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ABSTRACT

We explore language semantics for automata combining probabilistic and nondeterministic behaviors. We first show that there are precisely two
natural semantics for probabilistic automata with nondeterminism. For both choices, we show that these automata are strictly more expressive
than deterministic probabilistic automata, and we prove that the problem of checking language equivalence is undecidable by reduction from the
threshold problem. However, we provide a discounted metric that can be computed to arbitrarily high precision.

1. Introduction

Probabilistic automata are fundamental models of randomized computation. They serve as useful tools to study the semantics
and correctness of probabilistic programming languages [2,3], randomized algorithms [4,5], and machine learning [6,7]. Likewise,
nondeterministic automata are well-studied models for concurrent and distributed systems [8].

Interest in systems that exhibit both random and nondeterministic behaviors goes back to Rabin’s randomized techniques to
increase the efficiency of distributed algorithms in the 1970s and 1980s [4,5]. This line of research yielded several automaton models
supporting both nondeterministic and probabilistic choice [9-11]. Formal techniques and tools developed for these models have been
successfully used in verification tasks [12,13,11,14], but there are multiple ways of combining nondeterminism and randomization,
and there remains room for further investigation.

In this paper we study nondeterministic probabilistic automata (NPAs) and propose a novel probabilistic language semantics.
NPAs are similar to Segala systems [9] in that transitions can make combined nondeterministic and probabilistic choices, but NPAs
also have an output weight in [0, 1] for each state, reminiscent of observations in Markov Decision Processes. This enables us to define
the expected weight of a word in a similar way as in standard nondeterministic automata: the output of an NPA on an input word can
be computed in a deterministic version of the automaton, using a careful choice of algebraic structure for the state space.

The resulting notion of equivalence is a type of language equivalence (also known as trace equivalence) and is coarser than
probabilistic bisimulation [15-18], which distinguishes systems with different branching structure even if the total weight assigned
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to a word is the same. This difference is well-known, even for purely probabilistic systems [19]; different target applications may call
for different notions of equivalence.

After reviewing mathematical preliminaries in Section 2, we introduce the NPA model and explore its semantics in Section 3. We
show that there are precisely two natural ways to define the language semantics of such systems—by either taking the maximum or
the minimum of the weights associated with the different paths labeled by an input word. The proof of this fact relies on an abstract
view on these automata generating probabilistic languages with algebraic structure. Specifically, probabilistic languages have the
structure of a convex algebra, analogous to the join-semilattice structure of standard languages. These features can abstractly be seen
as so-called Eilenberg-Moore algebras for a monad—the distribution and the powerset monads, respectively—which can support new
semantics and proof techniques (see, e.g., [16,20]). In order to support the use of NPAs in practice and proof techniques for their
equivalence we explore a finite representation of their semantics (Section 3.3). We also include a soundness theorem for the finitary
determinization construction.

In Section 4, we compare NPAs with standard, deterministic probabilistic automata (DPAs) as formulated by Rabin [21]. Our
semantics ensures that NPAs recover DPAs in the special case when there is no nondeterministic choice. Furthermore, we show that
there are weighted languages accepted by NPAs that are not accepted by any DPA. We use the theory of linear recurrence sequences
to give a separation even for weighted languages over a unary alphabet.

In Section 5, we turn to equivalence. We prove that language equivalence of NPAs is undecidable by reduction from so-called
threshold problems, which are undecidable [22-24]. The hard instances encoding the threshold problem are equivalences between
probabilistic automata over a two-letter alphabet. Thus, the theorem immediately implies that equivalence of NPAs is undecidable
when the alphabet size is at least two. The situation for automata over unary alphabets is more subtle; in particular, the threshold
problem over a unary alphabet is not known to be undecidable. However, we give a reduction from the Positivity problem on
linear recurrence sequences, a problem where a decision procedure would likely entail breakthroughs in open problems in number
theory [25]. Finally, we propose a discounted metric on languages. This metric cannot be computed exactly due to the undecidability
result, but we show that the metric can be approximated to arbitrarily high precision.

We survey related work and conclude in Section 6.

2. Preliminaries

We start by introducing some mathematical background on convex algebras, monads, probabilistic automata, and language se-
mantics.

2.1. Convex algebra

A set A is a convex algebra, or a convex set, if for all n € N and tuples (p,-);’=1 of numbers in [0, 1] summing up to 1 (that is,
ZL] p; = 1) there is an operation denoted ZL] pi(—); : A" — A satisfying the following properties for (a,,...,a,) € A™:

Projection. If p; =1 (and hence p; =0 for all i # j), we have Y | p;a; =a;.
Barycenter. For any n tuples (g; ; ;.":1 in [0, 1] satisfying for all i =1, --- , n, Z;’;l g;; =1, we have

n m m n
21’; (Z%J“;) :Z< Pi’Ii,j)"j'
i=1 j=1 j=1 \i=1

Informally, a convex algebra structure gives a way to take finite convex combinations of elements in a set A. Given this structure, we
can define convex subsets and generate them by elements of A.

Example 2.1 (Unit interval). The interval [0, 1] has a standard convex structure which we use throughout this paper. Namely, for
A =10, 1], the operation Z;’:l pi(=); : A" — A is simply defined using standard sum and multiplication operations over the elements
of [0, 1]. More generally, any interval [a, b] C R is a convex set using the operation as above.

Definition 2.2. A subset .S C A is convex if it is closed under all convex combinations. That is, it has to be a convex subalgebra. A
convex set S is generated by a set G C A if for all s € S, there exist n €N, (p,-)7=1, (g,-):;l € G" such that s = ), p;g;. When G is finite,
we say that S is finitely generated.

We can also define morphisms between convex sets.

Definition 2.3. An affine map between two convex sets A and B is a function 2 : A — B commuting with convex combinations:

h <Zp,-a,-> =D pih(a)).
i=1 i=1
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Example 2.4. For A=[0,1] and B=[1/2,3/2] the map h: A — B given by

h(a)=a+1/2

is an affine map. We can show this using basic arithmetic on real numbers and the fact that (p,-);’=1 is a sequence of numbers in [0, 1]
summing up to 1:

h <ip,-a,-> = <i piai> +1/2
i=1 i=1

n
piai> +1x1/2
=1

Il
_‘/—\ /—\
Il =

=
2
N~

+
7N
-

=
N——
X
=
N

2.2. Monads and their algebras

Our definition of language semantics will be based on the category theoretic framework of monads and their algebras. Monads
can be used to model computational side-effects such as nondeterminism and probabilistic choice. An algebra allows us to interpret
such side-effects within an object of the category.

Definition 2.5. A monad (T, n, u) consists of an endofunctor T and two natural transformations: a unit 5 : Id = T and a multiplication
pu . TT = T, making the following diagrams commute.

T 5 TT 7T 4 TT
T"\J/ " ”\L J/M
TT\\% T T 25T

When there is no risk of confusion, we identify a monad with its endofunctor.

Example 2.6 (Monads). We give three examples of monads in the category of sets and functions.

1. The non-empty powerset monad is given by (P, {~},|J), where P, denotes the finite nonempty powerset functor sending each
set to the set of its finite nonempty subsets, {—} is the singleton operation, and | is set union.

