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Abstract

The Skolem Problem asks to determine whether a given linear recurrence sequence (LRS)
over the integers contains a zero, while the Positivity Problem asks whether all of its terms
are non-negative. The decidability of both problems has been open for many decades, despite
the ubiquity of LRS and the abundance of powerful mathematical tools for their analysis.
We survey the state of the art on these two problems and their natural variants, including
the Bi-Skolem and Ultimate Positivity Problems. We describe known decidability results
for low-order sequences, as well as conditional decidability results predicated on classical
number-theoretic conjectures (most notably the Exponential Local-Global Principle, the p-
adic Schanuel Conjecture, and Cramér-type heuristics on prime gaps). We pay particular
attention to recent developments, including complexity advances placing the Skolem Problem
at low orders in randomized polynomial time, the construction of Universal Skolem Sets of
density one, algorithmic developments around the SKOLEM tool, and Diophantine hardness
barriers for the Positivity Problem beyond order 5. We also exhibit two concrete integer
LRS, of orders 6 and 10, for which we are currently unable to solve the Skolem and Positivity
Problems respectively. We close with a tour d’horizon of related problems and applications,
including the Skolem Problem in positive characteristic, continuous-time analogues, robust
and pseudo-variants, the role of Skolem and Positivity as benchmarks for hardness in the
algorithmic verification of loop termination and probabilistic systems, and a list of what we
view as the central open problems in the area.

1 Introduction

Linear recurrence sequences, of which the Fibonacci numbers are the most emblematic example,
arise in a diverse range of contexts, particularly in mathematics and computer science, but also
in fields as varied as physics, biology, and economics. From a computational standpoint, a num-
ber of decision problems concerning linear recurrence sequences have come to prominence over
the last four decades, with applications to automata theory, formal languages and power series,
loop termination, stochastic verification, and control theory, among many other areas. Notwith-
standing the apparent simplicity of linear recurrence sequences, the decidability of several of the
most natural and compelling algorithmic problems on this class of objects remains stubbornly
open. It is striking that even the relatively limited progress that has been made in the field has
relied on some of the most celebrated theorems of modern number theory.

The present survey treats two such problems—the Skolem Problem and the Positivity Prob-
lem—together with certain natural variants and a number of closely related questions. We trace



the historical development of the field, present the state of the art, and survey advances made
over the last decade or so. We assume on the part of the reader some familiarity with the stan-
dard background of theoretical computer science and discrete mathematics; the more specialized
number-theoretic and p-adic prerequisites are developed in Section [2

Let us begin with some definitions. A rational linear recurrence sequence (LRS) is an infinite
sequence u = (up)5> of rational numbers satisfying a recurrence relation of the form

Uptd = Od—1Untd—1 + =+ + ag Up (n € N), (1)

together with prescribed initial values ug, u1,...,uq—1 € Q. We assume throughout that ag # 0,
which entails that the recurrence can be run not only forward but also backward from the initial
values, yielding a bi-infinite sequence to which we shall return shortly. The smallest d for which
u obeys a relation of the form above is called the order of the sequence. We associate with the
recurrence relation (1) its characteristic polynomial

p(x) = 2% —ag_ 12Tt — - — a1z — ap;
the characteristic polynomial of an LRS is then defined to be that of its minimal-order recurrence
relation. An LRS is said to be simple if its characteristic polynomial has exclusively simple (i.e.,
non-repeated) roots.
Every LRS admits a closed-form representation as an exponential polynomial: if A, ..., Ay,
are the distinct characteristic roots of w, then there exist univariate polynomials @1,...,Qm
with algebraic coefficients such that

m

= DQimA (e )

=1

One can show that an LRS is simple if and only if all of the @); are constant polynomials; we
postpone the proof to Section [3|

Example 1. The Fibonacci sequence (0,1,1,2,3,5,8,13,...) satisfies the recurrence f,42 =
fni1 + fn with fo = 0 and f; = 1. Its characteristic polynomial 2> — x — 1 has as its roots the
golden ratio ¢ = (1++/5)/2 together with its Galois conjugate ¢ = (1—+/5)/2, and the Fibonacci
sequence is therefore simple. It admits the well-known exponential-polynomial representation
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known as Binet’s formula.

The first protagonist of the present survey can now be introduced.
Problem 2 (The Skolem Problem). Given an LRS w, does there exist n € N such that u, =07

The decidability of the Skolem Problem has been open for close to a century [58], a state of
affairs described as “faintly outrageous” by T. Tao [120]—*it is saying that we do not know how to
decide the halting problem even for ‘linear’ automata™ —and as a “mathematical embarrassment”
by R. J. Lipton and K. W. Regan [77].

The second protagonist is the following.

Problem 3 (The Positivity Problem). Given an LRS w, is it the case that u, > 0 for alln € N?

The decidability of the Positivity Problem is stated as open in literature going back at least
to the 1970s [I17, [75, 25], as well as in many more recent treatments [57, 22] [72, 121, [99]. The
Positivity Problem is at least as hard as the Skolem Problem. The folklore reduction relies
on closure properties of the class of LRS (see Proposition . First, the Skolem Problem on



rational sequences can be reduced to the version on integer sequences by scaling: given an LRS
u = (up)5 g, let L be the least common denominator of the rational numbers appearing in
the recurrence and initial conditions; the sequence (L”Jrlun)ff:o is then integer-valued and has
the same zeros as u. Next, given an integer LRS v := (v,)°%, the Hadamard square (v2)%
is itself an LRS (of order at most (d;ﬂ), where d is the order of v), and v has no zero if and
only if (v2 — 1)%° , is non-negative. Decidability of Positivity would therefore entail decidability
of Skolem. There is reason to believe, moreover, that the Positivity Problem is in some sense
substantially harder than the Skolem Problem; we develop this point in Section [7}

A natural variant of the Positivity Problem is the following.

Problem 4 (The Ultimate Positivity Problem). Given an LRS u, does there exist N € N such
that u, > 0 for alln > N¥?

While the Skolem and Positivity Problems remain open for the class of simple LRS, as we
shall see below, the Ultimate Positivity Problem is decidable on this class. It is worth remarking
that, in a natural measure-theoretic sense, ‘most’ LRS are simple: for instance, when drawing
a polynomial uniformly at random by sampling its coefficients independently and uniformly at
random from a large interval, the probability that the polynomial has simple roots tends to one
as the length of the interval grows.

The Skolem—Mahler—Lech Theorem. The structure of the zero set {n € N: u,, = 0} of an
LRS is described by the celebrated theorem of T. Skolem, K. Mahler, and C. Lech [115] 84 [73].

Theorem 5 (Skolem—Mahler-Lech). Given a linear recurrence sequence w, the set {n € N :
un, = 0} is a union of finitely many full arithmetic progressions, together with a finite set.

This theorem will be discussed at length in Sections [3] and [5} for now we make just three
remarks. Firstly, although this survey focuses on LRS over the rational numbers, the Skolem—
Mahler—Lech Theorem applies more generally to LRS over fields of characteristic zero. Secondly,
the statement of the theorem can be refined by considering the notion of non-degeneracy of an
LRS. An LRS is non-degenerate provided that no quotient of two distinct characteristic roots
is a root of unity. A given LRS can be effectively decomposed as an interleaving of finitely
many non-degenerate subsequences, some of which may be identically zero. The core of the
Skolem—Mahler—Lech Theorem is then the assertion that a non-zero non-degenerate LRS has
only finitely many zeros. Unfortunately, all known proofs of this last assertion are ineffective: it
is not known how to compute the finite set of zeros of a given non-degenerate linear recurrence
sequence. Existence of a procedure to do so is readily seen to be equivalent to decidability of the
Skolem Problem. Finally, there is no similar simple structural characterization of the positivity
set {n € N:u, >0} of an LRS. What is known in general is that the positivity set always has
a well-defined density [22], which can in fact be computed to arbitrary precision [67].

For the purposes of this survey, the effective nature of the decomposition of an arbitrary
LRS as an interleaving of finitely many non-degenerate sequences allows us to assume without
loss of generality, when convenient, that all our LRS are non-degenerate, and hence are either
identically zero or possess only finitely many zeros.

Bi-infinite sequences and the Bi-Skolem Problem. A useful concept in the study of LRS
is that of their bi-infinite completion [3I]. Since we have assumed that the tail coefficient ag of
the recurrence is non-zero, the recurrence can be run backward as well as forward from the
initial values, yielding a linear recurrence bi-sequence (LRBS) uw = (u,)52 _ . The bi-infinite
completion of the Fibonacci sequence, for example, is

(...,5,-3,2,—-1,1,0,1,1,2,3,5,...).



The notions of order, simplicity, and non-degeneracy all carry over in the obvious way to LRBS,
and the exponential-polynomial form extends without change to all integers n € Z. The
Skolem—Mahler—Lech Theorem also remains valid in the bi-infinite setting: a non-degenerate
LRBS has only finitely many zeros. The natural analogue of the Skolem Problem in this setting
is the following.

Problem 6 (The Bi-Skolem Problem). Given an LRBS w, does there exist n € Z such that
U, =07

A central motivation for considering the Bi-Skolem Problem is the existence of the Exponen-
tial Local-Global Principle, a classical conjecture that we discuss in detail in Section[6] Informally,
restricted to our setting, the principle asserts that a simple LRBS fails to have a zero if and only
if this absence of zeros is witnessed by a suitable congruence: that is, there exists an integer
m > 2 such that, viewed in Z/mZ, the LRBS is well defined and everywhere non-zero. The truth
of this conjectured principle would immediately yield an algorithm for the Bi-Skolem Problem
on simple LRBS, by parallel search for either a zero of the sequence or a witnessing congruence.
Verifying a candidate congruence is effective since the resulting bi-sequence of residue classes is
periodic, thanks to the pigeonhole principle.

It is worth noting in passing that the Exponential Local-Global Principle essentially concerns
bi-sequences and fails for ordinary LRS. Consider, for example, the shifted Fibonacci sequence
(1,1,2,3,5,8,13,...). This LRS is zero-free, but its bi-infinite completion is the same as that
of the true Fibonacci sequence and therefore contains a zero. Moreover the sequence is periodic
when interpreted in Z/mZ for any non-zero modulus m. Thus the shifted Fibonacci sequence
necessarily contains infinitely many zeros modulo m, for any m > 2. Metaphorically speaking,
the shifted Fibonacci sequence is haunted by the ‘ghost’ of a zero in its past.

Where Skolem and Positivity arise. The Skolem and Positivity Problems sit at a striking
junction of several mathematical disciplines: algebraic number theory, Diophantine approxima-
tion, p-adic analysis, automata and formal language theory, and algorithmic verification. Beyond
their intrinsic interest, they serve as central reference points for a wide range of decision prob-
lems in theoretical computer science, where they appear either as the algorithmic question of
interest or as a benchmark of hardness. A non-exhaustive sampler includes the following:

e Theoretical biology and developmental systems |75, [117], where Skolem-type questions arise
in the analysis of Lindenmayer systems and their growth functions.

e Formal power series and weighted automata |26, 107, [108], where the Skolem Problem
arises in connection with decision problems on the support of rational power series.

e Loop termination and program verification |97, 101l [65], where reachability of zero (or of
a negative number) by an LRS captures the termination of simple linear loops over the
integers.

e Reachability for linear dynamical systems [61, 41l [15], encompassing the Orbit Problem,
the Polyhedron-Hitting Problem, and their parametric and control-theoretic analogues.

e Markov chains, Markov decision processes, and probabilistic programs |2}, 122, 1, 103}, 19],
where Skolem-hardness and Positivity-hardness arise pervasively in quantitative verifica-
tion.

e Control theory |35, 54], where the Skolem Problem appears in problems of stability, ob-
servability, and controllability of linear systems.

e Matriz semigroups [24, [38], where the Skolem Problem corresponds to a one-dimensional
mortality-type question for a single matrix.



In many of these areas, natural decision problems are equivalent to, or at least as hard as, the
Skolem and Positivity Problems.

The contemporary landscape. Progress on the Skolem and Positivity Problems has been
limited, with new techniques typically yielding decidability for sequences subject to fairly strin-
gent restrictions on order or on the structure of the characteristic roots. The unconditional
state of the art for the Skolem Problem stood essentially still from the mid-1980s until very
recently, with decidability known only for LRS of order at most 4, established through the work
of M. Mignotte, T. N. Shorey, and R. Tijdeman [91] and of N. K. Vereshchagin [125], both
leveraging Baker’s celebrated theorem on linear forms in logarithms [I7]. Decidability of Skolem
at order 5 remains open. The state of the art for the Positivity Problem is similarly limited to
low-order sequences: decidability is known only for LRS of order at most 5 [99] (and, for simple
LRS, of order at most 9 [98]), and a deeper analysis reveals that establishing decidability of
Positivity at order 6 would entail substantial new results in Diophantine approximation, specif-
ically concerning how well certain transcendental numbers can be approximated by rationals of
bounded height.

The last decade has nonetheless witnessed a flurry of activity, yielding both unconditional
advances and a rich array of conditional results predicated on classical number-theoretic conjec-
tures. We have seen, on the unconditional side, completion of the picture for the Skolem Problem
at order 4 over the algebraic numbers [I1]; a substantial sharpening of the complexity of the
Skolem Problem at low orders, placing the problem in coRP for LRS of order at most 4 [13],
improving the previously best known NPRP” bound by a full exponential; the construction of
Universal Skolem Sets |79, 81 [78] of progressively higher density; and an unconditional Uni-
versal Skolem Set of density one [83]. On the conditional side, we can mention the decidability
of the Skolem Problem for simple LRS assuming the Exponential Local-Global Principle and a
weak form of the p-adic Schanuel Conjecture [31]E| new results on p-adic variants of the Skolem
Problem, as well as decidability of the Simultaneous Skolem Problem (determining whether two
coprime LRS have a common zero), in both cases assuming the p-adic Schanuel Conjecture [12];
and decidability of the Skolem Problem over all LRS, assuming Cramér-type heuristics on prime
gaps [82] [83].

Scope and structure of this survey. Our aim is to survey the present state of the Skolem
and Positivity Problems, with an emphasis on results and techniques that have appeared since
the mid—2OIOsE| We focus throughout on rational and algebraic LRS, i.e., on rings and fields of
characteristic 0. The complementary setting of positive characteristic is much better understood
than the characteristic-0 case, owing in particular to the work of H. Derksen [49], and we shall
not treat it here; we return to the positive-characteristic story in Section [9] as part of a broader
tour of related problems.

The structure of the survey is as follows. Section [2]introduces the mathematical background
needed throughout: algebraic numbers and heights, Baker’s Theorem on linear forms in log-
arithms, and the fundamentals of p-adic analysis. Section |3 then develops the basic theory
of linear recurrence sequences in characteristic 0, including their exponential-polynomial form,
non-degeneracy, and closure properties.

Section[d]introduces what we view as the unifying conceptual framework of the survey, namely
the notion of a certificate of zero-freeness for the Skolem Problem (and of non-negativity for the
Positivity Problem). All known unconditional decidability results, and most known conditional

'The weak p-adic Schanuel Conjecture is not required for simple LRS of order 5 [76], nor in fact for simple
LRS of orders 6 and 7 [95].

2An earlier and considerably shorter exposition of some of the material below, tracing the development of
the field up to that point, appeared in 2015 as a SIGLOG News article [I01]; the present survey substantially
supersedes and extends that exposition.



ones, can be cast in terms of three classes of such certificates: separation bounds (in either
Archimedean or non-Archimedean form), modular invariants, and semialgebraic invariants. The
remainder of the survey is, to a significant extent, organized around which class of certificate is
being deployed.

Sections 5] and [6] are the first core technical block, devoted to the Skolem Problem. Section [5]
treats the unconditional state of the art—the Skolem—Mahler—Lech Theorem, the unconditional
decidability results at low orders and the MSTV class, and recent complexity advances [13].
Section [f] surveys conditional and alternative approaches: the Bi-Skolem Problem and the Ex-
ponential Local-Global Principle, the p-adic Schanuel Conjecture and the conditional decidability
results for simple LRS, the p-adic Skolem Problem, the construction of Universal Skolem Sets,
the Cramér heuristic for large zeros, and twisted rational zeros.

Section [7] forms the second core technical block, treating the Positivity and Ultimate Pos-
itivity Problems: the unconditional decidability results at low orders and on simple LRS, the
Diophantine hardness barrier at order 6 for general LRS, the frontier at order 10 for simple LRS,
and some of the related reduction machinery around the Positivity Problem.

Section [§]is devoted to a small collection of worked examples, intended to make the abstract
obstacles to decidability more concrete by exhibiting specific LRS at the boundary of what is
currently known, and to illustrate the certificate framework in action. In particular, Section [§]
contains two concrete instances of integer LRS for which we do not know how to solve the
Skolem and Positivity Problems respectively. Section [9] surveys the broader context: the Skolem
Problem in positive characteristic, continuous-time analogues, robust and pseudo-variants, and
a list of open problems.

What we do not cover. A full treatment of the connections between the Skolem and Posi-
tivity Problems and algorithmic verification of linear and probabilistic systems would require a
survey of its own. We therefore content ourselves in Section [0] with pointers to the literature.
Likewise, we shall not discuss continuous-time linear dynamical systems beyond a brief mention.
Finally, we omit any treatment of holonomic (P-finite) sequences, which generalize linear recur-
rences with constant coefficients to the setting of polynomial coefficients; for an entry point into
that literature we refer to [66, 96].

2 Mathematical Preliminaries

In this section we collect the number-theoretic and p-adic background needed in the remainder
of the survey. Our treatment is deliberately concise: our purpose is to fix notation and to
introduce sufficient machinery to enable the developments that follow. For thorough expositions
of algebraic number theory, the reader is referred to [71, 94]; for transcendence theory and
Baker’s Theorem, to [I7, [18]; for p-adic analysis, to [69, 40, [106]. A reader already comfortable
with these topics may safely skim this section on a first reading and refer back as needed.

2.1 Algebraic Numbers, Number Fields, and Heights

A complex number a € C is algebraic if it is a root of some non-zero polynomial with rational
coefficients. Among all such polynomials, there is a unique monic polynomial of minimal degree,
called the minimal polynomial of o over Q and denoted pq(z) € Q[x]. The degree of p,, is called
the degree of a. The other roots of p, are called the (Galois) conjugates of a. An algebraic
number is an algebraic integer if its minimal polynomial has integer coefficients. The set of all
algebraic numbers forms a field, denoted Q, and the algebraic integers form a subring thereof.
Let K be a field extension of Q. The dimension [K : Q] of K as a Q-vector space is called
its degree. A finite-degree field extension is called a number field. Every number field is of the
form K = Q(«) for some algebraic number «, in which case [K : Q] equals the degree of a. The



set of algebraic integers contained in K forms a subring Ok of K, called the ring of integers of
K.

For computational purposes, an algebraic number « of degree d is conventionally represented
by its minimal polynomial p,(z) € Q[z] together with sufficiently accurate rational approxima-
tions of its real and imaginary parts to distinguish it from its conjugates (an accuracy polynomial
in the degree and height of «, in the sense defined below, suffices). With such a representation,
all standard arithmetic operations on algebraic numbers, and decision of equality, can be car-
ried out effectively in time polynomial in the bit-size of the input; see [46] for a comprehensive
account.

Absolute values. Let K be a number field. An absolute value on K is a function |-| : K — R>q
satisfying |z| = 0 if and only if z = 0, |zy| = |z|- |y|, and |z +y| < |z|+|y| for all z,y € K. Two
absolute values are equivalent if they induce the same topology on K. An equivalence class of
absolute values on K is called a place of K. The places of K are of two kinds.

The Archimedean places (or infinite places) of K arise from the [K : Q] distinct field em-
beddings of K in C. Each such place gives rise to an absolute value |z|, := |o(z)|, where on the
right the standard absolute value on C is used. Hence complex-conjugate embeddings give rise
to the same place.

The non-Archimedean places (or finite places) of K correspond to the non-zero prime ideals
p of Or. Each such place arises as follows. Every non-zero prime ideal p of Ok lies over a
unique rational prime p, in the sense that p N Z = pZ. There is associated with p a discrete
valuation vy, : K* — Z, defined for x € Ok \ {0} to be the largest integer k such that = € pF,
and extended to K * multiplicatively; one further sets v,(0) := +00. The corresponding absolute
value is given by |z|, := p~* (@)fv/er where ep and f, are respectively the ramification index and
residue degree of p over p; for our purposes the precise normalization will rarely matter, and we
shall be content to write v,(-) when working over Q itself.

