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ARTICLE INFO ABSTRACT
Keywords: For which unary predicates P,..., P, is the MSO theory of the structure (N;<,P,,...,P,)
Monadic second-order logic decidable? We survey the state of the art, leading us to investigate combinatorial properties of

Morphic words

Toric words

Pisot conjecture

Dynamical systems

Linear recurrence sequences

almost-periodic, morphic, and toric words. In doing so, we show that if each P, can be generated
by a toric dynamical system of a certain kind, then the attendant MSO theory is decidable. We
give various applications of toric words, including the recent result of [1] that the MSO theory of
(N; <, {2": neN}, {3": neN}) is decidable.

1. Introduction

In 1962, Biichi proved in his seminal work [2] that the monadic second-order (MSO) theory of the structure (N; <) is decidable.
Shortly afterwards, in 1966, Elgot and Rabin [3] showed how to decide the MSO theory of (N; <, P) for various interesting unary
predicates P. On the other hand, it was known already in the 1960s that extending (N; <) with the addition or even the doubling
function yields a structure with an undecidable MSO theory [4,5]. In this paper, we focus on the following question: which unary
predicates P, ..., P, can one add to (N; <) whilst maintaining decidability of the MSO theory? We give an overview of the state of
the art and provide some new answers. In particular, we identify a class of predicates generated by rotations on a torus, any number
of which can be adjoined to (N; <) and still preserve decidability of the attendant monadic theory.

By a predicate P we mean a function with type N — X, where X is a finite alphabet. When X = {0, 1}, we identify P with
{neN: P(n)=1} CN. The characteristic word of P is the string « € £ whose nth letter is P(n). Let us take the primes predicate as
an example, defined by P(n) = 1 if n is prime and P(n) = 0 otherwise. Recall that in a monadic second-order language we have access
to the membership relation € and quantification over elements (written Ox for a quantifier Q) as well as subsets of the universe
(written QX), which is N in our case. Consider the sentence y given by

PX):=1eX AN0,2¢X AVx.x€ X <= s(s(s(x) e X
y =3X: X)) AVy.dz>y: z€X A P(2)

where s(-) is the successor function defined by s(x) = y if and only if

* This article belongs to Section C: Theory of natural computing, Edited by Lila Kari.
* Corresponding author.
E-mail address: mvahanwa@mpi-sws.org (M. Vahanwala).

https://doi.org/10.1016/j.tcs.2024.114959
Received 14 December 2023; Received in revised form 29 October 2024; Accepted 7 November 2024

Available online 14 November 2024
0304-3975/© 2024 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/tcs
mailto:mvahanwa@mpi-sws.org
https://doi.org/10.1016/j.tcs.2024.114959
https://doi.org/10.1016/j.tcs.2024.114959
http://crossmark.crossref.org/dialog/?doi=10.1016/j.tcs.2024.114959&domain=pdf
http://creativecommons.org/licenses/by/4.0/

V. Berthé, T. Karimov, J. Nieuwveld et al.
Theoretical Computer Science 1025 (2025) 114959

x<yAVzx<z=>y<z

The formula ¢ defines the subset {n: n=1 (mod 3)} of N, and y is the sentence “there are infinitely many primes congruent to
1 modulo 3”, which is true. Another example of a number-theoretic statement expressible in our setting would be the twin prime
conjecture, which is given by the first-order sentence

Vx.dy>x: P(y) A P(s(s(»))).

Unsurprisingly, the decidability of the MSO theory of the structure (N; <, P), where P is the primes predicate, remains open. Con-
ditional decidability is known subject to Schinzel’s hypothesis H, a number-theoretic conjecture which implies, in particular, the
existence of infinitely many twin primes [6].

The MSO theory of N equipped with the order relation is intimately connected to the theory of finite automata. The acceptance
problem for a word @ € X, denoted Acc,, is to decide, given a deterministic (e.g., Muller) automaton .A over X, whether A accepts
a. In order for this algorithmic problem to be well defined, we assume that the word a is computable; in other words, there is a
Turing machine which, upon receiving » as input, prints the nth letter of a. The previously mentioned result of Biichi establishes that
the MSO theory of (N; <, P, ..., P,,) is decidable if and only if Acc, is decidable for the word & = @; X :-- X t,,, where each q; is the
characteristic word of P;.! Hence our central question can be reformulated as follows: for which classes of words «, ..., a,, is Acc,
decidable?

In this work we consider the classes of almost-periodic, morphic, and toric words. Almost-periodic words were introduced by
Seménov in [7]. He showed that for an effectively almost-periodic word «a, the MSO theory of the structure (N; <, P,) is decidable,
where P, is the predicate whose characteristic word is @. We discuss almost-periodic words in Section 3. We then move on to
morphic words (Section 4), focussing on the result of Carton and Thomas [8] that for a morphic word a, the MSO theory of (N; <, P, )
is decidable. These two works provide answers to our main question for a single predicate, i.e., in the case of m = 1.

In Section 5, we introduce the class of toric words, which are codings of a rotation with respect to target sets consisting of
finitely many connected components. In Theorem 5.12, we give a large class K of toric words such that the MSO theory of the
structure (N; <, P,,..., P, ) is decidable for any number m of predicates with characteristic words belonging to K. We also study
almost periodicity and closure properties of toric words (Section 5.3), and give an account of the overlap between toric words and
various other well-known families of words. Below is a summary of how we apply the theory of toric words.

(a) Sturmian words are toric. In Section 6.1 we use the theory of toric words to show that for Sturmian words a4, ..., ,, that satisfy
a certain effectiveness assumption, the MSO theory of (N; <, Pyps-o ,Pam) is decidable. This answers a question posed in [8].

(b) One of the central problems in symbolic dynamics is to understand the morphic words for which the associated shift space has
a representation as a geometric dynamical system [9]. A slightly different (but similar in spirit) question is: which morphic words
are toric? The Pisot conjecture identifies a class of morphic words for which a representation as a simple geometrical dynamical
system is believed to exist. We discuss the conjecture and how it relates morphic and toric words in Section 6.2.

(c) Recently, we used the machinery of toric words to show that for a large class of predicates given by linear recurrence sequences
with a single, non-repeated real dominant root, the attendant MSO theory is decidable [1]. Let integers k,...,k,, > 1, and
P = {klf’ : neN} for 1 <i <m. We showed that the MSO theory of (N; <, P;, P,) is (unconditionally) decidable, and the MSO
theory of (N;<, Py, ..., P,,) is decidable assuming Schanuel’s conjecture in transcendental number theory. We discuss this result
in Section 6.3.

(d) Toric words arise naturally in the study of linear recurrence sequences. In fact, specialised classes of toric words have already
been used in the literature [10-12] to study sign patterns of linear recurrence sequences, discussed in Section 6.4. We construct
sign patterns of linear recurrence sequences (LRS) that prove that the product of an almost-periodic word with a toric word that
is almost-periodic need not be almost-periodic.

(e) Finally, in Section 6.5 we give an overview of how modelling sign patterns of LRS using toric words yield decision procedures
for the model-checking problem for linear dynamical systems.

2. Mathematical background

By an alphabet ¥ we mean a non-empty finite set. For a word « € £+ UX® and n € N we let a(n) denote the nth letter of a. For
a € X we let P, denote the predicate defined by P,(n) = a(n) for all n. We write a[n, m) for the finite word u = a(n) --- a(m — 1). Such
a u is called a factor of a. We write a[n, o0) for the infinite word a(n)a(n+1) ---.

Let o; € Z¢ for 0 <i < L. The product ay X - X ay_; of ag,...,a;_, is the word « over the product alphabet ¥ X -+ X Z;_;
defined by a(n) = (ay(n), ..., ay_;(n)). The merge (alternatively, the shuffling or the interleaving) of ay, ..., a;_; is the word « defined
by a(nL+r)=a,(n) foralln €N and 0 <r < L. Let X, %, be two alphabets. A morphism  : £ — X7 is a map satisfying z(a; -- a;) =
7(ay) - 7(a)) forall ay,...,a; €X,.

