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Abstract

We introduce the notion of a twisted rational zero of a non-degenerate
linear recurrence sequence (LRS). We show that any non-degenerate LRS
has only finitely many such twisted rational zeros. In the particular case of
the Tribonacci sequence, we show that 1/3 and —5/3 are the only twisted
rational zeros which are not integral zeros.
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1 Introduction

Let K be a field of characteristic 0. We fix an algebraic closure K. By a K-valued
linear recurrence sequence (LRS) of order m we mean a map U : Z — K such
that for every n € Z we have

Un+m)=am1Un+m-—1)+---+ayU(n), (1.1)

where ag,...,a,—1 € K, with ag # 0. Sometimes instead of “K-valued LRS”
we will say “LRS over K”.

1.1 Twisted zeros and p-adic orders

Our initial motivation was the work of Marques and Lengyel [17], who computed
the 2-adic order of the n** Tribonacci number T'(n). The Tribonacci numbers
is the Q-valued LRS of order 3, defined by

T(0)=0, T(H)=T(2)=1, Tn+3)=Tn+2)+T(n+1)+T(n).

Marques and Lengyel proved that

0, ifn=1,2 (mod 4);
1, ifn=3,11 (mod 16);
2, if n=4,8 (mod 16);
3, ifn=7 (mod 16);
T = 1.2
v2(T(m) va(n) — ifn=0 (mod 16); (12)

(
vo(n + 4) -1, ifn=12 (mod 16);
vo(n+17)+1, ifn=15 (mod 32);
va(n+1)+1, ifn=31 (mod 32).

They conjectured that similar formulas must hold for other primes, not just for
p = 2. This conjecture was refuted in [5], where it is shown that having formulas
like (1.2) is exceptional rather than typical.



As one can see in (1.2), on certain residue classes one has formulas like
v2(T(n)) = va(n — a) + const, where a is one of the numbers 0,—1,—4, —17.
This not surprising, because these numbers are exactly the zeros of T: for
n € Z we have

T(n)=0 ifandonlyif ne {0,—1,—4,-17}.

(For a proof see, for instance, [18], Example 2 on page 360; in that example wu,,
corresponds to our T'(—n).)

Let U be a Q-valued LRS; in particular, the coefficients aq, ..., a;,_1 of the
recurrence relation (1.1) belong to Q. We call p a regular prime for U if it

does not divide the denominators of the rational numbers ag, ..., G.,_1, and the
numerator of ag. In other words, ag,...,a,_1 are p-adic integers and ag is a
p-adic unit.

The following theorem can be easily proved, using p-adic analysis, see Sec-
tion 3.

Theorem 1.1. Let a be a zero of a Q-valued LRS U, and p a regular prime
forU. Then there exist a positive integer Q, a positive integer k and an integer T
such that

1%

»(U(n)) = kyp(n—a) + 7 when n=a (mod Q) (1.3)

Of course the converse also holds: if for some p there exist @), k, 7 as above
such that (1.3) holds, then a is a zero of U.

Now let us ask the following slightly more general question: what would
happen if we take n in (1.3) not from the residue class of @ modulo @, but from
a different residue class?

Question 1.2. Let p be a prime number. Assume that there exist
Q € Z~y, a €{0,1,...,Q — 1}, k € Z~q, TeZ
such that
vp(U(n)) = kvp(n —a) +7 when n=ad (mod Q).

Assume further that v,(n—a) is not bounded on the residue class of a’ modulo Q.
Does it imply that o/ = a (mod Q) and U(a) =07

As the result of Marques and Lengyel implies, it is indeed the case when
U =T and p = 2. But is it true in general?
The answer is “no”, as the following example shows.

Example 1.3. Consider U(n) := 2" + 1 and let p be a prime number satisfying
p =43 (mod 8). Then2?~1/2 1 1=0 (mod p). Define T := 1,(2P~1/2 4 1).
Then 1

vp(U(n)) =vp(n) +7 when n= pT (mod p —1).

However, U(0) # 0, and in fact U(n) does not vanish at all.



The explanation is that 0 is, in fact, a kind of “hidden” zero of the LRS
2" + 1. To give an exact definition, recall that a K-valued LRS U satisfying (1.1)
admits the Binet expansion

Un)=fim)AT + -+ fo(n)AT (n€Z), (1.4)
where A1, ..., As are the distinct roots of the characteristic polynomial
X" = @ X = = ag,

and f1,..., fs are polynomials with coefficients in the field K(Aq,...,As). (Note
that the roots \; are non-zero, because ag # 0.) We call a € Z a twisted zero of
the K-valued LRS U if there exist roots of unity &1, ...,&s € K such that

§ufi(@)A] + -+ + & fs(a) AT = 0.
For example, 0 is a twisted zero of the LRS with general term 2" + 1™, because
1-2°4(-1)-1°=0.

In Section 3 we will prove the following theorem, which gives a partial posi-
tive answer to Question 1.2.

Theorem 1.4. Let U be a Q-valued LRS, a € Z and p a regular prime number
for U. Assume that there exists a sequence of integers (ny) satisfying

vp(U(ng)) — +o0, vp(ng —a) = +oo.
Then a s a twisted zero of U.

There is another phenomenon discovered in [5], again in the context of
Tribonacci numbers. There exist infinitely many prime numbers p such that
vp(T(n)) > vp(n—1/3) for n =1/3 (mod p — 1), and the same holds true with
1/3 replaced by —5/3; see [5, Theorem 1.5]. The reason is that 1/3 and —5/3
can be viewed as “rational zeros” of the LRS T, see [5, Section 2].

Let us give the general definition. We call a € Q a rational zero of the K-
valued LRS U with Binet expansion (1.4) if, for some definition of the rational
powers A\¢,..., A% € K, we have

fr(@AS + -+ fs(@)A¢ = 0.

We call a a twisted rational zero (TRZ) of U if, for some definition of A{, ..., A?
and some roots of unity &, ...,&s, we have

§1fi(@)A] + -+ & fs(a)A§ = 0.
Theorem 1.4 remains true assuming that a € Q.

Theorem 1.5. Let U be a Q-valued LRS, a € Q and p a reqular prime number
for U. Assume that there exists a sequence of integers (ny) satisfying

vp(U(ng)) — +oo, vp(ng —a) = +o0. (1.5)
Then a is a TRZ of U.



This theorem is proved in Section 3 as well.

One may ask whether the converse is true; that is, if a is a TRZ, then there
exists a sequence of integers (ny) satisfying (1.5). Easy examples show that the
answer is “no” in general.

Example 1.6. If p=—1 (mod 8) then v,(2" + 1) =0 for all n, though 0 is a
twisted zero of the LRS 2™ + 1.

One may still hope that, when a is a TRZ, this holds for infinitely many
primes.

Question 1.7. Let a be a TRZ of a non-degenerate Q-valued LRS U. Are
there infinitely many prime numbers p with the following property: there exists
a sequence of integers (ny) satisfying (1.5)%

We show that the answer is “yes” for twisted integral zeros of LRS of or-
der 2; in fact, we will show that for them an analogue of Theorem 1.1 holds.
However, we do not know the answer for rational zeros. As for LRS of higher or-
der, the answer is, in general, “no” even for integral twisted zeros. See Section 6
for the details.

1.2 Finiteness

Call a non-zero LRS with roots A1, ..., A\s non-degenerate if A /Ay is not a root
of unity for k& # £. The following statement is the classical Skolem-Mahler-Lech
Theorem.

Theorem 1.8 (Skolem-Mahler-Lech). A non-degenerate linear recurrence se-
quence U over a field of characteristic 0 has at most finitely many zeros:

#{ne€Z:U(n) =0} < oco.
In Section 4 we prove that the same holds true for TRZs.