A defining feature of non-Archimedean absolute values is the so-called ultrametric inequality,
which strengthens the usual triangle inequality:

lz+ylp < max(|x|p, |y’p)-

Heights. The notion of height provides a quantitative measure of the arithmetic complexity
of an algebraic number. For a rational number a/b in lowest terms, with b > 0, the natural
notion of size is max(|a|, b). Heights generalize this to arbitrary algebraic numbers in a way that
interacts well with field operations.

The absolute (logarithmic) Weil height of an algebraic number « of degree d, with conjugates

a=a1,q9,...,04, is defined as follows. Writing
d
aq H(:r — ;) € Z[z] (ged of coefficients 1, ag > 0)
i=1

for the primitive integer multiple of the minimal polynomial p, one sets

d
1
ha) = - (10gad + Zlogmax(l,!ai\)>.

i=1

For a rational number a/b in lowest terms with b > 0, this specializes to h(a/b) = log max(|al,b),
recovering the naive notion. The Weil height enjoys a number of properties, of which we record
only those we shall need:

e h(a) >0 for all a € Q, with equality if and only if & = 0 or « is a root of unity (a result
known as Kronecker’s theorem),



o hia+ ) < h(a)+ h(8)+log2 and h(af) < h(a) + h(B),
e h(a™) =|n|- h(a) for all n € Z,
e h(a) = h(B) whenever a and (3 are Galois conjugates.

For our algorithmic purposes, the key fact is that h(«) is effectively computable from a de-
scription of « by its minimal polynomial, and that the bit-size of v in the standard representation
and the height h(a) are polynomially related. Precise bounds may be found in [126].

2.2 Baker’s Theorem on Linear Forms in Logarithms

A pivotal tool in the algorithmic study of linear recurrence sequences is Baker’s celebrated
theorem on linear forms in logarithms of algebraic numbers [17], for which A. Baker was awarded
the Fields Medal in 1970. Roughly speaking, Baker’s Theorem provides effective lower bounds
for non-zero linear combinations of logarithms of algebraic numbers with algebraic coefficients.
We state below a version sufficient for our applications; for the sharpest known formulations,
the reader is referred to [I8], [89].

Theorem 7 (Baker). Let ay,...,q, be non-zero algebraic numbers, and let logayq,...,logay,
denote any choice of complex logarithms. Let by, ..., b, € Z, set B := max(|b1],...,|bn|,3), and
let

A = bilogag +bologas + - - + by log au,.

If A # 0, then there is an effectively computable constant C > 0, depending only on n, on the
degree of the number field Q(a1, ..., an), and on the heights h(a;), such that

|IA| > B¢,

The constant C' in Theorem [7]is, in concrete formulations, of the order

C = (16nd)*"* | [ max(h(e), |log as|/d, 1/d),

=1

where d is the degree of the number field Q(ay, ..., ay,). The dependence of this lower bound on
n is doubly exponential, but for fixed n the dependence on the remaining parameters is benign.
This is precisely the regime of interest for LRS of bounded order, whose associated linear forms
involve only a bounded number of logarithms.

The p-adic version. In addition to the classical Archimedean version, a p-adic analogue of
Baker’s Theorem is needed. We formulate below a statement of this result, established by K. Yu
in [I127]. The statement is closely parallel to the Archimedean case, albeit phrased in terms of
the p-adic valuation of the quantity alfl e ozfl" — 1 rather than in terms of a linear form in p-adic
logarithms.

Theorem 8 (Baker, p-adic version). Let ay,...,a, be non-zero algebraic numbers contained in
a number field K of degree d. Let p C Ok be a prime ideal lying above the rational prime p,
such that vy(a;) =0 fori=1,...,n. Let by,...,b, € Z be such that

=._ b b
E=oy' ot —1#0.

Then

IN

vp(2) CA;--- A, logB,

where
A; > max{ h(a;),logp} (j=1,...,n), B > max{ |bi],...,|bn], 3},

and C' > 0 is an effectively computable constant depending only on n, d, and p.



The Archimedean and p-adic versions of Baker’s Theorem are the basic tools underlying
virtually all known unconditional decidability results for the Skolem and Positivity Problems at
low orders, and we shall invoke them frequently in Sections [5] and [7]

2.3 p-adic Numbers and p-adic Analysis

The p-adic numbers play a central role in the study of the Skolem Problem, beginning with
Skolem’s original method, which underlies the Skolem-Mahler-Lech Theorem (Section . We

collect here the basic definitions and the technical results we shall need.

Construction. Fix a rational prime p (i.e., a prime number in N). The p-adic absolute value
||, on Q is defined by |0], := 0 and, for x = p*a/b with ged(a, p) = ged (b, p) = 1, by |z, := p~F.
The corresponding p-adic valuation is vy(x) := —log, x|, € Z U {+occ}. The field Q, of p-adic
numbers is the completion of Q with respect to | - |,. Its valuation ring

Ly = {z€Qp:|z|, <1}

is the ring of p-adic integers, and is the natural domain on which the p-adic analytic functions
arising from LRS will be defined.

The field @, is locally compact and complete, but not algebraically closed. For our appli-
cations, we shall typically need to work in a finite extension K, of Q,, large enough to contain
the characteristic roots of the LRS under consideration. Such an extension comes with its own
ring of integers Oy, and the p-adic absolute value | - |, extends uniquely from Q, to K,. For
thoroughness, we mention that the algebraic closure @p of @, is itself not complete, and its
completion C, is both algebraically closed and complete; C, is the natural p-adic analogue of
the complex numbers. We shall need C,, only occasionally; it also provides a uniform setting in
which the various finite extensions encountered in the sequel may all be embedded.

Power series and discs. For a in (a finite extension of) Q, and r > 0, write
D(a,r) = {z:|z—alp <r}

for the closed disc of radius r around a. (Ultrametrically, discs are simultaneously open and
closed, and every point of a disc is a center: D(a,r) = D(b,r) whenever |a — b|, < r.) The ring
of integers Z,, is itself the closed unit disc D(0,1) C Q,.

A power series f(x) = ), > cn2™ with p-adic coefficients ¢, converges on D(0,r) provided
that |cp|pr™ — 0 as n — oco. Standard examples include the p-adic exponential

n

€T
epr(.Z') = Z ma

n>0
which converges on the open disc {x : |z|, < p~/®~D}, and the p-adic logarithm

log, (1 +z) := Z ﬂj

n
n>1

which converges on {x : |z|, < 1}. The latter extends uniquely to a continuous homomorphism
from the multiplicative group pr of any finite extension K, of Q, to the additive group of K,
satisfying log,(p) = 0 and log,(¢) = 0 for every root of unity (; and exp, is the formal inverse
of log, on its domain of convergence.



Strassmann’s Theorem. The single most important analytic tool for our purposes is the
following.

Theorem 9 (Strassmann’s Theorem). Let f(x) = > <,cnx™ be a non-zero p-adic power se-
ries converging on the closed unit disc D(0,1). Let N be the largest index such that |cn|p =
maxp>o |cn|p. Then f has at most N zeros in D(0,1).

Strassmann’s Theorem is the p-adic analogue of the basic complex-analytic fact that a non-
zero analytic function on a compact disc has only finitely many zeros, and is what underlies the
finiteness assertion of the Skolem-Mahler-Lech Theorem (Theorem .

A closely related result, of which Strassmann’s Theorem is essentially a corollary, is the
Weierstrass Preparation Theorem for p-adic power series: any f as above can be written as
f(z) = u(x) - P(x), where P is a polynomial of degree N with all roots in D(0,1), and u(x)
is a power series converging on D(0,1) with no zeros there. This finer statement underlies the
complexity results of Section [5.4]

Mahler series. A Mahler series is a formal series

T
x) = c
@) = Yo ( k)
E>0
where (}) is the polynomial (7) := w and ¢ € Qp are such that |cx|, — 0 as k — oo.
A classical theorem of K. Mahler asserts that f as above defines a continuous function f : Z, —
Qp and that every such function admits a unique representation in this form. Furthermore,
if vp(ck) > k, then f defines an analytic function on Z,. Mahler series provide a particularly
convenient framework in which to manipulate p-adic interpolations of integer sequences, and
play a central role in the algorithms of the papers [13 [12] that we discuss in Section

2.4 A Note on Models of Computation

Throughout the survey, all complexity statements are with respect to the standard Turing ma-
chine model, with inputs encoded in binary. A rational LRS is encoded by the rational coeffi-
cients of its defining recurrence and its rational initial values. The bit-size of an LRS is the total
bit-length of this encoding.

The complexity classes we shall work with include the standard classes P, NP, coNP, PSPACE,
the randomized classes RP and coRP, and, in Section @, the relativized classes NPPosSLP and
coNPPosSLP WWe shall also briefly mention the Counting Hierarchy CH, a hierarchy of complexity
classes built from PP in the same way that the polynomial hierarchy is built from NP, which
arises naturally in the analysis of the Positivity Problem at low orders (Sections and .

A recurring technical issue, both for theoretical complexity and for practical implementation,
is the manipulation of large numbers represented by straight-line programs or arithmetic circuits.
The problem PosSLP asks whether a given arithmetic circuit over the integers, with operations
+, —, X, computes a positive integer; whether PosSLP € P is a major open problem [8]. The
closely related decision problem EqSLP, which asks whether such a circuit evaluates to zero, is
classically known to be in coRP [I13].

3 Linear Recurrence Sequences

In this section we develop the basic theory of linear recurrence sequences. We state the results
for rational LRS, which is our principal setting; the theory extends to LRS over any number
field (Section and, in its structural aspects, to arbitrary fields of characteristic 0. Most
of the material is classical and can be found, for example, in [52], 118, [66]. Our purpose is

10



to fix the notation and establish the structural results—the exponential-polynomial form, the
matrix form, the decomposition into non-degenerate parts, the basic closure properties, and the
Skolem—Mahler—Lech Theorem—to which we shall appeal repeatedly in the remainder of the
survey.

3.1 The Exponential-Polynomial Form

Recall from Section |1] that a rational LRS of order d is a sequence u = (u,)5, of rational
numbers satisfying a recurrence

Upt+d = Qd—1Uptd—1 + -+ + apup (n € N) (3)

with ag,...,aq-1 € Q and ag # 0, where d is least with this property, and that its characteristic
polynomial is
p(x) = 2 —ag 2% = —a;z — ap.
The roots of p(x) in Q are the characteristic roots of the LRS; the assumption ag # 0 ensures that
none of these roots is zero. Throughout the survey, we denote the distinct characteristic roots
by A1, ..., Am, and their respective multiplicities in p(z) by e1, ..., en, so that E;nzl e; =d.
The following structural result expresses every LRS in closed form.

Theorem 10. Let w be a rational LRS of order d, with distinct characteristic roots A1, ..., Ay of
multiplicities eq, . . ., em,. There exist unique polynomials Q1, ..., Qm € Q[z], with deg Q; < ej—1
for each j, such that

m

tn = DQimA (neEN), 4

Jj=1

The polynomials @Q; have coefficients in the splitting field of p(x) over Q, and are computable
from w by solving a linear system.

Sketch. The space V' of all sequences of complex numbers satisfying the recurrence is a C-
vector space of dimension d, since a sequence in V' is uniquely determined by its first d terms.
For each j € {1,...,m} and each integer £ € {0,1,...,e; — 1}, the sequence <n£)\j’~"”>$f:0 belongs
to V; this is verified by substituting into the recurrence and applying the elementary identity
Zi:o (njk) ckA"T* = 0 whenever A is a root of multiplicity at least £ + 1 of the polynomial
Zi:o cxz®. The total number of such sequences is Z;n:l e; = d, and a Vandermonde-style
argument shows that they are linearly independent over C, so they form a basis of V. The claim

follows by expressing w in this basis. The fact that the coefficients of the @); lie in the splitting

field of p(x) follows from the linearity of the system of equations expressing ug, . .., ug—1 in terms
of those coefficients, and from the fact that this system has rational coefficients in any basis fixed
by the Galois group. O

Since d is the order of w, minimality forces each ); to be non-zero of degree exactly e; — 1:
otherwise u would satisfy a shorter recurrence.

The representation is called the exponential-polynomial form of u. Conversely, given any
choice of distinct non-zero algebraic numbers Ay, . . ., Ay, and polynomials Q1, .. ., @, € Q[z], the
sequence defined by (4) is an LRS, with order at most _;(deg @;+1). From this perspective, an
LRS may be specified either by its defining recurrence and initial values, or by its characteristic
roots and the polynomials @);. Since converting between these representations chiefly involves
polynomial root finding and algebraic-number manipulations (all of which can be performed in
polynomial time [21]), either specification can be obtained from the other in polynomial time,
and we shall pass freely between them.

An important notion regarding characteristic roots is that of dominance: a characteristic
root A is dominant if it has maximal modulus among all of the characteristic roots, i.e., if
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|A| = max; |\;|. Likewise, for p a prime ideal, A is p-dominant if it has maximal p-adic absolute
value among all characteristic roots, i.e., if ||, = max; [As]p.

Recall that an LRS is simple if its characteristic polynomial has no repeated roots, i.e., if
ej = 1 for every j. By Theorem this is equivalent to requiring that each @); in is a
constant polynomial. A simple LRS thus admits a representation

un = Y ¢ A (neN) (5)

with ¢; € Q and the Aj pairwise distinct.

Example 11. The Fibonacci sequence (Example [1) is simple, with \; = ¢ = (1 4+ v/5)/2,
A =@ = (1 -+5)/2, and ¢; = —c3 = 1/v/5. The Lucas sequence (2,1,3,4,7,11,18,...),
satisfying the same recurrence L,io = Lpy1 + L, with initial values Ly = 2, L1 = 1, has
characteristic roots ¢ and ¢ (the same as the Fibonacci sequence) but coefficients ¢; = ¢ = 1,
yielding the closed form L, = o™ 4+ @™.

Example 12. Consider the order-3 LRS u defined by uy,+3 = bupt2 — 8upy1 + 4u,, with initial
values up = 0, u3 = 1, ug = 5. Its characteristic polynomial 23 — 522 + 8z —4 = (z — 1)(x — 2)?
has roots Ay = 1 (simple) and Ay = 2 (double); the LRS is therefore not simple. Its exponential-
polynomial form is

Up, = 1-1" + (n—1)-2" (n € N),

with @Q1(n) = 1 and Q2(n) = n — 1. The non-constant polynomial ()2, a hallmark of repeated
roots, is responsible for several of the additional difficulties that arise in the analysis of non-
simple LRS, as we shall see in Sections [f] and [7}

3.2 The Matrix Form

A useful alternative perspective on LRS is afforded by their realization as orbits of linear maps.
Given an LRS w satisfying the recurrence , define the column vector vy, := (Up, Uni1, - - > Untd—1) |
and the companion matriz of the recurrence,

0 1 0 0
o o 1 - 0
4= . | ear (©)
0O 0 0 --- 1
ap ap a2 -+ Aad-1

Then v,41 = Awv, for all n, and consequently
u, = e; A"y (n € N), (7)

where e; = (1,0,...,0)" is the first standard basis vector. The characteristic polynomial of A,
in the sense of linear algebra, coincides with the characteristic polynomial of u; its roots, with
multiplicities, are precisely the eigenvalues of A.

More generally, one can consider sequences of the form u,, = a' A”3, where A is an arbitrary
d x d matrix over Q and «, 3 are arbitrary d-dimensional rational vectors. Such sequences are
exactly the LRS of order at most d, since the Cayley—Hamilton Theorem ensures that A™ satisfies
a recurrence of order d, and conversely every LRS of order d is realized by the companion-matrix
construction above. Thus the matrix form is fully equivalent to the recurrence-and-initial-
values form, modulo a polynomial-time change of representation.

The matrix perspective therefore leads naturally to the following alternative formulation of
the Skolem Problem: given a square rational matrix A and rational vectors a, 3, does there
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exist n € N such that ' A”B = 0?7 In the rest of the survey, we shall use the two formula-
tions interchangeably. The matrix view is also the natural starting point for the reachability
and invariant-generation questions concerning linear dynamical systems that we discuss in Sec-

tions 4] and [0

3.3 Non-Degeneracy and the Skolem—Mahler—Lech Theorem

We have already encountered the notion of non-degeneracy in the introduction; we now treat it
more carefully.

Definition 13. An LRS w with distinct characteristic roots Ay, ..., Ay, is non-degenerate if no
quotient \;/\; (for i # j) is a root of unity.

The relevance of this notion to the Skolem and Positivity Problems is best appreciated
through the following construction. Suppose w is degenerate, so that \;/A; = ( is a root of unity
for some i # j, of order L say. Then for each residue class r € {0,1,..., L — 1}, the subsequence
(ULn+r)22 o is again an LRS, with characteristic roots among the )\]L; in this subsequence, the
roots )\Z-L and )\JL coincide. Applying this construction with L a suitable common multiple of
the orders of all root-of-unity quotients yields a decomposition of w into L non-degenerate
subsequences indexed by residue class modulo L. The integer L is bounded effectively in terms
of the degree of the characteristic roots; a classical theorem of A. Schinzel [109] guarantees that L

may be taken at most exp (O(dlog d)), where d is the order of the original LRS. We summarize:

Proposition 14. FEvery LRS uw admits an effective decomposition into a finite interleaving of
non-degenerate subsequences of the same or smaller order. Some of the subsequences may be iden-
tically zero. The number of subsequences in the decomposition is bounded by exp(O(dlog d)), and
the decomposition itself is computable in time polynomial in the size of the resulting subsequences.

Example 15. The LRS w given by unio = —u, with ug = 1, vy = 0 is degenerate: its
characteristic roots are +¢, whose quotient —1 is a root of unity of order 2. The sequence is
(1,0,—1,0,1,0,—1,0,...), and decomposes into two interleaved non-degenerate subsequences:
(1,—1,1,—1,...) at even indices, and the zero sequence at odd indices. The Skolem Problem
for the original LRS is then immediately resolved by inspecting the two subsequences.

The zero set of an arbitrary LRS admits the following classical description.

Theorem 16 (Skolem—Mahler—Lech). Let w be an LRS over a field of characteristic 0. Then
the zero set

Z(u) = {neN:u, =0}

1s the union of finitely many full arithmetic progressions together with a finite set. Equivalently,
in any non-degenerate decomposition of w, each non-zero non-degenerate subsequence has only
finitely many zeros.

The Skolem—Mahler-Lech Theorem was proved by T. Skolem [II5] for LRS over Q, by
K. Mahler [84] for algebraic LRS, and by C. Lech [73] in the generality stated above. All three
proofs proceed via Skolem’s p-adic method, which we develop in Section [5.2] The restriction to
characteristic 0 is essential: over the field F,(z), for instance, the order-3 LRS u,, := (x + 1)" —
" — 1 vanishes precisely when n is a power of p, so that its zero set is neither finite nor a finite
union of arithmetic progressions. The structure of zero sets in characteristic p is described by
Derksen’s theorem [49] in terms of p-automatic sets; see Section [J] for a brief discussion.

Proposition[I4Jand the Skolem—Mahler—Lech Theorem together account for the non-degeneracy
hypothesis that pervades subsequent sections. By Proposition[I4] deciding whether an arbitrary
LRS has a zero reduces to deciding the same question on each of finitely many non-degenerate
subsequences; and by the Skolem—Mahler—Lech Theorem, each such subsequence has only finitely
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many zeros. The Skolem Problem is therefore equivalent to the problem of computing the finitely
many zeros of a non-degenerate LRS, and we shall freely make use of this reduction whenever
convenient.

A key effective refinement of the Skolem—Mahler—Lech Theorem concerns the number of zeros
of a non-degenerate LRS. The following bound, successively sharpened by W. M. Schmidt [112],
P. B. Allen [7], and F. Amoroso and E. Viada [10], will be invoked at several points; the explicit
form below follows the presentation in [83].