We write Log for the principal branch of the complex logarithm. That is, Im(Log(z)) € (—x, z] for all non-zero z € C. For z =

(z1,...,29) € C? and p> 1, we let llz|l, denote the £, norm {/|z | + - + |z, |7

! The original formulation by Biichi was given in terms of nondeterministic Biichi automata. The formulations involving deterministic automata with a Muller,
Rabin, or parity acceptance condition are equivalent.
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By a [K-semialgebraic subset of R¢, where K C R, we mean a set that can be defined by polynomial inequalities with coefficients
belonging to I; recall that p(x) =0 < p(x) >0 A p(x) <0. A set X C C? is K-semialgebraic if

(O y1s e Xg, ) s (X +y1i,.oxy +y ) € XY

is a IK-semialgebraic subset of R?¢, where i denotes the imaginary unit v/—1.
A sequence (u,),cy OVer a ring R is a linear recurrence sequence (LRS) over R if there exist d > 0 and (ay, ...,a,_;) € R such that
the linear recurrence

Upyg = Goly + "+ AUy

holds for all n € N. Here, d is the order of the linear recurrence, and the order of an LRS (u,,),cy is the smallest number d such that
(u,)nen Satisfies a linear recurrence of order d. An LRS (u,),cn Over R of order d can be written in the form u, = ¢ M"s for some
¢,s€RY and M € R If R is an integral domain, then for every p € R[x,,...,x,], u, = p(M"s) defines an LRS over R. This is a
consequence of Fatou’s lemma [13, Chapter 7.2].

The most famous problem about LRS is the Skolem problem (over Q): given an LRS (u,,),cn over Q, decide whether there exists
n such that u,, = 0. The Skolem problem has been open for some ninety years, counting from the seminal work [14] of Skolem, and
is currently known to be decidable for LRS (over Q) of order 4 or less [15,16]. A related result is the celebrated Skolem-Mahler-
Lech theorem [14,17,18], which asserts that the set of zeros of an LRS over a field of characteristic zero is a union of a finite set F
and finitely many arithmetic progressions a; + b|N, ..., a, + b, N, where 0 < g; for all i. The values of k,a;, b; can all be effectively
computed, whereas determining whether F is empty is exactly the Skolem problem. Berstel and Mignotte showed in [19] that for
an LRS (u,),cn there exists an effectively computable L > 1 such that for all 0 <r < L, the subsequence (u,;,,),eny has finitely
many zeros or finitely many non-zero terms. Consequently, if we assume existence of an oracle for the Skolem problem, then we can
effectively compute all elements of F in the Skolem-Mahler-Lech theorem: take L subsequences and repeatedly apply the Skolem
oracle to each non-zero subsequence until all zeros have been found.

Other well-known open decision problems on LRS include the Positivity problem (given (u,),cy, decide if u, > 0 for all n) and
the Ultimate Positivity problem (given (u,),cn, decide if u, > 0 for all sufficiently large n). These decision problems were already
encountered in the 1970s by Salomaa and others when studying growth and related problems in formal languages [20,21]. The
Skolem problem for LRS over Q can be reduced to the Positivity problem for LRS over Q, but the latter is also, independently from
the Skolem problem, hard with respect to certain open problems in Diophantine approximation [22].

3. Almost-periodic words

A word a € £ is almost-periodic if for every finite word u € X*, there exists R(u) € N with the following property.

(a) Either u does not occur in a[ R(u), o), or
(b) it occurs in every factor of a of length R(u).

The word « is effectively almost-periodic if (i) a(n) can be effectively computed for every n, and (ii) given u, we can effectively compute
a value R(u) with the properties above. We represent an effectively almost-periodic word with two programs that compute a(n) on
n and R(u) on u, respectively. The word « is strongly almost-periodic if it is almost-periodic and every finite word u either does not
occur in a, or occurs infinitely often. Strongly almost-periodic words are also known as uniformly recurrent words in the literature;
see [23,24]. For such words, R(u) is an upper bound on the return time of u. We will see that certain morphic words, sign patterns of
linear recurrence sequences, as well as large classes of toric words are almost-periodic. The characteristic word a,, = 01100010000 -
of the set {n!|n &€ N} of all factorial numbers, on the other hand, is an example of a word that is not almost-periodic.

Remarkably, for an effectively almost-periodic word & the acceptance problem Acc, and hence the MSO theory of the structure
(N;<, P,) are decidable. We refer to this result as Seménov’s theorem.?

Theorem 3.1. Given a deterministic automaton A and an effectively almost-periodic word a, it is decidable whether A accepts a.

See [26] for an elegant proof, showing that the sequence of states .A(a) obtained when a deterministic automaton .4 reads an
effectively almost-periodic word « is also effectively almost-periodic. It remains to determine which states occur infinitely often in
A(a). This can be done by computing R(g) for every state g and then checking whether ¢ occurs in A(a)[R(g),2R(q)).

We next give a few closure properties of almost-periodic words, which are proven in [26].

Theorem 3.2. Let a € X7 be (effectively) almost-periodic, ff be ultimately periodic, and y an infinite word output by a finite-state deterministic
transduces on input a. Then the words 7(a), a X f, and y are (effectively) almost-periodic.

2 See [25] for a characterisation of predicates P for which the MSO theory of (N; <, P) is decidable, also due to Seménov.
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S1

(a) (b)

Fig. 1. Target sets for the Fibonacci and Tribonacci words. In (b), the pink, green, and blue sets correspond to .S}, S,, S, respectively. (For interpretation of the colours
in the figure(s), the reader is referred to the web version of this article.)

On the other hand, by the result [7] of Seménov, the product of two effectively almost-periodic words need not be effectively
almost-periodic. This tells us that we cannot immediately use Seménov’s theorem to show decidability of the MSO theory of the
structure (N; <, P,, Py) for effectively almost-periodic words , f. In Section 6.4, we give explicit words a, § that are sign patterns of
linear recurrences sequences and effectively almost-periodic (in fact, one of these words is toric), whereas the product a X f is not
almost-periodic. The proof obtained in [7], in comparison, is indirect: it constructs two effectively almost-periodic words «, § that
encode information about Turing machines such that the MSO theory of (N; <, P,, ;) is undecidable. It follows that the word a x
cannot be effectively almost-periodic.

4. Morphic words

By substitution we mean a non-erasing morphism z : ¥* — ¥*. That is, 7(a) € 7 for all a € . Let 7 be a substitution and a € £
be a letter such that 7(a) = aw for some w € X*. Iterating z on a, we obtain a sequence (x,),cy Of words given by x, = a and
Xppl = awt(w)r?(w) - "+ (w). For every k,n € N, x, is a prefix of x, ;. If |7"(a)| = o0 as n — oo, then (x,),en cONverges to an
infinite word a € X that is a fixed point of 7. Such « is called a substitutive (alternatively, a pure morphic) word; see [24] for an
account of the dynamics of these words. Substitutive words are similar to and subsumed by words generated by DOL systems; the
latter are obtained by iteratively applying a morphism to a word w € X*, as opposed to a single letter [27]. We next give a few
well-known examples of substitutive words.

(a) The Thue-Morse sequence 0110100110 --- is generated by the substitution 0 — 01 and 1 — 10, starting with the letter 0.
(b) The Fibonacci word ap = 01001010010 ---, generated by the substitution 0 — 01 and 1 — 0. This famous sequence has many

equivalent definitions, one of them as the coding of a rotation (Fig. 1 (a)). Let T={z€C: |z|=1}. Let p = HT\E ~ 1.618 and

® = ¢ — 1 denote the golden ratio and its multiplicative inverse, respectively, and write y = ¢/2#/¢_ The long-run ratio of zeros
to ones in af is equal to 1/®, and ay is the coding of (y"),cn With respect to {.S, S|}, where .S, S; are open interval subsets of
T with lengths 27® and 27®?2, respectively. That is, for all neN and a € {0,1}, a(n) =a <= y" € S,. We will see in Section 6
that af is also a Sturmian word and a Pisot word.

