
Received: 9 December 2024 Revised: 22 January 2025 Accepted: 29 January 2025

DOI: 10.1112/blms.70033

Bulletin of the London
Mathematical SocietyRESEARCH ARTICLE

Transcendence of Hecke–Mahler series

Florian Luca1 Joël Ouaknine2 JamesWorrell3

1Mathematics Division, Stellenbosch
University, Stellenbosch, South Africa
2Max Planck Institute for Software
Systems, Saarland Informatics Campus,
Saarbrücken, Germany
3Department of Computer Science,
University of Oxford, Oxford, UK

Correspondence
James Worrell, Department of Computer
Science, University of Oxford, Oxford OX1
3QD, UK.
Email: james.worrell@cs.ox.ac.uk

Funding information
EPSRC, Grant/Award Number:
EP/X033813/1; DFG, Grant/Award
Number: 389792660

Abstract
We prove transcendence of the Hecke–Mahler series∑∞
𝑛=0 𝑓(⌊𝑛𝜃 + 𝛼⌋)𝛽−𝑛, where 𝑓(𝑥) ∈ ℤ[𝑥] is a non-

constant polynomial, 𝛼 is a real number, 𝜃 is an irra-
tional real number and 𝛽 is an algebraic number such
that |𝛽| > 1.
MSC 2020
11J87 (primary)

1 INTRODUCTION

This paper concerns Hecke–Mahler series of the form

∞∑
𝑛=0

𝑓(⌊𝑛𝜃 + 𝛼⌋)𝛽−𝑛 , (1)

where 𝑓(𝑥) ∈ ℤ[𝑥] is a non-constant polynomial, 𝛼 and 𝜃 are real numbers and 𝛽 is an algebraic
number such that |𝛽| > 1. It is straightforward that (1) is algebraic if 𝜃 is rational. Henceforth, we
assume that 𝜃 is irrational and seek to prove transcendence of (1).
Transcendence of (1) in the case 𝛼 = 0 was proved by Loxton and Van der Poorten [7, Theo-

rem 7]. Transcendence with 𝛼 unrestricted and 𝑓(𝑥) = 𝑥 was recently shown by Bugeaud and
Laurent [3] and by the present authors [8]. The papers [3, 7] use the Mahler method to prove
transcendence, while [8] relies on the 𝑝-adic subspace theorem. Linear independence over ℚ of
expressions of the form (1), again with 𝑓(𝑥) = 𝑥, is studied in [2, 8]. Meanwhile, Masser [9] proves
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2 LUCA et al.

that algebraic independence result for Hecke–Mahler series of the form
∑∞
𝑛=0⌊𝑛𝜃⌋𝛽−𝑛 in case 𝜃

is a quadratic irrational number.
Our main result shows the transcendence of (1) for any non-constant polynomial 𝑓 and all real

𝛼.

Theorem 1. Let 𝜃, 𝛼 ∈ ℝ, with 𝜃 irrational, and let 𝛽 be an algebraic number with |𝛽| > 1.
Given a non-constant polynomial 𝑓(𝑥) ∈ ℤ[𝑥], the Hecke–Mahler series

∑∞
𝑛=0 𝑓(⌊𝑛𝜃 + 𝛼⌋)𝛽−𝑛

is transcendental.

To prove Theorem 1, we introduce a new combinatorial condition on a sequence of numbers
𝒖 = ⟨𝑢𝑛⟩∞𝑛=0 that, via the 𝑝-adic subspace theorem, entails transcendence of the sum∑∞

𝑛=0 𝑢𝑛𝛽
−𝑛

for algebraic 𝛽 with |𝛽| > 1. This condition is a development of those presented in [5, 8] (which
are in turn inspired by [1, 4]), but with significant new elements.

2 PRELIMINARIES

Let 𝐾 be a number field of degree 𝑑 overℚ and let𝑀(𝐾) be the set of places of 𝐾. We divide𝑀(𝐾)
into the collection of Archimedean places, which are determined either by an embedding of 𝐾 in
ℝ or a complex-conjugate pair of embeddings of 𝐾 in ℂ, and the set of non-Archimedean places,
which are determined by prime ideals in the ring 𝐾 of integers of 𝐾.
For 𝑎 ∈ 𝐾 and 𝑣 ∈ 𝑀(𝐾), define the absolute value |𝑎|𝑣 as follows: |𝑎|𝑣 ∶= |𝜎(𝑎)|1∕𝑑 if 𝑣 corre-

sponds to a real embedding𝜎 ∶ 𝐾 → ℝ; |𝑎|𝑣 ∶= |𝜎(𝑎)|2∕𝑑 if 𝑣 corresponds to a complex–conjugate
pair of embeddings 𝜎, 𝜎 ∶ 𝐾 → ℂ; and |𝑎|𝑣 ∶= 𝑁(𝔭)−ord𝔭(𝑎)∕𝑑 if 𝑣 corresponds to a prime ideal 𝔭
in 𝐾 and ord𝔭(𝑎) is the order to which 𝔭 divides the ideal 𝑎. With the above definitions, we
have the product formula:

∏
𝑣∈𝑀(𝐾) |𝑎|𝑣 = 1 for all 𝑎 ∈ 𝐾×. Given a set of places 𝑆 ⊆ 𝑀(𝐾), the

ring 𝑆 of 𝑆-integers is the subring comprising all 𝑎 ∈ 𝐾 such |𝑎|𝑣 ⩽ 1 for all non-Archimedean
places 𝑣 ∉ 𝑆.
For𝑚 ⩾ 1, the absolute Weil height of the projective point 𝒂 = [𝑎0 ∶ 𝑎1 ∶ ⋯ ∶ 𝑎𝑚] ∈ ℙ

