [−1, 1] × [−1, 1], respectively. The disturbance functions di (·, ·) for i ∈ {1, 2}
are given by
(
0.1 (x1 , x2 ) ∈ (0.45, 2.55) × (1.95, 4.05),
di (x1 , x2 ) =
0.05 otherwise,
where we assume that the function di are interpolated using a rapidly changing
smooth function (e.g. a sigmoid-like curve) in the boundary of (0.45, 2.55) ×
(1.95, 4.05). (This is needed as per the assumption on the disturbance function.)
The parameters used for computing the abstract system are given by η =
[0.2 0.2 0.2]T , ω = [0.3 0.3]T and τ = 0.3s, where ω is a parameter used to
discretize the input space.
ComputeAbs vs. SCOTSv0.2. As SCOTSv0.2 requires a uniform disturbance,
we need to use the disturbance 0.1 = sup{0.1, 0.05} in the whole state space. In
contrary, our ComputeAbs takes advantage of the much smaller disturbance
0.05 appearing in a big part of the state space. This gives a more conservative
abstraction with 31 million transitions for SCOTSv0.2, as opposed to a significantly less conservative abstraction with 29 million transitions for ComputeAbs
(see Table 1, first line, third and fourth column).
We demonstrate this conservativeness using a controller synthesis example
with reachability specification [31] for the vehicle dynamics (Fig. 1). The goal of
the controller is to eventually make the vehicle reach the hatched region at the
bottom right of the state space, while avoiding the gray obstacles. The crosshatched region has the disturbances 0.1, and the rest of the state space has
disturbance 0.05 (we interpolate the disturbance in the boundary by a smooth
function). The purple region and the green region represent the winning domain
for the controller synthesis problem when we use SCOTSv0.2 and ComputeAbs
for computing the abstraction respectively. The conservativeness of the abstraction computed using SCOTSv0.2 is clear from the fact that the purple region is
in this case a proper subset of the green region.
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4.2

Robotic Manipulator Arm

We consider the dynamics of a two-degree-of-freedom robotic manipulator arm
[7] with continuous friction (function of joint velocity) [20]. Controlling the orientation of such a manipulator has appeared in several papers [8, 25]. Since the
friction varies significantly with the joint velocity, a worst case bound on the
friction is prohibitive to controller design using ABCS. Hence, an abstraction
that is based on non-uniform disturbance is crucial. Moreover, due to wear and
tear of the joints, frictions at different parts might change over time.
The dynamics of the manipulator are given by
τ1 − τF (θ̇1 ) = m2 l22 (θ̈1 + θ̈2 ) + m2 l1 l2 c2 (2θ̈1 + θ̈2 ) + (m1 + m2 )l12 θ̈1
− m2 l1 l2 s2 θ̇22 − 2m2 l1 l2 s2 θ̇1 θ̇2 + m2 l2 gs12 + (m1 + m2 )l1 gs1
τ2 − τF (θ̇2 ) = m2 l1 l2 c2 θ̈1 + m2 l1 l2 s2 θ̇12 + m2 l2 gs12 + m2 l22 (θ̈1 + θ̈2 ),
where for i ∈ {1, 2}, θi represent the angular displacements of the two arms,
τi ∈ [−20, 20] represent the motor torques, and τF : θ̇ 7→ γ1 (tanh(γ2 rθ̇) −
tanh(γ3 rθ̇)) + γ4 tanh(γ5 rθ̇) + γ6 rθ̇ represents the torque produced due to the
friction as a function of the angular velocity θ̇. The values of the other parameters are given by m1 = 1, m2 = 1, l1 = 0.5, l2 = 0.5, g = 9.8, γ1 = 0.25,
γ2 = 100, γ3 = 10, γ4 = 0.1, γ5 = 100, γ6 = 0.01 and r = 0.08. A more detailed
explanation of the dynamic model and the friction model can be found in [7]
and [20], respectively.
For the abstraction, we use the state space [− π2 , π2 ] × [− π4 , π4 ] × [− π2 , π2 ] ×
π π
π π π π T
T
[− 4 , 4 ] and the discretization parameters η = [ 20
40 20 40 ] , ω = [2 2] and
−4
τ = 3 · 10 , where ω is a parameter to discretize the input space.
The state dependent disturbances model the effect of the friction on the
overall system which results in complex disturbance functions which we omit
due to space constrains.
As can be seen from Table 1, the number of computed transitions is reduced
when using ComputeAbs compared to SCOTSv0.2.
4.3