Theorem 17. There is an effectively computable function N : N — N such that any non-
zero non-degenerate LRS of order d has at most N(d) zeros. Explicitly, one may take N(d) =

(8d4)™™

The bound N(d) depends only on the order of the LRS, and is valid for non-degenerate
LRS over any field of characteristic 0. It is, on the other hand, certainly very far from sharp:
already at order 3, the largest known number of zeros is six, attained by Berstel’s sequence
Unt3 = 2Upto — dUpt1 + 4u, with initial values 0,0,1, whose zero set is {0,1,4,6, 13,52}
(see [52]), whereas N(3) = 216527 exceeds 109", Unfortunately—and this is precisely the
content of the Skolem Problem—no effective bound is currently known on the magnitude of the
zeros, and Theorem [17] does not directly help with their computation: even if one knows that
there are at most N zeros, one does not know in what range to search for them.

3.4 Closure Properties

The class of LRS over a fixed field is closed under several natural operations.
Proposition 18. Let u and v be LRS of orders d, and d, respectively. Then:

1. the termwise sum u + v := (up + Up ) is an LRS of order at most d,, + d,,

2. the Hadamard product uw ® v := (upvyn)3> is an LRS of order at most d,, - d,,

3. for any a € Q, the scalar multiple (auy)22, is an LRS of order at most d,,

4. for any a,k € N, the shifted subsequence (Ugntk)oeq s an LRS of order at most d,.

Owver the field of rational numbers, all of the corresponding constructions are effective and com-
putable in polynomial time.

The proofs are direct consequences of the exponential-polynomial representation: if u has
characteristic roots {\;} and v has characteristic roots {4}, then u + v has characteristic roots
a subset of {\;} U{pu;}, and u ® v has characteristic roots a subset of {\;x;}. The order bounds
are sharp in general, though not always attained.

A consequence used several times below is that, given an LRS u, the sequence <U721>%°:0 =
u ® u is also an LRS, of order at most (d“; 1). This is the construction underlying the Skolem-

to-Positivity reduction sketched in Section [I} and it will reappear in Section [7]

3.5 Algebraic LRS

While most of our results concern integer or rational LRS, we shall occasionally consider alge-
braic LRS: LRS whose recurrence coefficients and initial values lie in a fixed number field K.
The exponential-polynomial form, the matrix form, the non-degenerate decomposition, and the
Skolem—Mahler—Lech Theorem all carry over without change to this setting; only the complexity
analysis is affected, and even then in a controlled way (the bit-size of K enters as an additional
parameter). P. Bacik’s recent result [11] for the Skolem Problem at order 4 over the algebraic
numbers, which we discuss in Section [5.3] is naturally formulated in this setting.
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4 Certificates of Zero-Freeness and Non-Negativity

Before plunging into the technical heart of the survey, we pause to introduce what we regard
as a unifying conceptual framework: the notion of a certificate for the Skolem and Positivity
Problems. The framework is informal, but it organizes both classical results and contemporary
developments into three recognizable patterns, and makes it easier to articulate where existing
techniques succeed, where they fail, and what kind of new technique would be required to push
the state of the art further.

4.1 The Certificate Framework

At a high level, deciding the Skolem Problem on a given input 4 amounts to one of two outcomes:
either an integer n with u, = 0 is exhibited (a positive witness), or the non-existence of such
an integer is established by some finite mathematical argument (a negative certificate). Positive
witnesses are unproblematic: an integer n together with the verification uw, = 0 is a finite,
effectively checkable object. The substantive content of the Skolem Problem lies in the negative
direction: how does one establish that w has no zero, given that there are infinitely many indices
to check? Each unconditional decidability result in Section [5 and each conditional decidability
result in Section @, can be read as a procedure for producing such a negative certificate (or, more
precisely, for deciding which of the two outcomes obtains). Three broad classes of certificates
have been identified to date:

1. Separation-bound certificates, which establish |u,| > 0 for all n beyond an effectively
computable threshold NN, by exhibiting a quantitative lower bound on |u,| that holds for
all such n. This lower bound is typically obtained either from the Archimedean structure of
the LRS (via Baker’s Theorem on linear forms in logarithms) or from its p-adic analogue.

2. Modular invariants, which establish u,, # 0 for all n € N (or Z, in the case of an LRBS)
by exhibiting a modulus m > 2 such that the periodic sequence (u,, mod m) is everywhere
non-zero. The witnessing modulus m is the certificate; checking it involves a single period
of u modulo m, which is a finite computation.

3. Semialgebraic invariants, which establish u,, # 0 by exhibiting, in the matricial formulation
of the Skolem Problem (Section, an A-invariant semialgebraic set I C R¢ that contains
the initial point vy and is disjoint from the hyperplane {x : e{ = = 0}, which the orbit
visits precisely at the zeros of u.

Certification applies equally to the Positivity Problem, with non-negativity in place of non-
zeroness—though with an important caveat, to which we return in Section
We now describe each class in turn.

4.2 Separation-Bound Certificates

The simplest and historically earliest class of certificates relies on the following observation: if
one can establish, for a given LRS wu, an effective bound N € N such that |u,| > 0 for all
n > N, then deciding whether u has a zero reduces to evaluating ug, u1,...,ux—1 and checking
each. Such zero-separation bounds come in two kinds, resting either on the Archimedean (FEu-
clidean) absolute value or on one of its non-Archimedean (p-adic) counterparts. Both kinds are
deployed in the low-order decidability results of Section [5.3] and both are illustrated concretely
in Section 8.2

A disadvantage of both Archimedean and non-Archimedean separation bounds is that, in
the current state of knowledge, their effective application typically requires strong structural
restrictions on the dominant roots, as in the MSTV class (Section. For general LRS at high
orders, such separation bounds remain elusive.
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4.3 Modular Invariants

A second class of certificates of zero-freeness proceeds through modular arithmetic. Suppose u is
an integer LRS, and suppose one can exhibit a modulus m > 2 such that, viewed in Z/mZ, the
sequence u takes only non-zero values. The reduction modulo m is ultimately periodic—indeed
purely periodic when ged(ag, m) = 1, the companion matrix then being invertible modulo m,
with period at most the order of that matrix in GL4(Z/mZ)—so checking that it is everywhere
non-zero is a finite computation. If the check succeeds, the conclusion is that w has no integer
zero, since any integer n with u, = 0 would give u,, = 0 (mod m). This furnishes a modular-
invariant certificate: the witness is the modulus m together with the verification that the
reduction contains no zero. (It would in fact suffice for the reduction to be non-zero from some
index onward, the finitely many earlier indices being checked directly.) Though superficially
quite different from separation bounds, the two classes are related: a witnessing modulus of the
form p¥ amounts precisely to the p-adic separation bound [tn|p > p~ ", valid for all n € N.

When modular invariants suffice. The Exponential Local-Global Principle (Section
asserts, for simple LRBS, that the modular-invariant approach is in fact always sufficient: every
zero-free simple LRBS admits a witnessing modulus m. The principle is conjectural in general,
but is known unconditionally in a number of special cases (orders 2 and certain order-3 families).

When modular invariants fail. For non-simple LRS, modular invariants can fail to exist
even when the LRS is zero-free: the LRBS u,, = (2n+1) 2", for instance, is everywhere non-zero
on Z, yet has zeros modulo every admissible modulus (see Example in Section for the
details). A more elaborate and algorithmically pertinent example is the order-6 LRS

Up = 2(—4+Ti)" +2(—4 —Ti)" + 48+ )" + 48 — )" + n, (8)

which we shall return to in Section this LRS possesses zeros modulo every m > 2 (Propo-
sition , and in particular admits no modular invariant certifying its zero-freeness. Whether
the LRS is genuinely zero-free on N is open at the time of writing, and is the kind of question
for which a combination of certificate techniques (or potentially new techniques altogether) may
be required.

4.4 Semialgebraic Invariants

A third and structurally distinct class of certificates proceeds via the geometric viewpoint on the
Skolem Problem developed in Section Recall that an LRS w of order d may be realized in
matrix form as u,, = e]—A”vo, where A is the companion matrix of u and vy € Q¢ is the initial
state. The Skolem Problem then becomes the question of whether the orbit {A"wvy : n € N}
ever intersects the hyperplane H := {x € R? : e]—:c = 0}. A semialgebraic invariant for this
question is a semialgebraic set I C R? satisfying the following three conditions:

1. vg €1,
2. AI C 1, 1i.e., I is closed under the dynamics, and

3. InH =0.

The existence of such an I constitutes a finite, semialgebraic certificate of zero-freeness: by
induction on n, A"vy € I for all n > 0, hence A"vg ¢ H, hence u,, # 0.
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Algebraic invariants as a special case. An important special case is that of algebraic
tnvariants, in which I is taken to be an algebraic set. Here a fundamental result is that the
strongest algebraic invariant (smallest algebraic set) containing a given initial state is effectively
computable [59, [60]. Algebraic invariants are rarely sufficient on their own to establish zero-
freeness of non-trivial LRS, but they form a useful subclass and play a role in several recent
algorithmic advances; a worked example of an algebraic invariant certifying zero-freeness appears

in Section Rl

Decidability of existence of semialgebraic invariants. Unfortunately, strongest semial-
gebraic invariants do not generally exist. A natural algorithmic question is thus whether, given
an LRS u and a target hyperplane (or, in the Positivity case, a target half-space), one can decide
whether some semialgebraic invariant of the kind above exists. The following result settles this
in the affirmative [9].

Theorem 19. There is an effective procedure that, given an LRS w in matriz form (A, vg) and a
hyperplane or half-space H C R?, decides whether there exists a semialgebraic invariant I C R?
satisfying vog € I, AI C I, and INH = .

Theorem not only provides a decision procedure for the existence of a separating semi-
algebraic invariant, but also guarantees that, in positive instances, such an invariant can be
explicitly constructed. Note, however, that in negative instances, no conclusion can be drawn
regarding the zero-freeness (or positivity) of the corresponding LRS. We shall return to this
point in Section [§

4.5 Certificates for Positivity

The Positivity Problem also admits classes of certificates, but with one important asymmetry:
modular and p-adic certificates are of no use for Positivity. The reason is straightforward: mod-
ular reduction and p-adic absolute value are blind to the order on R, and retain no information
whatsoever about the signs of the wu,.

The certificate landscape for Positivity is therefore narrower than for Skolem. The two
relevant classes are:

1. Archimedean separation bounds. The unconditional decidability results of [99] for general
LRS at orders < 5, and [98] for simple LRS at orders < 9, all proceed by Archimedean
separation bounds via Baker’s Theorem: the dominant part of the sequence, whose sign
governs that of u,, is bounded away from zero and raced against the exponentially smaller
non-dominant part.

2. Semialgebraic invariants. For Positivity, an A-invariant semialgebraic set 7 C R that is
disjoint from the open half-space {z : ef z < 0} certifies u,, > 0 for all n in the same
manner as for Skolem. Theorem |19 applies with the half-space in place of the hyperplane;
the decidability of existence of a semialgebraic invariant for Positivity is therefore on the
same footing as for Skolem.

This narrowness is, in our view, one of the chief structural reasons that Positivity is genuinely
harder than Skolem. The Diophantine hardness barriers of Section [7.4] and the order-10 hard
instance for simple LRS that we exhibit in Section [8] can be read as concrete witnesses to the
limits of the available certification techniques.

4.6 Beyond Existing Certificate Classes

We close this section with two observations.
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First, the three certificate classes we have identified are not mutually exclusive: a given LRS
may admit certificates of more than one kind, and a successful decidability proof on a given class
of inputs may proceed by combining several. The analysis of the Skolem Problem at order 3
and order 4, for example, combines Archimedean separation (via Baker) with p-adic separation
(via p-adic Baker).

Second, the certificate classes are not exhaustive by any means: in Section[§]we exhibit ‘hard’
instances—the order-6 sequence and an order-10 simple sequence—for which the existing
certificate classes either provably fail or lie beyond current techniques, so that we are at present
unable to establish zero-freeness and positivity respectively. Note that these instances are not
merely isolated open problems. Rather, they serve a structural purpose, helping calibrate the
limits of existing certificate classes, and a successful argument settling their Skolem or Positivity
status may well introduce new certificate classes that apply more broadly than to the original
instances alone. In this sense, the analysis of hard instances is a potential pathway to general
decidability results.

5 The Skolem Problem: Unconditional Results

This section is devoted to the unconditional state of the art for the Skolem Problem, which we
recall asks, given an LRS u over Q (or more generally over a number field), whether there exists
n € N such that u, = 0. We trace the historical arc of the field and present the decidability and
complexity results known to hold without recourse to any unproved number-theoretic conjecture;
conditional results and alternative approaches are the subject of Section [6]

In the language of the certificate framework introduced in Section [d] every result of this
section can be read as a procedure for producing a separation-bound certificate, of either
Archimedean or non-Archimedean kind, on a specific structural class of LRS. The MSTV class
of Section [5.3] captures the regime in which both flavors can be combined to greatest effect.

5.1 Statement, History, and Basic Equivalences

We have already met the Skolem Problem in Section[I} let us now examine its various equivalent
formulations and their early history.

Equivalent formulations. The Skolem Problem admits several equivalent presentations, all
of which we shall refer to interchangeably.

1. The recurrence form. Given a rational LRS wu specified by its recurrence coefficients
ap, .. .,aq—1 € Q and initial values ug,...,uq_1 € Q, decide whether there exists n € N
with u, = 0.

2. The matriz form. Given a square rational matrix A € Q%*? and rational vectors o, 3 € Q¢,
decide whether there exists n € N with o' A”3 = 0.

3. The hyperplane form. Given a square rational matrix A, a rational vector 3, and a rational
hyperplane H C Q% decide whether there exists n € N with A"3 € H.

4. The exponential-polynomial form. Given distinct non-zero algebraic numbers Aq,..., Ay
and polynomials Q1(x), ..., Qm(z), where Q;(x) has coefficients in Q(\;), decide whether
there exists n € N with >, Q;(n)A]" = 0.

The equivalence of 1, 2, and 4 was established in Section [3} the equivalence with 3 is immediate,
since o' A"3 = 0 if and only if A" lies in the hyperplane {x : a'a = 0}. All four reductions
are effective in polynomial time.
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From algebraic to integer LRS. The Skolem Problem is also robust with respect to the
field of definition. Zeros are preserved under scaling, so the rational and integer versions of the
problem coincide (Section ; more substantially, the algebraic case reduces to the integer one
as well [80].

Proposition 20. Let v be an LRS of order d over Q, defined over a number field K of degree
D. One can effectively construct an integer LRS w of order at most dP with exactly the same
zero set as v; moreover, if v is simple, then so is w. Consequently, the Skolem Problem for
algebraic LRS is many-one reducible to the Skolem Problem for integer LRS, and likewise the
Skolem Problem for simple algebraic LRS to the Skolem Problem for simple integer LRS.

The construction is simply the field norm: writing N (z) := [[, o(z), with the product
ranging over the D field embeddings o : K — C, one sets u, := Ng(vy,), scaling afterward
to clear denominators, as in Section [I] Each (o(vn))52 is again an LRS of order d, simple
whenever v is, so the closure properties of Section bound the order of u by d?; and since
field embeddings fix 0, the sequences u and v have precisely the same zeros.

A further equivalence, of independent interest, links the Skolem Problem to Z-weighted
automata [26] [114]. A Z-weighted automaton is a finite automaton each of whose transitions
carries an integer weight; the weight of a path is the product of the weights of its transitions,
and the weight of a word is the sum of the weights of all accepting paths labeled by that word.
A classical theorem of M. P. Schiitzenberger asserts that the function w +— weight(w) from »*
to Z is realized by a Z-weighted automaton if and only if it is a rational formal series, and the
restriction of such a series to a unary alphabet ¥ = {a} yields, after identification of a" with
n € N, precisely an integer LRS. The Skolem Problem is therefore equivalent to deciding, for a
given unary Z-weighted automaton, whether some word has weight zero.

A natural restriction of the Skolem Problem to a finite range yields the following.

Problem 21 (The Bounded Skolem Problem). Given an LRS w and a positive integer N
(encoded in binary), does there exist n € {0,1,..., N} such that u, = 0%

The Bounded Skolem Problem is of course decidable, since the search space is finite. However,
as N is encoded in binary, a naive term-by-term examination requires exponential time. We shall
return to these matters when we discuss recent complexity results in Section [5.4]

Hardness. On the lower-bound side, the Skolem Problem is known to be NP-hard, by a reduc-
tion due to V. D. Blondel and N. Portier [34] from the (complement of the) universality problem
for unary NFAs (itself coNP-complete, see [119]). The reduction is short and informative; we
sketch its main idea here. Let A be the 0-1 adjacency matrix of a unary NFA (over singleton
alphabet {a}, say), and let & and (3 be the vectors of initial and accepting states, respectively.
For any n € N, the expression o' A3 counts the number of accepting paths of length n from
an initial state to an accepting state, and the word a” is accepted by the NFA precisely if this
number is strictly positive. Thus the NFA fails to be universal if and only if there is some n for
which a" A”3 = 0. The required conclusion immediately follows.

Note that an NFA is not universal if and only if it rejects some word of at most exponential
length, as the determinization procedure via subset construction readily shows. It follows that
the above reduction adapts in a straightforward way to the Bounded Skolem Problem, yielding
NP-hardness for that variant as well. No hardness result stronger than NP-hardness is currently
known for the Skolem Problem.

Alternative proofs of NP-hardness can be found in |4 3]; in particular, [4] establishes NP-
completeness for the Skolem Problem in which all characteristic roots are complex roots of
unity.
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Skolem’s 1934 paper. The Skolem Problem traces back to a 1934 paper of T. Skolem [115],
in which he showed that any non-degenerate integer LRS has only finitely many zeros. Skolem’s
proof introduced what is now known as the p-adic method, the central technique to which we
shall return repeatedly. Skolem himself did not pose the problem of computing the zeros, but
the question is implicit in his work; it was first stated explicitly in print, to the best of our
knowledge, by several authors in the mid-to-late 1970s, such as M. Mignotte [90], A. Salomaa,
and M. Soittola [75], [108], and has been a celebrated open problem ever since. (The name of
C. Pisot is occasionally associated with the Skolem Problem, but despite our best efforts we
have been unable to find reliable sources in the literature concretely linking Pisot to the study
of the Skolem Problem.)

5.2 The Skolem—Mahler—Lech Theorem and Skolem’s p-adic Method

Recall the Skolem-Mahler-Lech Theorem (Theorem [16)): the zero set of an LRS over a field of
characteristic 0 is a union of finitely many full arithmetic progressions together with a finite set.
We now sketch Skolem’s original argument, pertaining to integer LRS.

Proof. Let u be an integer LRS. Write w in matrix form u,, = e{ A"wvg, where A is the companion
matrix of w and vy € Z¢ is the vector of initial terms. Then det(A) = #aq is non-zero.

Let p € N be a prime that does not divide det(A). Then A is invertible modulo p and there
exists a positive integer L such that AY = I mod p, that is, A¥ = I +pB for some integer matrix
B € 74%?. Then, for r € {0,...,L — 1} we have:

ULnir = e] AFTy,
eIAT<AL)n’UO
= el A"(I+pB)"v

n

= Z (Z) pkeIAer’vo.

k=0

Writing ¢, := pkelTAervo, we have that vp(c, ;) > k. Hence the Mahler series expansion

o0
fr(x) = Z Crk <i>

k=0
defines a p-adic analytic function f, : Z, — Z, (see Section . By definition of f, we have
fr(n) =upps, for all n € N. If f,. is identically zero, this accounts for one of the full arithmetic
progressions of zeros. Otherwise, by Strassmann’s Theorem (Theorem E[), we have that f, has
finitely many zeros on Z,. Hence the zero set of our original LRS u consists of finitely many
full arithmetic progressions together with a finite set, as required. ]

Effectivity, and its absence. The proof above is ineffective in a precise sense: while Strass-
mann’s Theorem provides an effective upper bound on the number of zeros of each f, in Z,, it
does not provide any information on where those zeros lie, and in particular, for any of these
zeros, whether it belongs to Z (or N). The state-of-the-art unconditional algorithms to which
we turn shortly sidestep this difficulty by exploiting Baker’s Theorem and a careful case analysis
on the structure of the characteristic roots, but they apply only at low orders.