𝑚(𝐾) is

𝐻(𝒂) ∶=
∏

𝑣∈𝑀(𝐾)

max(|𝑎0|𝑣, … , |𝑎𝑚|𝑣) .
This definition is independent of the choice of the field 𝐾 containing 𝑎0, … , 𝑎𝑚. We define the
height 𝐻(𝑎) of 𝑎 ∈ 𝐾 to be the height 𝐻([1 ∶ 𝑎]) of the corresponding point in ℙ1(𝐾). For a non-
zero Laurent polynomial𝑓 = 𝑥𝑛

∑𝑚
𝑖=0 𝑎𝑖𝑥

𝑖 ∈ 𝐾[𝑥, 𝑥−1], where𝑚 ⩾ 1 and 𝑛 ∈ ℤ, following [6], we
define its height𝐻(𝑓) to be the height𝐻([𝑎0 ∶ ⋯ ∶ 𝑎𝑚]) of the vector of coefficients.
The following version of the 𝑝-adic subspace theorem of Schlickewei [10] is one of the main

ingredients of our approach.†

Theorem 2. Let 𝑆 ⊆ 𝑀(𝐾) be a finite set of places of 𝐾 that contains all Archimedean places. Let
𝑣0 ∈ 𝑆 be a distinguished place and choose a continuation of | ⋅ |𝑣0 toℚ, also denoted as | ⋅ |𝑣0 . Given
𝑚 ⩾ 2, let 𝐿(𝑥1, … , 𝑥𝑚) be a linear form with algebraic coefficients and let 𝑖0 ∈ {1, … ,𝑚} be a dis-
tinguished index such that 𝑥𝑖0 has non-zero coefficient in 𝐿. Then, for any 𝜀 > 0, the set of solutions

†We formulate the special case of the subspace theorem in which all but one of the linear forms are coordinate variables.
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TRANSCENDENCE OF HECKE–MAHLER SERIES 3

𝒂 = (𝑎1, … , 𝑎𝑚) ∈ (𝑆)
𝑚 of the inequality

|𝐿(𝒂)|𝑣0 ⋅
⎛⎜⎜⎜⎜⎝

∏
(𝑖,𝑣)∈{1,…,𝑚}×𝑆
(𝑖,𝑣)≠(𝑖0,𝑣0)

|𝑎𝑖|𝑣
⎞⎟⎟⎟⎟⎠
⩽ 𝐻(𝒂)−𝜀

is contained in a finite union of proper linear subspaces of 𝐾𝑚.

We will also need the following additional proposition about roots of univariate polynomials.

Proposition 3 [6, Proposition 2.3]. Let 𝑓 ∈ 𝐾[𝑥, 𝑥−1] be a Laurent polynomial with at most 𝑘 + 1
terms. Assume that 𝑓 can be written as the sum of two polynomials g and ℎ, where every monomial
of g has degree at most 𝑑0 and every monomial of ℎ has degree at least 𝑑1. Let 𝛽 be a root of 𝑓 that is
not a root of unity. If 𝑑1 − 𝑑0 >

log(𝑘 𝐻(𝑓))

log𝐻(𝛽)
, then 𝛽 is a common root of g and ℎ.

3 A TRANSCENDENCE CONDITION

In this section, we introduce a condition on a sequence 𝒖 that implies that the number∑∞
𝑚=0 𝑢𝑚𝛽

−𝑚 is transcendental. Intuitively, the condition says that 𝒖 almost satisfies a linear
recurrence.

Example 4. Let the sequence 𝒖 = ⟨𝑢𝑚⟩∞𝑚=0 be given by 𝑢𝑚 ∶= ⌊ 𝑚+1

2+
√
2
⌋. Consider also the

sequence ⟨𝑟𝑛⟩∞𝑛=0 = ⟨1, 3, 7, 17, 41, 99, 239, …⟩ of numerators of the convergents of the contin-
ued fraction expansion of

√
2. For all 𝑛 ∈ ℕ, define the sequence 𝒘𝑛 = ⟨𝑤𝑛,𝑚⟩∞𝑚=0 by 𝑤𝑛,𝑚 ∶=

𝑢𝑚+2𝑟𝑛 − 2𝑢𝑚+𝑟𝑛 − 𝑢𝑚. Then, 𝒘𝑛 becomes increasing sparse for successively larger 𝑛. For exam-
ple, for 𝑛 = 2, it holds that𝑤𝑛,𝑚 is zero for𝑚 ∈ {0,… , 70} ⧵ {9, 16, 26, 33, 50, 57, 67}, and for 𝑛 = 3,
we have that 𝑤𝑛,𝑚 is zero for 𝑚 ∈ {0,… , 70} ⧵ {23, 40, 64}, while for 𝑛 = 4, we have that 𝑤𝑛,𝑚 is
zero for𝑚 ∈ {0,… , 70} ⧵ {57}.

The following definition aims to capture the above behaviour. Here, given 𝑓, g ∶ 𝐴 → ℝ⩾0, we
write 𝑓 ≪ g if there exists a constant 𝑐 > 0 such that 𝑓(𝑎) ⩽ 𝑐g(𝑎) for all 𝑎 ∈ 𝐴.