Theorem 1.9. Let U be a non-degenerate linear recurrence sequence with values
in a field of characteristic zero. Then U admits at most finitely many TRZs.

The proof is a variation of the principal argument of Laurent’s article [14].
The main step is bounding the denominators of the TRZs; moreover, the bound
is effective if K is a number field. After the denominators are bounded, Theo-
rem 1.9 can be reduced to the Skolem-Mahler-Lech theorem using the existing
results about equations in roots of unity [10, 11, 16].

The Skolem-Mahler-Lech Theorem is, in general, non-effective, and so is
our Theorem 1.9: while we bound effectively the denominators of the TRZs,
we cannot do the same for their numerators. However, the Skolem-Mahler-Lech
Theorem can be made effective in many special cases, and so can be Theorem 1.9.
To illustrate this, we prove (see Section 5) the following.

Theorem 1.10. The only TRZs of the Tribonacci sequence T are

1 5

0,—1,—4,—17, =, —.
b ) b 737 3



2 Preliminaries

In this section we collect some basic facts and conventions that will be used
throughout the article, usually without special reference.

2.1 Fields

The letter p denotes a prime number, and blackboard boldface letters K, L, M
etc. denote (unless indicated otherwise) fields of characteristic 0. In particular,
they can be number fields or local fields (finite extensions of Q,). If K is a
number field and p is a prime of K then K, denotes the p-adic completion.

For every positive integer m we fix a primitive root of unity of order m and
denote it (,,. We denote by ., the group of roots of unity of order m. Given
a field K, we denote by ugk the group of roots of unity belonging to K.

The following lemma, which is Theorem 9.1 in [13, Chapter VI], will be used
in the article on several occasions.

Lemma 2.1. Let K be a field of characteristic 0 and oo € K*. Let m be a
positive integer. Assume that

for all p | m we have o ¢ KP, (2.1)
when 4 | m we have a ¢ —4K*. (2.2)

Then the polynomial X™ — « is irreducible in K[X].

Remark 2.2. If /-1 € K then assumption (2.2) can be omitted, because in
this case —4 € K* and (2.2) follows from (2.1).

2.2 Linear recurrence sequences

Let U be an LRS with values in a field K. We call m the minimal order of U
if U admits a linear recurrence relation of order m, but not of order strictly
smaller than m. By convention, the minimal order of the identically zero LRS
is set to be 0.

Let m be the minimal order of a (non-zero) LRS U with values in K. Then
the coefficients ag, ..., a,,_1 of the recurrence relation

Un+m)=an1Un+m-—1)+---4+aoU(n)

are well-defined and belong to the field K. Fix an algebraic closure K, and let
A1,.. ., As € K be the distinct roots of the characteristic polynomial

X™ — 1 X™ - . (2.3)
Then U admits the Binet expansion

Un) = fr(m)AY + -+ fs(n)AS,



where f1,..., fs are polynomials with coefficients in the field K(Aq, ..., As), such
that the order of A; as a root of the characteristic polynomial (2.3) is equal to
deg f; + 1. In particular, the polynomials f; are all non-zero, and

S

Z(deg fi+ 1) =m.

=1

Unless the contrary is stated explicitly, in this article, when referring to an
LRS of order m, we will assume that m is the minimal order of this LRS.

It is important to note the following: if U is non-degenerate then it does
not vanish identically on any residue class; that is, for any positive integer N
and any ¢ € {0,..., N — 1}, the function n — U (¢ + Nn) is not identically zero.
Indeed, assuming non-degeneracy of U, the numbers A\, ... AN are all distinct.
Hence

U(L+Nn) =Y hi(n)6}, where hi(T):= X fi(€+NT), 6;:=A.
=1

This implies that U(¢ + Nn) is an LRS of the same minimal order as U; in
particular, it is not identically zero.

3 Twisted rational zeros and the p-adic order

In this section we prove Theorems 1.1, 1.4 and 1.5 from the Introduction. The
proofs rely on Skolem’s p-adic interpolation of LRS, briefly recalled in Subsec-
tions 3.1 and 3.2.

3.1 p-adic analytic functions

In this subsection we recall some very basic facts about p-adic analytic functions.
Most of them are quite standard. All missing proofs, unless indicated otherwise,
can be found in any standard text like [12] or [19].

Let p be a prime number. We fix an algebraic closure @p, and extend the
standard p-adic absolute value | - |, to @,, so that |p|, = p~'. We will also use

the additive valuation v, defined by v,(z) = —log|z|,/logp for z € Q, ", with
the convention v,(0) = +o0o. All algebraic extensions of Q, occurring below will
be viewed as subfields of this fixed Q,,.

Let K be a finite extension of Q,. For a € K and r > 0 we denote D(a,r)
and D(a,r) (or Dx(a,r), Dk(a,r), if we want to indicate that the disk is in the
field K) the open and the closed disks with center a and radius r:

D(a,r)={z€K:|z—al|, <r}, D(a,r)={z€K:|z—al|, <r}.

It might be worth noting that every open disk in K is also closed, and any closed
disk is open. That is, for every r > 0 there exist 7/, 7" > 0 such that

D(a,r) = D(a,r’), D(a,r) = D(a,r").



Another useful observation is that every point of a disk serves as its center: if
b € D(a,r) then D(a,r) = D(b,r), and similarly for the closed disks.

We denote by Ok, or simply by O if this does not lead to a confusion, the
ring of integers of K:

O={reK:|, <1} =D(0,1).

Let D be a disk in K (open or closed), and L a finite extension of K. We
call g : D — L an analytic function if for some a € D we have

g(z) = Z an(z —a)” (z € D), (3.1)

where g, a1, as, ... € L. In particular, the infinite sum on the right converges
for all z € D.

Here are some simple properties of analytic functions, to be used below
without special reference.

1. The coefficients ag, ay, s, . . . are well-defined as soon as g and a are given.
In particular, if the coefficients are not all 0, then g is a non-zero function.

2. The analytic function g admits a power series expansion around any other
b € D. Specifically, for any b € O we have

oo

9(z) = Zﬂk(z —b)*, (3.2)

k=0

where

Br = % = f: (Z) an(b—a)" "

n=~k

3. An analytic function on D is bounded. Indeed, set
r:=max{|z — w|, : z,w € D}.

Then D = D(a,r), and convergence in (3.1) is equivalent to |, [,r™ — 0.
In particular, the sequence |a,|,r™ is bounded. Hence a,(z — a)™ is
bounded uniformly in z € D. It follows that g is bounded.

4. A non-zero analytic function on a disk D may have at most finitely many
zeros in D; this is because D is compact and the zeros are isolated. A
quantitative version is given by the classical Theorem of Strassmann; see,
for instance, [8, Theorem 4.1].

Theorem 3.1. Let K be a finite extension of Q, of ramification index e, and let
g :Zy, — K be an analytic function, not identically 0. Denote by A the (finite)
set of zeros of g. Then there exists a positive integer k such that for every
i €{0,1,...,p% — 1} we have one of the following two options.



(C) There exists 7; € Z such that for z € Z, satisfying z =i (mod p*) we have
vp(9(2)) = e~try; in other words, v,(g(2)) is constant on the residue class
z=1i (mod pk).

(L) There exist

a; € A, T € Z, Ki € Lo
such that a; =i (mod p*), and for z € Z, satisfying z =i (mod p*) we
have
vp(9(2)) = Kivp(z — a;) + e ;.
Proof. This is Theorem 3.2 from [5]. O
We denote

p:=p YD, (3.3)

Let us recall the definition and the basic properties of the p-adic exponential
and logarithmic function.