(c) The Tribonacci word ap = 121312112131 ---, generated by the substitution 1— 12, 2 — 13, 3 — 1. Let f =~ 1.839 be the real root

2

of x> —x2 —x — 1 and ' = (e!27/F ei27/ ﬂz) € T2. The word ey has a representation as the coding of (I"),,cy With respect to three

open subsets 5;,.5,,53 of T2 with fractal boundaries [28]. For z € T, let f(z2)= % + % If we identify the multiplicative
group T2 with the additive group R2/Z2 = [0, 1)? via (21,25) = (f(z1), f(2,)), the images of §;,.S,,.S; form the Rauzy fractal.
See Fig. 1 (b).

(d) (Carton and Thomas [8].) Consider the substitution r given by a — ab, b — ccb, ¢ — c, and let x,, = 7"(a). We have that x; = ab,
X, = abceb, x5 = abccbecceb, and so on, with the fixed point @ = abc?bc*beObe8 --- that is not almost-periodic.

(e) (Salomaa, [29].) Consider the morphism a — aab,b — a. The fixed point a = aabaabaaabaabaaab --- is also a Sturmian (see

Section 6.1) and hence a toric word [30].

Let 7 be a substitution, and order the letters of the alphabet X as aj,...,a,. The matrix M., where (M), ; is the number of
occurrences of a ; in 7(a;), is called the incidence matrix of 7. Observe that M counts the number of occurrences of each letter in
7"(a;) for 1 <i < k. A substitution is called primitive if there exists n such that all entries of M are strictly positive.

The factorial word «,, € {0,1}?, i.e., the characteristic word of the set {n!|n &N}, is not substitutive. This can be shown by
observing that every fixed point of a substitution z can be factorised as az®(w)z!(w)r%(w)--- where (|7"(w)]),en grows at most
exponentially. The blocks of zeros of a,, however, grow super-exponentially. Substitutive words need not be almost-periodic (see
Example (d) above), but fixed points of primitive substitutions are strongly and effectively almost-periodic [23, Chapter 10.9].

We say that a word f§ € X7 is morphic if there exist a substitutive word a € X7’ and a renaming of letters y : X; — X, such that
B = u(a). As an example, if we apply the morphism y given by a = 1, b= 1, ¢ — 0 to the word a = abc?bc*bc® -+ above, the word
p = u(a) we obtain is the characteristic word of the squares predicate: f(n) = 1 < n = k? for some k € N. Carton and Thomas [8]
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showed that, in fact, for every integer m > 1 and polynomial p € Z[x] satisfying p(n) > 0 for n € N, the characteristic word of the set
{p(n)ym" : n e N} is morphic. Morphic words moreover subsume the class of automatic words [23, Chapter 6.3].

4.1. MSO decidability for morphic words

In this section we discuss the semigroup approach used in [8] to show that, for a predicate P whose characteristic word is
morphic, the MSO theory of (N; <, P) is decidable. Let A be a deterministic automaton over an alphabet X with the set of states Q.
We can associate a semigroup with A as follows. Two words u;,u, € I* are equivalent with respect to A, written u; =4 u,, if for
every state g, there exist R C O and ¢ € Q with the following property. For i € {1,2}, when u; is read in the state g, the run visits
exactly the states in R and ends in the state ¢. Observe that X*/ = , consists of finitely many equivalence classes. Let [u] , denote the
equivalence class of u € X*, noting that u = , v implies uw =4 vw and wu =4 wv for all finite words u, v, w. We define the semigroup
G, ={luly: ueX*} with [u] 4 - [v]4 :=[uv] 4. The semigroup G , associated with .A has been known since the work of Biichi [2].

Carton and Thomas [8] define the class of profinitely ultimately periodic words for which the acceptance problem is decidable. A
word « is profinitely ultimately periodic if it has a factorisation a = ugu u, --- into finite words (u,,),cy such that for every morphism
¢ : X¥ —» G into a finite semigroup G, the sequence (o(u,)),ey is ultimately periodic. This property is effective if given o, we can
compute a, b € G* such that o(a) = o (uy)o(u,) -+ = ab®.

Theorem 4.1. If @ € £* is effectively profinitely ultimately periodic, then the MSO theory of (N; <, P,) is decidable.

Proof. Recall that decidability of the MSO theory is equivalent to decidability of the acceptance problem for a: given a deterministic
automaton A, decide if A accepts a. Take o to be the morphism that maps each u € * to [u] 4. By the assumption on «, we can
effectively compute a,b € (G 4)* such that o(«) = ab®. It remains to extract from a and b the set S of states that are visited infinitely
often when A reads a, and check .S against the acceptance condition of A. []

All morphic words are effectively profinitely ultimately periodic [8]. (In fact, by a closer inspection of the Ramsey theory argument
used in [31] it can be shown that all words are profinitely ultimately periodic.) Hence the MSO theory of (N; <, P,) for a morphic
word « is decidable. Effectively profinitely ultimately periodic words also subsume all words « for which Elgot and Rabin [3] showed
decidability of the MSO theory of (N;<, P,) using their contraction method. The factorial word «a,,, for example, is an effectively
profinitely ultimately periodic word that is amenable to the approach of Elgot and Rabin. The factorisation of a,, that yields profinite
ultimate periodicity is uy = 0 and for n > 1, u,,_; = | and u,, = 0""~"~D', Rabinovich ([31], see also [32]) showed that, in fact,
the MSO theory of (N;<, P, ..., P,) is decidable if and only if @ = a; X --- X a,,, where each q; is the characteristic word of P;, is
effectively profinitely ultimately periodic. However, if we do not have any a priori information on the decidability of the MSO theory,
this characterisation does not give us any means to determine whether the word « is effectively profinitely ultimately periodic or not.

Effectively profinitely ultimately periodic words are not known to be closed under products, which makes the approach of [8]
inapplicable to the case of multiple predicates. Let Squares = {n> : n € N} and Cubes = {n’ : n € N}. As discussed above, the char-
acteristic words of both predicates are morphic and hence the MSO theories of the structures (N; <,Squares) and (N; <,Cubes) are
decidable. However, decidability of the MSO theory of (N; <, Squares, Cubes) is currently unknown. Decidability of the latter theory
is connected to finding the solutions of the famous Mordell equation n> = m? + K for which Baker showed that when K # 0, the
solutions satisfy n, m < exp((10'°| K |)1O4) [33]. However, it is unclear whether Baker’s result is sufficient to prove decidability of the
full MSO theory.

Open Problem. Is the MSO theory of (N; <, Squares, Cubes) decidable?
5. Toric words

Recall that T is the set {z € C: |z| =1}, viewed as an abelian group under multiplication. A word a € X is toric if there exist
d >0, a collection S = {.S, : a €X} of pairwise disjoint subsets of T¢, and I' € T¢ with the following properties. Each S, has finitely
many connected components (in the Euclidean topology), and forallneN and a € X,

an=a=TI"€eS,

In particular, I'" € | J ¢y S, for all n. We say that « is generated by (', S). In the symbolic dynamics literature, « is referred to as the
coding of the orbit (I""),cy With respect to the collection of sets S. We let 7 denote the class of all toric words.

The purpose of the topological restriction that each .S, must have finitely many connected components is to avoid the situation
where every word is toric with d = 1. Below we define further special subclasses of toric words that will help us better classify
Sturmian words, certain morphic words, sign patterns of linear recurrence sequences, and so on.

(a) We let T, denote the class of toric words that are generated by (I', S) where each set in S is open in the Euclidean topology
on T9.
(b) The class T, comprises all toric words generated by (I', S) where each set in S is an R-semialgebraic subset of T¢.
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(c) Finally, we let 75, q, denote the set of all words generated by (I', S) such that I" € (T NQ)?, i.e., I has algebraic entries, and each
set in S is Q-semialgebraic.

Clearly, Ty 2 T54q)- A desirable property that the latter class has is that all operations we will need to perform on « € Ty, (q, are
effective, although 7y, g, is not the only subclass of 7, with this property.