Definition 5. An integer sequence 𝒖 = ⟨𝑢𝑚⟩∞𝑚=0 satisfies Condition (*) if there exist 𝜎 ⩾ 0,
𝑏0, … , 𝑏𝜎 ∈ ℤ, and an increasing integer sequence ⟨𝑟𝑛⟩∞𝑛=0 such that, defining for each 𝑛 ∈ ℕ the
sequence ⟨𝑤𝑛,𝑚⟩∞𝑚=0 by 𝑤𝑛,𝑚 ∶= ∑𝜎

𝑖=0 𝑏𝑖𝑢𝑚+𝑖𝑟𝑛 , the following two properties are satisfied.

1. Expanding gaps: For all 𝑛 ∈ ℕ, the set Δ𝑛 ∶= {𝑚 ∶ 𝑤𝑛,𝑚 ≠ 0} is infinite and the minimum
distance 𝜇𝑛 between any two elements of Δ𝑛 satisfies 𝜇𝑛 ≫ 𝑟𝑛.

2. Polynomial variation: There exists 𝑐0 ⩾ 0 such that for all𝑛 ∈ ℕ and all𝑚′ > 𝑚 inΔ𝑛, |𝑤𝑛,𝑚′ |≪
(𝑚′ − 𝑚)𝑐0 + |𝑤𝑛,𝑚|.

Theorem 6. Let the integer sequence 𝒖 = ⟨𝑢𝑚⟩∞𝑚=0 satisfy Condition (*) and be such that |𝑢𝑚|≪
𝑚𝑐1 for some 𝑐1 ⩾ 0. Then, for any algebraic number 𝛽 such that |𝛽| > 1, the sum 𝛼 ∶=

∑∞
𝑚=0

𝑢𝑚
𝛽𝑚

is transcendental.
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4 LUCA et al.

Proof. Suppose that 𝛼 is algebraic.Wewill use the subspace theorem to obtain a contradiction. Let
𝑆 comprise all the Archimedean places of ℚ(𝛽) and all non-Archimedean places corresponding
to prime ideals 𝔭 of ℚ(𝛽) such that ord𝔭(𝛽) ≠ 0. Let 𝑣0 ∈ 𝑆 be the place corresponding to the
inclusion of ℚ(𝛽) in ℂ. Recall that | ⋅ |𝑣0 = | ⋅ |1∕deg(𝛽), where | ⋅ | denotes the usual absolute value
on ℂ. Let 𝜅 ⩾ 2 be an upper bound of |𝛽|𝑣 for all 𝑣 ∈ 𝑆.
By the assumption that 𝒖 satisfies Condition (*), there is an integer sequence ⟨𝑟𝑛⟩∞𝑛=0 and

𝑏0, … , 𝑏𝜎 ∈ ℤ such that the family of sequences ⟨𝑤𝑛,𝑚⟩∞𝑚=0 defined by 𝑤𝑛,𝑚 ∶=
∑𝜎
𝑖=0 𝑏𝑖𝑢𝑚+𝑖𝑟𝑛

satisfies the expanding-gaps and polynomial-variation conditions from Definition 5.
Define 𝜌 ∶= 2𝜎|𝑆|deg(𝛽) log 𝜅

log |𝛽| . For each 𝑛 ∈ ℕ, let 0 ⩽ 𝑚𝑛,1 < 𝑚𝑛,2 < ⋯ be an increasing
enumeration of {𝑚 ∶ 𝑤𝑛,𝑚 ≠ 0}. Since 𝜇𝑛 ≫ 𝑟𝑛, we may define 𝛿 ⩾ 1 to be least such that
𝑚𝑛,𝛿 > 𝜌𝑟𝑛 for infinitely many 𝑛 ∈ ℕ. We also define 𝑠𝑛 ∶= 𝑚𝑛,𝛿+1 − 1 for all 𝑛 ∈ ℕ and note that
𝑠𝑛 − 𝑚𝑛,𝛿 ≫ 𝑟𝑛.
For 𝑛 ∈ ℕ, define 𝒂𝑛 ∶= (𝑎𝑛,0, … , 𝑎𝑛,𝜎+𝛿+1) ∈ (𝑆)𝜎+𝛿+2 by

𝑎𝑛,𝑖 ∶= 𝛽𝑖𝑟𝑛 for 𝑖 ∈ {0, … , 𝜎} 𝑎𝑛,𝜎+1 ∶=

𝜎∑
𝑖=0

𝑖𝑟𝑛−1∑
𝑚=0

𝑏𝑖𝑢𝑚𝛽
𝑖𝑟𝑛−𝑚

𝑎𝑛,𝜎+1+𝑗 ∶= 𝑤𝑛,𝑚𝑛,𝑗 𝛽
−𝑚𝑛,𝑗 for 𝑗 ∈ {1, … , 𝛿} ,

(2)

and consider the linear form

𝐿(𝑥0, … , 𝑥𝜎+𝛿+1) ∶= 𝛼

𝜎∑
𝑖=0

𝑏𝑖𝑥𝑖 −

𝜎+𝛿+1∑
𝑖=𝜎+1

𝑥𝑖 .