2. The list monad is the triple ((—)*, nil,++ ), where (—)* denotes the finite list functor sending each set A to the set A* of finite lists
over A, nil is the empty list, and ++ is list concatenation.

3. The vector space monad (over a field F) is given by (V' (—), unit, u), where V' (X) denotes the free vector space generated by X: the
vector space with basis X, the set of abstract linear combinations of elements of X with coefficients in [; unit maps an element
of X to the corresponding basis vector, and u : V (V' (X)) — V(X) sends an abstract linear combination of vectors to the actual
linear combination which is a well-defined element of V' (X).

We will see in Section 2.3 two other examples of monads: the distribution monad (over sets) and the convex powerset functor
(over convex sets).

Definition 2.7. An algebra for a monad (T, n, ) is a pair (X, h) consisting of a carrier set X and a function 4: TX — X making the
following diagrams commute.

x 1y 1rx TTXx Ly X
\ J/h ui J/h
X TX —r 3y x

Definition 2.8. A homomorphism from an algebra (X, h) to an algebra (Y, k) for a monad T is a function f: X — Y making the
diagram below commute.
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Tx s 1y
W] s

x Ly

Example 2.9 (Algebras for a monad). The algebras for the finite powerset monad are precisely the join-semilattices with bottom, and
their homomorphisms are maps that preserve finite joins. The algebras for the finite list monad are monoids, and their homomorphisms
are maps that preserve the monoid operation. The algebras for the vector space monad are vector spaces and their homomorphisms
are linear maps.

The algebras for any monad together with their homomorphisms form a category, the so-called category of Eilenberg-Moore algebras
for a monad.

2.3. Distribution and convex powerset monads

We will work with two monads closely associated with convex sets.
In the category of sets, the distribution monad (D, 5, m) maps a set X to the set of distributions over X with finite support. The
support of a distribution d is given by

supp(d) = {a € A | d(a) #0} € P, A.

The unit 6 : X - DX maps x € X to the point distribution at x. For the multiplication m: DDX — DX, let d € DDX be a finite
distribution with support {d,,....d,} € fPf DX and define

n
m(d)(x) = Y d(d;) X d;(x).
i=1
The category of algebras for the distribution monad is precisely the category of convex sets and affine maps—we will often implicitly
identify these two representations.

In the category of convex sets, the finitely generated nonempty convex powerset monad [16] (P,, {—},|J) maps a convex set A to the
set of finitely generated nonempty convex subsets of A.! The convex algebra structure on P A is given by X', p,U; = {X_, pit; |
u; € U; forall 1 <i<n} with every U; € P.A. The unit map {—}: A - P,A maps a € A to a singleton convex set {a}, and the
multiplication | J : ?,P,A — P_ A is again the union operation, which collapses nested convex sets.

As an example, we can consider this monad on the convex algebra [0, 1]. The result is a finitely generated convex set.

Lemma 2.10. The convex set P[0, 1] is generated by its elements {0}, {1}, and [0, 1], i.e., conv({{0}, {1},[0,1]1}) =P.[0,1].

Proof. The finitely generated nonempty convex subsets of [0, 1] are of the form [p, q] for p,q € [0, 1], and [p,q] = p{1} + (¢ — p)[0, 1]+
(1-9{0}. O

To describe automata with both nondeterministic and probabilistic transitions, we will work with convex powersets of distributions.
The functor P, D taking sets X to the set of finitely generated nonempty convex sets of distributions over X can be given a monad
structure.?

Explicitly, the (affine) convex algebra structure on P, A for any convex algebra (A, «) is the map w, : DP,A — P A given by

w4(d) = {(aoDc)(d) | c echoicey},
where
choice, ={c: P,LA->AVU €P A c(U)eU},

which induces the composite monad (P, D, 5, ) defined by

X _ . P.DP. DX
RS ~ -

o N ’ ~ &)

| (o A ol R

DX —— P, DX P.PDX ——5 P, DX

! In prior work [16], the monad was defined to take all convex subsets rather than just the finitely generated ones. However, since all the monad operations preserve
finiteness of the generators, the restricted monad we consider is also well-defined.

2 Formally, the functor D in this composition is a functor from the category of sets to the category of convex sets. To simplify notation, we identify this functor
with the distribution functor D we defined above since they are defined in the same way on sets. One can show that the codomain of the set endofunctor D is indeed
convex sets.
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Note that w is natural since P, is a functor on the category of convex sets.
For all convex sets (4,a) and S € P, A, we can define the convex closure of S (sometimes called the convex hull) conv(S) € P A

by

conv(S)={a(d)|d € DA,supp(d) C S}.
The conv maps form a natural transformation, a fact we will use later. To show that this is the case, we first note that conv : P A->DPA
can be written as

dis Pea
conv="P,A— P DA—> P A, 2)

where

dis(S) = {d € DA | supp(d) C S}

can be defined on any set A. We start by showing that dis is natural.

Lemma 2.11. For all sets A and B and functions f : A — B, the diagram below commutes.

g
P;A =% P,DA
Prf \L?Cﬂf

?,B —%3 9, DB

Proof. Consider any .S € P ; A. We will first show that

{Df(d)|deDA,supp(d) €S} ={d € DB |supp(d)C{f(a)|ae S}}. 3)

For the inclusion from left to right, note that for each d € DA such that supp(d) C .S we have b € supp(D f(d)) only if there exists
a € S such that f(a) = b. Thus, supp(D f(d)) C {f(a) | a € S}. Conversely, consider d € DB such that supp(d) C { f(a) |a € S}. We
define d’ € DA by

d(f(a))
d'(a)= .
W= @esi @ =r@)l
Then
Df(d)b) = Z d'(a) (definition of D)
a€A, f(a)=b
= . d(f (‘j)) (definition of d”)
it @ €SI =f@]]
_ d(b)
AT ta)=b {a' €S| f(a)=0b}|
=d(b).
Now we have
(P.Df odis)(S)=P.Df({d € DA |supp(d)CS}) (definition of dis)
={Df(d)|d eDA,supp(d)C S} (definition of P,)
={d€DB|supp(d)C{f(a)|a€ S}} (3)
=dis({f(a)|a€ S}) (definition of dis)
=(diso P, f)(S) (definition of P,). O

Lemma 2.12. For all convex sets (A, a) and (B, f§) and affine maps f : A — B, the diagram below commutes.
PpA S PA
P ffi l’ycf
?;B =% P.B
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Proof. As seen below, this follows almost directly from the previous result.

P.A *} P A
4 ~, @ ”
dis Poa
DA
il © Jreor @ |7
PDB
dis c
T N
TfB conv B
(D Lemma 2.11 (2) f is affine O

2.4. Automata and language semantics

In this section we review the general language semantics for automata with side-effects provided by a monad (see, e.g., [26-28]).
This categorical framework is the foundation of our language semantics for NPAs.

Definition 2.13 (T-automaton). Given a monad (7,7, u) in the category of sets, an output set O, and a (finite) alphabet X, a T-
automaton is defined by a tuple (S,sq,7,{7,}.cx), Where S is the set of states, s, € S is the initial state, y : S — O is the output
function, and 7z, : S — T'S for a € T are the transition functions.