Effective bounds on the number of zeros. While effective bounds on the magnitude of
the zeros of a non-degenerate LRS remain elusive, effective bounds on their number have been
known for some time. We have already mentioned Theorem [I7], which gives a bound doubly
exponential in d, due ultimately to F. Amoroso and E. Viada [10]. Through the notion of
Universal Skolem Sets (Section [6.4), we shall see how bounds on the number of zeros can be
transformed into bounds on their magnitude under certain arithmetic assumptions.
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The role of characteristic 0. The restriction to characteristic 0 in the Skolem—Mahler—Lech
Theorem is essential: in characteristic p, the zero set of an LRS need not be a union of a finite
set and finitely many arithmetic progressions, as the example following Theorem [16] shows. The
structure of zero sets in positive characteristic is nonetheless well understood, and the Skolem
Problem is decidable in that setting, thanks to an effective structure theorem of H. Derksen [49];
see Section [O

5.3 Decidability at Low Orders and the MSTV Class

We now turn to the unconditional decidability results for the Skolem Problem. Despite very
recent progress, the picture remains rather limited: decidability is known essentially only for
LRS of order at most 4.

Easy cases. For LRS of order 0 or 1, sequences are of the form u, = ¢c\" for some constants
¢, A, and a zero exists if and only if ¢ = 0, in which case the sequence is identically zero. For LRS
of order 2, the hardest subcase involves sequences having closed form w, = c; A} + c2A\y, with
all constants non-zero algebraic numbers. In turn, finding n such that u, = 0 involves solving
the exponential Diophantine equation (A;j/X\2)™ = —ca/c1, an elementary exercise in algebraic
number theory (the procedure can moreover be carried out in polynomial time) [43].

The first substantial results appear at orders 3 and 4, and were established in the mid-1980s
by M. Mignotte, T. N. Shorey, and R. Tijdeman [91] and independently by N. K. Vereshcha-
gin [I125]. Rather than retracing the original case-by-case treatments, we present the underlying
technical result in the form in which it is understood today: as a decidability theorem for a
class of LRS singled out by the structure of their dominant characteristic roots, nowadays called
the MSTYV class [76] after the four aforementioned authors. Our presentation follows the recent
self-contained exposition of Y. Bilu [30], to which we refer the reader for complete proofs.

The MSTYV class. Let u be a non-degenerate LRS with distinct characteristic roots Ay, ..., Am,
and let K be a number field containing all of them. Recall from Section that the places of
K comprise the Archimedean places, arising from the embeddings of K into C, and the non-
Archimedean places, arising from the non-zero prime ideals of O . Generalizing the terminology
of Section , given a place v of K with associated absolute value |-|,, we say that a characteristic
root Aj is v-dominant if |\;|, = max; [Aly.

Definition 22. Let u be a non-degenerate LRS over Q whose characteristic roots lie in the
number field K. We say that u belongs to the MSTV class if at least one of the following two
conditions holds:

1. there exists an Archimedean place v of K such that w has at most three v-dominant
characteristic roots;

2. there exists a non-Archimedean place v of K such that w has at most two v-dominant
characteristic roots.

Since absolute values extend and restrict along field extensions in a manner that preserves
the induced ordering of the |\;|,,, membership in the MSTV class does not depend on the choice
of the number field K. Moreover, when the characteristic polynomial has rational coefficients—
in particular, for LRS over Q—every embedding of K into C permutes the characteristic roots,
and the first condition then simply asks that at most three of the roots be dominant in modulus,
in the sense of Section B.1]

Theorem 23 (MSTV Theorem). Let w be a non-degenerate LRS in the MSTV class. Then
one can effectively compute all zeros of w. In particular, the Skolem Problem is decidable on the
MSTYV class.
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Two remarks are in order. First, the theorem delivers more than a yes/no answer to the
Skolem Problem: it places an effective bound on the magnitude of any zero, whence the full
(finite) zero set can be computed by direct search. Second, the MSTV class contains LRS
of arbitrarily high order, provided their dominant-root structure is sufficiently constrained; the
restriction to low orders in the results below enters only through the task of exhibiting a suitable
place v.

The role of Baker’s Theorem. Let us sketch how the two versions of Baker’s Theorem from
Section [2.2] combine to prove Theorem Fix a place v as in Definition and renumber
the characteristic roots so that |Ai|l, > |A2ly > -+ > |Am|o. The v-dominant roots are then
A, ..., Ak, where k < 3 if v is Archimedean, and k < 2 if v is non-Archimedean. Splitting the
exponential-polynomial representation of w accordingly, write

k m
un = A(n)+B(n),  A(n):=>_ Qj(n)A,  Bn):= Y  Q;(n)AL.
j=1

j=k+1

(Throughout the sketch we tacitly set aside the finitely many indices n at which some Q;(n)
vanishes; these are effectively computable and are checked directly.) The tail B(n) is expo-
nentially smaller than |[A\]": elementary estimates yield effective constants Cj, D such that
|B(n)]y < C1nP |Apy1|? for all n > 2, where |Apy1]v < |A1]o. The entire difficulty is to establish
a matching effective lower bound of the shape

[A(n)|y > M| e € ogm)? 9)

for all sufficiently large n at which A(n) # 0, with the vanishing of A(n) handled separately.
Granted such a bound, we have |A(n)|, > |B(n)|y, and hence u, # 0, for all n beyond an effec-
tively computable threshold V; the finitely many remaining indices n < N are then checked by
direct evaluation. In the vocabulary of Section |4} the bound @, together with the threshold N,
constitutes a separation-bound certificate, of Archimedean or non-Archimedean type according
to the nature of v.

The lower bound (9) is established as follows. When k = 1, the quantity |A(n)|, =
|Q1(n)]y |A1] is bounded below directly: the height of the algebraic number Q;(n) grows only
logarithmically in n, and Liouville’s inequality (bounding a non-zero algebraic number from
below in terms of its height and degree) yields |Q1(n)|, > e~¢1°8™ whenever Q1(n) # 0.

When k = 2, factoring out the first term gives

_Q2(n) N = A2
Q1(n)’ DY

If ap, A" =1 then n h(\) = h(ay,) = O(logn); since A is not a root of unity (by non-degeneracy),
its height is effectively bounded away from zero, and n is effectively bounded. Otherwise,
Baker’s Theorem—in the Archimedean form of Theorem [7] when v is Archimedean, and in the
p-adic form of Theorem |8 when v is non-Archimedean—provides a lower bound |a, A" — 1|, >
e~ Chlan)+D)logn and since h(a,) = O(logn), the bound ([9) follows.

When k = 3—so that v is Archimedean—we may regard K as a subfield of C and drop the
subscript v. Two new issues arise. First, the dominant part A(n) may vanish for certain n even
with all Q;(n) # 0; but any such n is effectively bounded: dividing the equation A(n) = 0 by
its third term and evaluating at a place at which Ay/A3 is strictly small (such a place exists, in
an effective sense, because A2/\3 is not a root of unity), one obtains a two-term expression that
decays exponentially in n at that place, while Baker’s Theorem bounds it below by e Cllog ")2;
comparing the two bounds confines n to an effectively computable range. Second, for the main
lower bound one writes

A = QAL (=), ol i= Gl () =1+ (5

[A()lo = Q)]0 M} [enA™ 1

i where «, :=
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and observes that zo(n) lies on a circle centered at 0 and z;(n) on a circle centered at 1, the
radii of the circles being governed by |Q2(n)/Q1(n)| and |Q3(n)/Q1(n)| respectively. If the two
circles are well separated, then |z1(n) — z9(n)| is trivially bounded below. Otherwise—and this
is a geometric observation going back to F. Beukers and R. Tijdeman [29]—the two points can
be close to one another only when both are close to an intersection point ¢ of the two circles,
and each of the distances |zg(n) — <| and |z1(n) — ¢| is again of the two-term shape |aA™ — 1],
amenable to Baker’s Theorem exactly as in the case k = 2. We refer to [30] for the details.

Low orders lie in the MSTYV class. An LRS with at most three distinct characteristic
roots trivially belongs to the MSTV class. The Skolem Problem is therefore decidable for non-
degenerate LRS of order at most 3 over the algebraic numbers—and hence, via the effective
decomposition of Proposition for arbitrary algebraic LRS of order at most 3.

The case of four distinct characteristic roots is genuinely harder: an LRS may have four
dominant roots at every Archimedean place, ruling out the first condition of Definition 22} so
that one must go looking for a suitable non-Archimedean place. This analysis was carried out
for real-valued algebraic LRS of order at most 4 in the original works of the mid-1980s; the
general complex-algebraic case was settled only recently [I1], by means of the following lemma.

Lemma 24. Every non-degenerate LRS over Q with four distinct characteristic roots—in par-
ticular, every non-degenerate simple algebraic LRS of order 4—belongs to the MSTYV class. Con-
cretely, if A1, A2, A3, Aa € K are such that no quotient X\j/\; (for i # j) is a root of unity, then
there exists a place v of K such that, after renumbering, either

Ao > [A2lo > Ao > |[Mafo with | Ai]y > |A3]e,

or
Ao = [A2lo = [A3lo > |Aafy  with v Archimedean.

Sketch. Suppose, for a contradiction, that no such place exists. Then at every Archimedean
place all four absolute values |\;|,, coincide, while at every non-Archimedean place three of them
coincide and the fourth is no larger. Regard K as a subfield of C, enlarged so as to be closed
under complex conjugation. The Archimedean condition at the distinguished embedding then
reads

MAL = A2d2 = A3dg = Mg

Now let v be any non-Archimedean place, and let v denote its conjugate place, defined by
||z := |Z],. The displayed equation gives |;|, |Ails = [Aj]v [Aj]5 for all 4, j. Combined with the
hypothesis that at v (and likewise at ©) three of the four absolute values coincide and the fourth
is no larger, an elementary case analysis forces all four absolute values to coincide at v. Hence
|Xi/Ajlu =1 for every place v of K, so that each quotient \;/\; has height zero and is therefore
a root of unity, by Kronecker’s theorem (Section —contradicting the hypothesis. O

Combining Lemma [24 with the MSTV Theorem yields the current unconditional state of the
art.

Theorem 25 (Mignotte-Shorey—Tijdeman, Vereshchagin, Bacik). The Skolem Problem is de-
cidable for LRS of order at most 4 over the algebraic numbers; moreover, all zeros of such LRS
can be effectively computed.

Order 5 and beyond. At order 5, decidability of the Skolem Problem remains open, and
the analogue of Lemma [24] for five numbers fails: a non-degenerate LRS of order 5 may have
four dominant characteristic roots at every Archimedean place and three or more at every
non-Archimedean place, thereby escaping the MSTV class. For rational LRS, the outstanding
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hard configuration at order 5 comprises simple LRS whose dominant roots form two complex-
conjugate pairs of equal modulus, together with one further real root of strictly smaller modulus.
(An order-5 LRS with repeated roots has at most four distinct roots, and hence lies in the MSTV
class; a place-hunting argument in the style of Lemma[24] disposes of the configuration in which all
five roots share the same modulus [76].) We shall encounter this configuration again in Section
(in the Turing reduction from Skolem at order 5 to Positivity for simple LRS at order 10) and,
in a closely related order-6 guise, in the hard instance analyzed in Section [8:3] Nevertheless,
recent conditional results, which we discuss in Section [6] do establish decidability for simple
LRS of order 7 or less, but only assuming the Exponential Local-Global Principle [76, ©5], an
unproven yet widely believed classical number-theoretic conjecture. We note in passing that for
reversible LRS—integer LRS whose bi-infinite completion takes only integer values—decidability
at order 7 or less is known unconditionally [76]; the Positivity Problem for this class is studied
in [68].

5.4 Complexity at Low Orders

The decidability results of the preceding subsection rest on effective thresholds N with the
property that any zero of the given LRS w must satisfy n < N. Tracing through the underlying
Baker-type estimates reveals that these thresholds are at most exponential in the bit-size of the
description of u, and hence have polynomial bit-size themselves: this holds for non-degenerate
LRS of order at most 4, and more generally for non-degenerate LRS of any fixed order in
the MSTV class [43| [13]. Deciding the Skolem Problem on these classes therefore reduces, in
polynomial time, to the Bounded Skolem Problem (Problem , and the complexity question
becomes how efficiently one can search the exponentially large range {0,1,..., N} for a zero.

A first answer is implicit in earlier work on the Orbit Problem [43]: the Bounded Skolem
Problem, for arbitrary LRS, lies in NPRP. Indeed, one may guess the index n < N—a poly-
nomial number of bits—and verify the guess by constructing, via iterated matrix squaring in
the companion form of Section [3.2] a polynomial-size arithmetic circuit representing the integer
Uy, whose vanishing is an instance of the problem EqSLP of Section decidable in random-
ized polynomial time [I13]. In particular, the Skolem Problem for LRS of order at most 4 lies
in NPRP. In a similar vein, S. Akshay et al. established an exponential zero bound for LRS
of arbitrary order all of whose characteristic roots are roots of real algebraic numbers, placing
the Skolem Problem for this class in NPRP as well, alongside a matching NP-hardness lower
bound [3].

These upper bounds were recently substantially improved as follows [13].

Theorem 26. For every fired d € N, the Bounded Skolem Problem for LRS of order at most d
lies in coRP. Consequently, the Skolem Problem for LRS of order at most 4 lies in coRP.

The same reasoning places the Skolem Problem in coRP for LRS of any fixed order in the
MSTYV class, as well as for the class of S. Akshay et al. at any fixed order. Moreover, the
corresponding function problem—computing all zeros up to N, output as a finite set together
with finitely many arithmetic progressions—is solvable in polynomial time with an oracle for
EqSLP, and hence in randomized polynomial time. In effect, Theorem [26]shaves a full exponential
off the earlier guess-and-check procedures.

The algorithm. The proof of Theorem follows Skolem’s p-adic method, in the form pre-
sented in Section [5.2] and turns it into an efficient search procedure. Choose a prime p > d + 2
not dividing the coefficient ag of the recurrence ; by the fact that the product of all primes
less than x grows exponentially in x, such a prime exists of magnitude polynomial in the bit-size
of u. As in Section , the LRS splits into polynomially many subsequences (urnr)oc, each
interpolated by a p-adic analytic function f, : Z, — Z,. A subsequence that is identically zero—
a case detected by inspecting d initial terms—contributes a full arithmetic progression of zeros.
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For the remaining subsequences, two further ingredients enter. First, a quantitative refinement
of Skolem’s argument, due to A. J. van der Poorten and H. P. Schlickewei [124], shows that each
such f, has at most d — 1 zeros on the closed unit disc (where zeros are counted in the alge-
braically closed field C,, of Section . Second, by the p-adic Weierstrass Preparation Theorem
(Section , whether a prescribed residue class modulo p/ contains such a zero is governed by
the valuations of finitely many coefficients of a suitably recentered Mahler-series expansion of
fr; these coefficients are in turn computable from d terms of the LRS taken in arithmetic pro-
gression, evaluated modulo a prime power of polynomial bit-size via iterated matrix squaring,
so that the search requires no p-adic arithmetic at all. The algorithm now performs a depth-first
search of the residue classes modulo p’, for successively larger j, retaining those classes that
contain a zero of some f,. At depth 7 = O(log N), each surviving class corresponds to at most
one potential zero of w in {0,1,..., N}, and by the zero-count bound only polynomially many
classes survive; the resulting indices are the candidate zeros of w. Finally, uw has a zero among
the candidates if and only if the product of the corresponding terms vanishes—once again a
polynomial-size arithmetic circuit—which is decided by a single invocation of the randomized
EqSLP test. Randomness therefore enters only in this final step; the search itself is entirely
deterministic.

In Section we shall see these p-adic techniques in action on a concrete order-6 sequence
lying outside the MSTV class: for that sequence the (unbounded) Skolem Problem remains
open, yet zero-freeness throughout {0, 1,...,10%0} can be certified in practice in well under
one minute.

We close with two remarks. First, the running time of the algorithm of Theorem [26] depends
exponentially on the order d, as is to be expected: the NP-hardness reduction of Section
applies equally to the Bounded Skolem Problem, though it requires LRS of unbounded order.
In fact, this exponential dependence only manifests itself through the number of subsequences
L, which is itself bounded above by pd2.

Note also that the theorem imposes no non-degeneracy hypothesis: degenerate LRS are
accommodated because the splitting into subsequences isolates the identically zero ones. Second,
since the sole source of randomness is arithmetic-circuit identity testing, whose derandomization
is a longstanding open problem (Section , an intriguing question is whether the coRP upper
bounds above can be improved to deterministic polynomial time. We return to these complexity
questions, and to the role of the Bounded Skolem Problem as a stepping stone toward decidability
of the full Skolem Problem, in Section

6 The Skolem Problem: Conditional and Alternative Approaches

We now turn to developments of the last decade, which extend the reach of the unconditional
results of Section [p] in two complementary directions. The first is conditional: assuming one or
more classical number-theoretic conjectures—most notably the Exponential Local-Global Prin-
ciple and the p-adic Schanuel Conjecture, and, in more recent work, Cramér-type heuristics on
prime gaps—the Skolem Problem becomes decidable, in particular for the entire class of simple
LRS. The second direction alters the problem itself: one may seek p-adic rather than integer
zeros (the p-adic Skolem Problem), restrict the set of indices at which zeros are sought (Universal
Skolem Sets), or generalize the notion of zero (twisted rational zeros). The Bi-Skolem Problem
(Problem @, introduced in Section |1} plays a central role in the first two subsections.

6.1 The Bi-Skolem Problem and the Exponential Local-Global Principle
Recall the Bi-Skolem Problem (Problem [6): given an LRBS u = (upn)p2 decide whether

n=—o0?’

there exists n € Z with u,, = 0. The Bi-Skolem Problem reduces to the Skolem Problem: u has

a zero if and only if at least one of the one-way infinite sequences (uy)22, and (u_n, )5, both
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of which are LRS, has a zero. Whether there is a reduction in the converse direction is open.
Nevertheless, as we shall see, the Bi-Skolem Problem for simple LRBS is decidable assuming the
conjecture that we now introduce.

Let u be a rational LRBS. Observe that u takes values in the ring Z[1/b] for a suitable
non-zero integer b: indeed, it suffices that Z[1/b] contain the recurrence coefficients ay, . .., aq4_1,
the reciprocal a; ! and the initial values uo, ..., uq4_1, since then running the recurrence (1)
forward and backward stays within Z[1/b]. For any integer m > 2 with ged(b, m) = 1, the LRBS
may therefore be reduced modulo m, and the resulting bi-infinite sequence in Z/mZ is periodic,
the companion matrix being invertible modulo m. In particular, the presence or absence of a
zero in the reduction modulo m is decided by inspecting a single period; and if the reduction is
everywhere non-zero, then certainly u,, # 0 for all n € Z. The following conjecture asserts that,
for simple LRBS, this sufficient condition for zero-freeness is also necessary.

Conjecture 27 (Exponential Local-Global Principle). Let w be a simple rational LRBS taking
values in Z[1/b]. Then w is everywhere non-zero on Z if and only if there exists an integer m > 2
with ged(b,m) = 1 such that w is everywhere non-zero modulo m.

The conjecture was first formulated by T. Skolem in 1937 [I16], in the context of purely
exponential Diophantine equations, and was historically known as the Skolem Conjecture; fol-
lowing [20], we adopt the more descriptive name. (Skolem’s original formulation concerns such
equations in several integer unknowns; Conjecture [27] is its specialization to a single exponent,
which is the case relevant to LRBS.) As noted in Section , the truth of the conjecture immedi-
ately yields a decision procedure for the Bi-Skolem Problem on simple LRBS, by parallel search
for either a zero or a witnessing modulus. On the other hand, it is not known whether the truth
of the conjecture implies decidability of the Skolem Problem itself; as we shall see in the next
subsection, bridging this gap is where the weak p-adic Schanuel Conjecture enters.

The restriction to simple LRBS cannot be dropped, as the following counterexample from [76]
shows.