Then, for all 𝑛 ∈ ℕ, we have

𝐿(𝒂𝑛) =

𝜎∑
𝑖=0

∞∑
𝑚=0

𝑏𝑖𝑢𝑚𝛽
𝑖𝑟𝑛−𝑚 −

𝜎∑
𝑖=0

𝑖𝑟𝑛−1∑
𝑚=0

𝑏𝑖𝑢𝑚𝛽
𝑖𝑟𝑛−𝑚 −

𝛿∑
𝑖=1

𝑤𝑛,𝑚𝑛,𝑖 𝛽
−𝑚𝑛,𝑖 =

∞∑
𝑚=𝑠𝑛+1

𝑤𝑛,𝑚𝛽
−𝑚. (3)

By the assumption that |𝑢𝑚|≪ 𝑚𝑐1 , there exists 𝑐2 ⩾ 0 such that |𝑤𝑛,𝑚|≪ (𝑚 + 𝑟𝑛)
𝑐2 . By (3),

|𝐿(𝒂𝑛)| = ||||||
∞∑

𝑚=𝑠𝑛+1

𝑤𝑛,𝑚𝛽
−𝑚

||||||≪
∞∑

𝑚=𝑠𝑛+1

(𝑚 + 𝑟𝑛)
𝑐2 |𝛽|−𝑚 ≪ 𝑠

𝑐2
𝑛 |𝛽|−𝑠𝑛 . (4)

For 𝑣 ∈ 𝑆, recalling that |𝛽|𝑣 ⩽ 𝜅, there is a constant 𝑐3 such that
|𝑎𝑛,𝜎+1|𝑣 ≪ 𝑟

𝑐3
𝑛 𝜅

𝜎𝑟𝑛 . (5)

By the product formula, we have
∏
𝑣∈𝑆 |𝑎𝑛,𝑖|𝑣 = 1 for 𝑖 ∈ {0, … , 𝜎} and

𝛿∏
𝑗=1

∏
𝑣∈𝑆

|𝑎𝑛,𝜎+1+𝑗|𝑣 = 𝛿∏
𝑗=1

|𝑤𝑛,𝑚𝑛,𝑗 |≪ 𝑠
𝑐2𝛿
𝑛 . (6)

The bounds (4)–(6) imply that there is a constant 𝑐4 such that for all 𝑛,

|𝐿(𝒂𝑛)|𝑣0 ⋅∏(𝑖,𝑣)∈{0,…,𝜎+𝛿+1}×𝑆

(𝑖,𝑣)≠(𝜎+1,𝑣0)

|𝑎𝑖,𝑛|𝑣 ⩽ 𝜅𝜎𝑟𝑛|𝑆|𝑠𝑐4𝑛 |𝛽|−𝑠𝑛∕deg(𝛽)
⩽ 𝑠

𝑐4
𝑛 |𝛽|−𝑠𝑛∕2deg(𝛽) , (7)
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TRANSCENDENCE OF HECKE–MAHLER SERIES 5

where the second inequality follows from the fact that, since 𝑠𝑛 ⩾ 𝜌𝑟𝑛 and 𝜌 = 2𝜎|𝑆|deg(𝛽) log 𝜅log |𝛽| ,
we have 𝜅𝜎𝑟𝑛|𝑆| = |𝛽|𝜌𝑟𝑛∕2deg(𝛽) ⩽ |𝛽|𝑠𝑛∕2deg(𝛽). On the other hand, there exists a constant 𝑐5 > 0
such that the height of 𝒂𝑛 satisfies 𝐻(𝒂𝑛) ≪ |𝛽|𝑐5𝑠𝑛 . Thus, there exists 𝜀 > 0 such that the right-
hand side of (7) is at most 𝐻(𝒂𝑛)−𝜀 for 𝑛 sufficiently large. We can therefore apply Theorem 2 to
obtain a non-zero linear form 𝐹(𝑥0, … , 𝑥𝜎+𝛿+1), with coefficients in ℚ, such that 𝐹(𝒂𝑛) = 0 for
infinitely many 𝑛.
By Claim 7 below, the support of 𝐹 contains variable 𝑥𝜎+1 but omits variable 𝑥𝜎+𝛿+1. Thus, by

subtracting a suitable multiple of 𝐹 from 𝐿, we obtain a linear form 𝐿′ whose support includes
𝑥𝜎+𝛿+1 but not 𝑥𝜎+1 and such that 𝐿′(𝒂𝑛) = 𝐿(𝒂𝑛) for infinitely many 𝑛.
By Claim 7(i), we have |𝐿′(𝒂𝑛)|≫ |𝑎𝑛,𝜎+𝛿+1| = |𝑤𝑛,𝑚𝑛,𝛿𝛽−𝑚𝑛,𝛿 |. Expanding 𝐿′(𝒂𝑛) = 𝐿(𝒂𝑛) as

in (3), for infinitely many 𝑛, we have

|||𝑤𝑛,𝑚𝑛,𝛿𝛽−𝑚𝑛,𝛿 |||≪ ||𝐿′(𝒂𝑛)|| = ||||
∞∑

𝑗=𝛿+1

𝑤𝑛,𝑚𝑛,𝑗𝛽
−𝑚𝑛,𝑗

|||| . (8)

The polynomial-variation condition gives |𝑤𝑛,𝑚𝑛,𝑗 |≪ (𝑚𝑛,𝑗 − 𝑚𝑛,𝛿)
𝑐0 + |𝑤𝑛,𝑚𝑛,𝛿 | for all 𝑗 ⩾ 𝛿 + 1.

Applying this upper bound to the right-hand sum in (8) and dividing through by |𝑤𝑛,𝑚𝑛,𝛿 |, we
obtain

||𝛽−𝑚𝑛,𝛿 ||≪ ||(𝑚𝑛,𝛿+1 − 𝑚𝑛,𝛿)𝑐0𝛽−𝑚𝑛,𝛿+1 || .
But this contradicts the fact that𝑚𝑛,𝛿+1 − 𝑚𝑛,𝛿 → ∞ as 𝑛 → ∞. □

Claim 7. Let 𝐹(𝑥0, … , 𝑥𝜎+𝛿+1) =
∑𝜎+𝛿+1
𝑖=0 𝛼𝑖𝑥𝑖 be a non-zero linear form with coefficients in ℚ.