We have already seen that the Tribonacci word, which is generated by the morphism 1 — 12,2 — 13,3 — 1 and the starting letter
1, belongs to Ty): it is generated by (I',.S) where I' € T2 and the sets in S constitute the Rauzy fractal. We will later show that Sturmian
words belong to 7g,, and the sign patterns of various linear recurrence sequences belong to 7y, q)-

5.1. Orbits in T¢
In order to understand toric words, we have to understand the time steps at which the orbit OT") := (I"") ¢y of I' € T4 visits a given

subset of T¢. In this section we will show that unlike the discrete orbit O(I), its Euclidean closure Tr :=CI(O")) is Q-semialgebraic
and effectively computable under some assumptions on I'. Moreover, O(I') visits every open subset of T} infinitely often.

The key to proving these results is the notion of a multiplicative relation. We say that (ay, ...,a,) € Z? is a multiplicative relation
of z=(zy,...,2y4), z€ (CH)? if z‘;l zZ" = 1. For such z,

G(z) :={(ay,....a0) €7 | 2" - 2/ =1}

is called the group of multiplicative relations of z. For all z, G(z) is a free abelian group under addition with a basis containing at most
d vectors from Z¢. If the entries of z are algebraic, then such a basis can be effectively computed: by a theorem of Masser [34], G(z)

has a basis vy, ..., v,, of vectors satisfying ||v;||, < B for all i, where B is a bound that can be effectively computed from z. It remains
to find a maximally linearly independent set of vectors of the form a = (ay,...,a,) € Z¢ with the property that z‘f‘ zzd =1 and

|lall, < B by enumeration.

To describe T we will employ Kronecker’s theorem in simultaneous Diophantine approximation. For x,y € R, let [[x]l, be the
distance from x to a nearest integer multiple of y. Further write [x]] for [[x]l;. The following is a classical version of Kronecker’s
theorem [35].

Theorem 5.1. Let x = (x4, ...,x;) €ERY and y=(y;, ..., y,) € R? be such that for all b € Z¢,

b-x€Z=>b-yeZ.

For every e > 0 there exist infinitely many values n € N satisfying

d
Z[[nxj —yj]] <e.

j=1

Writing X = (e/271, ..., e!2™d) and Y = (e!2™1, ..., e!27Va), the condition that forall be Z¢, b-x € Z = b- y € Z is equivalent to
G(X) C G(Y). That is, “every multiplicative relation of X is also a multiplicative relation of Y”. We can now prove the main result
of this section.

Lemma 5.2. Let T = (y;,...,7,) € T4.

(@) If ze€ T is such that G(I') C G(z), then for every open O C T containing z there exist infinitely many values n € N such that I"* € O.
(b) Trisequalto {z€ T9: GI) C G(2)},is Q-semialgebraic, and is effectively computable given a basis of G(I').

Log(7; Log(z;
Proof. Consider z = (z},...,24) € T? with G([') C G(z). Define x; = (:,i(’f’) and y; = (;i(;’) for 1 < j <d. We have x;,y; €

(=1/2,1/2]. ForallneN,

d
I =zl = ) Iy =zl
j=1
d
< ) 1Log(r} /)l
j=1
d
= Y\ lInLog(y))/i = Log(z)/ill,
j=1

d
=2r Z[[nxj —yj]]

Jj=1
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where the last equality follows from the fact that [x]l,, = 2z[[x/(2x)]] for all x € R. Applying Kronecker’s theorem, for each ¢ > 0
there exist infinitely many values » such that ||[I"” — z||; < e. This proves (a).
To prove (b), let V' = {vy,...,v,,} be a basis of G(I'), where for all 1 <k <m, vy = (vy ...,V 4)- Since for z=(zy,...,zy),

m
GO CG(iz) < /\szvl ez =1,

k=1

the set {z€ T¢: G(I') C G(z))} is closed and Q-semialgebraic. It moreover contains the orbit O(I") as G(I') € G(I'™) for all n € N.
Invoking (a), the orbit O(T) is dense in {z € T¢ : G(I') C G(z)}. Hence the latter must be exactly the closure of O"). []

5.2. Closure properties of toric words

We now investigate closure properties of toric words under various word operations. First we will show that unlike the class of
almost-periodic words, all classes of toric words that we have defined are closed under products.

Theorem 5.3. Let a, ..., a;_; € K, where K is one of T, T¢, Tgs» Tsaq)- The product word a = ap X ++- X ay _ also belongs to K.

Proof. Suppose each ¢; € £ and is generated by (T';, {Sl(,i) : a€X;)), where T'; € T4. Let T be the product alphabet £; X -+ XX, _|,
noting that « € . Further let d = dy+ - +d;_; and ' =[] I, € T“. For each letter b = (ay, ..., a;_;) € %, define S, = [ Sf,:).

The word « is toric and generated by (I', {.S, : b € X}). It remains to observe that if every Sff) is open, or [K-semialgebraic for K =Q
or K =R, then the same applies to .S, for every be Z. []

The classes of toric words we consider are also closed under applications of k-uniform morphisms, i.e., 7: X; — X, for which
|7(a)| =k forallae X,.

Theorem 5.4. Let « € K, where K is one of T, T, Tss, Tsaq)- Suppose @ € LY, and let 7 : X, — X, be a k-uniform morphism. The word
p :=1(a) also belongs to K.

Proof. Suppose « is generated by (I',{S,: a € X;}). The idea is to “slow down I" by a factor of k¥” and “add a counter modulo
k. Let T'=(y1,...,74) A = o'1o8)/k for 1 < j<d,and A = (41, ..., 44). Observe that y; = /1;.‘ for all j. Further let @ = €27/ and
B;={zeC: |z- @'| < 1/k}. The sets By, ..., B,_, are open, Q-semialgebraic and pairwise disjoint. Moreover, " € B ; if and only
if n=j (mod k).

For a letter b € %,, define

S, = U As.xB,
a€xy, 0<j<|(a)]
r(a)(j)=b

We will show that for all n € N and b € £,, f(n) = b if and only if A’l' € S,, where A; =(4;,..., 44, w). Fix n=qk +r where 0 <r < k.
By construction,

N €S, 3a,j: t(a)(j)=b, A"€T’S

ar

and »" € B;.

Recall that " € B; is equivalent to j =r. Hence

ANelS, =T 7A€eS, = T7€S, = a(g)=a

Above we used the fact that I' = A¥. We have thus shown that A’l’ € S, if and only if a(gq) = a for some a € X satisfying 7(a)(r) = b.
Since f(n) = t(a(g))(r), it follows that I'"" € .S}, if and only if f(n) = b. That is, f is the toric word generated by (A, {S,: beX,}). [

Corollary 5.5. The merge a of ag, ..., a;_; € K, where K is one of the classes of toric words as above, also belongs to K.

Proof. Suppose «; € ;. Let 7 be the L-uniform morphism that maps each (a,...,a;_;) € Zg X - X Z;_; to the concatenation of
ay,...,ay_;. Observe that a = 7(ay X -+ X ay_1). [

Finally, we show that our classes of toric words are closed under taking suffixes. This property is shared with the classes of
almost-periodic words.

Theorem 5.6. All four classes of toric words are closed under taking suffixes.

Proof. If a is generated by (I, {.S, : a € Z}), then a[N, =) is generated by (T', {F‘NSa ra€X}). O
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5.3. Almost-periodicity of toric words

We will now show that toric words belonging to the classes 7, and 7, are almost-periodic, albeit for somewhat different reasons.
The proof for the former class is topological, whereas the proof for T, relies on the Skolem-Mahler-Lech theorem for linear recurrence
sequences. Combined with closure under products, almost periodicity of toric words will allow us to apply Seménov’s theorem to the
problem of deciding the MSO theory of (N; <, P, ..., P, ), where each P, is a predicate associated with a toric word.

Theorem 5.7. Every a € T, is strongly almost-periodic.

Proof. Consider a € 7 that is generated by (I', {S, : a €X}) where"'=(yy,...,7,) € T¢ and each S, , is an open subset of T4, Let T-
denote the closure of (I""), <y, and consider a finite word w = w(0)--- w(l - 1) € 3!, The latter occurs at position » in « if and only if

-1
/\Fnﬂ' c Sw([)
i=0

which is equivalent to I'" € S, where

-1
S =T [T Sy
i=0
Since each S,;) C T9 is open, .S,, is an open subset of Ty. If S, is empty, then w does not occur in a. Suppose therefore .S, is not
empty.