Example 28. Consider the LRBS u defined by u,19 = 4upt+1 — 4u, with ug = 1, up = 6, so
that u, = (2n+1) 2" with the repeated characteristic root A = 2. Here u takes values in Z[1/2],
so the admissible moduli are the odd integers m > 3. The sequence is everywhere non-zero on Z,
since the polynomial factor 2n + 1 has no integer root. However, for any odd m, the congruence
2n+1 = 0 (mod m) has infinitely many solutions n € Z, and consequently u, = 0 (mod m)
for infinitely many n. Thus no admissible modulus witnesses the zero-freeness of uE|

What is known unconditionally. The Exponential Local-Global Principle has been estab-
lished in the following cases:

e certain families of LRBS of order 3, by A. Schinzel [110, [11T];

e all simple LRBS whose characteristic roots generate a multiplicative group of rank one—in
particular, all simple LRBS of order 2—by B. Bartolomé, Y. Bilu, and F. Luca [20];

e ‘almost all’ instances, in a suitable density-theoretic sense, by C. Bertok and L. Hajdu [27];
an extension to LRBS over number fields appears in [28§].

In full generality the principle remains wide open, and constitutes an important challenge in
number theory.

3For certifying zero-freeness over the domain N (as opposed to Z), any integer modulus m > 2 could in
principle be considered, since u, is always an integer for n € N. Nevertheless, no witnessing modulus exists:
writing m = o - 2, with o odd, we see that there are infinitely many n € N such that u, = 0 (mod m), namely
all those n > ¢ such that 2n + 1 is divisible by o.
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6.2 The p-adic Schanuel Conjecture and Conditional Decidability for Simple
LRS

Granted the Exponential Local-Global Principle, the parallel search described in the preceding
subsection already yields a conditional decidability result, which we record for later use.

Proposition 29. Assume the Exponential Local-Global Principle (Conjecture . Then the
Bi-Skolem Problem is decidable for simple LRBS.

To progress from the Bi-Skolem Problem to the Skolem Problem proper, what is needed
is the ability to compute all the zeros of an LRBS, rather than merely to decide whether one
exists. This is supplied by a second classical conjecture, as shown in [31].

The p-adic Schanuel Conjecture. Schanuel’s classical conjecture, a unifying principle in
transcendence theory, asserts that for any complex numbers ag, ..., as that are linearly inde-
pendent over Q, the field Q(ay, ..., as,e*, ..., e*) has transcendence degree at least s over Q.
We shall require the following p-adic analogue.

Conjecture 30 (p-adic Schanuel Conjecture). Let s > 1, and let t1,...,ts € C, be linearly
independent over Q, with v,(t;) >1/(p—1) for 1 <i <s. Then

trdegg Q(tl, costs expy(ty), .. 7expp(ts)) > s,
where trdegqg denotes transcendence degree over Q.

For the results of this subsection, only the following weaker formulation is required (see [39)
Conjecture 3.10]); Conjecture [30[ will be needed in its full strength in Section

Conjecture 31 (Weak p-adic Schanuel Conjecture). Let ai,...,as € 1+ pZ, be non-zero
algebraic numbers whose logarithms log, a1, ..., log, as are linearly independent over Q. Then
these logarithms are algebraically independent over the algebraic numbers; that is, for every
non-zero polynomial P € Q,[X1,...,X;] whose coefficients are algebraic over Q, it holds that
P(log, a1, ...,log, as) # 0.

In the case where P is linear, the conjecture—the non-vanishing of 8y + f1log, aq + -+ +
Bslog, as for coefficients j3; algebraic over Q and not all zero—is a theorem of A. Brumer [36],
the p-adic analogue of Baker’s Theorem on linear independence of logarithms. The full algebraic-
independence statement, like its Archimedean cousin, appears to lie well beyond the reach of
current transcendence methods.

Computing all zeros. The following result of [3I] supplies the bridge from the Bi-Skolem
Problem to the Skolem Problem.

Theorem 32. Assume the weak p-adic Schanuel Conjecture (Congjecture . Then the set of
zeros of a non-degenerate LRBS can be computed using an oracle for the Bi-Skolem Problem. In
particular, the Skolem Problem is Turing-reducible to the Bi-Skolem Problem.

The procedure behind Theorem [32]is recursive. Given a non-degenerate LRBS u—which we
may assume is not identically zero, this case being trivial to detect—first query the oracle: if
u is zero-free, there is nothing further to do. Otherwise, search systematically until a zero is
found (the search must succeed, given the oracle’s answer), and re-index so that the zero lies at
index 0. The heart of the matter is now to compute a positive integer M such that upzp, # 0
for all n € Z \ {0}. Granted this, the subsequence (upsy,) contains no zero beyond the one
already found, and the remaining subsequences (upsn4r)5% _ o, for 0 < r < M, are again LRBS,
on which the procedure is called recursively. Since each recursive call uncovers a fresh zero of

o0
n=—oo
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u, of which there are only finitely many by the Skolem—Mahler-Lech Theorem, the recursion
terminates.

The integer M is obtained via Skolem’s p-adic method (Section , and it is here that
the weak p-adic Schanuel Conjecture enters. Choose a prime p, not dividing ag, for which all
characteristic roots of w lie in Z,, (infinitely many primes have this property, by the Chebotarev
density theorem), and let L be a positive integer such that A’ = 1 (mod p) for every character-
istic root A. Then ur, = f(n) for a p-adic power series f(X) =35 a; X7 whose coefficients a;
are polynomial expressions, with coefficients algebraic over Q, in the p-adic logarithms log, AL
of a maximal multiplicatively independent subset of the characteristic roots (such a subset, to-
gether with the accompanying multiplicative relations, is computable thanks to a theorem of
D. Masser [88]). These logarithms are linearly independent over Q, so the weak p-adic Schanuel
Conjecture guarantees that each a; vanishes only when the corresponding polynomial expression
vanishes identically. One can therefore identify the first non-zero coefficient aj, and compute
its valuation v := vp(aj,); a short ultrametric argument then shows that M := Lp”*! has the
required property. We refer to [31] for the details.

Combining Proposition 29 with Theorem [32}—and noting that all LRBS arising in the recur-
sion are simple whenever the input is—yields the main conditional result of this section.

Theorem 33. Assume the Exponential Local-Global Principle (Conjecture and the weak p-
adic Schanuel Conjecture (Congjecture . Then the Skolem Problem is decidable for all simple
LRS.

At low orders, the weak p-adic Schanuel Conjecture can moreover be dispensed with: decid-
ability of the Skolem Problem for simple LRS of order at most 5 holds assuming the Exponential
Local-Global Principle alone [76], and likewise at orders 6 and 7 [95].

Two features of the procedure underlying Theorem [33] deserve emphasis. First, the two
conjectures are needed only for termination: whenever the procedure halts, its output is un-
conditionally correct. Second, upon halting, the procedure produces a stand-alone certificate of
that output: a partition of the input LRBS into finitely many subsequences, each containing at
most one zero, in which every zero-free subsequence is accompanied by a witnessing modulus—a
modular invariant in the sense of Section [£.3}—and every subsequence containing a zero is ac-
companied by p-adic data certifying that this zero is unique. The certificate can be checked
independently, without appeal to either conjecture.

The SKOLEM tool. The algorithm underlying Theorem [33}—known as leapfrogging, after the
ever-larger jumps M by which zeros are successively isolated—is implemented in the SKOLEM
tool [31], available online at https://skolem.mpi-sws.org/. Given a simple integer LRS,
the tool computes all zeros of its bi-infinite completion and produces the independent certifi-
cates described above; more recent versions incorporate further algorithms, including a Baker—
Davenport-style procedure and the p-adic algorithm that we discuss in Section In practice,
the tool handles many interesting instances within seconds—including several examples from
the literature to which no previously known technique applied—although random instances of
order 7 and beyond typically remain out of practical reach [31].

6.3 The p-adic Skolem Problem

Recall from the proof of the Skolem—Mahler—Lech Theorem in Section that, given a non-
degenerate integer LRS u and a prime p not dividing the coefficient ag of its recurrence, there
exist a positive integer L and analytic functions f, : Z, — Z,, for 0 < r < L, such that
fr(n) = uppyr for all n € N. A p-adic zero of u is a zero x € Z, of one of the interpolants
fr- Every natural-number zero of u gives rise to a p-adic zero, and Strassmann’s Theorem
shows that a non-degenerate LRS has only finitely many p-adic zeros: this is the ineffective
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finiteness argument at the heart of the Skolem—Mahler—Lech Theorem. Concretely, and without
any p-adic terminology, u has a p-adic zero if and only if there exist natural numbers nq,ns, ...
with u,, = 0 (mod p/) and nj = njy1 (mod p?) for all j—a coherent family of zeros modulo
ever-higher powers of p—and the corresponding p-adic zero arises from a natural-number zero
precisely if the family can be taken eventually constant.

An LRS may well possess p-adic zeros that do not come from natural-number zeros, as the
following example from [12] illustrates.

Example 34. Let u, = 4" + 2 and p = 3, and set n; := (1 + 37)/2. An easy induction shows
that u,, = 0 (mod 37+ for all j, and n; — % in Zs; consequently the interpolant f (here
L = 1) satisfies f(3) = 0. Thus w, which clearly has no natural-number zero, has the 3-adic zero
%. This zero is moreover rational, reflecting the identity 4'/2 4+ 2 = 0 for the choice 41/2 ;= —2
of square root.

In general, the p-adic zeros of an LRS may be natural numbers, rational numbers (in the
sense of the example), or irrational; and, as we discuss below, no effective means is known of
telling these cases apart. The following problem is nonetheless of both theoretical and practical
significance.

Problem 35 (The p-adic Skolem Problem). Given a non-degenerate LRS w and a prime p not
dividing the coefficient ag of its recurrence, decide whether w has a p-adic zero.

The corresponding function problem asks to compute exact representations of all p-adic zeros
of u: each zero is output as a disc in Z, containing that zero and no other, from which it may then
be approximated to any prescribed precision—much as an algebraic number is conventionally
represented by its minimal polynomial together with an isolating approximation (Section .
The following is the main result of [12].

Theorem 36. Assume the p-adic Schanuel Congecture (Conjecture @) Then the p-adic Skolem
Problem is decidable, and exact representations of all p-adic zeros of a given LRS can be com-
puted. As in Section the conjecture is needed only for termination: the output of the algo-
rithms 1s unconditionally correct.

The algorithm searches the residue classes modulo p?, for successively larger 7, in the spirit
of Section A residue class on which an interpolant is non-vanishing modulo p’ is discarded:;
a class on which the hypothesis of Hensel’s Lemma is satisfied is certified to contain exactly
one zero, which Newton iteration then approximates to any desired precision; the remaining
classes are refined further. Throughout, a Newton-polygon count of the zeros in each class (a
generalization of Strassmann’s Theorem) certifies when all zeros have been accounted for. If
every zero encountered is simple, this procedure terminates; the obstruction is zeros of higher
multiplicity, on which the Hensel test can never succeed. To deal with these, the interpolants
are first factored into irreducible exponential polynomials, and the search is conducted on each
irreducible factor separately. The key technical result of [12] is that, assuming the p-adic Schanuel
Conjecture and under suitable hypotheses, all common p-adic zeros of two coprime exponential
polynomials are rational; applied to an irreducible factor and its derivative, this shows that
the multiple zeros of each factor are rational. The algorithm therefore enumerates rational
numbers in parallel with the residue search—guided, in practice, by the p-adic approximations
already computed—and thereby locates every zero. (An in-principle decision procedure for the
p-adic Skolem Problem can also be extracted from Mariaule’s conditional decidability of the
first-order theory of (Zy;+,-,exp,) [86]; the algorithm just described is, by contrast, designed
to be implementable.)

Why does all this not resolve the Skolem Problem itself? Given the exact representation
of a p-adic zero, one can approximate it to arbitrary precision, and thereby certify that it is a
particular natural number when this happens to be the case; but no effective procedure is known

29



that can certify a p-adic zero to be irrational, or even to be a non-integer. Whether the Skolem
Problem reduces to the p-adic Skolem Problem is thus itself an intriguing open question.

The Simultaneous Skolem Problem. The technical result on coprime exponential polyno-
mials has a notable consequence for the following natural variant of the Skolem Problem.

Problem 37 (The Simultaneous Skolem Problem). Given two LRS uw and v, does there exist
n € N such that u, = v, =07

Theorem 38. Assume the p-adic Schanuel Conjecture (Conjecture @) Then the Simultaneous
Skolem Problem 1is decidable for coprime LRS, that is, for pairs of LRS whose exponential-
polynomial representations share no non-trivial common factor [12).

Indeed, a common natural-number zero of w and v is in particular a common p-adic zero
of the associated coprime exponential polynomials, and by the technical result above all such
common zeros are rational. Since the algorithm of Theorem [36] computes exact representations
of the finitely many p-adic zeros of each sequence, the common zeros can be identified exactly—
the accompanying rational search is guaranteed to reach each of them—and then tested for
membership in N.

Unconditional results on the Simultaneous Skolem Problem, in the variant where several
LRS are considered at once, were recently obtained in [I4]: given k linearly independent non-
degenerate algebraic LRS satisfying a common recurrence of order d, the set of common zeros
is computable whenever d — k < 2logsd. The essential observation is that a common zero of
several LRS is a zero of every linear combination of them, and the combination may be chosen
so as to make the resulting LRS as tractable as possible. The same paper establishes a tight
correspondence between the Simultaneous Skolem Problem and the Subspace Orbit Problem, to
which we return in Section [9.2

The function-problem algorithm of Theorem [36] is implemented in the SKOLEM tool, in the
case where all characteristic roots lie in Z, (which, as noted in Section holds for infinitely
many primes). It is this p-adic mode that underlies the practical certifications of zero-freeness
over very large ranges mentioned in Section [5.4} we shall see it in action on a concrete order-
6 instance in Section [8.3] whose sixteen 17-adic zeros are precisely coherent families of zeros
modulo all powers of 17 in the sense described above.

6.4 Universal Skolem Sets

A further approach to the Skolem Problem, initiated in [79], restricts the domain in which zeros
are sought instead of placing structural restrictions on the LRS under consideration.

Definition 39. An infinite, recursive set S C N is a Universal Skolem Set if there is a procedure
that, given an LRS wu, decides whether there exists n € § with u, = 0.

Decidability of the Skolem Problem is thus equivalent to the assertion that N itself is a
Universal Skolem Set, and one may hope to make progress by exhibiting Universal Skolem Sets
of ever-higher density.

The known constructions share, broadly speaking, a common mechanism, which one might
call a transfer principle: for indices n lying in the set S under construction, a hypothetical zero
uy = 0 forces a large number of auxiliary sequences—obtained from w by suitable arithmetic
twists—to vanish at small indices. Effective bounds on the number of zeros of such sequences,
in the vein of Theorem [17] are thereby brought to bear on the magnitude of n: beyond an
effectively computable threshold, a zero of w in & would violate the zero-count bounds. The
Skolem Problem on § consequently reduces to checking finitely many indices. We shall see this
mechanism concretely in the next subsection.
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The known constructions. The original paper [79] exhibited a Universal Skolem Set defined
by a sparse super-exponential recursion: with f(n) := [logn], set sop := 1 and inductively
Sp = nl+ sy, for n > 0; then Sp := {sn : m € N} is a Universal Skolem Set. The construction
has the advantage of being elementary, but the resulting set has density zero.

A subsequent construction [8I] achieved positive lower density, at the price of restricting
universality to simple LRS: the deciding procedure is guaranteed to exist for simple sequences
only. Here the requisite zero-count bounds are drawn from the theory of exponential Diophantine
equations, in the tradition of Evertse’s bounds on the number of solutions of S-unit equations,
combined with sieve methods.

Both limitations were overcome in [78], which constructs a single Universal Skolem Set Sy,
valid for arbitrary LRS, whose lower density exceeds 0.29 unconditionally; moreover, subject to
the Bateman—-Horn Conjecture in number theory, the very same set S; has density one. The
Bateman—Horn Conjecture predicts the asymptotic frequency at which a finite family of irre-
ducible integer polynomials (satisfying the evident necessary conditions) simultaneously assumes
prime values; it subsumes, for example, a quantitative form of the twin prime conjecture. Its
role in 78] is to furnish an abundance of primes of the particular shape required by the transfer
mechanism.

A Universal Skolem Set of density one does in fact exist unconditionally: this emerges from
the analysis of large zeros of LRS presented in the next subsection. The unconditional construc-
tion is, however, of a rather different nature: the set in question is defined by direct reference
to the zeros of LRS themselves, whereas &7 is defined by intrinsic arithmetic conditions, making
the latter construction both more demanding and arguably more informative. In particular,
the unconditional result complements, rather than supersedes, the Bateman—Horn-conditional
statement above: it does not remove the need for the conjecture in establishing that S; itself
has density one. We note finally that Universal Skolem Sets are closed under finite unions and
under shifts; a diverse supply of such sets is therefore of independent value, since one might
hope to establish that N is a Universal Skolem Set by expressing it as a finite union of (possibly
shifted) Universal Skolem Sets.

6.5 Large Zeros and the Cramér Heuristic

The developments of this subsection, drawn from [83] (which improves upon the earlier pa-
per [82]), revolve around the following question: how large can the zeros of an LRS be, measured
against the size of the data defining the sequence? For an integer LRS w of order d, define its
height H, to be the maximum of d and the absolute values of the recurrence coefficients and
initial terms (note that this measures the magnitude of the data, rather than its bit-size). Call
a zero u, = 0 of a non-degenerate LRS of sufficiently large height a large zero if

n > expexp(lO Hy,log Hu) (10)

Plainly, if one could show that large zeros do not exist, then every zero would admit a doubly
exponential bound in the height, and decidability of the Skolem Problem would follow by direct
search. No such proof is currently in sight; but there are good heuristic grounds—and, as we shall
see, unconditional density results—supporting the view that large zeros should not exist. Indeed,
no family of non-degenerate LRS is known whose largest zeros grow even singly exponentially
in the height.

Good primes. The engine of the analysis is a Frobenius-twisting argument, in the spirit
of the transfer principle of the preceding subsection. Suppose u, = 0, and write n = P +
m where P is a prime not much smaller than n and m is (comparatively) small. Reducing
the exponential-polynomial expression for u, modulo a prime ideal above P, the Frobenius
automorphism transforms the relation u,, = 0 into the assertion that P divides the norm of a
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twisted version of the expression, evaluated at the small index m: the characteristic roots are
permuted, and the exponent n is replaced by m. Call the prime P bad if it divides such a
norm for a non-zero twisted expression; in [83] it is shown, by counting considerations, that the
bad primes form a very sparse set (of counting function O(X?/3)), so that the remaining good
primes have density one among all primes. For a good prime P, the twisted expression must
actually vanish at m; and the number of zeros of each twisted sequence is controlled, via the
Amoroso—Viada bounds underlying Theorem [I7}, by a quantity doubly exponential in H,,. Since
distinct primes P with n = P + m yield distinct indices m, the upshot is that an interval of
length roughly n'/4 below a large zero n can contain at most doubly exponentially many (in Hy,)
good primes—an extreme scarcity, given that good primes have density one among all primes.

Conditional decidability. The classical Cramér—Granville Conjecture asserts that gaps be-
tween consecutive primes satisfy pjy1 —p; = O((log pj)Z); it is motivated by the probabilistic
model, going back to H. Cramér, in which the primes behave like a random set of integers of
density prescribed by the prime number theorem, and it is supported by extensive computational
evidence (though the best unconditional upper bound on prime gaps, O(p?‘525), is very far from
it). Since good primes have density one among all primes, it is natural to posit the same gap
bound for consecutive good primes; this is the strengthened form of the conjecture introduced
in [83]. Granted it, every interval of length n'/* below n contains on the order of n'/*/(logn)?
good primes—overwhelmingly more than the doubly exponential ceiling just described—and
large zeros therefore cannot exist.

Theorem 40. Assume the strengthened Cramér—Granville Conjecture of [83]. Then large zeros
do not exist: for every non-degenerate LRS w of sufficiently large height, every zero satisfies
n < exp exp(10 Hy, log Hy,). Consequently, the Skolem Problem is decidable.

We note that the decidability conclusion is non-constructive in one mild respect: there are
only finitely many LRS of height below the (unknown) absolute constant implicit in “sufficiently
large”, so some correct decision procedure for these instances exists, although the argument does
not exhibit one. In any event, the doubly exponential magnitudes involved place the resulting
algorithm well beyond practical use; the significance of Theorem is conceptual, tying the
Skolem Problem to a well-established heuristic model of the primes.