This abstract formulation encompasses many standard notions of automata. For instance, we recover deterministic (Moore) au-
tomata by letting T be the identity monad; deterministic acceptors are a further specialization where the output set is the set 2 = {0, 1},
with 0 modeling rejecting states and 1 modeling accepting states. If we use the powerset monad, we recover nondeterministic acceptors
and with the vector space monad one recovers weighted automata.

Any T-automaton can be determinized, using a categorical generalization of the powerset construction [27].

Definition 2.14 (Determinization). Given a monad (7,7, u) in the category of sets, an output set O with a T-algebra structure
0: TO = O, and a (finite) alphabet X, a T-automaton (S, sg,7,{7,},ex) can be determinized into the deterministic automaton
(TS,s(),y’, {7} 4ex) given by 56 =n(syp) €TSS and

Y TS—>0 T‘::TS—>TS

Y =00Ty o=poTr,
This construction allows us to define the language semantics of any 7-automaton as the semantics of its determinization.

Definition 2.15. Given a monad (7', 7, ) in the category of sets, an output set O with a T-algebra structure o : TO — O, and a (finite)
alphabet X, the language accepted by a T-automaton A = (S, 5,7, {7, },ex) is the function £ 4 : £* — O given by £ 4 = (I 4 o 11)(sq),
where [ , : TS — O*" is defined inductively by

Ly(s)(e)=(00Ty)(s) Lg(s)(av) =14 ((u 0 T7,)(5)(0).

Example 2.16 (Deterministic probabilistic automata). As an example of a T-automaton and its semantics, take T to be the distribution
monad D and the output set O to be the interval [0, 1]. Instantiating the definition of 7—automata (for finite® state space .S) yields
deterministic probabilistic automata (DPAs): automata with a finite state space .S, an output function of type .S — [0, 1], and transition
functions of type S — D.S for each a € . To instantiate the language semantics of such automata, we use the usual D-algebra structure
E: D[0,1] - [0, 1] computing the expected weight:

Ed)= ) d-a

aesupp(d)

More concretely, the semantics works as follows. Let (S, sq,7,{7,},es) be a DPA. At any time while reading a word, we are in
a convex combination of states Z;':l p;s; (equivalently, a distribution over states). The current output is given by evaluating the

3 All concrete automata considered in this paper will have a finite state space (cf. Section 4), but this is not required by Definition 2.13. The reason for this is
two-fold. First, the determinization procedure (Definition 2.14) often results in an automaton with an infinite state space even when starting from a 7"-automaton with
a finite state space: e.g. the distribution monad, for example, does not preserve finite sets in general. Second, the semantics of each T-automaton is given in terms of a
mapping to an automaton of languages (Definition 2.15) and that language automaton has an infinite state space. Even when T is the identity monad and we recover
deterministic Moore automata the language automaton has as state space all power series O*" which is an infinite set.
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sum Y7, p;¥(s;). On reading a symbol a € X, we transition to the convex combination of convex combinations Y.\, p;7,(s;), say
S P Z:";l g; ;5; ;> which is collapsed to the final convex combination } " | Z;"; | Pid; ;5; (again, a distribution over states).

Remark 2.17. One may wonder if the automaton model would be more expressive if the initial state s, in an automaton
(S, 50,7, {7, } 4ex) would be an element of 7'S rather than S. This is not the case, since we can always add a new element to .S
that simulates s, by setting its output to (0 o Ty)(s) and its transition on a € X to (u o T't,)(s)-

For instance, DPAs allowing a distribution over states as the initial state can be represented by an initial state distribution yu, an
output vector y, and transitions z,. In typical presentations, 4 and y are represented as weight vectors over states, and the 7, are
encoded by stochastic matrices.

3. Nondeterministic probabilistic automata
We now introduce an automaton model supporting probabilistic and nondeterministic behaviors, inspired by Segala [9]. On each
input letter, the automaton can choose from a finitely generated nonempty convex set of distributions over states. After selecting a

distribution, the automaton then transitions to its next state probabilistically. Each state has an output weight in [0, 1]. The following
formalization is an instantiation of Definition 2.13 with the monad P.D.

Definition 3.1. A nondeterministic probabilistic automaton (NPA) over a (finite) alphabet X is defined by a tuple (S, s¢,7,{7,}sex)
where S is a finite set of states, sy € S is the initial state, y : .S — [0, 1] is the output function, and z,: S — P_,D.S are the transition
functions indexed by inputs a € Z.

As an example, consider the NPA below.

Sy

(C))

S

States are labeled by their direct output (i.e., their weight from y) while outgoing edges represent transitions. Additionally, we write
the state name next to each state. We only indicate a set of generators of the convex subset that a state transitions into. If one of these
generators is a distribution with nonsingleton support, then a transition into a black dot is depicted. Outgoing transitions represent
the distribution, and are labeled with probabilities.

Our NPAs recognize weighted languages. The rest of the section formalizes the language semantics, based on the general framework
from Section 2.4.

3.1. From convex algebra to language semantics

To define language semantics for NPAs, we will use the monad structure of P,D. To be able to use the semantics from Section 2.4,
we need to specify a P, D-algebra structure o: P,D[0, 1] — [0, 1]. Moreover, our model should naturally coincide with DPAs when
transitions make no nondeterministic choices, i.e., when each transition function maps each state to a singleton distribution over
states. Thus, we require the P,D-algebra o to extend the expected weight function E. That is, we want o to be of the form

P.E a
0=2?.D[0,1]— P_[0,1]— [0,1] 5)

for some P -algebra structure a on [0, 1]. This in particular makes the diagram below commute, as a result of naturality of {—} and
the fact that @ o {—} = id by one of the algebra laws.*

DI0, 1]

“}l x (©6)

P,D[0,1] —=> [0,1]

4 In the conference version of the present paper, we defined o extending E as the commutativity of (6). We then included a result [1, Proposition 1] implying that
the two definitions—the one above given by (5) and the commutativity of (6)—are equivalent, but the proof given in the paper is incorrect: it applies the functor P,
to 8, which is not an affine map in general. We do not know whether the equivalence holds. We believe that our new notion of o extending E is more natural: if one
thinks of @ as a nondeterministic choice between expectations, the corresponding o is the function first calculating the expectation of each choice, followed by the
appropriate choice itself.
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3.2. Characterizing the P,D-algebra on [0, 1]

While in principle there could be many different P, D-algebras on [0, 1] leading to different language semantics for NPAs, we will
show that there are exactly two P_-algebras on [0, 1]: the map computing the minimum and the map computing the maximum. This
leads to two P, D-algebras on [0, 1] that extend E.

Proposition 3.2. The only P.-algebras on the convex set [0, 1] are min and max.
Proof. Let a : P.[0,1] — [0, 1] be a P -algebra. Then for any r € [0, 1], a({r}) =r, and the diagram below must commute.