For k€N, let X, = {z € T.: T¥z € S,}. Each X is an open subset of Ty, and since (I"),cy Visits every open subset of Ty
infinitely often, { X, : k € N} is an open cover of Tj-. By compactness of Ty, there exists K € N such that U/[f:o X covers T. That
is, the orbit of any point in Tj under the action of z — I'z visits .5, in at most K steps. Hence for every n € N there exists 0 < k < K
such that "tk e S,,- Therefore, the word w is guaranteed to occur in a[n,n+ K + 1) for every n. []

Corollary 5.8. Suppose a € X is generated by (I', {S, : a € X}) whereI"e (T n Q@) and each S, is open and Q-semialgebraic. Then a is
strongly and effectively almost-periodic.

Proof. As discussed in Section 5.1, we can compute the Q-semialgebraic set T effectively. Hence, given w, we can effectively
compute a representation of X (see the proof of Theorem 5.7) as a Q-semialgebraic set using tools of semialgebraic geometry. We
can then determine K by checking for increasing values of m, starting with m = 0, whether UZI:() X covers Tp. Hence given w, we
can effectively compute K +/ as a bound on between two consecutive occurrences of w in a. []

We now move on to the classes 7, and T (q)-

Theorem 5.9. Let a € K, where K is either Tg, or Tgyq)-

(a) There exists a suffix f :=a[N, ) of a such that p € To N K.
(b) The word a is almost-periodic.

Proof. Suppose «a is generated by ((y;, ...,74),{S, : a €Z}) where each S, is a K-semialgebraic subset of T4 if K= Tu, then K=R,
and K = Q otherwise. Recall the definition of a semialgebraic subset of C?. For each letter a and z = (z 1s---22q) € T4, we have that
z € S, if and only if

\/ A pijRez), Im(z)), ..., Re(z), Im(z)) A, ; 0

iel, jel,

where each p; ; is a polynomial with real coefficients and A, ; € {>,>}. Define

ul = p; ;(Re(y),Im(y}), ..., Re(r)), Im(y)).

Observe that each (uﬁ’i’j Jnen is a linear recurrence sequence over R. Applying the Skolem-Mahler-Lech theorem, for each a,i, j there

exist v :=N,; ;and 4 := L,; ; such that for each 0 <r < 4, the subsequence (”Ziﬁ 1. )ne is either identically zero or does not have

any zero terms. Take N =max,; ; N,; ; and L=[],, ; L,; ;- We have that for every a,i,j and 0 < r < L, the subsequence (vﬁ’i’j")neN

of (uy"),en given by
a,i,jr _  ai.J

u

Un T “N+nL+r

is either identically zero or is never zero.
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Consider f = a[N, ) and for 0 <r < L, define g, by

p.(n) :=pmL+r)=a(N +nL+r)

for all n € N. We will show that §, € Ty n K for all r. Thereafter, from Theorem 5.3 it follows that § € 7, N K, proving (a). Invoking
Theorem 5.7, f is strongly almost-periodic. Since f is a suffix of a, we conclude that « is almost-periodic.
Fix 0 <r < L. For every a € Z and n € N we have that f,.(n) = a if and only if

\/ A 5 8,0

iel, jed,
where A, ; € {>,>}. By construction of N, L, for each i € I, and j € J,, the (i, j)th inequality above either holds for all n (in case

v s 1dent1cally zero and A, ; is equality), or holds if and only if v}, *J" > 0. Hence there exist K, C I, and M, C J, such that for

all n, p.(n) = a if and only if

VA s 0.

i€k, jeM,

a,i.jr

Let 4, = yL for 1 <k <d, and observe that we can write v, >0 as

das,Re(AN,IM(AM), ..., Re(2), Im(41)) > 0

for a polynomial q,; ; . with real coefficients. For each a, define Sff) CT? by

Gz 2) €SV =\ N\ 40, Re(z), Im(z)), ..., Re(z,), Im(z,)) > 0.
i€k, jeM,

We have that f, is the toric word generated by ((4, ..., 4,), {S, [(f) . a € X}). Since each Sf,r) is open, f, € Ty. As discussed above, it
follows that g is strongly almost-periodic and « is almost-periodic. []

Corollary 5.10. Assuming decidability of the Skolem problem for LRS over RN Q, everya € Tsacq) is effectively almost-periodic.

Proof. Suppose «a is generated by (I', {.S,: a € X}), where ' e (T n Q)”’ and each S, is Q-semialgebraic. In this case, in the proof
of Theorem 5.9 each (u®"/ Jnen is an LRS over R N Q. If we assume decidability of the Skolem problem for LRS over R N Q, then
using the Skolem-Mahler-Lech theorem (see Section 2) we can effectively compute the values of N, ;, L,; ; and hence N, L in the

proof above. We can therefore effectively compute (I';, S|) that generates the toric word f = a[ N, ), where I'; € (T n @2)" and each
set in S; is open and (Q-semialgebraic. Invoking Corollary 5.8, f is strongly and effectively almost-periodic. Hence «a is effectively
almost-periodic. []

Theorem 5.7 tells us that words belonging to the class 7y, are, in a sense, not too different from words in the class 7. In fact, we
can combine words across the two classes by taking a product, while maintaining almost periodicity.

Theorem 5.11. Let a, ..., a;_1 €Ty and fy, ..., Ppr_1 € Tgs. The word 6 := H, 2o % X H ﬂj is almost-periodic.

Proof. Let a := HL ! ;and g = Hj\igl B;. The word 6, up to a renaming of letters, is equal to @ X . By Theorem 5.3, a € 7
and g € Tg,. By Theorem 5.9, there exists N such that f[N, o) € 7. By closure under taking suffixes (Theorem 5.6), a[ N, ) € 7.
Applying Theorem 5.3, §[ N, o) = a[ N, 00) X f[ N, o0) belongs to T, and hence is strongly almost-periodic. It follows that 6 is almost-
periodic. []

We have thus uncovered a myriad of structures with potentially decidable MSO theories: Suppose Py, ..., P, are predicates with
characteristic words a, ..., @, that belong to 7, U 7g,. Then the word & := a; X --- X a,,, is almost-periodic by Theorem 5.11. Recall that
by Seménov’s theorem, a sufficient condition for decidability of the MSO theory of (N; <, Py, ..., P,,) is effective almost periodicity of a.
Hence the question arises: for which toric predicates Py, ..., P,, is it possible to prove effective almost periodicity of the product word?
A similar open problem is decidability of the MSO theory of (N; <) extended with a morphic predicate P, and a toric predicate P,.
In this case once again we can separately decide the MSO theories of (N;<, P;) and (N;<, P,) by [8] and Seménov’s theorem,
respectively.

We conclude this section by isolating a class of toric words which we can combine while maintaining effective almost periodicity
of the product word and decidability of the resulting MSO theory. It turns out that this family of toric words is powerful enough for
proving decidability of various subclasses of the model-checking problem for linear dynamical systems, discussed in Section 6.5.

Theorem 5.12. Let a4, ..., a,, be toric words such that each «; is generated by (I';, S;) where I'; € (T n Q)% and each S; is a collection of
open and Q-semialgebraic sets. Then a is strongly and effectively almost-periodic.
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(a) The product a = a; X -+ X a,, is effectively almost-periodic.
(b) The MSO theory of the structure (N; <, P, ,..., P, ) is decidable.

Proof. Apply the construction of Theorem 5.3 and Corollary 5.8 to prove (a). To prove (b), recall that by Biichi’s construction, the
decision problem for the MSO theory of the structure above reduces to the acceptance problem for a. The latter is decidable by
Corollary 5.8 and Seménov’s theorem. []

We can do better if we assume existence of a Skolem oracle.

Theorem 5.13. Let ay,...,a,, € Tgq)- Assuming decidability of the Skolem problem for LRS over R N Q, the MSO theory of (N;<
2Py s..n, Py ) is decidable.