1. For z € D(0, p) we define

For z,w € D(0, p) we have
lexp(z) — 1], = |2]p, exp(z +w) = exp(z) exp(w), exp’(2) = exp(2).

2. For z € D(1,1) we define

log(z) = Y W

n=1

For z,w € D(1,1) we have
, 1
log(zw) = log(z) 4 log(w), log'(z) = —.
z
3. For z € D(1, p) we have
|log(2)|p = |2 — 1|p, exp(log(z)) = z.

4. For z € D(0, p) we have log(exp(z)) = z.



3.2 p-adic analytic interpolation of a linear recurrence se-
quence

The contents of this subsection is very classical and goes back to Skolem. Still,
we prefer to include some proofs for the reader’s convenience.

Let U be a non-zero LRS of (minimal) order m with values in a number
field K. We write its recurrence relation as

Un+m)=am1Un+m-—1)+---+aoU(n),

where ag,...,a,_1 € K.

We call a prime p of K regular for U if aq,...,a,, are p-adic integers and ag
is a p-adic unit.

Let p be a regular prime for U, and K, the p-adic completion of K. It is a
finite extension of Q,, where p is the rational prime number below p.

Proposition 3.2 (Skolem). There exists a positive integer N and analytic func-
tions
go,---,9gN-1: Zp — OKp
such that
u(l + Nn) = ge(n) (tef{0,....,.N—1}, nez). (3.4)
Moreover, if the LRS U is non-degenerate, then none of the functions gy vanishes

identically.
Proof. Denote by L the splitting field over K, of the characteristic polynomial

X" — a1 X™ P — ... —qy. Then U admits the Binet expansion

U(n) = fi(n)A] + -+ fs(n)AY,
where A1,...,As are the distinct roots of the characteristic polynomial, and
fi,-..,fs are non-zero polynomials with coefficients in L. Since p is a regular

prime, A1,...,As € Of.

Let p be defined as in (3.3). Since p < 1, the disk Dy (1, p) is a multiplicative
group. It is a finite index subgroup of O, because O} is compact and Dy (1, p)
is open. Hence there exists a positive integer N such that 2V € Dy (1,p) for
every = € O] . Note that we have

2" = exp(nlog(zY)) (xe O, nek). (3.5)

Now define, for £ =0,1,...,N —1 and z € Z,

ge(2) = SO NF(0+ N2)exp(zlog(AN)).
i=1
Note that, a priori, ge(z) € L, but we will see that g¢(z) € K, in a while.
From (3.5) we deduce that (3.4) holds. In particular, gy(z) € K when z € Z.
Since Z is dense in Z,,, we have g¢(z) € K, for all z € Z,,.
When U is non-degenerate, the function gy does not vanish identically, be-
cause the function n — U(¢ + Nn) does not, see Subsection 2.2. O
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As a by-product, we prove the Theorem of Skolem-Mahler-Lech (see Theo-
rem 1.8 above) for Q-valued LRS.

Corollary 3.3 (Skolem-Mahler-Lech). Let U be a non-degenerate Q-valued
LRS. Then the equation U(n) = 0 has at most finitely many solutions in n € Z.

Proof. Pick some prime p regular for U. Then each of the analytic functions g,
has at most finitely many zeros on Z,, hence on Z. O

Actually, the Skolem-Mahler-Lech Theorem, as stated in Theorem 1.8, ap-
plies to LRS over an arbitrary field of characteristic 0. To extend it to this
generality, one more ingredient is needed, the Lech-Cassels Specialization The-
orem, see [7].

3.3 Proof of Theorems 1.1, 1.4 and 1.5

Let U be an LRS taking values in a number field K, and let p be a prime
of K regular for U, see Subsection 3.2. We denote by p the rational prime
below p. In this section we prove the following two theorems, which generalize
Theorems 1.1, 1.4 and 1.5 from the Introduction.

Theorem 3.4. Let a be a zero of U. Then there exist a positive integer @,
a positive integer k and an integer T such that v,(U(n)) = kvp(n —a) + 7 for
n=a (mod Q).

Theorem 3.5. Let a € Q be such that there exists a sequence of integers (ny)
satisfying

vp(U(ng)) — +oo0, vp(ng —a) = +oc.
Then a is a TRZ of U.

Theorem 3.4 is more general than Theorem 1.1, while Theorem 3.5 is more
general than Theorem 1.5 (and, a fortiori, than Theorem 1.4).

Proof of Theorem 3.4. Let the integer N and the functions gg,...,gn_1 be as
in Proposition 3.2. Let £ € {0,..., N — 1} be such that a = ¢ (mod N). Write
a=/{+bN with b € Z. In the sequel, we denote g := g,. We have g(b) = 0.

Theorem 3.1 implies that there exist positive integers k¥ and 7', and an
integer x’ such that for z = b (mod p*) we have

vp(9(2)) = K'vp(z —b) +e 7. (3.6)

Now set
k
Q := Np”, K= ex, 7:=7 — kip(N).

Let n =a (mod Q). Then n =¢ (mod N), and for m := (n — £)/N we have
m=b (modp"),  y(m—b)=v(n—a) -v(N),  glm)=U(n).
Applying (3.6) with z = m, we obtain
vp(U(n)) = evy(g(m)) = er'vy(m — b) + 7' = kp(n —a) + 7.
The theorem is proved. O

11



Proof of Theorem 8.5. Once again, let N and gg,...,gn_1 be as in Proposi-
tion 3.2. Let £ € {0,...,N — 1} be such that ny =¢ (mod N) holds for in-
finitely many k. By taking a subsequence, we may assume that this holds for
all k. We denote g := gy.

Set b := (a — £)/N and my, := (ny, — £)/N. Then, my, — b and g(my) — 0 in
the p-adic topology. Hence g(b) = 0.

(Note that, unlike in the proof of Theorem 3.4, we do not, in general, have
g(b) = U(£ + Nb) = U(a); this would only be true if b € Z. But this is not true
in general: b is merely a rational number, not necessarily an integer.)

Recall that

9(2) = gu(2) = Z )\fhi(z), where h;(z) := f;({ + Nz)exp(z 1og()\fv)).

Let A be the denominator of the rational number a. Then
(@)™ = (N fi(@) " exp(ANblog(AY)).
Since ANb € Z, we have exp(ANblog(AN)) = )\f‘Ngb. Hence
(hi(b))AN = /\;4N£+AN2bfi(a)AN _ ()\ffi(a))AN,
where we pick some definition for the rational power A¢. Thus,
hi(b) = £ £(a),

where &; is a root of unity.
‘We have proved that

0=g(b) = &\ f(a),
=1

which exactly means that a is a TRZ of U. The theorem is proved. O

4 Finiteness of twisted rational zeros

In this section we prove Theorem 1.9. Throughout this section, unless the
contrary is stated explicitly, K is a field of characteristic 0. We fix an algebraic
closure K.

For a positive integer n we fix ¢,, € K, a primitive n*® root of unity. Recall
that we denote by i, the group of n** roots of unity, and by ux the group of
roots of unity in K. We denote by K" the set of n*® powers in K:

K" :={a" : a € K}.

We denote by K, the maximal abelian subfield of K; that is, the maximal
subfield of K which is an abelian extension of Q.

12



4.1 Powers in fields

The following result is due to Chevalley [9] and Bass [1]. The proofs can be also
found in [20] and [2].

Theorem 4.1. [Chevalley, Bass] Let K be a finitely generated field of char-
acteristic 0 (in particular, K,y is a finite extension of Q). Then there exists
a positive integer A, depending only on the degree d := [Kup : Q|, such that for
every positive integer n the following holds: if a € K is a An*" power in K(Cay),
then « is an n™ power in K. In symbols:

K(Can)" NKCK®  (n=1,2,3,...). (4.1)

The smallest positive integer A satisfying (4.1) will be called the Chevalley-
Bass number of the field K; see [2, Section 6].