P.P[0.1] —% 3,[0,1]

ul Je 2

P.[0,1] —— [0,1]

Furthermore, « is an affine map. Since conv({{0}, {1},[0,1]}) = ?,[0, 1] by Lemma 2.10, a({0}) =0, and a({1}) = 1, a is completely
determined by a([0, 1]). We now calculate that

a0, 1) =« ({J10.p1 1 p€10.11))
= (@o | J o conv)({{0},[0,11})

= (a o P a0 conv)({{0}.,[0,1]}) Q)
= (a o conv o P a)({{0},[0,11}) (Lemma 2.12)
= (@ o conv)({a({0)), ([0, 1D} (definition of fPf)

= (a o conv)({0,a([0, 1D })
= a([0,a([0, 1D])
= a(a([0, 1D[O, 1T+ (1 — a([0, 1T){0})

=a([0,1]) - «([0,1]) + (1 — a([0, 1])) - a({0}) (a is affine)
= a([0, 1) + (1 — ([0, 11)) - O
= a([0, 1])%.

Thus, we have either a([0, 1]) = 0 or «([0, 1]) = 1. Consider any finitely generated nonempty convex subset [p, q] C [0, 1]. If a([0, 1]) =0,
then Lemma 2.10 gives

a([p,qD) = a(p{1} + (g — p)[0, 1]+ (1 = ){0})
=p-a({1)+(q@—-p) -a0,1D+ (1 -9 -a({0})
=p-14+(@-p) -0+ —-¢q)-0=p=min([p,q]);
if ([0, 1]) = 1, then
a([p,q]) = a(p{1} + (¢ — p)I0, 1] + (1 — 9){0})
=p-a({1)+(q—-p)-a(0,1D+ (1 —q) - a({0})
=p-1+(@-p-1+1-q)-0=qg=max(p,q).

We now show that min is an algebra; the case for max is analogous. We have

n n n
min <Z rl-[pi,q,-]> =min < [Z i Dis Zr,— . q,-:| >
i=1 i=1 i=1
n
=Y
i=1
n
=Y r;-min((p;, q;1),
i=1
so min is an affine map. Furthermore, clearly min({r}) =r for all r € [0, 1], and for all § € ?,P?.[0, 1],

min(U S) =min({min(T) | T € S}) = (min o P, min)(S). O
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P.E i :
Corollary 3.3. The only P,D-algebras on [0, 1] extending E are P,D[0, 1]— P[0, l]m [0,1] and ?,D[0, 1]— P[0, l]m—> [0,1].

Consider again the NPA (4). Since we can always choose to remain in the initial state, the max semantics assigns 1 to each word
for this automaton. The min semantics is more interesting. Consider reading the word aa. On the first a, we transition from s, to
conv{sg, %51 + %52} € P.DS. Reading the second a gives

conv{conv{so, %sl + %sz},%{sl}+ % {%sl + %52}} eP.DP.DS.

Now we first apply P . to eliminate the outer distribution, arriving at

conv {conv {so, %sl + %sz } s { %sl + %sz } } eP.P.DS.
Taking the union yields
conv{ sg. Ls + 15y, 35, +1s, L e, DS
0> 3571 2920 171 4°2 c )
which leads to the convex subset of distributions over outputs

1

conv{1,§-0+

1 3 1
5‘1,Z~0+Z-1}€?CD[0,1].
Calculating the expected weights gives conv{l, % % } € ?.[0,1], which has a minimum of le' One can show that on reading any word
u € X* the automaton outputs 27", where n is the length of the longest sequence of a’s occurring in u.

The semantics coming from max and min are highly symmetrical; in a sense, they are two representations of the same semantics.®
Technically, we establish the following relation between the two semantics—this will be useful to avoid repeating proofs twice for

each property.

Proposition 3.4. Consider an NPA A = (S, sy, 7. {7, } ,ex) under the min semantics. Define y' : .S — [0, 1] by y'(s) = 1 — y(s), and consider
the NPA A’ = (S, 5¢,7", {7, } ses) under the max semantics. Then £ 5/ (u) =1 — £ ;4 (u) for all u € T*.

Proof. We prove a stronger property by induction on u: for all x € P, DS and u € ¥, we have / 4/ (x)(u) = 1 —1 4 (x)(u). This is sufficient
because A and A’ have the same initial state. We have

1 41(x)(€)
= (max o P.E o P, Dy )(x) (Definition 2.15)
= (max o P.E) ({Ap. 2 d(s)| dex }) (definition of P,D)
SES.Y! (s)=p

= max <{ Z R Z d(s)| de x}> (definition of P,E)
peEIO]  s€S8.y/(s)=p
= max ( 2 p- 2 dis)| de x}) (definition of y)

pe01]  sESy(s)=1-p
= max <

Yda-p- Y d dex})

—~ = =

p€l0,1] SES,y(s)=p
=max< 2, (1=p)- Dr@)p) dex})
pel0,1]
=max< 1- Z p-Dy(d)p) dex})
p€El0,1]

:l—min<{ 2 p-Dy(d)(p) dex}>
pel0,1]

=1—(mino P,E){Dy(d)|d € x}) (definition of P, E)

5 The max semantics is perhaps slightly preferable since it recovers standard nondeterministic finite automata when there is no probabilistic choice and the output
weights are in {0,1}.
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=1—-(minoP,E o P Dy)(x) (definition of P,)
=1-=1,4(x)¢) (Definition 2.15).
Furthermore,
Ly (x)av) =14 ((U 0P.wo iPcDra> (x)) ) (Definition 2.15)
=1-1, ((U oP,wo chDTa) (x)) ) (induction hypothesis)
=1-=1,4(x)(av) (Definition 2.15). O

3.3. Using the finite representation

In this section we will show how to compute the semantics of nondeterministic probabilistic automata using a finite representation.
Note that each transition of the NPAs we consider goes to a potentially infinite set of distributions over states. However, this set is
finitely generated and can thus be finitely presented. In order for NPAs to be used in practice it is essential to have this finite
presentation extended to the automaton level. This requires simulating the determinization construction of Definition 2.14 on the
finite presentation and proving a soundness result, which we will do in this section. We start by making the finite presentation explicit
in the following definition.

Definition 3.5. A finitary NPA over a (finite) alphabet X is defined by a tuple (.S, s, 7, {7, } ,ex), Where S is a finite set of states, sy € S
is the initial state, y : S — [0, 1] is the output function, and 7, : S — P,D.S are the transition functions indexed by inputs a € X.

To run these automata we need to determinize them, but there is no monad structure on the functor P fD [29-31]. However, we
do know what the semantics should be, since a finitary NPA A = (S, 5,7, {7, },ex) extends to the NPA A= (S, 50,7, {74} sex), Where
foreacha € X,

T, conv
t,=8S—P;DS— P DS,

and this NPA can be determinized as P,D is a monad. Our plan now is to simulate the determinization of the extension NPA on the
finitary NPA and show that the map conv: ?,DS — P D.S forms an automaton homomorphism between the two, which guarantees
language equivalence (and hence soundness of the construction).

We mirror w, : DP.A — P A for a convex set (A, a) in the finite case by the function y, : DP,A — P, A given by

wa(d)={(adoDc')d)| ' : supp(d) = A,VYU € supp(d).c'(U) e U}.

This allows us to define a determinization that is not an instance of Definition 2.14 but has the crucial property having a finite
description and being equivalent to the aforementioned infinite determinization construction.