Proof. Let @ =a; X --- X a,,. By Theorem 5.3, « € T4, and by Corollary 5.10, « is effectively almost-periodic under the assumption
that the Skolem problem is decidable for real algebraic LRS. It remains to invoke Seménov’s theorem. []

6. Applications

In this section we discuss MSO decidability and almost periodicity properties of Sturmian words, Pisot words, sign patterns of
linear recurrence sequences, certain sequences of arithmetic origin, and words arising from linear dynamical systems.

6.1. Sturmian words

An infinite word over the alphabet X = {0, 1} is Sturmian if the number of its distinct factors of length » is equal to n + 1 for all
n € N. We refer the reader to [23, Chapter 10.5] for a detailed discussion of Sturmian words. It is known that if a word has at most n
distinct factors of length n for some n > 0, then it is ultimately periodic. Hence Sturmian words have the smallest factor complexity
among words that are not ultimately periodic.

Sturmian words have many equivalent characterisations, including one as a family of toric words. For z € T and x € R, let
1(z,x) be the open interval subset of the unit circle T generated by starting at z and rotating counter-clockwise until ze!* is reached.
Further define Z[z,x) := {z} U I(z,x) and I(z,x] := I(z,x) U {ze’*}. A word «a is Sturmian if and only if there exist y € T not a
root of unity and £ € T such that for all n, a(n) =1 if and only if y" € I[&,0), where 8 = | Log(y)|. That is, a Sturmian word is the
coding of (y"),ey for some y that is not a root of unity with respect to a partition {5, S;} of T where S; is a semi-open interval
of length exactly 6.° Hence all Sturmian words belong to 7y, and are almost-periodic by Theorem 5.9. In fact, they are strongly
almost-periodic [23].

Carton and Thomas [8] asked: Is the MSO theory of (N; <, P,), where « is a Sturmian word, decidable? Call the Sturmian word
with parameters y and ¢ effective if there exists an algorithm for approximating Log(£) and 6 :=|Log(y)| to arbitrary precision. We
will show that such « is effectively almost-periodic and hence the MSO theory of (N; <, P,) is decidable. Note that by the assumption
that y is not a root of unity, the equation y” = & can have at most one solution in n. Moreover, y" = £¢'? if and only if y"*! = £ or
y"~! = £. Hence for every effective Sturmian word a there exists an algorithm that computes a(n) given n. The algorithm simply stores
the value N (if any) such that y¥ = ¢, as well as the values of a(N — 1),a(N),a(N +1). On n & {N — 1, N, N + 1}, it determines
a(n) by approximating Log(y") to sufficient precision and comparing it to approximations of Log(&) and Log(ée'?).

Theorem 6.1. An effective Sturmian word «a is effectively almost-periodic.

Proof. Suppose « is generated by y and £. Define 6, S, and S| as above. As mentioned earlier, all Sturmian words are strongly
almost-periodic. Moreover, under the assumption on «a, there exists a program that computes a(n) given n. Hence we have to show
existence of a program that, given a finite word u, determines whether u occurs in a, and in case it does, computes an upper bound on
the gaps between consecutive occurrences. If yN = £ for some N, then let M = N + 2. Otherwise, let M =0. For n> M, y" # &, £e'0.
That is, y” does not hit the boundary of .S, .S;. It suffices to prove effective almost periodicity of f := a[ M, ). As in the proof of
Theorem 5.7, a word w = w(0) --- w(l — 1) occurs at a position n > M in « if and only if y" € S, where

-1
Sw = ﬂ y_lSw(i)
i=0

and each S, is the open interval Z(¢, ety if w(i)=1 and Spin=1 (&e'?, &) otherwise. Since y is not a root of unity, no two distinct
intervals y~/ Sy and y~/ S,y(;) share an endpoint. Hence by approximating Log(z) to sufficient precision for every endpoint z of
y7iSs w(iy for 0 <i <, we can decide whether S, is empty. If S(w) = @, then w does not occur in f. If .S, # @, then we can compute,

3 Note that § = | Log(y)| and y" € I(¢,0] if and only if 7" € 1[&y.6). Hence it suffices to only consider closed-open intervals when defining Sturmian words.
4 Here we only show existence of the desired algorithm. If we want to write such an algorithm down, we have to first determine, if any, the value of N. Techniques
for accomplishing this depend on the values of &,y and how they are presented.

10
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using the approximate positions of the endpoints, an open semialgebraic interval subset J of T that is contained in S,,. Similarly
to the proofs of Theorem 5.7 and Corollary 5.8, let K be such that Ufi 0 y~!J covers T; such K can be computed using a trial-and-
error method and tools of semialgebraic geometry. Thus for every m € N there exists n € [m,m + K] such that y” € J, which implies
y" €S, It follows that for every m € N the word w occurs in f{m,m+ K +1). []

What about decidability of the MSO theory of (N; <, P, o Py ), where each «; is Sturmian? Suppose each «; is an effective
Sturmian word with parameters y;,&; and 6; = | Log(y;)|. Suppose further that y,, ..., y,, are multiplicatively independent. Importantly,
under this assumption, T = T forT' = s eeesVg)-

Theorem 6.2. Under the assumptions above, a := a; X -+- X ,, is effectively almost-periodic and hence the MSO theory of (N; <, P, o )
is decidable.

Proof sketch. Let £ = {0,1}" and M be such that foralln> M and 1 <j <m, y;’ #¢; and y;’ # fjei(’f. For each a € X, there exists
S, C T™ that is a product of open interval subsets of T (henceforth called a box) such that for alln €N, a(n) =aifand only if I € §,.
Let w € X/, For n> M, the word w occurs at the position # in « if and only if I € S, where S, ﬂ 'r-is Sy and each S, ;) is

of the form H;.":l Tj(i) for open intervals Tl(i), ,T,E,i) C T. Therefore,

ity

itself is an open box. As argued in the proof of Theorem 6.1, using the oracles for approximating Log(y;), Log(¢;) to sufficient precision
we can decide whether each ﬂ =0 y"T @ g empty. In case .S, is non-empty, we compute an open semialgebraic box J such that

’iT(i)
i

||D|

J C S, It remains to bound the return time of (I""),cy in J by computing K such that U,.=0 ' J covers Ty, which is the whole of T¢
by the multiplicative independence assumption. Since J is Q-semialgebraic, such K can be computed effectively by trial-and-error.
In the end, for every m > M, the word w occurs in a[m,m+ K +1). []

We mention that for a characteristic Sturmian word a generated by a quadratic irrational (see [23, Chap. 9]), the first-order theory
of the structure (N;<,+,n — a(n)) is decidable by the automata-theoretic methods of Hieronymi et al. [36,37]. Note that in this
theory we have access to addition, but not to second-order quantification. Because the continued fraction expansions of quadratic
irrationals are ultimately periodic, a word « as above is, in fact, morphic [23, Chap. 9].

6.2. Pisot words

We now discuss a class of morphic words called Pisot words and the related Pisot conjecture. The conjecture identifies a class of
morphic words that are expected to have, in a specific sense, a toric representation.

A Pisot-Vijayaraghavan number, also called a Pisot number, is a real algebraic integer greater than 1 whose Galois conjugates all
have absolute value less than 1. A Pisot substitution 7 : X* — X* has the property that the incidence matrix M, of = has a single real
dominant eigenvalue that is a Pisot number. A morphic word generated by a Pisot substitution is called a Pisot word. The Fibonacci
and Tribonacci words we encountered are both Pisot words that also belong to 7. The Fibonacci word is the coding of a rotation

r 2
with respect to two interval subsets of T, whereas the Tribonacci word is the coding of (I""),,cy, where I' = (ei27 R e x2) and x ~ 1.839
is the largest root of the polynomial x> — x? — x — 1, with respect to S = {.S|, S,,S;} with fractal boundaries (see Section 4).

To state the Pisot conjecture, we first need a few definitions. The language L(a) of a € ¢ is the set of all factors of . Recall that
a substitution 7 : X* — X* is primitive if there exists k € N such that starting from any letter a, 7¥(a) contains all possible letters.
Further recall that a fixed point of a primitive substitution is strongly and effectively almost-periodic. A substitution 7 is unimodular
if det(M,) = +1. Finally, 7 is irreducible if the characteristic polynomial of M is irreducible. Now we are ready to state the Pisot
conjecture.