It might not be easy to determine the Chevalley-Bass number of a given
field K, but it is easy to estimate it in terms of d := [K,p, : Q]. For instance,
it is shown in [2, Section 6.1] that, when d > 3, the Chevalley-Bass number A
satisfies A < exp(d?/loglogd),

It will be convenient to introduce the following notion. For a € K* we
define the Kummer exponent of o in K as the biggest positive integer n such
that a& € K" for some root of unity £ € K. In symbols:

ox(a) :=max{n:a € ugK"}

(recall that pux denotes the group of roots of unity in K). Clearly, gk () = 0o
if « is a root of unity, and, when K is a finitely generated field, ok («) is finite
if a is not a root of unity.

Proposition 4.2. Let o € K be such that gog(a) is finite, and n a positive
nteger.

1. We have a € uxgK"™ if and only if n | ox ().

2. Let o'/™ € K be some determination of the n™ root, and € € K a root of
unity. Then the degree [K(a/™€) : K] is a multiple of n/ ged(ox (), n).

Proof. Ttem 1 follows immediately from the definition. To prove item 2, define

L := K(a/"¢), m = [L: K], p = ox(a), d = ged(m,n).

1/n 1/n

All conjugates of a'/™ over K are equal to a™/™ times a root of unity. Hence
8= NL/K(al/”f) is a™/™ times a root of unity. Let r,s € Z be such that
mr +mns=d. Then v:=a*f" is a¥/" times a root of unity. Since 7*/? is «
times a root of unity, we have n/d | p. Hence n/d | ged(p,n). It follows that

n/ ged(p, n) divides d. Hence it divides m. O

13



4.2 Equations in roots of unity

The following result is due to Dvornicich and Zannier [11, 24], who improved
on the previous work of Mann [16] and of Conway and Jones [10]. In this
subsection K is a finitely generated field of characteristic 0.

Theorem 4.3. [Qvomicich, Zannier| Let aq, . .., as be non-zero elements of K,
and &1, ...,&s € K roots of unity. Assume that

a1+t alds =1,

and no proper sub-sum of the sum on the left vanishes: ), ; ;& # 0 when
o CICA{l,...,s}. Then the order of the multiplicative group generated by
&1, ., & is effectively bounded in terms of d = [Kyp : Q] and s.

In fact, Dvornicich and Zannier prove that, denoting by r the order of the
group generated by &1,...,&s, we have the following properties:

e if p¢*1 | r for some positive integer a then p® | 2d;

-1
I ’

Clearly, using these properties, it is easy to bound 7 explicitly in terms of d
and s.

4.3 A Kummer property

As before, K is a finitely generated field of characteristic 0. Recall that we
denote by K,;, the maximal abelian subfield of K. Let I' be the division group
of the multiplicative group K*:

'={ac K™ :a™ € K* for some positive integer n}.
The following key proposition is, essentially, due to Laurent [14].

Proposition 4.4. Let aq,...,a5 € T' be such that a1 +---+as =1, and no
proper sub-sum of the sum oy + - - - + a5 vanishes. Let A be the Chevalley-Bass
number of K (see Section 4.1). Then there exist roots of unity &1,...,& € K
such that

g e K (i=1,...,m), (4.2)

Proof. We follow Laurent [14, Section 2.2], but we replace the cohomological
argument by a reference to Theorem 4.1.

Let n be a positive integer such that af, ..., a7 € K. Denote by G the Galois
group Gal(K/K((,)). For i€ {1,...,s} let x; : G — K({,) be the character
of G defined by o — o(a;)/a;. Since o(ay) + -+ + o(as) =1 for every o € G,
we have a1 x1 + -+ asxs = 1.

14



We claim that the characters x1,...,xs are all trivial:

Xi=--=xs=1 (4.3)
Indeed, defining ag := —1 and xq := 1, we have agxg + -+ asxs = 0. After
renumbering the characters x1,..., Xs, we may assume that for some r > 0 the
characters xo,..., X, are distinct, and each of the remaining X,41,...,Xxs is

equal to one of xq,...,x,. For k=0,...,r define I := {i: x; = xx}. Then
IS P
k=0  icly

Artin’s Theorem on Characters (see, for instance, Theorem 4.1 in [13, Chap-
ter VI]) implies that »_, ; a; =0 for every k. Since no proper sub-sum of
a1 + - -+ + a, vanishes, this is possible only if 7 = 0, which proves (4.3).

It follows from (4.3) that ag,...,as € K((,). Hence each a” is an An'®
power in K((,). Theorem 4.1 implies that a*" is an n'" power in K. It follows
that a*¢; € K for some root of unity &;, as wanted. O

4.4 Proof of Theorem 1.9

Let U be a non-degenerate LRS with values in a field of characteristic 0 and
with Binet expansion

Un) = fr(m)AY + -+ + fs(n)AY. (4.4)

Let K be a finitely generated field, containing Aq,...,As; and the coefficient of
the polynomials f1,..., fs. Recall that we denote by K.}, the maximal abelian
subfield of K. Since K is finitely generated, K,}, is a finite extension of QQ, and
we denote by d its degree over Q.

Recall that we denote by ox(«) the Kummer exponent of a € K, see Sub-
section 4.1. Since the U is non-degenerate and the field K is finitely generated,
we have pg (X\i/A;) < oo when ¢ # j. We set

p = ged{ox(Ni/N;) : 1 <i<j<s} (4.5)

Let a be a TRZ of U. Recall that this means the following: there exist roots

of unity &, ...,&s € K such that for some determinations of A{,...,\? € K we
have

€1f1(a))‘(11+"'+§sfs(a)>‘g =0. (46)

We call the TRZ a primitive if no proper sub-sum of the sum in (4.6) vanishes;
that is, if @ C I C {1,...,s} then ), ;& fi(a)A§ # 0.

Proposition 4.5. Let K be as above (that is, a finitely generated field, con-
taining A1, ..., s and the coefficient of the polynomials fi,..., fs), and A the
Chevalley-Bass number of K. Let a be a primitive TRZ of U, and &1, ...,&s
roots of unity satisfying (4.6). Assume that s > 2. Then the denominator of
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the rational number a divides Ap, where p is defined in (4.5); in particular, the
denominator is bounded effectively in terms of d := [Kap, : Q] and p. Moreover,
the orders of the roots of unity &;/&; are effectively bounded in terms of d, p
and s.

Proof. Since s > 2 and no proper sub-sum of the sum in (4.6) vanishes, we have
fila) #0 for i =1,...,s. There will be no loss of generality to assume that
&s = 1; so, instead of (4.6) we have

Eufi(@)A] + -+ &1 fs—1(a) ATy + fs(a) A7 = 0. (4.7)

Applying Proposition 4.4 to the relation

3ok (M)

S
we obtain the following: there exist roots of unity 71, ...,7ns—1 such that
N/A) M mieK  (i=1,...,5—1).

Write a = k/¢, where k and ¢ are co-prime integers. We want to show that
| Ap. We have gx ((A;/As)**) = Akox(Xi/As). Proposition 4.2 implies that the
quotient ¢/ ged (€, Akog(Ai/As)) divides the degree [K((A;/As)*%n;) : K]. But
this degree is 1, which implies that £ | Akok(\;/As). Since £ and k are coprime,
this implies that £ | Apog(N\;i/As) fori=1,...,5— 1.

We have clearly p = ged{ox(Xi/As) :i=1,...,s — 1}. It follows that £ | Ap,
which proves the first statement of the proposition.