Definition 3.6 (Finitary NPAs determinization). The determinization of a finitary NPA (S, sy,7,{7,},ex) is the automaton (P,DS,
{6(s0)}, 7, {£,} aex), Where

P, Dy PE «
7 =%, DS—— P, D[0,1]— P[0, 1]— [0,1]

N PrDzg Pryps U
2,=P;DS—— P;DP; DS—— PP, DS— P,DS.

and « can be either min or max.

The following results will be used to prove Theorem 3.12, which states that conv is an automaton homomorphism from the finitary
determinization to the (convex) determinization obtained through Definition 2.14. This guarantees both automata accept the same
language and therefore implies that the construction above is sound. The results needed in the proof of the soundness theorem include
several properties about the support of a distribution (supp) and the convex closure of a set (conv):

. supp is a natural transformation from D to P r (Lemma 3.7).

. supp is a monad morphism from D to P, (Lemma 3.8).

. conv is a monad morphism from P, to P, (up to the forgetful functor from the category of convex sets, Lemma 3.9).°

. o, the (affine) convex algebra structure on P_ A, and its analogue for the finite powerset case—y ,—are compatible via conv
(Lemma 3.10).

5. The output maps of the determinizations are compatible via conv (Lemma 3.11).

H WM

6 For both of these monad morphisms we do not include the compatibility with the units. It would be trivial to extend the proofs, but these particular properties
are not needed in the final theorem.

10
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Lemma 3.7. For each function f : X — Y, the diagram below commutes.
D
px —=Ly py
supp supp

-J)jf
PX L5 Py

Proof. For each d € DX,

(supp o Df)(d) = supp (Ay €Y. Z d(x)) (definition of D)

xeX,f(x)=y
={yeY |3Ix esupp(d). f(x) =y} (definition of supp)
={f(x) | x € supp(d)}
=(Pyf osupp)(d) (definition of P ).

Lemma 3.8. For each set X, the diagram below commutes.

P
pox 2 9 px LK 9 9 x

| b

DX spp > PX

Proof. For each d € DD X,

(U o P supp o supp) )
= U {supp(e) | e € supp(d)} (definition of ;)
= {x € supp(e) | e € supp(d)} (definition of U)
={x € X | 3e € supp(d). x € supp(e)}
= supp <Ax eXx. z d(e)- e(x)) (definition of supp)
eeDX
= (supp o m)(d) (definition of m).

Lemma 3.9. For each convex set A, the diagram below commutes.

P sconv,

PPA—— PP A DDA

ul v

Tf A conv S P A

c

Proof. We will first show that the diagram

Py dis dis P
P,P,A LS 20,04 25 p DP, DA =% PP DA

ul i

P A & > P.DA

commutes. Consider any U € PP A. We define

X:(disoU)(U):{deDA|supp(d)gUU},

rewritten by expanding the definition of dis, and

(Uerewodison,dis)w)

ne

(U 0P.wo dis) ({dis(V) |V eU})

11
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@ (U ° iPCcu> ({e€ DP,DA | supp(e) C {dis(V) |V € U}})

@ (Jt{(m o De)e) | ¢ € choices, 4 } | e € DP, DA, supple) C {dis(V) |V € U}}
= {(m o De)(e) | ¢ € choicer 4, e € DP, DA, supp(e) C {dis(V) | V € U}}.

Here (1) applies P /dis, (2) expands the definition of the outer dis, (3) expands the definition of P, and finally we take the union
of the resulting set of sets. We will show that X CY and Y C X. Regarding the former inclusion, consider any d € DA such that
supp(d) C|JU. For each V € U we define d}, € DA by

1@ ifaeV
o)
dy(a)= WV'ellaeV ) They Trevperm]

0 ifagV.

This is indeed a distribution, as

d(a)

agV

a0
s |{V’eU|a€V’}|2beV|{V’eU(7|b)eV’]|
_y d(a) : !
= VieU|aeV! () —
I{ | M Ziev {V'eU|beV’}|

=<Z d(a) >_ 1
aeVHVIeUlaeVl}l ZbEV‘( o

V'eU|beV'}|
=1.

Now we define ¢ : P, DA — DA for W € P, DA, which is nonempty and thus contains an element w € W, by

W)= {dV if W =dis(V) for some V € U

w  otherwise.

Note that ¢ € choicey, ,. We further define e € DP.DA by

a€V |(V'eU|acV'}|

W) D — 4@ ___ ify — dis(V) for some V € U
e =
otherwise.

By definition, supp(e) C {dis(V) | V € U}. It follows from the definitions of e and d}, that forall V €U anda €V,

d(a)

(eodis)(V)-dy(a)= WV eulacv|

9)

Thus, foralla € A,

(m o Dc)(e)(a)

= Y De(e)f)- f(a) (definition of m)
feDA

= > e(W)- f(a) (definition of D)

FEDAWEP DA W)=f

= ) eW)-c(W)a)

WeP. DA

= Y (eodis)(V) - (c o dis)(V)(a) (definition of ¢)
veu

= Z (eodis)(V) - dy(a) (definition of c)
veUu

= ) (eodis)(V)-dy(a) (definition of dy)
VeU.aeV

d(a)

= a4 9
VeUzﬂevl{V’eUlaEV’}l ©)

=d(a),

so (m o Dc)(e) = d, which concludes the first inclusion.

12
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For the inclusion Y C X, consider any ¢ € choice, 4 and e € DP,DA such that supp(e) C {dis(V) |V € U}. We need to show that
supp((m o Dc)(e)) € |JU. We have

supp((m o Dc)(e))
= (U ° g’fSUPP) (supp(Dc(e))) (Lemma 3.8)
= (U o supp o ch) (supp(e)) (Lemma 3.7)
c (U 0P suppo rpfc) (dison) |V eU)) (monotonicity)
= U {(suppocodis)(V) |V eU} (definition of P ;supp o P /)
= U{W |WcVveU) (definition of dis)

cJwviveu)

=Jv.

Note that both | J and any P f for any function f are monotone. This concludes commutativity of (8).
Below we show commutativity of the original diagram, using the factorization of conv through dis.

U
PP A > P A

8
fyfdis\l/ ®) J/dis
P04 5 0P DA 2% 39 D4 Ly P DA
(PfiPcaJ/ @ ?c'Dch“\L @ J/TCTCa @ J/Tca
di Pow

PP A —=— P.DPA —— P.PA L) P.A
(D Lemma 2.11 (2) naturality of @ (3) naturality of [ J O

Lemma 3.10. For each convex set (A, a), the diagram below commutes.

DP, A 2Ny DP A

25 l

PA—" PA
Proof. Note that y4 can be written as

p) fPfa
wp=DP;A— P, DA— P A, (10)
where

p(d)={d, | €C} C={c: supp(d) = A,YU € supp(d).c'(U) € U}
and d. € DA for any ¢’ € C is given by

do(@= Y dU).