We have (i) if 𝛼𝜎+1 = 0, then |𝐹(𝒂𝑛)|≫ |𝑎𝑛,𝜎+𝛿+1|; (ii) if 𝐹(𝒂𝑛) = 0 for infinitely many 𝑛, then
𝛼𝜎+𝛿+1 = 0.

Proof. Let 𝑖, 𝑗 ∈ {1, … , 𝛿} be such that 𝑖 < 𝑗. By the polynomial-variation condition, for all 𝑛,

|||||
𝑎𝑛,𝜎+1+𝑗

𝑎𝑛,𝜎+1+𝑖

||||| =
|||||
𝑤𝑛,𝑚𝑛,𝑗

𝑤𝑛,𝑚𝑛,𝑖

||||||𝛽|−(𝑚𝑛,𝑗−𝑚𝑛,𝑖) ≪ (𝑚𝑛,𝑗 − 𝑚𝑛,𝑖)
𝑐0 |𝛽|−(𝑚𝑛,𝑗−𝑚𝑛,𝑖) .

But as 𝑛 → ∞, we have 𝑚𝑛,𝑗 − 𝑚𝑛,𝑖 → ∞ and hence |𝑎𝑛,𝜎+1+𝑗
𝑎𝑛,𝜎+1+𝑖

|→ 0. Recalling that 𝑎𝑛,𝑖 = 𝛽𝑖𝑟𝑛 for

𝑖 ∈ {0, … , 𝜎}, we can say more generally that lim𝑛→∞

|𝑎𝑛,𝑗||𝑎𝑛,𝑖| = 0 for 𝑖, 𝑗 ∈ {0, … , 𝜎 + 𝛿 + 1} ⧵ {𝜎 + 1}
with 𝑖 < 𝑗. Item (i) immediately follows.
We next show Item (ii). For all 𝑛 ∈ ℕ, by (2), we have𝐹(𝒂𝑛) = 𝑃𝑛(𝛽) for the polynomial 𝑃𝑛(𝑥) ∈

ℚ[𝑥, 𝑥−1] defined by

𝑃𝑛(𝑥) ∶=

𝜎∑
𝑖=0

𝛼𝑖𝑥
𝑖𝑟𝑛 + 𝛼𝜎+1

𝜎∑
𝑖=0

𝑖𝑟𝑛−1∑
𝑚=0

𝑏𝑖𝑢𝑚𝑥
𝑖𝑟𝑛−𝑚 +

𝛿∑
𝑗=1

𝛼𝜎+1+𝑗𝑤𝑛,𝑚𝑛,𝑗𝑥
−𝑚𝑛,𝑗 .

Suppose that𝑃𝑛(𝛽) = 0 for infinitelymany 𝑛.Wewill apply Proposition 3 to show that𝛼𝜎+𝛿+1 = 0.
To this end, write𝑄𝑛 ∶= 𝛼𝜎+𝛿+1𝑥−𝑚𝑛,𝛿 and 𝑅𝑛 ∶= 𝑃𝑛 − 𝛼𝜎+𝛿+1𝑥−𝑚𝑛,𝛿 . Then, 𝑃𝑛 = 𝑄𝑛 + 𝑅𝑛, every
monomial in𝑄𝑛 has degree atmost−𝑚𝑛,𝛿, and everymonomial in 𝑅𝑛 has degree at least−𝑚𝑛,𝛿−1.
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6 LUCA et al.

By the expanding-gaps condition, we have 𝑚𝑛,𝛿 − 𝑚𝑛,𝛿−1 ≫ 𝑟𝑛. Moreover, 𝑃𝑛 has at most 𝑘𝑛 ∶=
(𝜎 + 1)𝑟𝑛 + 𝛿 ≪ 𝑚𝑛,𝛿 − 𝑚𝑛,𝛿−1 monomials. Next, from the bounds |𝑢𝑚|≪ 𝑚𝑐1 and |𝑤𝑛,𝑚|≪
(𝑚 + 𝑟𝑛)

𝑐1 , established in the proof of Theorem 6, we see that 𝑃𝑛 has height bounded poly-
nomially in 𝑚𝑛,𝛿. But 𝑚𝑛,𝛿 = 𝑚𝑛,𝛿 − 𝑚𝑛,𝛿−1 + 𝑚𝑛,𝛿−1 ≪ 𝑚𝑛,𝛿 − 𝑚𝑛,𝛿−1, since 𝑚𝑛,𝛿−1 ⩽ 𝜌𝑟𝑛 ≪
𝑚𝑛,𝛿 − 𝑚𝑛,𝛿−1. We thus have 𝑚𝑛,𝛿 − 𝑚𝑛,𝛿−1 >

log(𝑘𝑛𝐻(𝑃𝑛))

log𝐻(𝛽)
, provided that 𝑛 is sufficiently large.