Unconditional consequences. Remarkably, the same machinery yields unconditional re-
sults. Consider the set

L= {n € N : some non-degenerate LRS u has a large zero at n},

the set of natural numbers that arise as large zeros at all. Using a result of C. Jia on primes in
short intervals in place of the conjectured gap bounds, the following is established in [83].

Theorem 41. The set L has density zero; in fact, its counting function satisfies #(Cﬂ[l, X]) =
O(X/(log X)B) for every constant B > 0.

Corollary 42. The set S := N\ L is a Universal Skolem Set of density one.

Indeed, S is recursive; it has density one by Theorem and it is universal because, by
construction, the zeros in S of any non-degenerate LRS are bounded by the doubly exponential
threshold , and may therefore be found by direct search. What remains open, of course, is
whether one can take S = N itself—that is, the Skolem Problem.
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6.6 Twisted Rational Zeros

Our final topic on the Skolem side generalizes the very notion of a zero and, in doing so, ex-
plains the rational p-adic zeros encountered in Section [6.3] The starting point is a phenomenon
concerning p-adic valuations of LRS, first observed by D. Marques and T. Lengyel for the Tri-
bonacci sequence [87], defined by the recurrence Ty 43 = Tpy2 + Tny1 + T, with Ty = 0 and
Ty = T5 = 1, and regarded here as an LRBS: on suitable residue classes, the 2-adic valuation
va(T),) is given by an explicit formula, either constant or of the shape va(n —a)+ ¢ for a constant
¢, with a € {0, —1,—4, —17}—and these four numbers are precisely the zeros of the bi-infinite
Tribonacci sequence. This is no accident: every zero a of an LRBS gives rise, for all but finitely
many primes p, to a formula of this shape, valid on a suitable residue class [33].

Such valuation formulas were studied systematically, for arbitrary primes p, in [32], whose
main result is an algorithm that determines, for any given p, whether formulas of this kind exist
for the Tribonacci sequence, and computes them when they do. More surprising is that such
p-adic valuation formulas may also be centered at points where the sequence does not vanish.
For instance, the LRBS w,, = 2" +1 has no zero whatsoever, yet for every prime p = £3 (mod 8)
the valuation v,(u,) obeys a formula of the above shape centered at a = 0, on a suitable residue
class. The explanation is that 0 is a ‘hidden’ zero of the sequence: one has 1-2° + (—1)-1% = 0,
that is, the exponential-polynomial expression for u,, vanishes at n = 0 once its terms are twisted
by suitable roots of unity.

These observations are captured by the following definitions from [33]. Let w be an LRBS
with exponential-polynomial representation u, = Z’]n:l Qj(n) Aj'. A rational number a = c/bis
a rational zero of u if

Qi(@)Af+ -+ Qula) AL = 0

for some choice of the b-th roots )\]‘-1 = 1’)/)\jc, and a twisted rational zero if, moreover, each term

may first be multiplied by an arbitrary root of unity &;. Integer zeros are twisted rational zeros
with trivial twists, and we have already met a genuinely rational zero in Example there
a = % and u, = 4" + 2, with the requisite choice of square root being 41/2 := —2—a twist of
V4 = 2 by the root of unity —1.

The connection with p-adic zeros runs as follows: if, for some prime p outside a finite set
determined by the recurrence, the p-adic valuation v, (uy, ) grows unboundedly along a sequence
of integers n; converging p-adically to a rational number a, then a must be a twisted rational
zero of u [33]. (In the language of Section this hypothesis is what a coherent family of
zeros modulo increasing powers of p, converging to a rational point, provides.) Twisted rational
zeros thus account for the rational points at which an LRS can become p-adically small without
vanishing, and identifying a rational p-adic zero as a twisted rational zero separates the proper
zeros of the sequence from the spurious ones.

The principal result of [33] extends the Skolem—Mahler—Lech Theorem to this generalized
notion of zero.

Theorem 43. A non-degenerate LRS over a field of characteristic 0 admits at most finitely
many twisted rational zeros.

The proof is a variation of an argument of M. Laurent: one first bounds the denominators
of all twisted rational zeros—effectively so, when the LRS is defined over a number field—after
which the statement reduces to the classical Skolem—Mahler—Lech Theorem together with known
results on equations in roots of unity. Exactly as with the Skolem—Mahler—Lech Theorem itself,
the finiteness is ineffective in the numerators: computing the full set of twisted rational zeros is
not known to be possible in general, although, as with Skolem—Mahler—Lech, it can be carried
out in many special cases. For the Tribonacci sequence, the twisted rational zeros are shown
in [33] to be exactly

0, -1, -4, -17, %, -

wlot
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The first four are the integer zeros of the bi-infinite Tribonacci sequence, while the two genuinely
rational values manifest themselves p-adically: for infinitely many primes p, one has v,(T},) >
vp(n — 1) on a suitable residue class, and likewise for —3 [32].

7 'The Positivity and Ultimate Positivity Problems

We now turn to the Positivity and Ultimate Positivity Problems. The flavor of this part of the
survey differs markedly from that of Sections [5] and [6} the modular and p-adic certificates that
drive much of the contemporary work on the Skolem Problem are of no use for Positivity—
neither modular reduction nor p-adic absolute values are compatible with the ordering of the
reals—and no analogue of the Universal-Skolem-Set program has been developed. What remains,
in the vocabulary of Section 4] are Archimedean separation bounds, which must now control
signs rather than mere magnitudes, and semialgebraic invariants. Decidability is accordingly
known only at low orders and for special classes; moreover, as we shall see, at order 6 both the
Positivity and the Ultimate Positivity Problems run into concrete obstructions from Diophantine
approximation.

7.1 Statements and Basic Facts

We restate the two problems from Section [I] for convenience; recall that, throughout, ‘positivity’
means non-negativity.

Problem 44 (The Positivity Problem). Given an LRS u over Q, decide whether u, > 0 for all
n € N.

Problem 45 (The Ultimate Positivity Problem). Given an LRS uw over Q, decide whether there
exists N € N such that u, >0 for alln > N.

A classical framing, originating in the formal-power-series literature [I08], [107], groups these
together with the problems of Section [5] into four basic decision problems for a given LRS: does
uy, = 0 hold for some n (the Skolem Problem)? for infinitely many n? does u, > 0 hold for all
n (Positivity)? for all but finitely many n (Ultimate Positivity)? The second of these questions,
in contrast to the other three, has long been known to be decidable [25].

Theorem 46 (Berstel-Mignotte). There is an effective procedure that, given an LRS u over Q,
decides whether w has infinitely many zeros.

Indeed, by the Skolem—Mahler-Lech Theorem, u has infinitely many zeros if and only if
some subsequence in its effective non-degenerate decomposition (Proposition is identically
zero, a condition that is checked by inspecting finitely many initial terms.

As shown in Section [I], decidability of Positivity entails decidability of the Skolem Problem,
via the Hadamard-square construction, with at most a quadratic increase in order (but no such
reduction is known to the Ultimate Positivity Problem). A more careful accounting of orders in
reductions of this kind underlies the Turing reduction, presented in Section of the Skolem
Problem at order 5 to Positivity for simple LRS of order 10. We also recall from Section
that the positivity set {n € N: u,, > 0} of any LRS has a well-defined natural density, which is
computable to arbitrary precision [22, [67]; but this offers no purchase on the Positivity Problems
themselves, which turn on sign violations that may be far too sparse for any density to detect.

A further basic fact, established in [63], is that the Positivity Problem over the real algebraic
numbers is no harder than over the integers.

Theorem 47. The Positivity Problem for LRS over R N Q Turing-reduces to the Positivity
Problem for integer LRS. Moreover, the reduction preserves simplicity: for simple real algebraic
LRS, an oracle for Positivity of simple integer LRS suffices.
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Unlike the norm construction of Proposition 20 which preserves zero sets outright, the
reduction here is a genuine Turing reduction: the oracle is invoked on auxiliary integer LRS
assembled from effective rational LRS approximations of the algebraic data, and the order of
these auxiliary sequences is, in general, exponential in the order of the input and the degree of
its field of definition.

As for lower bounds, both Positivity and Ultimate Positivity are coNP-hard: the LRS arising
in the NP-hardness construction for the Skolem Problem (Section are periodic, and on
periodic sequences positivity and ultimate positivity coincide, so that the Hadamard-square
reduction applies to both problems alike [99].

7.2 Decidability at Low Orders

The unconditional state of the art at low orders is the following [99], extending earlier results at
orders up to 3: Ultimate Positivity was settled at order 2 by J. R. Burke and W. A. Webb [37],
and for order-3 LRS with repeated roots by K. Nagasaka and J.-S. Shiue [93], while Positivity was
settled at order 2 by V. Halava, T. Harju, and M. Hirvensalo [57] and at order 3 by V. Laohakosol
and P. Tangsupphathawat [72].

Theorem 48. The Positivity and Ultimate Positivity Problems are decidable for LRS of order at
most 5. Moreover, Ultimate Positivity at order at most 5 is decidable in polynomial time, while

Positivity at order at most 5 lies in coNPPOsSYP o class contained in the Counting Hierarchy,
which in turn sits within PSPACE.

The analysis begins with a classical observation (see, e.g., [22]).

Proposition 49. A non-zero LRS with no positive real dominant characteristic root has in-
finitely many negative terms (as well as infinitely many positive ones).

Proposition [49] disposes at once of every configuration lacking a positive real dominant root:
such an LRS is neither positive nor ultimately positive. In particular, the configuration of four
dominant complex roots together with a real root of smaller modulus—the outstanding hard
case for the Skolem Problem at order 5 (Section —is trivial for Positivity. In the remaining
configurations there is a positive real dominant root p; since non-degeneracy rules out —p being
a root as well, the dominant roots consist of p together with some number of complex-conjugate
pairs, so that their count is odd: 1, 3, or 5 at order at most 5.

Normalizing, write

g = A+ (G + TR + (o), (1)

where the \; are the quotients by p of the dominant complex roots—algebraic numbers of
modulus 1 which, by non-degeneracy, are not roots of unity—and r(n), the contribution of the
non-dominant roots, decays exponentially. Repeated dominant roots make A(n) or the Cj;(n)
non-constant polynomials, but at order at most 5 such configurations either resolve immediately
or reduce to the constant-coefficient analysis: a non-constant leading term in A(n) forces the
asymptotic sign, while a non-constant C;(n) produces oscillations of linearly growing amplitude
that preclude positivity outright. The delicate cases thus have constant coefficients, and we
illustrate two of them.

The Baker case: three dominant roots. Suppose the dominant roots are p and the complex
pair pA1, pA1. Writing A(n) = ¢, C1(n) = ¢1 = |c1| €% and A\ = e?  BEquation becomes

Un — 4 2)er| cos(n + @) + r(n).

n
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If ¢ > 2|cq|, then uw is non-negative from an effectively computable index onward. If ¢ < 2|¢;]
then, as # is not a rational multiple of 7, the sequence (nf mod 27) equidistributes, the cosine
term drops below —c/(2]|c;|) infinitely often, and w is neither positive nor ultimately positive. In
the critical case ¢ = 2|c1|, everything hinges on how fast cos(nf + ¢) can approach —1, that is,
on how well n6 + ¢ can approximate odd integer multiples of 7. Baker’s Theorem (in the sharp
form of A. Baker and G. Wiistholz) supplies the answer: the distance in question is bounded
below by an inverse polynomial in n, whence ¢ + 2|c1| cos(nf + ¢) is likewise bounded below by
an inverse polynomial in n. Since |r(n)| decays exponentially, we conclude that u, > 0 beyond
an effectively computable threshold N, and it remains to examine the initial segment ug, ..., un.

The torus case: five dominant roots. At order 5 with five dominant roots there are no
non-dominant roots at all, so that r(n) vanishes identically and

L=t M HTM M B " = e+ h(A A

for an explicit real-valued function h of two unimodular arguments. The multiplicative relations
holding between A; and Ay can be computed, by a theorem of D. Masser [88]; they carve
out a subgroup T of the torus of unimodular pairs, and Kronecker’s theorem on simultaneous
Diophantine approximation guarantees that the orbit (A", AJ"))>2 is dense in T'. Consequently
u is positive if and only if it is ultimately positive, if and only if ¢ + A > 0 holds throughout
T'; and this last assertion can be rephrased as a sentence of the first-order theory of the reals
in a fixed number of variables, decidable in polynomial time by Renegar’s quantifier-elimination
procedure [105].

Complexity. The remaining configurations are handled by variations on these themes, and the
complexity claims of Theorem [48|can now be explained. For Ultimate Positivity, all the requisite
computations—bases of multiplicative relations, Renegar sentences, Baker-type thresholds—can
be carried out in polynomial time. For Positivity, one first decides Ultimate Positivity; in the
affirmative case, the analysis moreover yields an effective threshold N, of magnitude at most
exponential in the bit-size of w, beyond which all terms are non-negative. Failure of Positivity
is then equivalent to the existence of an index n < N with u, < 0: such an n has polynomially
many bits and can be guessed, and the sign of u,, can be tested by encoding u,,—via the matrix
form of Section and iterated squaring—as an arithmetic circuit, that is, as an instance of
the problem PosSLP of Section This places the complement of Positivity in NPP*S'P: since
PosSLP lies in the Counting Hierarchy [8], so does Positivity, and the Counting Hierarchy is
itself contained in polynomial space.

The order-6 wall. At order 6 a new configuration appears, in which A(n) and C1(n) in
are both non-constant (linear) polynomials—as happens when the characteristic roots are a real
number and a complex-conjugate pair, all of the same modulus and each of multiplicity two.
Here the interplay between the two growing terms defeats the analysis above, and this is no
shortcoming of the method: as we shall see in Section [7.4] precisely such sequences witness that
deciding Positivity or Ultimate Positivity at order 6 would resolve longstanding open problems
in Diophantine approximation.

7.3 The Simple Case
For simple LRS, the state of the art reaches considerably further [98], 100].

Theorem 50. The Positivity Problem is decidable for simple LRS of order at most 9, with
complexity in coNPPosSYP s in Theorem @ The Ultimate Positivity Problem is decidable for
simple LRS of arbitrary order, in polynomial space, and in polynomial time for each fized order.
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The contrast between the two halves of the theorem is striking: Ultimate Positivity is settled
unconditionally at all orders, whereas Positivity proper remains open beyond order 9. As we now
explain, the two results rest on different number-theoretic inputs, and the divergence between
them is no accident.

Ultimate Positivity at all orders. Let w be a simple non-degenerate LRS. By Proposi-
tion 49| we may assume a positive real dominant root p, and normalizing as in we write

Un

= + h(AL, .. M) + r(n),

where—simplicity being the crucial point—all coeflicients are constants: h is an explicit real-
valued linear function of k£ unimodular arguments and their conjugates, and r(n) decays ex-
ponentially. As in the torus case of Section one computes, via Masser’s theorem [8§],
the multiplicative relations holding among A1, ..., \; (equivalently, the integer linear relations
among their arguments 6,...,60; and 27); these determine a subtorus 7" in which the orbit
(AT A0, is dense, by Kronecker’s theorem. Renegar’s procedure then determines which
of three situations arises. If ¢+ h > 0 throughout 7" then, 7" being compact, u, /p" is eventually
bounded away from zero from below, and u is ultimately positive. If ¢4+ h < 0 somewhere on T
then, by density, u, < 0 infinitely often, and w is not ultimately positive. The delicate case is
that in which miny (¢ + h) = 0. Then the dominant part

Wy = pn(c+h()\{la 7>\l:;l))

is a simple LRS taking only non-negative values, and the question is whether it eventually
dominates the exponentially smaller tail p™ r(n). Here a growth theorem of J.-H. Evertse and of
A. J. van der Poorten and H. P. Schlickewei [53] [123] comes to the rescue: if w is non-zero then,
for any o smaller than the spectral radius p of w, one has |w,| > " for all sufficiently large
n. Choosing o strictly between the moduli of the non-dominant roots of u and p, the dominant
part eventually outstrips the tail, and w is again ultimately positive. (If instead w is identically
zero, then u coincides with its non-dominant part, and one recurses at lower order.)

Effective versus ineffective. The procedure just described is genuinely non-constructive.
The growth theorem guarantees that w, eventually dominates the tail, but its known proofs
rest on the Subspace Theorem (in Schlickewei’s p-adic form), which is ineffective: no bound is
provided on the index from which the domination—and hence ultimate positivity—takes hold.
This is not a removable blemish. For simple LRS of any fixed order, the ability to compute
such threshold indices would immediately decide Positivity as well, since it would remain only
to check the sign of an initial segment directly; and decidability of Positivity for simple LRS
would, in view of the reductions presented in the next subsection, resolve the Skolem Problem at
order 5. By contrast, the order-9 Positivity result of [98] runs on effective Diophantine bounds
furnished by Baker’s Theorem, deployed much as in Section [7.2} but the analytic and geometric
arguments that bring Baker’s Theorem to bear are confined to low orders, and do not extend
beyond order 9. The two halves of Theorem [50]thus embody an instructive trade-off: the effective
tools reach only low orders, while the tools that reach all orders are ineffective.

On the lower-bound side, both problems for simple LRS admit a polynomial-time reduction
from VR, the decision problem for the universal theory of the reals [I00]. The latter is coNP-hard
and contained in PSPACE, so that Ultimate Positivity for simple LRS is pinned between VR and
PSPACE.

7.4 Diophantine Hardness

Why does decidability stall at order 67 The results of this subsection, established in [99], show
that the obstruction is not a want of ingenuity: deciding Positivity or Ultimate Positivity at or-
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der 6 would carry substantial consequences in the Diophantine approximation of transcendental
numbers.

Two classical quantities measure how well a real number x can be approximated by rationals.
The Lagrange constant Loo(x) is the infimum of all ¢ > 0 such that

n c
-Gl <

m m
admits infinitely many solutions (n,m) € Z x N; the (homogeneous) approximation type L(x),
in the terminology of J. C. Lagarias and J. O. Shallit [70], is the infimum of all ¢ > 0 for
which the same inequality admits at least one solution. Almost every real number has Lo (x) =
L(z) = 0, by a classical result of A. Ya. Khinchin, but the numbers with L. (x) > 0—the badly
approzimable numbers—form an uncountable class; Hurwitz’s theorem gives Loo(z) < 1/4/5
for every irrational x, with equality at the golden ratio, and a theorem of A. Markov places
Lo (z) € [0,1/3] for every transcendental x. Determining these constants for specific numbers
of interest is notoriously difficult: it is, for instance, a longstanding open problem whether Lo (7)
equals 0, or 1/3, or lies somewhere in between.

Now let ( )
arg(p + qi
T = {27r i pgeQ P+t =1, pq#O},
a countable dense subset of (—%, %) consisting exclusively of transcendental numbers: each

element of T is the ratio of the logarithm of an algebraic number to 27i, and its transcendence
follows from the Gelfond—Schneider theorem. The Lagrange constants and approximation types
of the members of T are not currently known, and determining (or even approximating) these
values for any particular ¢ € 7 is considered to be out of reach.

Theorem 51.

1. If the Ultimate Positivity Problem is decidable for integer LRS of order 6, then the Lagrange
constant Loo(t) is computable for everyt € T.

2. If the Positivity Problem is decidable for integer LRS of order 6, then the approzimation
type L(t) is computable for everyt € T.

Here uniform computability means that there is a single algorithm that, given the rational
point p + gi determining ¢ € T together with a rational € > 0, outputs a rational number
within € of the constant in question. The uniformity is an essential part of the statement: were
the constants in question all, say, algebraic, then each would be computable individually—by
an algorithm with the answer hard-wired—and the non-uniform statement would hold vacu-
ously, regardless of the decidability hypothesis. Partial converses also hold, so that at order 6
even proofs of undecidability would have substantial Diophantine consequences; and analogous
hardness results can be formulated in terms of inhomogeneous Diophantine approximation [99].

The sequences witnessing Theorem [51] are strikingly simple to describe. Given t = 6/27 € T
and a positive rational r, consider

un, = rsin(nf) —n(1 — cos(nd)), v, = —rsin(nf) — n(1 — cos(nd)).