Uesupp(d),c'(U)=a

We will first show that the diagram

P, A 295 DP DA

$ b

P;DA =5 PDA
commutes. Given d € DP A, let us define the sets
X = (w o Ddis)(d)

@ {(m o D(c o dis))(d) | ¢ € choicey, ,}

@ {/la € A. 2 D(c odis)(d)(f) - f(a)

feDA

¢ € choiceq 4 }

13
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@ {Aa €A Y dU)-f(a)

feDA,Uesupp(d),(c odis)(U)=f

¢ € choiceq 4 }
¢ € choiceq, 4 }

= {Aa € A. Z d(U) - (c o dis)(U)(a)

Uesupp(d)

and

Y = (conv o p)(d)

@ {m(e) | e € DDA, supp(e) C p(d)}
@{AaeA e(f): f(a) eeDDA,supp(e)gp(d)}
feDA
{la . e(f) - f(a)|e€ DDA, supp(e) C ﬂ(d)}
fE€p(d)
©

e € DDA, supp(e) C p(d)

fEDAICEC. f=d,

{Aa €AY e(f)- fla)

Ja € A. 2 e __dNS@ |, e ppasupple) € pld)

"ecC dlr— '
fEDACEC, f=d, ! Al

—{AGEA Zl e(d/) d (a)

e € DDA, supp(e) C p(d)

(" €Cdy=d,}|

e(d )-dU)
= Aa € A.
“ Z €C|dy=dy}|
JdeC Uesupp(d)c (U)

e € DDA, supp(e) C p(d)

Here (1), (2), (3), and (4) expand the definition of w, m, D, and conv, respectively. Step (35) uses the definition of p, and (6) expands
the definition of d.,. We need to show X CY and Y C X. For the former, consider any ¢ € choicey, 4. We define e € DDA by

eN= Y JI codiswrwy.
c’eC.,d =1 Uesupp(d)

To show that e is a distribution, we define for any Z € ¥, A such that Z C supp(d),

Cy=(c: Z-ANVUEZ.JU)eU).
We will show that
Y ] codin@icwy=1. (12)
cec,UezZ
First suppose that Z is a singleton {U }, and note that C(;;; = U via the element picked by the choice function. Thus,
Y (codis)U)C'U) =) (codis)(U)a)=1.
deCyy acU
Now assume that Z = Z' @ {U} with | Z| > 2 and that we have
Z H (codis)(V)(c' (V) =1.
deC, vez
Observe that C, = C,, X U via the element picked from U. Then

> [ (codisvco)

C'ECZ/U(U) Vez'u{U}

= z (c odis)(U)(a) - H (c o dis)(V)(' (V)

c/eCy,y,a€lU vez'

14
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= Y ] €codin vy

deC, vez
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= l,
using the induction hypothesis in the last step. Finally, to see that e is a distribution, note that C = Cy,,4) and thus

[[ (cedivw @y

fEDA'EC,dy=f Uesupp(d)

= Z H (c o dis)(U)(c'(U))

c’eC Uesupp(d)
=1.

We are now ready to show that this definition of e induces the right element of Y. For all a € A,

Z e(d.)-dU)
c’eC,UEsupp(d)ly{c’c(’(’[EaC | dC” = dc’ }l
2 [Ty cauppiay (€ 0 dis) (" (V)
c'eC,Uesupp(d), " €Cldom=dy}]
dU)=ac"eC.d,r=d.

HVEsupp(d)(c ° dis)(V)(CN(V))

U)

= E dU)
" o 2
dec. [{c"eC| don =da H Uesupp(d),
"eC.dr=dy (U)=a

Z HVESUPP(d)(c o dis)(V)(c" (V) . 4U)
" -

Jec. |{C eC | dcm = dcr }l Uesupp(d),

c”eC,dcf/=dC/ " (U)=a

[Ty esuppa) (€ © diXF (" (V)
2 d(U) |{c,”ecldc”’=dc/}|

C,EC,C/,EC,dC// =d,r,
Uesupp(d),c” (U)=a

Y adw)- ] (codini )
'ec, Vesupp(d)
Uesupp(d),c”' (U)=a

= Z dU) - (c o dis)(U)(a) - H (c o dis)(V)(" (V)
"' €Cuppan (U} Vesupp()\ (U}
Uesupp(d)

= Z d(U) - (c o dis)(U)(a).

Uesupp(d)

Here we expanded the definition of e in the first step and applied (12) in the last step.
Regarding the other inclusion Y C X, consider any e € DDA such that supp(e) C {d,s | ¢’ € C}. We define ¢ : P, DA — DA by

e(d,)
{C" eC | dcr/ = dcr}l

c(V)(a)= I
Uesupp(d),V=dis(U) ¢’eC.c'(U)=a

To see that c(V) is a distribution for any V' € P, DA, note that

e(der) -y e(d,r) .
a€A,c’eC.c'(U)=a |{C” eC | dC” = dc'}l JeC |{C// eC | dc” = dc’}|
Furthermore, for all a € A,
e(d.)-dU
Y dU) - (codinU)a) = _ @) d®)
Uesupp(d) Uesupp(d).c’ €C.c! (U)=a [{c"eCl|dn=d.}|

by the definition of ¢, so this defines the right element of X. This concludes the commutativity of (11), which completes the diagram
below.

15
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DP, A Doony > DPA
Ddis ) /r
DP.a
DP, DA

P

v an w ®
(10 P;DA = fPCJéA
?y @ &1‘

fPfA conv S P A

c

S

N

(D) Lemma 2.12 (2) naturality of @ O

Lemma 3.11. The diagrams below commute.

P10,1] == 2,[0,1] P,10,1] == P,[0,1]
e d e
[0,1] [0,1]

Proof. We only show the case for min, as the one for max is analogous. For each U € P +[0,1], we have

(min o conv)(U) = min({E(d) | d € D([0, 1]),supp(d) CU })

=min ({ Z d(a)-a|d e[0,1],supp(d) C U}>
aesupp(d)

=min(U),
where in the first two steps we expand the definitions of conv(U) and E(d), respectively, and for the last step we note that to minimize
the sum, the distribution d should be chosen so as to concentrate all probability mass at the minimum element of U. []

We are now ready to prove the main result of this section: soundness of the finitary version of the determinization construction.

Theorem 3.12 (Soundness of finitary determinization). Given any finitary NPA (S, so.7,{7,},ex), the map conv: P,DS — P, DS is an
automaton homomorphism from its determinization to the determinization of its convex extension.

Proof. Noting conv o {—} = {—}, the initial state is trivially preserved. For the output maps, we have commutativity of the following
diagram.
Py Dy PrE
PsDS —— P,D[0,1] —) Pr10,1]

| D em| | @,

P.Dy

?DS—)(PD[OI]—)(P[OI]—)[OI]
(D) Lemma 2.12 (2) Lemma 3.11
To conclude, conv commutes with each of the transition functions for a € X.
P;Dr, Py U
?;DS —— P,DP,DS > P;PDS —— P,DS
P s Deonv @ J/chonv
® P DP.DS —L2
conv conv @ f N —) fPffP DS @ conv
J/COI’W @ J/COI’]V
P. Dz, P.Dcony
J’DS—)CPD(P DS—)TPDTPDS—)TPTDS—)TDS

(D Lemma 2.12 (2) Lemma 3.10 (3) Lemma 3.9 O

4. Expressive power of NPAs
Our convex language semantics for NPAs coincides with the standard semantics for DPAs when all convex sets in the transition

functions are singleton sets. In this section, we show that NPAs are in fact strictly more expressive than DPAs. We give two results.
First, we exhibit a concrete language over a binary alphabet that is recognizable by a NPA, but not recognizable by any DPA. This

16



G. van Heerdt, J. Hsu, J. Ouaknine et al.
Theoretical Computer Science 1040 (2025) 115191

argument uses elementary facts about weighted languages, and actually shows that NPAs are strictly more expressive than weighted
finite automata (WFAs). A WFA (over a field [F) is a T-automaton over the free vector space monad V' (see Example 2.6). More
concretely, a WFA is a finite set of states S together with two linear maps o: .S — F and ¢: S — V(S)4 and an initial vector
i € V(S). A WFA accepts weighted languages F4", as per Definition 2.15.