Since 𝑃𝑛(𝛽) = 0, applying Proposition 3, we have 𝑄𝑛(𝛽) = 0 and hence 𝛼𝜎+𝛿+1 = 0. □

4 HECKE–MAHLER SERIES

Write 𝐼 ∶= [0, 1) for the unit interval. Every 𝑟 ∈ ℝ can be written uniquely in the form 𝑟 = ⌊𝑟⌋ +
{𝑟}, where ⌊𝑟⌋ ∈ ℤ is the integer part of 𝑟 and {𝑟} ∈ 𝐼 is the fractional part of 𝑟.Write also ‖𝑟‖ for the
distance of 𝑟 to the nearest integer. Let 0 < 𝜃 < 1 be an irrational number and define the rotation
map 𝑅 = 𝑅𝜃 ∶ 𝐼 → 𝐼 by 𝑅(𝑟) = {𝑟 + 𝜃}.
Write [𝑎0, 𝑎1, 𝑎2, 𝑎3, …] for the simple continued-fraction expansion of 𝜃. Given 𝑛 ∈ ℕ, we write

𝑝𝑛∕𝑞𝑛 ∶= [𝑎0, 𝑎1, … , 𝑎𝑛] for the 𝑛th convergent. It is well known that for all 𝑛 ∈ ℕ, we have

1

(𝑎𝑛+1 + 2)𝑞𝑛
< |𝑞𝑛𝜃 − 𝑝𝑛| < 1

𝑎𝑛+1𝑞𝑛
. (9)

We,moreover, have the law of best approximation: 𝑞 ∈ ℕ occurs as one of the 𝑞𝑛 just in case ‖𝑞𝜃‖ <‖𝑞′𝜃‖ for all 𝑞′ with 0 < 𝑞′ < 𝑞.
Theorem 8. Let 𝜃, 𝛼 ∈ (0, 1) with 𝜃 irrational. Given a non-constant polynomial 𝑓(𝑥) ∈ ℤ[𝑥], the
series 𝒖 = ⟨𝑢𝑛⟩∞𝑛=0 given by 𝑢𝑛 ∶= 𝑓(⌊𝑛𝜃 + 𝛼⌋) satisfies Condition (*).
Proof. Referring to Definition 5, we define the sequence ⟨𝑟𝑛⟩∞𝑛=0 via the continued-fraction expan-
sion [𝑎0, 𝑎1, 𝑎2, 𝑎3, …] of 𝜃. If the expansion is unbounded, then choose𝓁1 < 𝓁2 <⋯, either all odd
or all even, such that 𝑎𝓁𝑛+1 ⩾ 𝑎𝑚 for all 𝑛 ∈ ℕ and all𝑚 ⩽ 𝓁𝑛. If the expansion is bounded, then
choose 𝓁1 < 𝓁2 < ⋯ to be the even natural numbers. In either case, there exists a constant 𝜀 > 0
such that for all 𝑛 ∈ ℕ and𝑚 ⩽ 𝓁𝑛, we have

𝑎𝓁𝑛+1

𝑎𝑚+1+2
⩾ 𝜀. Now define 𝑟𝑛 to be the denominator 𝑞𝓁𝑛

of the 𝓁𝑛-th convergent. Since the 𝑟𝑛 all have the same parity, we have either that ‖𝑟𝑛𝜃‖ = {𝑟𝑛𝜃}
for all 𝑛 or ‖𝑟𝑛𝜃‖ = 1 − {𝑟𝑛𝜃} for all 𝑛. We assume the former case; the reasoning in the latter case
requires minor modifications.
Let 𝜎 ∶= deg(𝑓) + 1 and define the sequence 𝒘𝑛 = ⟨𝑤𝑛,𝑚⟩∞𝑚=0 by 𝑤𝑛,𝑚 ∶= ∑𝜎

𝑘=0 𝑏𝑘𝑢𝑚+𝑘𝑟𝑛
where 𝑏𝑘 ∶= (−1)𝑘

(𝜎
𝑘

)
for 𝑘 ∈ {0, … , 𝜎}. We rely on the following two claims, whose proofs are

given below.

Claim 9. For 0 ⩽ 𝑞 < 𝑟𝑛, if ‖𝑞𝜃‖ < 𝜎‖𝑟𝑛𝜃‖, then 𝑞 ⩾ 𝜀

𝜎
𝑟𝑛.

Claim 10. Let 𝑛 ∈ ℕ be sufficiently large that 𝜎{𝑟𝑛𝜃} < 1. Then, there exist 𝑀 ⩾ 0 and 𝜀1, 𝜀2 > 0
such that for all𝑚 ∈ ℕ,

1. if {𝑚𝜃 + 𝛼} + {𝜎𝑟𝑛𝜃} < 1, then 𝑤𝑛,𝑚 = 0;
2. if 𝑚 > 𝑀𝑟𝑛 and {𝑚𝜃 + 𝛼} + {𝓁𝑟𝑛𝜃} < 1 < {𝑚𝜃 + 𝛼} + {(𝓁 + 1)𝑟𝑛𝜃} for some 𝓁 ∈ {0, … , 𝜎 − 1},

then 𝜀1𝑚𝜎−2 ⩽ |𝑤𝑛,𝑚| ⩽ 𝜀2𝑚𝜎−2.
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TRANSCENDENCE OF HECKE–MAHLER SERIES 7

For 𝑛 ∈ ℕ, let 0 ⩽ 𝑚𝑛,1 < 𝑚𝑛,2 < be an increasing enumeration of Δ𝑛 ∶= {𝑚 ∶ 𝑤𝑛,𝑚 ≠ 0}. Note
that by Item 2 of Claim 10 and equidistribution of the sequence {𝑚𝜃 + 𝛼}, for all 𝑛, the set Δ𝑛 is
infinite. Moreover, by Item 1 of Claim 10, for 𝑗 ∈ {1, 2, …}, we have ‖𝑚𝑛,𝑗𝜃 + 𝛼‖ < 𝜎‖𝑟𝑛𝜃‖ and‖𝑚𝑛,𝑗+1𝜃 + 𝛼‖ < 𝜎‖𝑟𝑛𝜃‖ and hence ‖(𝑚𝑛,𝑗+1 − 𝑚𝑛,𝑗)𝜃‖ < 𝜎‖𝑟𝑛𝜃‖. By Claim 9, it follows that
𝑚𝑛,𝑗+1 − 𝑚𝑛,𝑗 ⩾ 𝜀𝑟𝑛𝜎