Now let us bound the orders of the roots of unity &;. Let L be the field, gen-
erated over K by (A1/Xq)%, ..., (As—1/As)?®. Since the denominator of a divides
Ap, we have

[Lap : Kap] < [L: K] < (Ap)S™L.

Hence [Lap : Q] < d(Ap)*~%; in particular, [Lap, : Q] is effectively bounded in
terms of d, s and p.

Applying Theorem 4.3 to relation (4.8), we bound the orders of the roots of
unity &; in terms of [Lap, : Q] and s. Hence it is bounded in terms of d, s and p,
as wanted. The proposition is proved. O

Combining this proposition with the Skolem-Mahler-Lech Theorem, we ob-
tain the following consequence.

Corollary 4.6. Let U be a non-degenerate LRS over a field of characteristic 0.
Then U admits at most finitely many primitive TRZs. More precisely, if (4.4)
1s the Binet expansion of U, then there exist at most finitely many s-tuples
(a,&1,...,8&—1) such that a is a rational number, &1, ...,Es—1 are roots of unity,
and (4.7) holds.
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Proof. If s =1 then fi(a) = 0, which is possible only for finitely many a.

From now on we assume that s > 2. Proposition 4.5 implies that a = n/Ap,
where n € Z, and that there are at most finitely many choices for (£1,...,&5_1)
in (4.7). Pick some determinations 6; := )\3/ Ap , so that A} = 67'n;, where 7, are
Ap™ roots of unity. Then

Emgr(n)O7 + -+ Es—1ms—19s—1(n)05_ 1 +1s9s(n)05 = 0, (4.9)

where g;(t) := fi(t/Ap).

The left-hand side of (4.9) is a non-degenerate LRS, and the Skolem-Mahler-
Lech Theorem implies that there can be at most finitely many n for every fixed
choice of the roots of unity & and 7;. Since there are at most finitely many
choices for (&1,...,&s—1) and for (m1,...,ns), the result follows. O

Now we are ready to complete the proof of Theorem 1.9. Let a be a TRZ
of U, so that (4.6) holds for some choice of roots of unity &. Let I be a
minimal non-empty subset of {1,...,s} such that >, _; & fi(a)A¢ = 0. Then a
is a primitive TRZ of the LRS Uy, defined by

Ur(n) := > fi(n)A?. (4.10)

iel

Corollary 4.6 tells us that U; may have at most finitely many primitive TRZs.
Since there are finitely many possible I, Theorem 1.9 is proved.

4.5 An explicit result for (Q-valued linear recurrence se-
quences

Let U be an LRS over a field of characteristic 0 with Binet expansion (4.4), and
let a be a rational number. If @ is a common root of the polynomials f1,..., fs,
then it is, clearly, a rational zero of U. Such rational zeros will be called trivial;
there are only finitely many of them, and in many interesting cases (for instance,
if at least one of fi,..., fs is constant) there are none.

Arguing as at the end of Subsection 4.4, we obtain the following: the denom-
inator of a non-trivial TRZ a of U is bounded in terms of d, p and s. Indeed,
if fi(a) # 0 for some i, then there exists a set I C {1,...,s} having at least 2
elements such that the LRS Uy, defined in (4.10), has a as a primitive TRZ. Now
Proposition 4.5 implies that the denominator of a is bounded in terms of d, p
and s.

Note that s < m, where m denoted the order of the LRS U. Hence the
denominator of a is bounded in terms of d, p and m.

In the most interesting special case when U is a Q-valued LRS of order m,
we can take K in Proposition 4.5 as the splitting field of the characteristic
polynomial of U. With this choice of K, the degree d is bounded in terms of m.
Hence the denominator of a is bounded in terms of m and p. We are going to
make it totally explicit.
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Proposition 4.7. Let U be a Q-valued LRS of order m with Binet expan-
sion (4.4), K the splitting field of the characteristic polynomial of U, and p as
in (4.5). Let a be a non-trivial TRZ of U. Then the denominator of a does not
exceed pexpexp(m/logm).

Proof. As we have just seen, if a is a non-trivial TRZ of U, then there exists
Ic{l,...,s} with #I > 2 such that a is a primitive TRZ of U;. Proposi-
tion 4.5 implies that the denominator of a is bounded by pA. And we have
A < expexp(m/logm), see [2, Proposition 6.5]. This completes the proof. O

5 Twisted rational zeros of the Tribonacci se-
quence

In this section we prove Theorem 1.10. As in the proof of Theorem 1.9, the
principal part is bounding the denominators of the TRZ, see Proposition 5.2.
Instead of adapting the general argument of Section 4, using the Theorems of
Chevalley-Bass and of Dvornicich-Zannier, we use an elementary ad hoc argu-
ment.

In this section we denote by Q C C the field of all complex algebraic numbers,
and by x — T the complex conjugation.

5.1 The roots

Let A1, A2, A3 € Q be the complex roots of the characteristic polynomial
P(X)=X3-X?-X—1.

Then
T(n) = a1 Al + a2y + azy, a; =P ()7
One of the roots A1, A2, A3 is real and the other two are complex conjugate. We
will assume that A\; € R and A5 = .
We denote K; := Q();) and L := Q(A1, A2), the splitting field of P. We have
[K;: Q] =3 and [L:Q] =6. The maximal abelian subfield Ly, is Q(v/—11),
because the discriminant of P is —44. The 6 numbers

NN (U<iAj<3) (5.1)

form a full Galois orbit over Q; in particular, for i # j we have L = Q(X;/\;).
In the following proposition we collect some less obvious properties of the
roots \;, to be used later.

Proposition 5.1. 1. Fori # j, the quotient P'(X\;)/P’'(\;) is not a Dirichlet
unit.

2. Let X be one of A1, A2, A3 and K := Q(\). Then X is not an m** power
in K for any integer m > 1, and neither is —\. In terms of the Kummer
exponent, defined in Subsection 4.1, this can be stated as ox(\) = 1.
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3. The quotients \;/\; are cubes in L. More precisely, for 1 <1i,j < 3 there
ezists a unique 0;; € L such that \;/\; = Hf’j.
Proof. If, say, P'(A1)/P’'(A2) is a unit, then so is every P'(\;)/P’(};). It follows
that the 3 algebraic integers P’();) generate the same principal ideal in Op,. This
ideal must divide the sum Z?:l P’'(\;) = 4, which implies that the product
H?Zl P’()\;) must be a power of 2. But

3
[P () =44, (5.2)

a contradiction. This proves item 1.

In the proof of item 2 we will use the notion of the absolute logarithmic height
h(-) of an algebraic number. The definition can be found in many sources, say, in
[6, Section 1.5.7]. We will need only the following properties: if 7 is an algebraic
integer of degree d with conjugates v1,...,vq4 € C, and m is a positive integer,
then dh(vy) = Z?Zl max{log |y, 0}, and h(7™) = mh(y). In particular,

3h(X) =log A\ < 0.61,

because A; > 1 and |A2| = |A3] < 1.
Now assume that A = +™ for some v € K and m > 1. Then h(A) = mh(y).
On the other hand, the famous result of Smyth [21] implies that

3h(y) > logy > 0.28.
where ¢ is the real root of the polynomial X2 — X — 1. Hence

< log A

2.2.
~ log ¥ <

It follows that m = 2. Hence 7 is a root of the polynomial P(X?). However,
this polynomial is irreducible over Q, which means that 7 is of degree 6, a
contradiction. In a similar fashion one shows that —\ is not a proper power
in K. This proves item 2.