Next, we separate NPAs and DPAs over a unary alphabet. This argument is substantially more technical, relying on deeper results
from number theory about linear recurrence sequences.

4.1. Separating NPAs and DPAs: binary alphabet

Consider the language £, : {a,b}* — [0,1] by £,(u) = 27", where n is the length of the longest sequence of a’s occurring in u.
Recall that this language is accepted by the NPA (4) using the min algebra.

Theorem 4.1. NPAs are more expressive than DPAs. Specifically, there is no DPA, or even WFA, accepting £ ,,.

Proof. Assume there exists a WFA accepting £, and let /() for u € {a, b}* be the language of the linear combination of states reached
after reading the word u. We will show that the languages /(a"b) for n € N are linearly independent. Since the function that assigns
to each linear combination of states its accepted language is a linear map, this implies that the set of linear combinations of states of
the WFA is a vector space of infinite dimension, a contradiction.

The proof is by induction on a natural number m. Assume that for all natural numbers i < m the languages /(a'b) are linearly
independent. For all i < m we have [(a'b)(a™) =2 and [(a'b)(a™*!) = 27"~1; however, I(a”*!b)(a™) = [(a"*'b)(a™+!) = 27"~ If
1(a"*1p) is a linear combination of the languages I/(a'b) for i < m, then there are constants ¢, ...,c,, € R such that in particular

(cp+ - 4e,)27m=2"""1 " and  (¢;+-+c,27" =271

These equations cannot be satisfied. Therefore, for all natural numbers i < m + 1 the languages [(a’b) are linearly independent. We
conclude by induction that for all m € N the languages /(a'b) for i < m are linearly independent, which implies that all languages
I(a"b) for n € N are linearly independent. []

A similar argument works for NPAs under the max algebra semantics—one can easily repeat the argument in the above theorem
for the language accepted by the NPA resulting from applying Proposition 3.4 to the NPA (4).

4.2. Separating NPAs and DPAs: unary alphabet

We now turn to the unary case. A weighted language over a unary alphabet can be represented by a sequence (u;) = ug,uy, ... of
real numbers. We will give such a language that is recognizable by a NPA but not recognizable by any WFA (and in particular, any
DPA) using results on linear recurrence sequences, an established tool for studying unary weighted languages.

We begin with some mathematical preliminaries. A sequence of real numbers (;) is a linear recurrence sequence (LRS) if for some
integer k € N (the order), constants u, ...,u;_; € R (the initial conditions), and coefficients by, ..., b,_; €R, we have

Upy =Dyt + -+ + bou,

for every n € N. A well-known example of an LRS is the Fibonacci sequence, an order-2 LRS satisfying the recurrence f,,, = f,,1 + f,-
Another example of an LRS is any constant sequence, i.e., (u;) with u; = ¢ for all i.

Linear recurrence sequences are closed under linear combinations: for any two LRS (u; ), (v;) and constants a, # € R, the sequence
(au; + Pv;) is again an LRS (possibly of larger order). We will use one important theorem about LRSs. See the monograph by Everest
et al. [32] for details.

Theorem 4.2 (Skolem-Mahler-Lech). If (u;) is an LRS, then its zero set {i € N | u; =0} is the union of a finite set along with finitely many
arithmetic progressions (i.e., sets of the form {p+ kn | n € N} with k # 0).

This is a celebrated result in number theory and not at all easy to prove. To make the connection to probabilistic and weighted
automata, we will use two results. The first proposition follows from the Cayley-Hamilton Theorem.

Proposition 4.3 (see, e.g., [25]). Let L be a weighted unary language recognizable by a weighted automaton W. Then the sequence of
weights (u;) with u; = £(a') is an LRS, where the order is at most the number of states in W.

While not every LRS can be recognized by a DPA, it is known that DPAs can recognize a weighted language encoding the sign of
a given LRS.

Theorem 4.4 (Akshay, et al. [33, Theorem 3, Corollary 4]). Given any LRS (u;), there exists a stochastic matrix M such that

u, >0 & u' M"v > 1/4
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for all n, where u=(1,0,...,0) and v =(0, 1,0, ...,0). Equality holds on the left if and only if it holds on the right. The language L£(a") =
ul M"v is recognizable by a DPA with input vector u, output vector v, and transition matrix M (Remark 2.17). If the LRS is rational, M
can be taken to be rational as well.

We are now ready to separate NPAs and WFAs over a unary alphabet.
Theorem 4.5. There is a language over a unary alphabet that is recognizable by an NPA but not by any WFA (and in particular any DPA).

Proof. We will work in the complex numbers C, with i being the positive square root of —1 as usual. Let a,b € Q be nonzero such
that z 2 a + bi is on the unit circle in C, for instance a = 3/5,b =4/5 so that |a + bi| = a®> + b* = 1. Let Z = a — bi denote the complex
conjugate of z and let Re(z) denote the real part of a complex number. It is possible to show that z is not a root of unity, i.e., zF # 1
for all k € N. Let (x,) be the sequence x, = (z" + 2")/2 = Re(z"). By direct calculation, this sequence has imaginary part zero and
satisfies the recurrence

2,2
Xpp =2ax,,1 — (a” + b%)x,

with x5 =1 and x| = a, so (x,) is an order-2 rational LRS. By Theorem 4.4, there exists a stochastic matrix M and non-negative
vectors u, v such that

x,20 = uT M"v>1/4

for all n, where equality holds on the left if and only if equality holds on the right. Note that x, = Re(z") # 0 since z is not a root
of unity (so in particular z" # +i), hence equality never holds on the right. Letting (y,) be the sequence y, = u” M"v, the (unary)
language with weights (y,) is recognized by the DPA with input u, output v and transition matrix M. Furthermore, the constant
sequence (1/4) is recognizable by a DPA.