−1, which establishes the expanding-gaps condition in Definition 5.
It remains to show the polynomial-variation property: there exists 𝑐0 ⩾ 0 such that for all𝑚′ >

𝑚 in Δ𝑛, we have |𝑤𝑛,𝑚′ |≪ (𝑚′ − 𝑚)𝑐0 + |𝑤𝑛,𝑚|. We rely on Item 2 of Claim 10. There are two
cases. First suppose that𝑚 > 𝑀𝑟𝑛 for𝑀 as in the claim. Then,

|𝑤𝑛,𝑚′ |≪ (𝑚′)𝜎−2 = (𝑚′ − 𝑚 +𝑚)𝜎−2 ≪ (𝑚′ − 𝑚)𝜎−2 + 𝑚𝜎−2 ≪ (𝑚′ − 𝑚)𝜎−2 + |𝑤𝑛,𝑚| .
The second case is that 𝑚 ⩽ 𝑀𝑟𝑛. Since 𝑚′ − 𝑚 ⩾ 𝜀𝜎−1𝑟𝑛, we have 𝑚′ − 𝑚 ⩾

𝜀

𝜀+𝜎𝑀
𝑚′. From the

fact that |𝑤𝑛,𝑚′ |≪ (𝑚′ + 𝑟𝑛)
𝑐0 for some 𝑐0 ⩾ 0, it follows that |𝑤𝑛,𝑚′ |≪ (𝑚′ − 𝑚)𝑐0 . □

It remains to prove the two claims in the body of the proof of Theorem 8.

Proof of Claim 9. Assume that ‖𝑞𝜃‖ < 𝜎‖𝑟𝑛𝜃‖. Choose the largest𝑚 such that 𝑞𝑚 ⩽ 𝑞. By the law
of best approximation, we have ‖𝑞𝑚𝜃‖ ⩽ ‖𝑞𝜃‖ < 𝜎‖𝑟𝑛𝜃‖ = 𝜎‖𝑞𝓁𝑛𝜃‖. Then, (9) gives

1

(𝑎𝑚+1 + 2)𝑞𝑚
⩽ ‖𝑞𝑚𝜃‖ ⩽ 𝜎‖𝑞𝓁𝑛𝜃‖ ⩽ 𝜎

𝑎𝓁𝑛+1𝑞𝓁𝑛
,

and hence, 𝑞𝑚 ⩾
𝑎𝓁𝑛+1𝑞𝓁𝑛
𝜎(𝑎𝑚+1+2)

. We also have 𝑚 < 𝓁𝑛, since 𝑞𝑚 ⩽ 𝑞 < 𝑟𝑛 = 𝑞𝓁𝑛 ; thus, by the defining

property of 𝓁𝑛, we have
𝑎𝓁𝑛+1

𝜎(𝑎𝑚+1+2)
⩾

𝜀

𝜎
. Combining the two previous bounds gives

𝑞 ⩾ 𝑞𝑚 ⩾
𝑎𝓁𝑛+1𝑞𝓁𝑛

𝜎(𝑎𝑚+1 + 2)
⩾
𝜀

𝜎
𝑞𝓁𝑛 =

𝜀

𝜎
𝑟𝑛 .

This concludes the proof. □

Proof of Claim 10. Given 𝑦 ∈ ℤ, define the difference operator Δ𝑦 ∶ ℤ[𝑥] → ℤ[𝑥] by Δ𝑦(g)(𝑥) =
g(𝑥) − g(𝑥 + 𝑦). Since Δ𝑦(g) has degree strictly less than that of g , we have that (Δ𝑦)𝜎(𝑓)(𝑥) =∑𝜎
𝑘=0 𝑏𝑘𝑓(𝑥 + 𝑦𝑘) is identically zero. We now prove the two items of the claim.

1. If {𝑚𝜃 + 𝛼} + {𝜎𝑟𝑛𝜃} < 1, then

𝑤𝑛,𝑚 =

𝜎∑
𝑘=0

𝑏𝑘𝑓(⌊(𝑚 + 𝑘𝑟𝑛)𝜃 + 𝛼⌋)
=

𝜎∑
𝑘=0

𝑏𝑘𝑓(⌊𝑚𝜃 + 𝛼⌋ + ⌊𝑘𝑟𝑛𝜃⌋)
=

𝜎∑
𝑘=0

𝑏𝑘𝑓(⌊𝑚𝜃 + 𝛼⌋ + 𝑘⌊𝑟𝑛𝜃⌋)
= 0 .
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8 LUCA et al.