In item 3 uniqueness is clear, because (5 ¢ L, so we only have to prove
existence. Using PARI [22] (or another similar tool), we calculate the X-resultant
of the polynomials P(X) and P(XY'). It is a polynomial in Y of degree 9, whose
roots are exactly the 9 quotients A;/A;. It has a root 1 of multiplicity 3, which
corresponds to the 3 quotients \;/\;, and it factors as (Y — 1)3R(Y'), where

R(Y) =Y +4Y° + 11V + 12Y3 + 11Y? +4Y +1
is the irreducible polynomial whose roots are the quotients (5.1).
Polynomial R(Y®) is reducible over Q: it has an irreducible factor of degree 6
QYY) =Y +VY® +2V* +3Y3 +2Y? + YV +1

and another irreducible factor of degree 12. Let 6 be a root of ). Then the
field Q(0) is of degree 6, and 62 is one of the quotients (5.1); in particular, Q(6)
contains L. By equality of degrees we obtain Q(#) =L, which completes the
proof of item 3. O
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5.2 The denominator

In this subsection we prove that the denominator of a TRZ divides 3.
Proposition 5.2. Let a be a TRZ of the Tribonacci LRS. Then 3a € Z.
We will use the following very simple lemma.

Lemma 5.3. Let v € C be a complexr number such that ~v/7 is not a root of
unity, and § € R a real number. Then the equation yn+ 71’ =0 may have at
most one solution in roots of unity (n,n'). This solution satisfies n € Q(v,7,9)
and g’ =T7j.

Proof. 1f n,n" are roots of unity such that yn + 71" € R, then the complex num-
bers 7n’ and 77 have the same imaginary part: Fn' —yn' =37 —n. If n #¢&
then

/

y_m-n_

7o U

contradicting the hypothesis that v/% is not a root of unity. Hence ' = 7.
Thus, 7 is a root of the polynomial

bl

F(X):=X? = (6/7)X +7/7 € Q(1,7,0)[X].

Since the free term 7/~ is not a root of unity, the other root of F' cannot be a
root of unity. This proves that there may exist only one possible n for given
and 4.

Furthermore, if F' is irreducible over Q(v,7, §) then its other root is a root of
unity as well, which is impossible, as we just saw. Hence F' is reducible, which
implies that n € Q(v,7,d). The lemma is proved. O

Proof of Proposition 5.2. Let m be the denominator of a; that is, a =n/m,
where m,n € Z are coprime and m > 0. Let )\%/m be the positive real m*™ root,
/\é/ " some complex m™ root, and we define /\é/ ™ as the complex conjugate of

)\é/ ™. With this choice of m'" roots we have

Ay AL AN =, (5.3)

Once the m' roots are defined, the rational powers \¢ are well-defined as

(/\g/m)". Note that \$ = \g.

Since a is a TRZ, we have a1 A{n1 + aaA§ns + asA§ns = 0 for some roots of
unity n1,n2,n3. We may clearly assume that 77 = 1, in which case Lemma 5.3
implies that n3 = 72. In the sequel we write 12 as n and n3 as 7; that is, we have

0 AT + agA5n + azA§n = 0. (5.4)

Recall that we denote K; = Q(XA1). Fix an element o in the absolute Galois
group Gy := Gal(Q/K;). Then (A}/’")” = /\1/7"61 for some &; € py,. The group
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H := Gal(Q/L) is an index 2 subgroup of Gy. If o € H then A\ = Xy and
9 = As, in which case there exist £3,&3 € y, such that

W7 =08 )T =", (5.5)

If 0 ¢ H then A = A3 and A = \y; in this case there exist &2,&3 € py, such
that

(™7 =", ™) =N, (5.6)
Let us apply o to equalities (5.3) and (5.4). We obtain
L=17 = (A0 "N ™) = AN A M 606y = €16t (5.7)
0-770- ) 6 H?
>\a€1 +012>\a52’l7 +043A é-n "o_ (77/7711/) _ (ﬁo 770) g (58)
(m7.n%), o ¢ H.

Note that af = a3 because a; € Ky, and that n'n” = (n7)7 = 1.
Rewrite (5.8) as

o (§) 05 ()

Comparing this to (5.4), the uniqueness statement in Lemma 5.3 implies that

52 " ’_ 53 " "o =
(&) d=n (&) 7 -r

Multiplying these equalities, we obtain (£2€3/€2)" = 1. Since &1,£2,€3 € fim
and m, n are coprime, this implies that £¢3/£7 = 1, which, together with (5.7),
implies that & = 1.

We have proved the following: for any o € GG; there exist £; € ug such that
()\i/m)" = )\}/mfl. If & =1 for every o € G; then )\}/m € K;. Now assume
that & = (3 for some o. Since K; is a real field, any Galois orbit over K;
must be stable under the complex conjugation. Hence the Galois orbit of )\1/ m
over Ky is A/™ A/ ™ ¢, AV ™G

Thus, [K (/\1/ ) : Kq] € {1, 3}. On the other hand, item 2 of Proposition 5.1
implies that \; is not a p*" power in K; for any p, and —\; is not a square
in K;. Hence [Kl()\i/m) :K;] =m by Lemma 2.1. It follows that m € {1,3},
as wanted. O

We also need to take care of the roots of unity occurring in the definition of
TRZ.

Proposition 5.4. Let a be a TRZ of the Tribonacci LRS. Then, with suitable
definitions of the rational powers A} we have

011>\(11 + O[Q)\g —+ ag)\g = 0, (59)
AIAING = 1 (5.10)
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Proof. We have a =n/3, with n € Z. We define )\%/3 as the real cubic root
of Ay, and for i = 2,3 we define A!/® := A\[/?0;,, where 6,; € L are defined in
item 3 of Proposition 5.1.

Note that 057 = 09;. Indeed, Eg = A2/A1 = A3/A;. Since A3/\; has only
one cubic root in L, we must have 031 = 0.

From our definitions it follows that A{ASA§ is a positive real number. Since
(A4AENE)3 = (A1 A2A3)™ = 1, this proves (5.10), so we are only left with (5.9).

As we have seen in the proof of Proposition 5.2, there exists a root of unity n
such that (5.4) holds. This can be rewritten as ay + a205n + a30%,7 = 0.
Lemma 5.3 implies that n € Q(aq, as, as,021,031) = L. Since L contains no

roots of unity other than +1, we must have n = 1 or n = —1. In the former case
we are done. Now let us assume that n = —1. In this case
a1 — Oéztggl — a39§1 =0. (5.11)

Let o € Gal(LL/Q) be such that
7 =X, A = A, Ag = As.
Then
—1

a o o o o —1
Qa1 = Qg, Qy = (v, a3 = a3, 021 = 012 = 021 s 031 = 032 = 031021 .

Applying o to (5.11), we obtain ay — 105" — 383,65 =0, which can be
rewritten as ay — a6, + o303, = 0. Comparing this with (5.11), we obtain
o303, = 0, a contradiction. The proposition is proved. O

5.3 Proof of Theorem 1.10
Let W be the Q-valued LRS with the general term given by

W(n) = 4403 \7 + 4403\ + 440305 — 3.
It is an LRS of order 4, defined by
wW(0)=Ww(1)=0, W(2)=2, W(3)=8, W(n+4) = 2W (n+3)—W(n).

Proposition 5.5. Let a € Q be a TRZ of the Tribonacci LRS. Then 3a is a
zero of W.

Proof. As we have seen in Proposition 5.2, if a is a TRZ of the Tribonacci LRS,
then n := 3a € Z, so we only need to prove that W(n) = 0.

Define the rational powers A¢ as in Proposition 5.4, so that both (5.9)
and (5.10) hold. Using (5.2), we also find

A AgAs 1
WO2E = BN P ()P (Ns) 44 (5-12)
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Consider the polynomial
F(X1, X2, X3) = X7 + X5+ X35 — 3X, X0 X3 € Z[Xy, X2, X3).