Now we define a sequence (w, ) with w, = max(y,, 1/4). Since (y,) and (1/4) are recognizable by DPAs, (w, ) is recognizable by an
NPA whose initial state nondeterministically chooses between the two DPAs (see Remark 2.17). Suppose for the sake of contradiction
that it is also recognizable by a WFA. Then (w,) is an LRS (by Proposition 4.3) and hence so is (t,) with 7, = w, — y,. If we now
consider the zero set

S={neN]|t,=0}

={neN]|y,>1/4} U # 1/
={neN|x,>0} (Theorem 4.4)
={neN|Re(z") >0} (by definition),

Theorem 4.2 implies that .S is the union of a finite set of indices and along with a finite number of arithmetic progressions. Note that
S cannot be finite—in the last line, z” is dense in the unit circle since z is not a root of unity—so there must be at least one arithmetic
progression {p+ kn | n € N}. Letting (r,) be

ry= (2 (2" + 20 - (2" /2 =Re(2” - (2")") = X ps
we have p+ kn e S, so r, > 0 for all n € N, but this is impossible since it is dense in [—1, 1] (because z is not a root of unity for
k#0, so z7 - (z5)" is dense in the unit circle). Hence, the unary weighted language (w,) can be recognized by an NPA but not by a
WFA. [

5. Checking language equivalence of NPAs

Now that we have a coalgebraic model for NPA, a natural question is whether there is a procedure to check language equivalence of
NPAs. We will show that language equivalence of NPAs is undecidable by reduction from the threshold problem on DPAs. Nevertheless,
we can define a metric on the set of languages recognized by NPAs to measure their similarity. While this metric cannot be computed
exactly, it can be approximated to any given precision.
5.1. Undecidability and hardness

Theorem 5.1. Equivalence of NPAs is undecidable when |Z| > 2 and the P, D-algebra on [0, 1] extends the usual D-algebra on [0, 1].

Proof. Let X be a DPA and « € [0, 1]. We define NPAs Y and Z as follows:
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Here the node labeled X represents a copy of the automaton X —the transition into X goes into the initial state of X. Note that the
edges are labeled by X to indicate a transition for every element of X. We see that Ly (¢) = k = £ ,(¢) and (for « either min or max,
as follows from Corollary 3.3)

Ly (av) = (a o conv)({k, Ly (v)}) L ,(av) =k.

Thus, if @ = min, then £y = £, if and only if £y (v) > « for all v € X*; if @ = max, then £y = L, if and only if £y (v) <« for all
v € X*. Both of these threshold problems are undecidable for alphabets of size at least 2 [22-24]. []

The situation for automata over unary alphabets is more subtle; in particular, the threshold problem is not known to be undecidable
in this case. However, there is a reduction to a long-standing open problem on LRSs.

Given an LRS (u;), the Positivity problem is to decide whether u; is non-negative for all i € N (see, e.g., [25]). While the decidability
of this problem has remained open for more than 80 years, it is known that a decision procedure for Positivity would necessarily
entail breakthroughs in open problems in number theory. That is, it would give an algorithm to compute the homogeneous Diophantine
approximation type for a class of transcendental numbers [25]. Furthermore, the Positivity problem can be reduced to the threshold
problem on unary probabilistic automata. Putting everything together, we have the following.

Corollary 5.2. The Positivity problem for linear recurrence sequences can be reduced to the equivalence problem of NPAs over a unary
alphabet.

Proof. The construction in Theorem 5.1 shows that the lesser-than threshold problem can be reduced to the equivalence problem for
NPAs with max semantics, so we show that Positivity can be reduced to the lesser-than threshold problem on probabilistic automata
with a unary alphabet. Given any rational LRS (u;), clearly (—u;) is an LRS as well, so by Theorem 4.4 there exists a rational stochastic
matrix M such that

—u, >0 = u' M"v>1/4

for all n, where u=(1,0,...,0) and v =(0, 1,0, ...,0). Taking M to be the transition matrix, v to be the input vector, and u to be the
output vector, the probabilistic automaton corresponding to the right-hand side is a nonsatisfying instance to the threshold problem
with threshold < 1/4 if and only if the (u;) is a satisfying instance of the Positivity problem.

Applying Proposition 3.4 yields an analogous reduction from Positivity to the equivalence problem of NPAs with min seman-

tics. [
5.2. Checking approximate equivalence

The previous negative results show that deciding exact equivalence of NPAs is computationally intractable (or at least very difficult,
for a unary alphabet). A natural question is whether we might be able to check approximate equivalence. In this section, we show how
to approximate a metric on weighted languages. Our metric will be discounted—differences in weights of longer words will contribute
less to the metric than differences in weights of shorter words.

Given ¢ € [0,1) and two weighted languages /;,/, : Z* — [0, 1], we define

Jul
(1) =Y 1) = L) - (é) :

uex*

Suppose that /; and /, are recognized by given NPAs. Since d,.(/;,/,) =0 if and only if the languages (and automata) are equivalent,
we cannot hope to compute the metric exactly. We can, however, compute the weight of any finite word under /;, and /,. Combined
with the discounting in the metric, we can approximate this metric d, within any desired (nonzero) error.

Theorem 5.3. There is a procedure that given c € [0,1), k > 0, and computable functions 1,1, : £* — [0, 1] outputs x € R, such that
ld (I;,1p) — x| < x.

Proof. Let n = [log.((1 — ¢) - k)] €N and define

Jul
x= Y |11(u>—12<u)|~<|§|> :

ueX* |ul<n

This sum is over a finite set of finite strings and the weights of /; (u) and /,(u) can all be computed exactly, so x is computable as well.
Now we can bound

Jul ul
- _ L <
ldo(y, L) =xI= Y, 11w = L) <|2|) Suez§,|zn<lzl>

u€X* |u|>n

19



G. van Heerdt, J. Hsu, J. Ouaknine et al.

i
= Z |z|i.<|%|> = Z clec_cs:c,

ieN,i>n ieN,i>n

Theoretical Computer Science 1040 (2025) 115191

where the last step is because n > log, ((1 —¢) - k), and thus ¢” < (1 —¢) - k, noting that c €[0,1) and ¥ > 0. []
We leave approximating other metrics on weighted languages—especially nondiscounted metrics—as an intriguing open question.
6. Conclusions

We have defined a novel probabilistic language semantics for nondeterministic probabilistic automata (NPAs). We proved that
NPAs are strictly more expressive than deterministic probabilistic automata, and that exact equivalence is undecidable. We have
shown how to approximate the equivalence question to arbitrary precision using a discounted metric. There are several directions
for future work that we would like to explore. First, it would be interesting to see if different metrics can be defined on probabilistic
languages and what approximate equivalence procedures they give rise to. Second, we would like to explore whether we can extend
logical characterization results in the style of Panangaden et al. [34,35]. Third, we believe that there is an abstract understanding on
the relationship between P, and P, that is more general than what we presented in this paper and might lead to analogue results for
further automata types (for instance, work developed after we first submitted this paper on weak distributive laws [36] seems like a
promising direction to explore). Finally, it would be interesting to investigate the class of languages recognizable by our NPAs.

Related work Variants of probabilistic automata have a long history. Our work is closest to the work of Segala [9] in that our
automaton model has both nondeterminism and probabilistic choice. However, we enrich the states with an output weight that is
used in the definition of the language semantics. Our language semantics is coarser than probabilistic (convex) bisimilarity [9] and
bisimilarity on distributions [18]. In fact, in contrast to the hardness and undecidability results we proved for probabilistic language
equivalence, bisimilarity on distributions can be shown to be decidable [18] with the help of convexity. The techniques we use
in defining the semantics are closely related to the recent categorical understanding of bisimilarity on distributions [16]. Bonchi,
Sokolova, and Vignudelli [37] also consider automata based on the convex powerset monad. Using an algebraic presentation for this
monad, they also define the max and min semantics, as well as a “min-max” semantics where outputs are closed intervals in [0, 1].
The corresponding equivalences resulting from these semantics are then compared to existing trace equivalences from the literature.
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