Conjecture 6.3 (Pisot conjecture). If a is a fixed point of a unimodular, primitive and irreducible Pisot substitution over a k-letter alphabet,
then there exists a word f with the following properties.

(a) L(B)=L(a), and
(b) B is the toric word generated by some (I', S) where I' € T*1 and each set in S is open.

Statement (b) implies g € 7. Note that by (a), the word f is also strongly and effectively almost-periodic. The Pisot conjecture is
widely believed to be true but has only been proven for k =2; see [9] for a detailed account.

6.3. Procyclic and sparse predicates

The results of this section were recently obtained in [1] using a combination of tools from number theory, automata theory,
and symbolic dynamics. Let P = {f(n): n € N}, where f: N — N is strictly increasing. We say that P is procyclic if given m > 1,

11
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we can effectively compute N, p such that f(n+ p) = f(n) (mod m) for all n > N. Now consider P;, P, given by P, ={f;(n): n€
N}, where each f; is strictly increasing. The pair of predicates P, P, is said to be effectively sparse if for every K € N, the set
{(n;,ny) 2 | f1(ny) — fr(ny)| < K} is finite and can be effectively computed.

For predicates P, ..., P,, with respective characteristic words «, ... ,a,,, we write Ord(P,,..., P,) for the word over ({0,1}" \

(0,...,0)%, called the order word, obtained by deleting all occurrences of the letter (0, ..., 0) from a; X - X a,,. We have the following.

Theorem 6.4. Let Py, ..., P, be predicates with respective characteristic words ay,...,a,,, @ =a; X -+ X a,,, and f = Ord(Py, ..., P,).

> Qs > tm

Suppose each P, is procyclic and the pair P,, P; is effectively sparse for every i # j. Then Acc, reduces to Accg.

This result is the first step in the proof of decidability of the MSO theory of (N;<,{2": n € N},{3": n € N}). To state our
decidability result in full, consider linear recurrence sequences

Kl
”S) =c;p! + Z pi’k(n)/lf”k
k=1

over Z for 1 <i < m with the following properties. For all i, j, k,

* ik €qQ, ¢, p;i ER naQ, Pik € Qlx],
*¢;>0,p,>1, 4] <p;, and
copl=c¢; p;’ has finitely many solutions when i # j.

Write P; for {uﬁ,i) : n €N} NN. We have the following.

Theorem 6.5. The MSO theory of (N; P,, ..., P, ) is decidable assuming Schanuel’s conjecture. The decidability is unconditional if either of
the following holds:

+ 1/Log(py),...,1/Log(p,,) are linearly independent over Q;
* Every triple of py, ..., p,, is multiplicatively dependent, and p;, ..., p,, are pairwise multiplicatively independent.

By Theorem 6.5 the MSO of (N;<,2N,3N,6N, IZN} is decidable, where we write k" to denote {k": n € N}. The idea of the
proof is to first reduce to the order word using Theorem 6.4. It turns out that the order word obtained from predicates of the form
kN belongs to the class of billiard words, which are almost-periodic (in fact, uniformly recurrent) and belong to 7. If the second
condition in Theorem 6.5 does not hold, Schanuel’s conjecture is required for computing bounds on the window function. In contrast
to our decidability result, Hieronymi and Schulz have recently shown that the first-order theory of N equipped with addition and the
predicates 2V, 3N is undecidable [38].

6.4. Sign patterns of linear recurrence sequences

The sign pattern of a real-valued LRS (u,),cy is the word a € {+,0,—}® such that a(n) is defined by sign(u,) for all n € N. The
Skolem, Positivity and Ultimate Positivity problems introduced in Section 2 are all decision problems about such sign patterns. We
will see that sign patterns of LRS can have distinctive combinations of toricity and almost periodicity properties.

We start with simple (also known as diagonalisable) sequences. An LRS (u,,),cn OVer Q is called simple if it can be expressed in the

—d —dxd
form u, = ¢"M"s where c,s€Q and M €Q * is diagonalisable. Using a deep result [39] of Evertse on the sums of S-units, we
can show that the sign pattern a of a simple LRS (u,),¢y has a suffix that belongs to 7.

Theorem 6.6 (Theorem 11 in [10]). Let (u,),cn be a simple LRS over RN Q with the sign pattern a € {+,0,—}%.

(a) There exist integers d, N, open semialgebraic subsets S, Sy, S_ of T, and T € (TN @)d such that a[N,o0) € Top N TSA(Q) and is
generated by (I', { S, Sy, S_}).

(b) The value of N and representations of S, .S, S_ can be effectively computed assuming decidability of the Positivity problem for simple
LRS over Q.

Sign patterns of non-simple LRS, however, do not have such properties. We next give an example of a sign pattern of a non-simple
LRS that is almost-periodic but provably does not belong to 7, nor to 7g,. Let y =0.6 +0.8i € TN Q and 6 = Log(y) /i, noting that y
is not a root of unity. Consider the linear recurrence sequences u, = sin(nf) and v,, = nsin(nd) — 7 cos(nf). Write a, f € {+,0, -} for
their sign patterns, respectively.

Lemma 6.7. Both a and f are effectively almost-periodic.

12



V. Berthé, T. Karimov, J. Nieuwveld et al.
Theoretical Computer Science 1025 (2025) 114959
A

S, S, (n)

@ (b)

Fig. 2. Target intervals for (u,),cy and (v,),ey in the proof of Lemma 6.7.

Proof. Sequences (u,),cn and (v,),cy are non-degenerate LRS of order 2 and 4, respectively. Hence by [19] both sequences have
finitely many zeros. In fact, we can identify all of them. Our sequences satisfy recurrence relations u,, = 1.2u,, | +u, and

Uppg =2.40,,3 = 3440, ,+240,,1 —v,.

Since y is not a root of unity, it is immediate that u, = 0 only for n = 0. We can determine all zeros of (v,),cy either using the general
algorithm for solving the Skolem problem for LRS over R N Q of order four [15,16], or a simple approach based on the (absolute
logarithmic) Weil height. The Weil height h(z) of an algebraic number has the following properties:

(a) h(z)> 0 for every non-zero z that is not a root of unity;

(b) h(k)=Log|k| for ke Z\ {0};

(c) h(z")=nh(z) for every z € Qandne Z; _

(d) h(z-y),h(z+y) <h(z)+ h(y)+Log2) forall z,y € Q.

See [40] for a detailed discussion of the Weil height. We have that v, =0 if and only if z" = y,, where z=y/y and y, = ;;Zi Both z
and y, for all n are algebraic numbers of degree at most 2. From (c) and (d), A4(y,) < C Logn for an effectively computable constant
C, whereas h(z") = nh(z) by (b). Since y is non-zero and not a root of unity, A(y) # 0. Therefore, h(z") grows linearly, whereas
h(y,) grows logarithmically in n. Equating h(z") to h(y,), we conclude that v, # 0 for all > N, where N is effectively computable.
Checking all n < N individually, we find that for n > 1, v, # 0. Therefore, z(n), y(n) € {+,—} for all n > 1.

Fig. 2 (a) describes how a € T, is generated. Both .S, and S_ are open subsets of T, and Sy = {1}. For all n €N, a(n) is + if
and only if y" € S, and a(n) is — if and only if y" € S_. Since a(n) € {+,—} for n> 1, a[1, o) is generated by (v, {y 'S,y ~1S_)).
Applying Corollary 5.8, a[1, c0) and hence a are both effectively almost-periodic.

Let us consider § next. Let 6, = arctan(7/n) € (0,7 /2), S, (n) = ' S,,and S_(n) = ¢'%.S_. We have that for n > 1, v, > 0 if and
only if y” € S, (n) and v, <0 if and only if y” € S_(n). Fig. 2 (b) depicts S, (n) and S_(n) for n = 30. Since (e‘i‘sn),,eN converges to 1,
as n — oo, S (n) uniformly approaches the upper half .S of the unit circle, whereas .S_(n) approaches S_.