These are rational LRS of order 6, with characteristic roots 1, €, and e, each of multi-
plicity two—the very configuration identified in Section [7.2] as the order-6 wall. The quantity
max (Up, vp) = 7 |sin(nh)| — n(1 — cos(nh)) is positive precisely when né lies exceptionally close
to a multiple of 2r—at distance roughly 2r/n—and a short calculation shows that (—u,) and
(—vy,) are both ultimately positive or not according to whether r/m lies below or above Lo (t).
Querying an Ultimate Positivity oracle for varying rational r therefore computes Lo (t) to any
desired precision; the argument for the approximation type, using a Positivity oracle on suffixes
of the same sequences, is similar. The witnessing sequences are non-simple, as indeed they must
be: simple LRS of order 6 fall within the scope of Theorem [50
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Simple LRS at order 10. For simple LRS, no Diophantine-hardness reduction of the above
kind is known. What is known is that the techniques underlying Theorem break down at
order 10, and that one can exhibit concrete simple LRS of order 10 whose positivity no current
technique appears able to settle; we present such a hard instance in Section [8:4 There is,
moreover, the following reduction, showing that decidability of Positivity for simple LRS of
order 10 would resolve the outstanding case of the Skolem Problem at order 5.

Theorem 52. The Skolem Problem for LRS of order at most 5 Turing-reduces to the Positivity
Problem for simple LRS of order 10 [95)].

The reduction appears in the thesis [95]; an observation to similar effect, with order 10
replaced by 14, was already made in [98]. It runs as follows. By the analysis of Section
the outstanding case of the Skolem Problem at order 5 concerns simple integer LRS of the
form u,, = wy, + br™, where the dominant part w,, comprises the contributions of two complex-
conjugate pairs of roots of common modulus p, and r is real with |r| < p. Fix a rational s with
r? < s < p?, and consider the sequence (w? — s™M> 4 a simple LRS of order 10, ultimately
positive by the growth theorem of the preceding subsection. Its threshold—an index N beyond
which w? > s", whose existence the growth theorem guarantees only ineffectively—can now
be computed, by querying the Positivity oracle on the successive suffixes (w? i sHi)ee o for
j=0,1,2,... until the answer is affirmative. Beyond N (and beyond a further, easily computed
index) we then have w2 > s" > b?r?" whence u, # 0; the finitely many remaining indices are
checked directly, and the Skolem Problem for w is thereby decided.

More generally, a Positivity oracle for simple LRS renders the ineffective growth theorem
of Section fully effective [63]. It is this effectivization that drives the algebraic-to-integer
reduction of Theorem [A7}—which, we note, also disposes of any ambiguity in the field of definition
of the oracle in Theorem [52}—as well as the model-checking applications to which we return
briefly in Section [9]

8 Worked Examples

We close the technical body of the survey with four worked examples, intended to illustrate the
abstract material above on concrete sequences. The first two are pedagogical: the Fibonacci
sequence, on which separation bounds and algebraic invariants can both be illustrated in minia-
ture; and a small order-3 example on which Baker’s Theorem, modular arguments, and p-adic
techniques are all brought to bear. The remaining two are at the contemporary frontier: an
order-6 sequence for which the Skolem Problem is currently open in spite of substantial com-
putational evidence of zero-freeness, and an order-10 simple sequence for which the Positivity
Problem is currently open and which falls outside the reach of every certificate class identified
in Section [

8.1 Fibonacci, Revisited

We begin with the Fibonacci sequence f = (0,1,1,2,3,5,8,13,21,...), satisfying fr 12 = fnr1+
fn with fo = 0 and f; = 1. Its characteristic polynomial 22 — 2 — 1 has roots ¢ = (1 4+ +/5)/2
and ¢ = (1 —+/5)/2, and its closed form is

1, 1 _,
The Fibonacci sequence is non-degenerate—the quotient /% = —? has modulus greater than 1,
and is therefore not a root of unity—and admits the unique zero fy = 0. The Skolem Problem
for f is therefore settled by inspection.
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Nevertheless, we can use this trivial-looking example to illustrate some of the key techniques
that play a role in higher-order cases. The Archimedean separation bound for |f,| is elementary:
since ™ > 1 > |p|™ for all n > 1, we have

" = |p|"
V5

which is a separation-bound certificate of zero-freeness on the tail {1,2,3,...}. The bound
is entirely straightforward; however, once the order grows and the dominant-root structure
becomes more complex, such elementary estimates give way to the machinery of Baker’s Theorem

(Section [4.2).

We also remark that the bi-infinite completion of f,

|ful >

>0 (n>1),

(...,5,-3,2,-1,1,0,1,1,2,3,5,...),

contains the unique zero fy = 0, and any modular reduction f,, mod m is purely periodic (and
hence contains infinitely many zeros). As we remarked in Section [l however, the shifted Fi-
bonacci sequence (1,1,2,3,5,8,...) provides the quintessential example of an LRS for which a
modular argument fails to certify zero-freeness, despite the LRS having no zero on N: every
modular reduction contains the ghost of fy = 0.

The Fibonacci dynamical system and an algebraic invariant. In the matrix formulation

10
the initial vector vg = (1,0)": the resulting orbit consists of the pairs (f,, 11, fn) of consecutive
Fibonacci numbers. Consider now the plane algebraic curve

. . . . . . . . 11
of Section the Fibonacci sequence arises by iterating the companion matrix A := < > on

I: (@ —ay—y’ =1)@" —ay—y*+1) = 0,

or, in expanded form, z* + y* — 223y — 2%y? + 22y> — 1 = 0: thus I is the union of the two
hyperbolas 22 — zy — y?> = +1, depicted in Figure |1l It is readily verified that the substitution
(x,) — (z +y, z) takes the polynomial 22 — zy — 32 to —(2? — zy — y?), so that A maps each
of the two hyperbolas onto the other; in particular, I is invariant under A, and since the initial
point (1,0) lies on I, the entire orbit remains on I, alternating between the two hyperbolas
(this is, in essence, Cassini’s identity). We shall not explain here how I was obtained, nor prove
that it is as small as possible; let us however recall from Section [£.4] that strongest algebraic
invariants of linear dynamical systems are computable [60].

Imagine now that one wished to establish that the orbit never hits some given algebraic
set T C R2. On the one hand, this is an instance of the Skolem Problem—of potentially
higher order—since membership in T' can be encoded as the vanishing of a single polynomial,
which, evaluated along the orbit, yields an LRS [80]; it is equally the most basic instance of the
reachability and model-checking problems for linear dynamical systems, to which we return in
Section[d] If now T happens to be disjoint from /—a condition that can be mechanically decided
by quantifier elimination over the reals—then the invariant I, together with the two verifications
of the preceding paragraph, constitutes a certificate of non-reachability: that is, a certificate of
zero-freeness for the corresponding Skolem instance. Likewise, if 7' is a semialgebraic (rather
than algebraic) set, then, the matrix A being diagonalizable, non-reachability reduces to finitely
many instances of the Positivity Problem [63]; and disjointness of T" from I, again a decidable
condition, once more furnishes a certificate.

8.2 An Order-3 Example: Baker at Work

For our second example, let u be the LRS defined by the exponential-polynomial formula

Up = 25(4 + 30)" + 25(4 — 3i)" — 24 - 3"
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Figure 1: The orbit of (1,0) under the Fibonacci companion matrix A (blue points: pairs of
consecutive Fibonacci numbers) remains on the algebraic invariant I, the union of two hyperbolas
that A maps onto one another.

Then w has three characteristic roots, 4 + 3i, 4 — 3¢, and 3. They are all simple, and so
u is simple. Moreover, one can verify that w is non-degenerate. The initial terms of w are
(ug,u1,u2) = (26,128,134), and u obeys the linear recurrence

Up+3 = 11upto — 49Up41 + 7Huy,.

Let us try to solve the Skolem Problem for w using a few different techniques. At the end, we
also use u to highlight some aspects of the Positivity Problem.

Using Baker’s Theorem. As |4+ 3i| = |4—3i| =5 is larger than the third characteristic root
3, we have that 4 + 37 and 4 — 3¢ are dominant roots while 3 is a non-dominant root. Assume
that n € N satisfies u,, = 0, i.e., that 25(4 4 3i)™ + 25(4 — 3i)™ = 24 - 3". Dividing both sides by
|25(4 — 3i)"| yields the equality

. n n
(e
4—3i 25 \5
which we now connect to Theorem [7] Set A := jfgj, an algebraic number of modulus 1 which,
by non-degeneracy, is not a root of unity. We may assume that the left-hand side of is at
most %, so that A" lies close to —1; choose k € Z with ‘n arg A — (2k + 1)77‘ < 7, noting that
|2k + 1| < n+ 1, and consider the linear form in logarithms

A = nlog\ — (2k +1)log(—-1),

where log denotes the principal branch, so that log A\ = iarg A\ and log(—1) = im. Since A
is not a root of unity we have \" # —1, hence A # 0, and Theorem [f}—applied to the two
logarithms log A and log(—1) with integer coefficients n and —(2k + 1)—yields |A| > (n +1)~¢
for an effectively computable constant C' > 0. On the other hand, the elementary inequality
le — 1| = 2|sin(y/2)| > 2|y|/=, valid for |y| < 7, gives

-(55) - = e 2
4 — 3 T
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Combining the above with , we see that u,, = 0 implies

24 (3\" _ 2 i
el e > Z .
25 (5) 2+

This inequality holds only for n below an effectively computable threshold; testing whether
u, = 0 for each n below that threshold then decides the Skolem Problem for w.

Using p-adic Baker. Besides the usual Archimedean variant of Baker’s Theorem, we can also
employ the p-adic version for a prime ideal p of Z[i]. For almost all such prime ideals p, for
example (7) or (4 + ), all three characteristic roots are dominant with respect to the absolute
value | - |p. In these cases, we cannot apply a p-adic version of Baker’s Theorem. The only
exceptions are the prime ideals above 3 and 5, the rational primes dividing the product 75 of
the characteristic roots. In Z[i], p := (3) is a prime ideal, 4 4+ 37 and 4 — 3i are p-dominant and
not in p, and the last characteristic root, 3, is in p and is therefore not p-dominant.

Let n € N be such that u,, = 0. Then, as before, we have that 25(4+3i)"+25(4—3i)" = 24-3",
whence both sides have the same 3-adic valuation:

v3(25(4 + 30)" 4 25(4 — 3i)") = v3(24-3") =1 +n.

Dividing once more by —25(4 — 3¢)", which has 3-valuation OE| we conclude that v3(—A" —1) =
1 + n, where, as before, A = %. On the other hand, the p-adic version of Baker’s Theorem
(Theorem —applied to the two algebraic numbers —1 and A with respective exponents 1 and
n, the quantity —A"™ — 1 being non-zero since A is not a root of unity—yields an effectively

computable constant C' > 0 such that, for all n > 3,
v3(=A"—1) < Clogn.

Hence, u,, = 0 would imply that 1 +n < C'logn, which again effectively bounds n. Thus, with
this method we can also decide the Skolem Problem for w.

Using modular arguments. Compared to the previous lines of reasoning which relied on
deep number-theoretical results, there is a far easier argument: we observe that u,, =2 (mod 3)
and u, # 0 (mod 5) for all n € N. Either of these observations is sufficient to certify that
uy # 0 for all n € N. However, for any other prime p, there are infinitely many n € N such that
up =0 (mod p) as u_; = 0 and the recurrence can be run backward modulo p. Also note that
the observations above only apply for n € N: we have that u_1; = 0, and u,, modulo 3 or 5 is
not even defined for n < —1. There are many LRS for which Baker-style methods apply while
such an easy modular argument does not exist.

We could also use the more general technique of Theorem [33] as implemented in the SKOLEM
tool, since w is simple. Fixing the prime p = 2 and studying the 2-adic interpolation, one can
show that v (u4n—1) = va(n)+5 for all n € Z, so that ug,—1 # 0 for all n € Z\ {0}, and similarly
that vo(ugy) = 1 for all n € Z, so that uyy, # 0 throughout. For the remaining indices, n = 1,2
(mod 4), one checks that u, # 0 (mod 13). Altogether, u, # 0 for all n € Z \ {—1}, and in
particular for all n € N.

Positivity. Now let us study the Positivity Problem for u, which can be handled quite easily.
Writing 4 + 3i = 5e?, with /7 irrational (a consequence of non-degeneracy), we obtain that

Up, = 50 - 5" cos(nf) — 24 - 3".

As 0/7 is irrational, the set {cos(6n) : n € N} is dense in [—1, 1]. Therefore, u,, will be negative
for infinitely many n.

“Here the valuation function vs is considered over the domain Q(7).
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Hence, for the sake of exposition, let us study the LRS w defined by w,, = u,, + c¢- 5" for a
fixed rational number c. First, if ¢ < 50, then by the exact same argument, w,, will be negative
for infinitely many n € N. If ¢ > 50, we have that

Wy = 25(4 + 3i)" +25(4 — 3))" 4+ ¢ - 5" — 24 - 3" > (¢ — 50)5" — 24 - 3",

and so one can easily find a bound N such that w, > 0 for all n > N, leaving finitely many
initial indices to check directly.

Thus, only the case ¢ = 50 remains, for which we need Baker’s Theorem. In that case, we
have two parts of the LRS ‘racing’ each other: the positive part coming from the dominant
roots, 25((4 4+ 37)" + (4 — 3i)™ + 2 - 5"), and the negative part coming from the non-dominant
root, —24-3™. We therefore have to estimate how small (4 + 3i)™ 4 (4 — 3:)"™ + 2 - 5™ can become
in comparison to 24 - 3". We observe that, choosing the square roots so that their product is 5,

(443" +(4—30)"+2-5"= (VA+3i" +V4—3i")%

Thanks to Baker’s Theorem, the term inside the square can be lower-bounded in absolute value
by n~C/5" for some effectively computable constant C' > 0. Squaring, we find that 25n~2¢5"
eventually exceeds 24 - 3", with an effectively computable threshold, and so we can decide
Positivity for the LRS w.

8.3 An Order-6 Sequence at the Skolem Frontier
Our third example is the order-6 LRS

Up = 2(—4+Ti)" +2(—4—Ti)" +4(8 )" + 48 — )" +n, (13)

which we first met in Section and to which Sections and have promised a return.
The characteristic polynomial of this LRS is

p(z) = (x—1)*(z* 4 8z + 65) (2 — 16z + 65),

with the double root at 1 contributing the linear-in-n term, and with four simple roots —4 + 74
and 8 £ ¢: Gaussian integers of norm 65 = 5 - 13, hence of common Archimedean modulus v/65.
One can verify that u is non-degenerate. The first few values are

up =12, w3 =49, wup =374, wuz=6003, wus=21520, wuz= 150773,

and the sequence takes each sign infinitely often (the first negative value being u11), ruling out
any analysis based on eventual sign control of a dominant term.

Outside the MSTYV class. The sequence satisfies neither condition of Definition
It has four dominant roots in modulus, namely —4 £ 7¢ and 8 & i: one too many for the first
condition. As for the second, at a non-Archimedean place v not lying above 5 or 13, all five
distinct characteristic roots are v-adic units, and hence all five are v-dominant; whereas at each
of the four places above 5 and 13, exactly two of the Gaussian roots acquire absolute value less
than 1—each of —4 4+ 7i, 8 + ¢ is divisible by exactly one of the two prime ideals above 5, and
likewise above 13—leaving three v-dominant roots, namely two Gaussian roots together with the
root 1. No non-Archimedean place therefore has at most two dominant roots, and the second
condition fails as well. Theorem [23| does not apply.
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Three certificate classes, three failures. We now bring the certificate framework of Sec-
tion 4| to bear on sequence . None of the three classes settles the Skolem question—and for
two of the three, one can prove that no certificate exists.

Separation-bound certificates. Both the Archimedean and p-adic separation methods of Sec-
tion [4:2] founder on the dominant-root counts just established: at every place, at least three
dominant roots may in principle combine destructively at sporadic indices, and Baker’s Theo-
rem in its current form cannot rule this out.

Modular invariants. No modular certificate exists at all: as Proposition [53| below shows, the
sequence has zeros modulo every modulus m > 2.

Semialgebraic invariants. By Theorem the existence of a semialgebraic invariant for
this LRS—a closed semialgebraic set I C RS containing the initial state, closed under the
companion-matrix dynamics, and disjoint from the hyperplane {z; = 0}—is decidable; running
the algorithm of [9] on this particular sequence shows that no such invariant exists.

Proposition 53. For every integer m > 2 there exist infinitely many n € N such that u, =0
(mod m).

Proof. Write u,, = V,, + n, where
Vo = 2(—4+7)"+2(—4—-T0)"+4(8+4)" +4(8 — )"

is a simple integer LRS whose characteristic roots are Gaussian integers of norm 65. The
linear term n will play the role of a unit derivative in a Hensel-style lifting argument, while the
exponential part V' is kept under control by the following periodicity property.

Step 1: periodicity. For every prime p and every F > 1 there is a positive integer T' = T'(p, E)
with v,(T') < E — 1 such that

Viir = Vi (mod p) for all n > E. (14)

Suppose first that p is odd and p ¢ {5,13}, and set T := (p? — 1) p®~!. Every characteristic
root a of V' is a unit modulo each prime ideal p of Z[i] above p; since the residue field has at
most p? elements, Pl =1 (mod p), and raising to the pth power E — 1 times gives ol =
(mod p¥) (if z = 1 (mod p¢) with ¢ > 1, then 2P = 1 (mod p°*!), as p is odd and unramified
in Z[1]). Hence Vipr — Vi =3, ¢; ozj”(ajT —1) =0 (mod p¥), in fact for all n > 0. Next let
p € {5,13}, again with T := (p?> — 1)p®¥~!. Now p = pp splits in Z[i], and each of the four
roots is divisible by exactly one of p, p. Modulo p¥ the terms of the two p-divisible roots are
congruent to 0 as soon as n > FE, while the other two roots are p-units, to which the previous
reasoning applies; arguing symmetrically at p and combining the two congruences yields ((14)
for n > E. Finally let p = 2. Since the two roots of each conjugate pair carry equal coefficients,
Vo =4 Re((—4+7i)") + 8 Re((8 +4)™) = 0 (mod 4), so for E < 2 we may take T := 1. For
E >3, every element of Z[i] of odd norm satisfies a* = 1 (mod 8) (the unit group of Z[i] /8Z][i]
has exponent 4), and repeated squaring gives a2 =1 (mod 2%); thus T := 2F~1 works, again
for all n > 0.

Step 2: lifting. Let W = W'p® with p prime, p t W’ and e > 0, and suppose that u,, = 0
(mod W). Suppose further that S is a positive integer such that: (i) V15 = V;, (mod W'pett)
for all n > ng; (ii) W | S; and (iii) v,(S) = e. Then for every A > 0,

Ung+AS = Vngtas + 10+ AS = upy +AS  (mod W’pe+1),

and since Sp~¢ is invertible modulo p, an appropriate choice of A—which may moreover be taken
arbitrarily large, as only its residue modulo p matters—gives u,, s = 0 (mod W’p*l), the
congruence modulo W’ being preserved thanks to (ii). The solution thus lifts from the modulus
W to the modulus W’pet!,

44



Step 3: exhaustion. Let p1 < pa < --- enumerate the primes, and set M} := H§:1 pfk.
Since every m > 2 divides My, for all sufficiently large k, it suffices to solve u, = 0 (mod My)
for every k, with n arbitrarily large. The base case is the direct computation wy = 21520 = 0
(mod 23). For the inductive step, suppose un, =0 (mod Mj). Applying Step 2 repeatedly, we
raise the exponent of each of py, ..., pr from 3k to 3k+ 3, one prime and one exponent at a time,
and then admit the new prime pg4; and raise its exponent from 0 to 3k + 3 likewise, arriving at
Mj.11. Crucially, in each application of Step 2 one may take for S simply the current modulus
W: condition (ii) is then trivial; condition (iii) holds because v,(W) = e; and condition (i)
reduces, by the Chinese Remainder Theorem and Step 1, to the divisibilities T'(r, F') | W for the
prime powers ¥ exactly dividing the target modulus W/p¢t!. These divisibilities in turn follow
from two elementary observations: every prime factor of 72 — 1, for odd prime r, is smaller than
r (the odd part of  + 1 is at most (r + 1)/2); and the exponents in the schedule M}, grow fast
enough that vs(r? — 1) < 3k for all primes s < r < pj41, as one checks using the crude bound
el < 22F itself an easy consequence of Bertrand’s postulate. Finally, taking A large in each
application of Step 2 keeps n beyond the threshold n > E required by Step 1, and produces
solutions that are arbitrarily large; in particular, for each fixed m the solution set is infinite. [

The zeros whose existence Proposition [53] guarantees are thus all, for all we currently know,
ghosts in the sense of Section [I} none of them need lift to an integer zero of u.