Aircraft Landing Maneuver

We consider the three-dimensional dynamical model
1
(u1 cos u2 − D(u2 , x1 ) − mg sin x2 ) + J−d1 (x3 ), d1 (x3 )K
m
1
ẋ2 (t) =
(u1 sin u2 + L(u2 , x1 ) − mg cos x2 ) + J−d2 (x3 ), d2 (x3 )K
mx1
ẋ3 (t) = x1 sin x2 + J−d3 (x3 ), d3 (x3 )K

ẋ1 (t) =

adapted from [27] where (x1 , x2 , x3 ) ∈ [58, 70] × [ −3π
180 , 0] × [0, 55] are the state
8π
variables, (u1 , u2 ) ∈ [0, 32000] × [0, 180
] are the control inputs, D(u2 , x1 ) =
(2.7 + 3.08 · (1.25 + 4.2 · u2 )2 ) · x21 , L(u2 , x1 ) = (68.6 · (1.25 + 4.2 · u2 )) · x21 ,
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m = 60 · 103 and g = 9.81. A physical interpretation of variables and parameters
can be found in [27].
We consider external state-dependent disturbance bounds
(
14
14
[0.203 0.001 0.001]T x3 ∈ (10 − 334
, 10 + 334
)
d(x3 ) =
T
[0.108 0.002 0]
otherwise,
where we assume that the function d is element-wise interpolated using rapidly
changing smooth functions (e.g. sigmoid-like curves) in the boundary of the
14
14
, 10 + 334
). The function d can be interpreted as wind
region x3 ∈ (10 − 334
turbulence, and are functions of x3 , where d : x3 7→ [d1 (x3 ) d2 (x3 ) d3 (x3 )]T . We
do not consider any measurement or actuation errors.
The parameters that we use for the abstraction are given by η =
25
3π
56
π
( 362
, 80·66
, 334
), ω = (32000, 98 · 180
) and τ = 0.25s.
Table 1 shows that the number of computed transitions is also significantly
reduced when using ComputeAbs compared to SCOTSv0.2.
4.4

Treatment Model of Prostate Cancer

We consider a dynamical model for the personalized treatment of prostate cancer
using hormone-therapy [18]. We consider a perturbed version of the model
 





(1 − k1 )x3
(1 − k3 )x3
x3
ẋ1 = αx k1 +
− β x k3 +
− m1 1 −
x1
x3 + k2
x3 + k4
z0
+ d1 (x1 , x2 , x3 )

 



x3
x3
ẋ2 =m1 1 −
x1 + αy 1 − d ·
− βy x2 + d2 (x1 , x2 , x3 )
z0
z0
u · z0 − x3
+ d3 (x1 , x2 , x3 )
ẋ3 =
τ
where x = (x1 , x2 , x3 ) ∈ [0, 30] × [0, 30] × [0, 30] are the state variables, u ∈
{0, 1} is the input variable modeling the mode switches and d1 , d2 , d3 are state
dependent disturbances given by
(
−3

d(x) = 10

×

[3 1 1]T
x ∈ (20.05, 29.95) × (20.05, 29.95) × (20.05, 29.95)
T
[0.5 0.5 0.5]
otherwise.

where we assume that the function d is element-wise interpolated using rapidly
changing smooth functions (e.g. sigmoid-like curves) in the boundary of the
region (20.05, 29.95) × (20.05, 29.95) × (20.05, 29.95).
Table 1 shows that the number of computed transitions is reduced when
using ComputeAbs compared to SCOTSv0.2.
14

5

Conclusion

We have presented an algorithm for computing abstractions in ABCS when
the disturbance in the dynamics is state- and input-dependent. Computing the
abstraction in a sound but not too pessimistic manner requires a more subtle
computation of growth bounds. Our experiments show that considering statedependent disturbances can lead to more precise abstractions.
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A