Then 44F (a1 A}, aa)g, asA$) = W(n), because ajAfagAasAy = 1/44, as fol-
lows from (5.10) and (5.12). The polynomial F factors as

F(X1,X2,X3) = (X1 4+ Xo + X3)(X1 + GXo + $X3)(X1 + GXo + (X3),

which implies that F'(a1 A\, a2\, agA) = 0 by (5.9). This completes the proof.
O

Proposition 5.6. The only zeros of W are —51,—12,—5,-3,0, 1.

Proof. In [3] an algorithm is suggested which, when terminates, produces the
full set of zeros of a given non-degenerate LRS, together with a mathematically
rigorous proof that no other zeros exist. This algorithm is implemented, for
simple! non-degenerate Q-valued LRS, in the Skolem Tool [4]. Running the
Skolem Tool for the LRS W, we obtain the result. O

We know (see [5, Section 2]) that —17,—4,—5/3,—1,0,1/3 are indeed TRZs
of the Tribonacci LRS. Hence Theorem 1.10 is an immediate consequence of
Propositions 5.5 and 5.6.

6 On Question 1.7

In this section we discuss Question 1.7. We will see that the answer is positive
for twisted (integral) zeros of LRS of order 2, but (in general) not for higher
order LRS. Unless the contrary is stated explicitly, the letter p in this section
denotes a prime number.

For twisted (integral) zeros of LRS of order 2 we not only answer Ques-
tion 1.7, but obtain a partial analog of Theorem 3.4.

Theorem 6.1. Let U be a non-degenerate LRS of order 2 with values in a
number field K and a € Z a twisted zero of U. Then for infinitely many primes p
of K the following holds: there exist

QeZw, de{01,....,0-1}), 1€z (6.1)
such that for every n € Z satisfying n = o’ (mod Q) we have
vp(U(n)) = vp(n —a) +,

where p is the rational prime below p. Moreover, p1 Q; in particular, v,(n — a)
is unbounded on the set of n satisfying n = a’ (mod Q).

In fact, we show that this holds true for primes p from a set of positive lower
density. Let us recall the definition of density. Denote by 7k (z) the counting
function for primes of K; that is, the number of primes p of K such that N'p < x;
here N'p denotes the absolute norm. Let P be a set of primes of K. We denote
its lower density as liminf, oo #{p € P : Np < z}/mk(z).

LAn LRS is called simple if its characteristic polynomial has only simple roots.
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6.1 A density result

The proof of Theorem 6.1 relies on a certain Chebotaryov2-style density result.
To state it, let us introduce some more notation. In this subsection K is a
number field, unless stated otherwise.

Let o € K* and a prime p of K be such that v, (o) = 0. We denote by ord, ()
the multiplicative order of a modulo p. That is, let O, := {z € K: p,(x) > 0}
be the local ring of p, and O, — O,/p : & — T the reduction map® modulo p.
Then @ € (O, /p)*, and ord, () is the order of @ in the multiplicative group
(Op/p)*.

For a positive integer r we denote by Pk (a,r) the set of K-primes p such
that the multiplicative order ord,(«) is divisible by r. In symbols:

Pr(a,r) :={p:r|ordy(c)}.
Proposition 6.2. Let r be a positive integer with the property
¢p € K for every p | r. (6.2)

Let o € K* be not a root of unity. Then the set Px(«,r) is infinite, and, more-
over, it is of positive lower density.

The proof of Proposition 6.2 depends on the following lemma.

Lemma 6.3. Let p be a prime number and K a field of characteristic distinct
from p. Define £ as the biggest integer such that C,e € K. Assume that £ > 1.
Let o € K be such that a/? € K((per1). Then a € e KP.

Proof. We may assume that a # 0, since there is nothing to prove otherwise.
We use Kummer’s Theory, as in Theorem 8.1 from [13, Chapter VI]. Let B be
the subgroup of the multiplicative group K* generated by «, f,: and (K*)P.
By the hypothesis, K(B/?) = K(,¢+1). The above-mentioned theorem implies
that

[B: (K*)"] = [K(BY?) : K] = [K(Gpesr) : K] = p.

Since [ppe (K*)P 1 (K*)P] = p, this proves that B = p,(K*)P, which exactly
means that a € g, (K*)P. O

Proof of Proposition 6.2. If the statement holds true with K replaced by a big-
ger field, then it is true for K. Indeed, let K’ be a finite extension of K. If p
is a K-prime, and p’ is a K'-prime above p, then for any o € K* we have
ordy/ (o) = ordy(a); so, it suffices to to show that the set Pg/(av, ) is of positive
lower density. Thus, we may assume that v/—1 € K.

Let m be the order of the group of roots of unity ux. Condition (6.2) may
be re-stated as p | r = p | m.

2We prefer the spelling Chebotaryov, as in [23], because it is more consistent with the
original Russian and Ukrainian pronunciation.

3This is in conflict with the convention of Section 5, where = — T denotes the complex
conjugation. However, in this section we never use complex conjugation, so there is no risk of
confusion.
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If the conclusion of the proposition holds true with r replaced a multiple
of r, then it holds for r. Hence we may replace r by Hp‘rpmax{”f’(’“)’”?(m)“}
and assume in the sequel that

vp(r) > vp(m) (p | m); (6.3)

in particular, p | r < p | m.

Next, we may replace a by a&, where £ € K is a root of unity. Indeed,
if 7 | ordy(c), then v, (ordy(€)) < vp(ordy(a)) for every p |ord,(§), by (6.3).
Hence ord, (af) = ord,(«).

Finally, we may assume that

a ¢ uxgKP (p|r). (6.4)

Indeed, call a with property (6.4) r-reduced. Since « is not a root of unity, we
have o = BY, where 3 is r-reduced, N is composed of primes dividing r and &
is a root of unity. Now, if N7 | ord,(5) then r | ord,(af) = ord,(«). Hence we
may assume (6.4), replacing « by 8 and r by Nr.

Denote L :=K((,). Properties (6.2) and (6.3) imply that

Gal(L/K) = [] z/p» /™.

plm

In particular, for every p | 7, the extension L has exactly one subfield of degree p
over K; precisely, it is K((,¢,+1), where £, := v(m).

Pick some value of the rt" root a!/". This would define the roots o!/?
for every p | 7. We claim that o'/? ¢ L. for any p | 7. Indeed, in the opposite
case, ]K(al/ P) would be a subfield of L of degree p over K. This would imply
al/r e K(¢ytp+1), which, by Lemma 6.3, implies that a € p,¢, KP, contradict-
ing (6.4).

Lemma 2.1, together with Remark 2.2, implies now that M := L(a!/") is an
extension of L of degree r. Moreover, since ¢, € L, extension M/L is cyclic, and
the map
(al/r)o

GHgo:W

(6.5)

defines an isomorphism of the groups H := Gal(M/L) and p,.

Since L = K((,), extension M/K is Galois, and we denote G := Gal(M/K).
Then H is the subgroup of G fixing ;.

Let p be a K-prime not dividing r and satisfying v, (a) = 0. In particular, p
does not ramify in M. For an M-prime ‘B above p, we denote by ¢ € G the
Frobenius of B above K. Recall that ¢y is the element of G with the following
property: let Og = {x € M : vp(x) > 0} be the local ring of B; then for every
z € Ogp we have 2M» = 2?% (mod B) (as before, N(-) denotes the absolute
norm).

Next, let ((M/K)/p) := {¢q : B | p} be the Artin symbol of p. Note that it
is a full conjugacy class in G. Denote by X the subset of H consisting of the
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elements of exact order r. In symbols: ¥ :={c € H: H = (0)}. Let p be such
that ((M/K)/p) C . By the Theorem of Chebotaryov, the set of such p is of
positive density*, so we only have to prove that r | ord, ().