2. If {𝑚𝜃 + 𝛼} + {𝓁𝑟𝑛𝜃} < 1 < {𝑚𝜃 + 𝛼} + {(𝓁 + 1)𝑟𝑛𝜃} for some 𝓁 ∈ {0, … , 𝜎 − 1}, then

𝑤𝑛,𝑚 =

𝜎∑
𝑘=0

𝑏𝑘𝑓(⌊(𝑚 + 𝑘𝑟𝑛)𝜃 + 𝛼⌋)
=

𝓁∑
𝑘=0

𝑏𝑘𝑓(⌊𝑚𝜃 + 𝛼⌋ + 𝑘⌊𝑟𝑛𝜃⌋) + 𝜎∑
𝑘=𝓁+1

𝑏𝑘𝑓(⌊𝑚𝜃 + 𝛼⌋ + 1 + 𝑘⌊𝑟𝑛𝜃⌋)
=

𝓁∑
𝑘=0

𝑏𝑘(𝑓(⌊𝑚𝜃 + 𝛼⌋ + 𝑘⌊𝑟𝑛𝜃⌋) − 𝑓(⌊𝑚𝜃 + 𝛼⌋ + 1 + 𝑘⌊𝑟𝑛𝜃⌋)) .
Define 𝑝 ∈ ℤ[𝑥, 𝑦] by 𝑝(𝑥, 𝑦) ∶=

∑𝓁
𝑘=0 𝑏𝑘(𝑓(𝑥 + 𝑘𝑦) − 𝑓(𝑥 + 1 + 𝑘𝑦)). The equation above

can be written𝑤𝑛,𝑚 = 𝑝(⌊𝑚𝜃 + 𝛼⌋, ⌊𝑟𝑛𝜃⌋). Since 𝑓 has degree 𝜎 − 1, 𝑝 has total degree at most
𝜎 − 2. (Note that 𝜎 ⩾ 2 since 𝑓 is not constant.) By direct calculation, the coefficient of 𝑥𝜎−2 in
𝑝 is the product of the leading coefficient of 𝑓 and

(1 − 𝜎)

𝓁∑
𝑘=0

𝑏𝑘 = (1 − 𝜎)

𝓁∑
𝑘=0

(−1)𝑘
(
𝜎

𝑘

)
= (−1)𝓁(1 − 𝜎)

(
𝜎 − 1

𝓁

)
≠ 0 .

Thus, for𝑀 suitably large, there exist 𝜀1, 𝜀2 > 0 such that 𝑥 ⩾ 𝑀𝑦 implies 𝜀0𝑥𝜎−2 ⩽ |𝑝(𝑥, 𝑦)| ⩽
𝜀2𝑥

𝜎−2. The claim follows. □

Combining Theorems 6 and 8, we obtain our main result, Theorem 1.

ACKNOWLEDGEMENTS
Florian Luca worked on this paper during a visit to the Computer Science Department of Oxford
University in Spring 2024, which was partly financed EPSRC grant EP/X033813/1. He thanks this
Institution for hospitality and support. Joël Ouaknine is also affiliated with Keble College, Oxford
as emmy.network Fellow, and supported by DFG grant 389792660 as part of TRR 248 (see https://
perspicuous-computing.science). James Worrell is supported by EPSRC grant EP/X033813/1.

JOURNAL INFORMATION
The Bulletin of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

ORCID
JamesWorrell https://orcid.org/0000-0001-8151-2443

REFERENCES
1. B. Adamczewski and Y. Bugeaud, On the complexity of algebraic numbers I. Expansions in integer bases, Ann.

of Math. 165 (2005), 547–565.
2. Y. Bugeaud, D. H. Kim, M. Laurent, and A. Nogueira, On the Diophantine nature of the elements of Cantor sets

arising in the dynamics of contracted rotations, Ann. Sc. Norm. Super. Pisa Cl. Sci. XXII (2021), 1681–1704.

 14692120, 0, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.70033 by South A

frican M
edical R

esearch, W
iley O

nline L
ibrary on [04/04/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

https://perspicuous-computing.science
https://perspicuous-computing.science
https://orcid.org/0000-0001-8151-2443
https://orcid.org/0000-0001-8151-2443


TRANSCENDENCE OF HECKE–MAHLER SERIES 9

3. Y. Bugeaud and M. Laurent, Transcendence and continued fraction expansion of values of Hecke-Mahler series,
Acta Arith. 209 (2023), 59–90.

4. S. Ferenczi and C. Mauduit, Transcendence of numbers with a low complexity expansion, J. Number Theory 67
(1997), no. 2, 146–161.

5. P. Kebis, F. Luca, J. Ouaknine, A. Scoones, and J. Worrell, On transcendence of numbers related to Sturmian
andArnoux-Rauzy words, 51st International Colloquium onAutomata, Languages, and Programming, ICALP,
LIPIcs, vol. 297, Schloss Dagstuhl - Leibniz-Zentrum für Informatik, 2024, pp. 144:1–144:15.

6. H. W. Lenstra Jr, Finding small degree factors of lacunary polynomials, Number Theory Progress 1 (1999), 267–
276.

7. J. H. Loxton and A. J. Van der Poorten, Arithmetic properties of certain functions in several variables III, Bull.
Aust. Math. Soc. 16 (1977), no. 1, 15–47.

8. F. Luca, J. Ouaknine, and J. Worrell, On the transcendence of a series related to Sturmian words, 2022, Ann. Sc.
Norm. Super. Pisa, to appear, arXiv:2204.08268.

9. D. W. Masser, Algebraic independence properties of the Hecke-Mahler series, Quart. J. Math. 50 (1999), 207–230.
10. H. P. Schlickewei, Die p-adische verallgemeinerung des Satzes von Thue-Siegel-Roth-Schmidt, J. Reine Angew.

Math. 1976 (1976), no. 288, 86–105.

 14692120, 0, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.70033 by South A

frican M
edical R

esearch, W
iley O

nline L
ibrary on [04/04/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense


	Transcendence of Hecke-Mahler series
	Abstract
	1 | INTRODUCTION
	2 | PRELIMINARIES
	3 | A TRANSCENDENCE CONDITION
	4 | HECKE-MAHLER SERIES
	ACKNOWLEDGEMENTS
	JOURNAL INFORMATION
	ORCID
	REFERENCES