The proof of Theorem 3

For the first part of Theorem 3 (v(t; p, r, u, δ) ≥ w(t; p, u, z ∗ (t)) holds for all
t ∈ [0, τ ]), we use the principle of continuity induction:
Lemma 2. (Principle of Continuity Induction [15]) Let ψ(x) be a predicate with
a free real-valued variable x, and let [a, b] be a closed interval. If
1. ψ(a) holds,
2. for any x ∈ [a, b), if ψ(y) holds for all a ≤ y ≤ x, then there exists a δ > 0
such that ψ(y) holds for all y ∈ [x, x + δ), and
3. for any x ∈ (a, b], if ψ(y) holds for all a ≤ y < x, then ψ(x) holds,
then ψ(x) holds for all x ∈ [a, b].
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Define a set S := {y ∈ [0, τ ] | v(y; p, r, u, δ) ≥ w(y; p, u, z ∗ (y))}. We show
that S = [0, τ ] using the principle of continuity induction. We need to prove the
following three properties of S:
(a) We have to show that 0 ∈ S. At t = 0, we have both z(0) = r and ε = r,
implying v(y; p, r, u, δ) = w(y; p, u, z ∗ (y)). Hence, 0 ∈ S.
(b) Let x ∈ [0, τ ) s.t. [0, x] ⊂ S. We show that there exists a δ 0 > 0 s.t.
[x, x + δ 0 ) ⊂ S. Let δ 0 ∈ min{δ, τ − x}. Then for all t ∈ [x, x + δ 0 ),
there is y = max{0, t − δ} ∈ [0, x] and δ − = min{t, δ} s.t. t =
y + δ − . Since y ∈ S by assumption, by the definition of S, we have
v(y; p, r, u, δ) ≥ w(y; p, u, z ∗ (y)), which implies z(y; p, r, u, δ) ≥ z ∗ (y; p, r, u).
Then ε = zmax (δ − ; z(y; p, r, u, δ), u) ≥ z ∗ (δ − ; ϕpu (y), z ∗ (y; p, r, u), u) =
z ∗ (t; ϕpu (t), r, u) (the first inequality follows by observing that r > r0 ⇒
zmax (·; r, ·) > z ∗ (·; ·, r0 , ·), and the last equality follows from the definition
of z ∗ (·; ·, ·, ·)).
(c) Finally, let x ∈ (0, τ ] and [0, x) ⊂ S. We have to show that x ∈ S. Let
z = min{0, x − δ}. By assumption, z ∈ S. Using similar argument as in (b),
it can be shown that x ∈ S.
By the principle of continuity induction, we have that S = [0, τ ], i.e. the first
part of Thm. 3 holds.
For the second part, we need to show that given a fixed s ∈ [0, τ ], and given
an ε > 0, we can find a δ > 0 s.t. M(δ) := |z(s; p, r, u, δ) − z ∗ (s; p, r, u)| < ε. The
proof is by a continuity argument of M(·) in the interval [0, s): Since M(·) is also
non-negative and M(0) = 0 (it is easy to verify that z(·; ·, ·, ·, 0) = z ∗ (·; ·, ·, ·)),
so a continuous M(δ) will allow us to find a δ to have an arbitrarily small and
positive M(δ). Following is the proof that M(·) is indeed continuous.
Since for all δ > 0, z(s; p, r, u, δ) ≥ z ∗ (s; p, r, u) (see Rem. 1), we
can drop the | · | and have M(δ) = z(s; p, r, u, δ) − z ∗ (s; p, r, u) instead.
Let s− := s − δ and δ ∈ [0, s), and consider the following derivation:
M(δ) = z(s; p, r, u, δ) − z ∗ (s; p, r, u) = eL(u)δ [z(s− ; p, r, u, δ) − z ∗ (s− ; p, r, u)] +
R δ L(u)(δ−t)
e
[wmax (u) − w(s− + t; ϕpu (s− ), u, z ∗ (s− + t))] dt. Since z(·; p, r, u, δ)
0
∗
and z (·; p, r, u) are continuous functions, and eL(u)δ is continuous in δ, it follows that the first part of M(δ) is also continuous in δ. Define I(δ, t) :=
eL(u)(δ−t) [wmax (u) − w(s− + t; ϕpu (s− ), u, z ∗ (s− + t))]. Note that, since ϕpu (·),
z ∗ (·) and d(·, u) are continuous functions, hence for a fixed t, w(s− +
t; ϕpu (s− ), u, z ∗ (s− + t)) is a continuous function of δ. In addition, for a fixed
t, eL(u)(δ−t) is also a continuous function of δ. So I(·, t) is also a continuous
function.
Rδ
Now in order to show the continuity of 0 I(δ, t)dt in δ, we first fix a µ > 0,
and then show that there exists a ν > 0, s.t. for any two δ, δ 0 ∈ [0, s) with |δ−δ 0 | <
R δ0
Rδ
ν, 0 I(δ, t)dt − 0 I(δ 0 , t)dt < µ. W.l.o.g. let us assume that δ > δ 0 (otherwise
interchange the role of δ and δ 0 ). Let k > 0 be a constant s.t. k < µ/s. Now since
I(·, t) is continuous for a fixed t and I(δ, ·) is bounded and continuous over [0, s]
for a fixed δ, hence given k there exists a l > 0 s.t. for all t ∈ [0, s], whenever
|δ − δ 0 | < l, |I(δ, t) − I(δ 0 , t)| < k. Let ν < min{l, (µ − ks)/(eL(u)s wmax (u))},
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Fig. 3. Derivation of continuity of

Rδ
0

I(δ, t)

and note that ν > 0 and |δ − δ 0 | < ν also implies |I(δ, t) − I(δ 0 , t)| < k. Assume
Rδ
|δ − δ 0 | < ν. Fig. 3 shows the continuity of 0 I(δ, t).
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