We are going to prove that r | A'p — 1, but @ is not a p'® power in (O, /p)*
for any p | r. Since N'p — 1 is the order of the cyclic group (O, /p)*, the order
of @ in this group must be divisible by r, as wanted.

As before, let ¢ be an M-prime above p. Since ¢ € ¥ C H, we have
d5(¢) = ¢, which means that (NP = ¢, (mod 9B). Since % {r, this implies
that (NP = (., that is, 7 | Np — 1.

We are left with proving that @ is not a p*® power in (O, /p)* for any prime p
dividing r. Fix such p. Since ¢y € X, it is of exact order r in H. Hence & := &4,
(as defined in (6.5)) is a primitive 7" root of unity, and 7 := £"/? is a primitive
p*™ root of unity.

Applying (6.5) with o = ¢g, we obtain aWNP=1/m = ¢ (mod 9PB). Raising
this congruence to the power 7/p, we obtain aVP=1/P =5 (mod ). Since
both sides of this congruence belong to K, it is actually a congruence mod-
ulo p, and it implies the identity @a™V*=1/? = 7 in the group (Op/p)*. Ifais
a p™ power in (O, /p)* then aNP=1/P = 1, which is impossible because 7 is a
primitive p'" root of unity. This completes the proof of the proposition. O

6.2 Proof of Theorem 6.1

Besides Proposition 6.2, the proof of Theorem 6.1 relies on the following lemma.
It is very classical and goes back to the work of Lucas [15] or even earlier. Still,
we give a proof for convenience.

Lemma 6.4. Let K be a number field, p a prime of K with underlying ra-
tional prime p and e :=vy(p) the ramification index. Let 0 € K be such that
vp(0 —1) >0 and n € Z. Then we have the following.

1. If pfn then vy (0™ — 1) = vy (6 — 1).
2. In general, vp(0™ — 1) > v,(0 — 1) + vp(n) min{e, (p — 1), (0 — 1)}.
3. Ifvy(0—1) > e/(p—1) then vy, (0™ — 1) = v, (0 — 1) + evp(n).
Proof. Ttem 1 must be proved only for n > 0 and n = —1. If n > 0 then
0" —1=(0—-1)O" - +1).
Since § =1 (mod p) in the local ring O,, we have
0" '+---+1=n (mod p).

In particular, v, ("~ +---+1) =0 if pfn. This proves item 1 for n > 0. As
for n = —1, it is obvious that v, (07" — 1) = 1, (0 — 1).

4Actually, it is of density #X/#G, but the exact value of the density is not relevant to us.
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Due to item 1, in items 2 and 3 we may assume that n = p*. Moreover,

using induction in k, we may assume that n = p. Write § =1 4+ . Then

p—1
P\ ¢
0P —1=py+ + P,
Py ;(5% o

Each of the terms inside the sum has p-adic valuation strictly bigger than
Vo(p7) = vp(7) + €. Hence

vp(07 —1) = vp(7) + minfe, (p — )rp(7)} (6.6)
which proves item 2. Finally, when v,(y) > e/(p — 1), inequality (6.6) becomes
equality, and the minimum on the right is e, which proves item 3. O

Now we are ready to prove Theorem 6.1.

Proof of Theorem 6.1. By shifting, we may assume that a = 0. Thus, we have to
prove that, for infinitely many K-primes p the following holds: there exist @, a’
and 7 as in the statement of the theorem such that

vy(U(n)) =vp(n)+7  when n=d (mod Q). (6.7)

If the statement holds true with K replaced by a bigger number field, then
it holds for K. Hence we may assume that the roots of the characteristic poly-
nomial of U belong to K. Multiplying U(n) by S0™ with suitable 3,6 € K*,
we may assume that either U(n) =n — 8, where 8 € K, or U(n) = nA" — 1,
where n, A\ € K*. If U(n) =n — 8 and 0 is a twisted zero of U, then 8 =0 and
U(n) = n, so there is nothing to prove.

Now let us assume that U(n) = nA™ — 1. Note that A is not a root of unity,
because U is non-degenerate. Since 0 is a twisted zero of U, we have n\? — & = 0
for some root of unity £&. Hence 7 is a root of unity. Denote by r its order.

Let Pj (A, r) be the subset of Pk (A, r), consisting of p € Px (A, r), unramified
and of degree 1 over Q, and with underlying prime N'p > 2. Proposition 6.2
implies that the set Px(A,r) is of positive lower density. Hence so is Pg (A, 7):
this is because the set of unramified primes of degree 1 is of density 1. We claim
that for every p € Pi(A, ), there exist @, ' and 7 as in (6.1) such that (6.7)
holds, and p t Q.

Thus, fix p € Pg(A, 7). Since p is of degree 1, the cyclic group (O, /p)* is
of order p — 1, where p := Np is an odd prime number. Since r | ord,(A), the
subgroup (A) of (O, /p)* contains 7. Hence there exists s € {1,...,p — 1} such
that nA®* =1 (mod p). Lemma 6.4 implies that

vp (MA°)™ — 1) = vp(m) + vp(EX° — 1) (m € Z).

Now note that, when m = 1 (mod r), we have (§A*)™ — 1 = U(sm). Hence (6.7)
holds with
Q :=rs, a =s, 7= 1p(EN° — 1).

Note also that pt Q because r | p— 1 and 1 < s < p — 1. The theorem is proved.
O
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Remark 6.5. 1. Our argument can be illustrated with the LRS from Ezam-
ple 1.8. In that case

K=Q, A=2, n=-1, r=2, §=—,

and the set P(2,2) contains all the primes satisfying p = £3 (mod 8)
(and some other primes as well).

2. This argument does not extend to rational a, because we can no longer do
the shifting and assume that a = 0. We do not know whether Theorem 6.1
can be extended to twisted rational zeros.

3. The non-degeneracy hypothesis cannot be dropped. Indeed, consider

2, if 3| n,

Uln) =G +G" = {_1 #31n.

Then 0 is a twisted zero of U, but v,(U(n)) =0 for all n and all p # 2.

6.3 Concluding remarks

As we already indicated in the introduction, the answer to Question 1.7 is
negative for LRS of order 3 or higher. Here is an example of order 3, but one
can easily construct similar examples of any order.

Example 6.6. Let p be a prime number. The LRS U(n):=8"+2"+1 has
a twisted zero at 0, because 1+ (34 (3 = 0. However, there does not exist a
sequence (ng) such that

vp(U(ng)) — +oo0, vp(ng) — +oo.

Indeed, let (ng) be such a sequence. Let K be the splitting field of the polynomial
X3+ X +1 and p a prime of K above p. Then, replacing (ny) by a subsequence,
we have

vp(2" — a) = 400, vp(ng) = +oo
for some root v of this polynomial. Theorem 3.5 implies that 0 is a twisted zero
of the LRS 2™ — «, a contradiction, because o is not a root of unity.

To conclude, let us ask one more question. Theorem 1.5 deals with just one
individual prime number. What happens if a sequence (ny) satisfying (1.5) can
be found for all but finitely many primes? One may expect that in this case a
is a genuine zero of U, not merely a TRZ.

Question 6.7. Let U be an LRS with values in a number field K, and a € Q.
Assume that for every K-prime p, with finitely many exceptions, there exist a
sequence of integers (ny) (depending on p) such that

vp(U(ng)) = +o0, vp(ng —a) = +o0.

Does it imply that either a a trivial TRZ (as defined in Subsection 4.5) or a € Z
and U(a) =07?
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Probably, “all but finitely many primes” can be replaced by “primes from a
set of density 17. But, as Example 1.3 shows, it is not enough to assume that
this holds for infinitely many primes, or even for primes from a set of positive
lower density.
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