To prove effective almost periodicity of 8, consider a finite word

w=w0)- wl-1) e {+ -}
This word occurs at position #» > 1 in g if and only if

-1 -1
N7 €S+ ) = e[\ Sy n+ ).
j=0 Jj=0

Define S,,(n) = ﬂ;;g yIS wi)(n+J). We will argue that either w occurs finitely often in f, or there exists an open interval subset K

of T such that K C S,,(n) for all sufficiently large n.

Recall that for distinct z;,z, € Ty, I(z},2,) is the open interval subset of T with endpoints z; and z,, generated by rotating
counter-clockwise starting at z,. Each y=/ Sy +j) is of the form ei5"+/y‘f 1;, where [ jis S, if w(j) is the letter + and I; = S_
otherwise. Since 6, =©(1/n), y /.S, ;(n+ j) uniformly approaches the interval y™/I; as n — co.

The endpoints of y™/ I; are y™/ and —y™/. As y is not a root of unity, for every j; # j,, y™/! is not equal to y /2 and —y™/2. Hence
the limit intervals y /I, for 0 < j </ have 2/ distinct endpoints in total. Therefore,
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(a) either there exists N such that .S, (n) is empty for all » > N (which happens if and only if the “limit shape” ﬂi;z) yII ; is empty),
or

(b) there exists N such that for alln> N, S,,(n) =1 (zle"‘shl), zze"#)) is non-empty, where z,, z, are distinct and of the form +y~/
for some 0 < j </ and 6,(11),6,(12) =0(1/n).

Since all steps above are effective, we can effectively compute N in both cases, and in case (b), construct a Q-semialgebraic interval
J such that for all n > N, J C S, (n). In case (a) the word w does not occur in f[N, o) and we are done. Otherwise, observe that
forn> N, y" € J = f[n,n+ 1) = w. Since the endpoints of J are algebraic, we can compute K such that for all m e N, y" € J for
some m < n <m+ K; see the proof of Theorem 5.7 for the usual topological construction, or [41, Lemma 2] for a direct formula. We
conclude that the word w occurs in every subword of § of length N + K +/. []

The discussion above suggests to think of f as being “toric with moving targets”. We next show that a X f is radically different
from both « and g, and far from belonging to 7, or Tg,.

Theorem 6.8. For a, f as in Lemma 6.7, the word a X f is not almost-periodic and hence does not belong to 7o U T,.

Proof. Recall from Theorems 5.7 and 5.9 that all words belonging to 7, or 7y, are almost-periodic. We therefore only need to prove
the first statement. We will show that (a) the letter (+,—) occurs infinitely often in @ X #, and (b) the length of the gaps between its
consecutive occurrences is not bounded.

We start with (a). The letter (+,—) occurs at a position n > 0 if and only if sin(nf) > 0 and nsin(nf) — 7cos(nf) < 0, which
is equivalent to 0 < Log(y") < arctan(7/n). We will show that 0 < Log(y") < 2z /n is satisfied for infinitely many » € N. Since
arctan(7/n) > 2z /n for n > 11, this proves that (+, —) occurs infinitely often in a X f.

Let t =Log(y)/(2zi) € (0,1) \ Q. For n > 1, Log(y") € (0,2x /n) if and only if nt — |nt] < 1/n. We find infinitely many values of n
satisfying the latter inequality using the continued fraction expansion of t:

a, +
2 az+

where each g; is a positive integer; see [42]. Let p,/q, be nth convergent. That is, p,/q, is the rational approximation of ¢ obtained
by truncating the expansion at the nth level. For all n, we have that

(-1 )n+1
An2qn+1 7+ 4dn ‘

In particular, the nth convergent is an over-approximation when » is odd and an under-approximation when » is even. Moreover,
|p,/a,—tl<1/ qﬁ for all n, and (g,)),,cy is strictly increasing. Therefore, for every even n > 1,

0<t—p—"<i2
4, q;

1! = Puy1 =

and hence g,t — |g,t] <1/q,.

We move on to proving (b). Let J, =5, N.S_(n). Recall that the letter (+,—) occurs at the position » in f if and only if y" € J,,
and the length of J, is ©(1/n). Let B € N. We show how to construct n such that letter (4, —) does not occur in f[n,n + B). Let m be
sufficiently large that T \ U,B= 0 y~'J,, contains a non-empty open subset O of T. Further let n > m be such that y" € O. By construction,
for every 0<i < B, y"*' ¢ J,,. Since J,,,; C J,, for all i €N, we have that for all 0 <i < B, y"* ¢ J, ;. That is, for all 0 <i < B,
(a X B)(n+1i) is not the letter (+,—). []

Corollary 6.9. The word f does not belong to T U Tg,.

Proof. Recall that @ belongs to both 7, and 7g,, and both classes are closed under products. Since @ X # does not belong to 7o U 7g,,
neither does . []

We mention that [43, Ex. 2] gives an example of two uniformly recurrent morphic words whose product is not almost-periodic.
6.5. Characteristic words of linear dynamical systems

One application of toric words and MSO decidability that has recently received significant attention is the model-checking problem
(MCP) for linear dynamical systems (LDS) [11]. An LDS is given by a pair (M,s) where M € Q9% ig the update matrix and s €

Q7 is the starting configuration. The orbit of (M, s) is the infinite sequence (M"s),cy. Let S = {5}, ...,S,,} be a collection of Q-
semialgebraic subsets of R?. Writing £ = 25, the characteristic word of (M, s) with respect to S is the word @ € =® defined by
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S; €a(n) <= M"s e S, for all 1 <i<m and n € N. The model-checking problem is to decide, given (M,s) and a deterministic
automaton A, whether A accepts a. If we fix M, s, S, and only let A vary, by Biichi’s result [2], the resulting problem is Turing-
equivalent to the decision problem for the MSO theory of (N; <, Pj, ..., P, ), where each P, : N — {0, 1} is the binary predicate defined
by Pi(n)=1if and only if M"s € S, for all n € N.

Let py,...,px be all polynomials (with rational coefficients) appearing in the definition of S. For each 1 < j < K, the sequence
u, = p;(M"s) is an LRS over Q. Denote its sign pattern by a; € {+,0,—}*. Since each S; is generated by a Boolean combination of
polynomial inequalities, we have that @ = o(a| X :- X ag), where ¢ is a 1-uniform morphism. Hence understanding the characteristic
word of an LDS with respect to a collection of semialgebraic sets S boils down to understanding sign patterns of a collection of linear
recurrence sequences.

The model-checking problem for LDS subsumes, among many others, the Skolem problem, the Positivity problem, and the Ultimate
Positivity problem for LRS over Q. Unsurprisingly, decidability of the full model-checking problem is currently open. However,
decidability can be proven if we place certain restrictions on M, A, and S.

(A) Call a Q-semialgebraic set T low-dimensional if it either has intrinsic (i.e., semialgebraic) dimension 1, or is contained in a three-
dimensional linear subspace. The set T is tame if it can be obtained in finitely many steps from a collection of low-dimensional
sets through the usual set operations. If all targets in S are tame, then the characteristic word a of any LDS (M, s) with respect
to S is effectively almost-periodic [11,44]. In particular, & has a suffix belonging to the class 7y, N Ty (q, that is fully effective.
Hence the MCP with tame targets (but arbitrary (M, s) and A) is decidable.

(B) An automaton A is prefix-independent if for every infinite word f, whether .4 accepts § does not change if we perform finitely
many insertions and deletions on f. It is shown in [12] that the MCP is decidable if we assume M is diagonalisable and A is
prefix-independent.

From (A) it follows that the MCP is decidable in dimension at most 3. On the other hand, (B) is closely related to Theorem 6.6.
To see this, suppose M is diagonalisable. Then u, = p(M"s) is a simple LRS for every polynomial p. From the connection between
the characteristic word a and the sign patterns of LRS defining S discussed above, the closure properties of toric words, as well as
Theorem 6.6 (a), it follows that a has a suffix that belongs to 7, N 7g,. Unfortunately, it is not known how to determine the starting
position of such a suffix in @, which is the reason why in (B) we impose the prefix-independence restriction. However, similarly to
Theorem 6.6 (b), it is shown in [10] that the MCP is decidable for diagonalisable LDS if we assume decidability of the Positivity
problem for simple LRS over Q.
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