What is known: a 17-adic analysis. The most substantial positive information about
sequence comes from the p-adic machinery of Sections and which we now see in
action. The prime p = 17 suits the sequence well: since 42 = —1 (mod 17), the prime 17 splits
in Q(4), and the embedding of Z[i] into Z17 sending i to the square root of —1 congruent to 4
modulo 17 places all five characteristic roots in Zj7, with reductions

—4+7 — T, —4 -7 — 2 8+1i — 12, 8—i — 4, 1 — 1 (mod 17).

All five residues are non-zero, so all roots are 17-adic units, and their multiplicative orders modulo
17—respectively 16, 8, 16, 4, and 1—have least common multiple L = 16. Exactly as in the proof
of the Skolem—Mahler—Lech Theorem (Section, each of the sixteen subsequences (u16n+r)o ),
for 0 < r < 16, is therefore interpolated by a 17-adic analytic function f, : Z17 — Zq7.

Running the residue-class search of Section (as implemented in the p-adic mode of the
SKOLEM tool [31]) on these sixteen interpolants terminates within approximately 45 seconds and
returns a complete inventory: the sequence w has exactly sixteen 17-adic zeros, one in each of
the sixteen subsequences (u16n+r), €ach of multiplicity 1, each isolated in its own disc by Hensel’s
Lemma, with the Newton-polygon zero counts certifying that none has been missed. The base-
17 expansion of each zero can moreover be computed to any desired depth. In particular, each
of the sixteen zeros turns out to have a non-zero base-17 digit at position 818, whereas a natural
number n < 101090 < 17816 hag all base-17 digits at positions 816 and beyond equal to zero.
None of the sixteen 17-adic zeros is therefore a natural number below 10'°%0: and as every
natural-number zero of w is in particular a 17-adic zero, we conclude—this is the certification
promised in Section [5.4}—that

u, # 0  forallne{0,1,...,101090},

An elementary supplement to the tool’s output localizes any integer zero rather precisely. First,
since each conjugate pair of dominant roots carries equal coefficients, we have V;, =0 (mod 4),
where V,, := u, — n as in the proof of Proposition ; thus u, = n (mod 4), and any zero
must satisfy n = 0 (mod 4). Next, writing n = 4m and recalling from the same proof that
every element of Z[i] of odd norm satisfies a* = 1 (mod 8), each conjugate pair contributes
a?™ 4+ @ = 2 (mod 16) (indeed, writing a*™ = 1 + 8y we have a*™ + @™ = 2 + 16 Re ),
whence
Ugm = 2(244)+4m = 12+ 4m  (mod 16),
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and ugy, = 0 (mod 16) forces m = 1 (mod 4), that is, n = 4 (mod 16). Consequently, of the
sixteen subsequences, only (u16,44) can contain an integer zero; and since its interpolant fy
accounts for exactly one of the sixteen 17-adic zeros, the sequence has at most one zero
n € N-—necessarily congruent to 4 modulo 16 and, by the digit analysis above, larger than
101000.

What this analysis cannot deliver is a verdict on the unbounded Skolem Problem: the single
remaining candidate—the unique 17-adic zero of fy—is, as far as anyone knows, a natural number
(necessarily astronomically large), some other rational number, or an irrational element of Z;7;
and, as discussed in Section [6.3], no effective procedure is known that can tell these alternatives
apart. To settle the Skolem Problem for sequence , one would need an a priori effective
bound on the magnitude of its integer zeros—precisely what Baker-type methods provide inside
the MSTYV class, and what is missing outside it.

An aside: when minor modifications restore tractability. It is instructive to compare
sequence with the slight modification

Up = 2(—44T7)" 4+ 2(—4 — Ti)" + 28 +4)" +2(8 — )" + n, (15)

in which the four dominant roots now carry the same coefficient 2. Writing 6, := arg(—4 + 7i)
and 0y := arg(8 + i), the dominant part of u, collapses, via the sum-to-product identity for
cosines, into

4\/65n(cos nf + cos n02) = 8V 65" cos(n %) Cos <n @),

a product of two cosines, each of which can be bounded away from zero by Baker’s Theorem,
much as in Section This yields an effective bound on the magnitude of any zero of w, and
hence decidability of its Skolem Problem; an argument of exactly this shape is carried out in
detail in |31, Appendix A|. A subsequent computation with the SKOLEM tool does indeed verify
that u, # 0 for alln € N. Since u has the same characteristic roots as u, it lies equally outside the
MSTYV class: membership in the class is thus sufficient, but by no means necessary, for effective
zero bounds. The genuine obstacle in sequence ([13)) is the asymmetry of the coefficients 2 and 4:
the quantity cosnéi + 2 cosnfy admits no comparable factorization, and bounding it away from
zero would require lower bounds on linear forms of a shape that present-day methods do not
deliver. What new certificate technique might suffice to handle such asymmetric configurations
is, in our view, one of the central open questions in this area.

8.4 An Order-10 Sequence at the Positivity Frontier

Our final example concerns the Positivity Problem. Consider the simple order-10 integer LRS

Uy = w2 — 2", (16)

n

where
wy, = ((1+20)(2+30)" + ((1—2i)(2-30))" + 2((1 —2i)(2+31))" + 2((1 + 2i)(2 — 3i))".
Equivalently, u satisfies the order-10 recurrence

Up410 = — Upt9 — 378Up48 + 749576Uy 17 — 2333386Up46 + 55996590y, 5
— 205750047100tp,+4 + 856834394000%,,43 + 13815580471875Up+2
+ 20682499470546875up1 — 41423825675781250u,,

with initial values wug,u1,...,u9 given by 35, 574, 34592, 8999992, 115734548, 5682747424,
1837938758372, 13061285121472, 397924220049188, 290333397927490624.
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The construction. The building blocks are the four Gaussian primes 14-2¢ and 2+3i. Setting
A= (1420)(243i) = =4+ 7i and Ag := (1 4 2i)(2 — 3i) = 8 + i, the four products of one
prime from each conjugate pair are A1, A\, Ao, A\o—precisely the dominant roots of sequence
from the previous section, of common modulus v/65. The connection is no accident: 2w, is
exactly the exponential part of sequence , so our two frontier examples are driven by the
same exponential sum, with the same asymmetric coefficient pattern. Squaring w, produces
a simple LRS of order at most (4;1) = 10, by the Hadamard-square analysis of Section
its characteristic roots are the pairwise products of the roots of w, namely the eight non-real
Gaussian integers

A2 =33 -56i, A =63+16i, MAy=—39+52, AXs=—25+60i

and their conjugates, together with A\{A\; = A2 \a = 65: nine distinct roots, all of modulus 65.
The subtracted exponential 2" contributes the tenth root 2; and as all ten coefficients of the
resulting exponential-polynomial representation are non-zero, wu is simple of order exactly 10,
with nine dominant roots and the single non-dominant root 2. One checks as usual that w is
non-degenerate.

The same recipe yields an entire family of hard instances: take two Gaussian primes p1, ps of
distinct odd norms, neither real nor purely imaginary; set A1 := pi1p2 and Ay := p1pa; attach non-
zero Gaussian coefficients a1, as of distinct moduli, forming w,, := ay )\?4—&71)\71”—%&2)\3—1-672)\72”;
and set u, := w2 + ar™, where 7 is a rational integer with 2 < |r| < |\{|?
rational integer, at least one of @ and r being negative. Sequence is the instance p; = 1+ 24,
p2 =2+ 3i, (a1,a2) = (1,2), (a,r) = (—1,2).

and a is a non-zero

Ultimately positive; Positivity open. Since w is simple and non-degenerate, with all four
roots of modulus v/65, the growth theorem encountered in Section 53, 123] gives |wy| > v2"
for all sufficiently large n; hence u,, = w2 — 2" > 0 eventually, and sequence is ultimately
positive. (The same argument applies to every instance of the general scheme, thanks to the
requirement |r| < [A1]%.) But the growth theorem is ineffective: as discussed in Section
its known proofs rest on the Subspace Theorem and yield no bound whatsoever on the onset
index. Nor is this ineffectivity incidental. The sequence belongs to exactly the family
(w2 — s™)—here with s = 2—through which the outstanding order-5 case of the Skolem Problem
Turing-reduces to Positivity for simple LRS of order 10 (Theorem : the ability to compute
onset indices for instances of this shape would resolve the Skolem Problem at order 5. Conversely,
an oracle for simple Positivity would render the onset effective, as explained in Section [63].

What is known. Direct computation confirms that u, > 0 forall0 <n < 105. Moreover, the
SKOLEM tool verifies that w has no zeros at all; in notable contrast to sequence , the Skolem
Problem for w is thus resolved, while Positivity remains open. Between the computed initial
range and the ineffective onset of the growth theorem lies a gap of indeterminate length, and
whether some index in that gap has u, < 0 is the open Positivity question on . In addition,
for any ¢ € Z, the SKOLEM tool can in principle compute all indices n for which u, = ¢, since
the corresponding LRS remains simple.

The certificate landscape, again. Modular and p-adic certificates being of no use for Posi-
tivity (Section , the two remaining classes are Archimedean separation bounds and semial-
gebraic invariants, and neither currently suffices on sequence .

Separation bounds. Closing the gap would require an effective lower bound on |w,| against
Vv2": a Baker-type analysis of the four dominant Gaussian roots of w. But these roots carry the
same asymmetric coefficients 1, 1, 2, 2 that placed sequence beyond the reach of present-day
methods: no trigonometric collapse is available, and no suitable extension of Baker’s Theorem
is known.
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Semialgebraic invariants. By Theorem existence of a semialgebraic invariant for the
sequence certifying u, > 0 is decidable. The algorithm of [9] again returns a negative
verdict: no such invariant exists.

Why this matters. The sequence (16) sits at the boundary of what is currently decidable
on the Positivity side; in the spirit of Section it provides a definite target against which to
measure any prospective new certificate technique.

9 Related Problems and Frontiers

We close the survey with a tour of the broader landscape surrounding the Skolem and Positivity
Problems: cognate problems that arise in different mathematical settings, application areas in
which Skolem and Positivity feature prominently as algorithmic benchmarks, and the principal
open problems that we believe will shape the next decade of research.

9.1 The Skolem Problem in Other Settings

Throughout the survey we have restricted attention to LRS over fields of characteristic 0. Several
other natural settings have been studied, and we collect here pointers to the relevant literature.

Positive characteristic. Over fields of positive characteristic, the structure of the zero set
of an LRS is considerably richer than the union-of-arithmetic-progressions characterization of
the Skolem—Mahler—Lech Theorem. The foundational result is due to H. Derksen [49], who
showed that the zero set of an LRS over a field of characteristic p is a so-called p-normal set,
definable in terms of p-automatic languages. Crucially, Derksen’s result is fully effective: he
gives an algorithm that, given an LRS over F,(¢), computes a finite-automaton description of its
zero set, thereby resolving the Skolem Problem in this setting. Subsequent work of H. Derksen
and D. Masser [50] extends the analysis to multivariate exponential-polynomial equations over
fields of positive characteristic, giving effective bounds on the structure of the solution set: in
particular, given LRS uy,...,u,, over such a field, the set of tuples (ki, ..., kp) with ui (k1) +
-+« + U (k) = 0 is effectively computable. The same paper shows, by way of contrast, that in
characteristic 0 the existence of such a tuple is undecidable for LRS over the algebraic numbers |
confirming a conjecture of L. Cerlienco, M. Mignotte, and F. Piras. Most recently, R. Dong and
O. Shafrir [51] have established the decidability of the Skolem Problem over arbitrary finitely
generated commutative rings of positive characteristic, building on Derksen’s framework together
with a recent result on solving linear equations over powers of multiplicatively independent
numbers.

Continuous-time analogues. The Skolem and Positivity Problems have natural analogues
in the continuous-time setting, where the discrete sequence u = (u,) is replaced by a smooth
function f : R>9p — R satisfying a homogeneous linear differential equation with constant
coefficients (equivalently, an exponential-polynomial function over R). The Continuous Skolem
Problem then asks whether such an f has a zero in R>¢, and the Continuous Positivity Problem
asks whether f is non-negative on R>g. The continuous setting differs substantially from the
discrete one in both technique and typical results: the p-adic methods central to the discrete
case are unavailable, and one relies instead on real-analytic techniques and on results from o-
minimality and model theory. Decidability and hardness results in the continuous setting appear
in [23] [44] 42], 45], among others. Let us finally mention [85], in which the authors extend the

®Derksen and Masser’s undecidability proof makes use of m = 557844 distinct LRS, although that number
could no doubt be drastically reduced.
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algorithm synthesizing strongest algebraic invariants of [59] to the class of linear hybrid automata,
which comprise both discrete and continuous components.

Robust and pseudo-variants. A natural strengthening of the Skolem and Positivity Prob-
lems asks for these properties to hold not just for the given LRS, but for every LRS in a
small neighborhood—a robust analogue motivated by the verification of systems with imperfect
or noisy parameters. The Pseudo-Skolem Problem is decidable [47], and the related Pseudo-
Reachability Problem is decidable for diagonalizable linear dynamical systems [48]. A comple-
mentary set of robust-Skolem and robust-Positivity results is established in [5]. The pattern
across these results is that robust analogues are typically easier than their exact counterparts,
since small perturbations smooth out the delicate Diophantine phenomena that make the exact
problems hard.

Rounding. A different relaxation considers linear dynamical systems in which the state is
rounded after each application of the matrix, modeling finite-precision implementations of linear
loops. With rounding to a fixed granularity, point-to-point reachability is PSPACE-complete
for hyperbolic systems (those whose matrix has no eigenvalue of modulus 1), and decidability
extends to arbitrary spectra for several natural classes of rounding functions [16]. Under floating-
point rounding [74], the orbits of systems with non-negative matrices are eventually structured—
the mantissas are periodic and the exponents grow linearly—and w-regular model checking
against semialgebraic predicates becomes decidable, in contrast with the unrounded setting,
where the non-negative case already encompasses the Skolem and Positivity Problems. With
negative matrix entries, however, reachability becomes undecidable, whereas exact point-to-point
reachability is decidable in polynomial time [61].

9.2 Skolem and Positivity as Benchmarks

The Skolem and Positivity Problems serve as central reference points for hardness in a wide range
of decision questions arising across theoretical computer science. We have already mentioned
several such areas in the introduction; we expand here on a representative selection. The list
below is far from exhaustive and reflects our particular interests.

Reachability for linear dynamical systems. Several classical decision problems for discrete
linear dynamical systems—systems evolving by repeated application of a fixed rational matrix
A to an initial point &—reduce to (or from) Skolem and Positivity. The Orbit Problem—
given A and points x,y, does A"x = y for some n?—is decidable in polynomial time [6I], but
its parametric extensions encounter Skolem-style obstacles [I5]. When the target is a vector
subspace rather than a point, decidability is known for targets of dimension at most 3 [43]
and, more recently, for targets of dimension logarithmic in a suitably defined dimension of the
orbit, via the Simultaneous Skolem Problem of Section targets of dimension linear in that
of the orbit, on the other hand, are as hard as the Skolem Problem [I4]. The Polyhedron-
Hitting Problem—does the orbit of x ever enter a given polyhedron?—is decidable in restricted
dimensions but Skolem-hard in general [4I]. The algebraic and semialgebraic model-checking
frameworks of [80, [63] cast a broad family of such reachability questions (and beyond) in a
unified setting and locate each relative to Skolem and Positivity hardness. For a comprehensive
treatment of the model-checking problem for linear dynamical systems, we refer the reader to
the doctoral thesis of T. Karimov [62]; see also [64].

Loop termination and invariant synthesis. The question of whether a simple linear loop
over the integers terminates is intimately connected to the Skolem Problem [101] [65]. On the
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invariant side, the strongest algebraic invariant of a linear loop is computable, as noted in Sec-
tion[4.4] while the synthesis of strongest algebraic invariants for single-path polynomial programs
is Skolem-hard [92].

Markov chains and probabilistic systems. Quantitative verification of probabilistic sys-
tems is a particularly rich source of Skolem- and Positivity-hard problems: reachability for
Markov chains |2, 122], the model checking of Markov chains viewed as distribution transform-
ers [I], and a variety of stochastic shortest-path and threshold problems for Markov decision
processes [103] [104], all exhibit such hardness.

Petri nets and semi-Markov chains. Termination questions for certain classes of Petri nets
are Positivity-hard [6], as is the ‘faster than’ problem for one-action semi-Markov chains [102].

Probabilistic program equivalence. The universal equivalence of probabilistic programs
over finite fields, with applications to differential privacy, has been shown by G. Barthe, C. Ja-
comme, and S. Kremer [19] to be decidable in important fragments and undecidable in others,
with Positivity-style questions arising at the boundary.

Sequential decomposition. In the setting of relational system design, the sequential decom-
position problem asks whether a task, specified as an input/output relation, can be split into two
sequentially composed sub-tasks [55, [56]. For automatic relations the problem is conjectured
to be undecidable: already for the equality relation, total decomposability can be viewed as an
automata-theoretic problem—given a regular language L, does L contain at most 2" words of
each length n?—which is shown in [56] to be interreducible with the Positivity Problem.

Control theory and matrix semigroups. The Skolem and Positivity Problems appear in
a range of decision problems concerning the stability, observability, and controllability of linear
control systems; for an entry point to this literature we refer to the survey of V. D. Blondel and
J. N. Tsitsiklis [35], and to more recent work on linear time-invariant systems [54] and on matrix
semigroups [24].

9.3 Open Problems

We close with a short list of concrete challenges, in the expectation that progress on any one of
them would move the whole area forward.

Skolem at order 5. The outstanding configuration at order 5 comprises simple LRS whose
dominant roots form two complex-conjugate pairs of common modulus (Section . Decid-
ability at order 5 holds conditionally on the Exponential Local-Global Principle [76], and for
arbitrary simple LRS assuming additionally the weak p-adic Schanuel Conjecture (Theorem ;
a different conditional route, through the strengthened Cramér—Granville Conjecture, is de-
scribed in Section All of these conjectures are expected to hold, but proving any one of
them would constitute a major breakthrough in number theory. An unconditional proof of de-
cidability at order 5—or, more ambitiously, for all simple LRS, perhaps beginning with suitably
structured sub-families—is in our view the most immediate challenge in the area.

The order-6 sequence of Section Establish that the sequence has no natural-
number zero, or exhibit one. No modular certificate exists (Proposition , no semialgebraic
invariant exists, and separation bounds lie beyond current Baker-type technology: settling this
single instance therefore seems to require an extension of the existing certificate classes, with
potential applicability well beyond the instance itself.
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Positivity for simple LRS at order 10. Decide Positivity for simple LRS of order 10—for
example, for the concrete sequence of Section By Theorem decidability at order 10
would also resolve the Skolem Problem at order 5.

Positivity at order 6. For general LRS, decidability of Positivity at order 6 would, by The-
orem yield the computability of Diophantine-approximation constants that have resisted all
attempts to date, and is accordingly not expected in the near term. By contrast, no such bar-
rier is known for simple LRS at order 10, which is why the preceding challenge appears more
tractable.

Universal Skolem Sets. The known constructions (Sections and produce Univer-
sal Skolem Sets of density one (in the case of the set S; of Section , conditional on the
Bateman—Horn Conjecture). Exhibiting substantially richer universal sets—ideally with sparse,
structurally simple complements—is wide open; the endpoint of this line of research, showing
that N itself is a Universal Skolem Set, is the assertion that the Skolem Problem is decidable.

Complexity at low orders. The Skolem Problem for LRS of order at most 4 lies in coRP
(Theorem [26)); whether the randomness can be eliminated is open. (The known NP-hardness
applies only to LRS of unbounded order, and so does not stand in the way.)

The contemporary picture that emerges from this survey is one of substantial recent activity—
unconditional advances at low orders alongside a wealth of conditional results—against a back-
drop of stubborn open questions whose resolution will demand new advances in number theory,
new algorithmic ideas in the certificate framework, or both.
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