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Structure of the Appendix
We first present the syntax and typing rules for DuCost. The remaining two sections describe
the necessary definitions, lemmas and theorems for proving the soundness of abstract semantics
and concrete semantics separately.

We use some abbreviations throughout. STS stands for “suffices to show” or “it suffices to
show”. TS stands for “to show” or “remains to show”.

Extensions to the type system This appendix extends DuCost with refined singleton non-
negative integer types: nat[n], where n describes the value of the integer. It is eliminated with
a case construct caseN e of 0 → e1 | succ(x) → e2.

List of Figures
1 Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2 Value and expression syntax . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
3 Context well-formedness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
4 Constraint well-formedness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
5 Well-formedness of types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
6 Mode under type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
7 Upper bound of typing mode and variation annotation . . . . . . . . . . . . . . . 5
8 Force annotation on type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
9 Sorting rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
10 Subtyping rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
11 Expression typing rules, part 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
12 Expression typing rules, part 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
13 Concrete costs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
14 Syntax of bi-values and bi-expression . . . . . . . . . . . . . . . . . . . . . . . . . 10
15 Typing rules for bi-values and bi-expressions . . . . . . . . . . . . . . . . . . . . . 11
16 Step-indexed interpretation of types . . . . . . . . . . . . . . . . . . . . . . . . . 12
17 Unary step-indexed interpretation of types . . . . . . . . . . . . . . . . . . . . . . 13
18 L(ee): Left or the original expression. R(ee): Right or the modified expression. . 13
19 Traces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
20 From-scratch evaluation semantics . . . . . . . . . . . . . . . . . . . . . . . . . . 15
21 Change propagation rules part 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
22 Change propagation rules, part 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
23 Target Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

1



24 Target Language . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
25 Subset of the evaluation semantics . . . . . . . . . . . . . . . . . . . . . . . . . . 82
26 Translation of types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
27 Translation rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
28 Translation rules, part 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
29 Translation rules, part 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
30 Unary step-indexed interpretation of types (Concrete semantics) . . . . . . . . . 88
31 Binary step-indexed interpretation of types (Concrete semantics) . . . . . . . . . 89

List of Theorems and Lemmas
1 Lemma (Sort environment substitution) . . . . . . . . . . . . . . . . . . . . . . . 18
2 Lemma (Bi-value projection) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3 Lemma (Downward closure) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
4 Lemma (Bi-value propagation) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
5 Lemma (Value interpretation containment) . . . . . . . . . . . . . . . . . . . . . 21
6 Lemma (No input change) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
7 Lemma (Stable context soundness) . . . . . . . . . . . . . . . . . . . . . . . . . . 21
8 Lemma (Stable Type Lemma) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
9 Lemma (List variation invariance lemma) . . . . . . . . . . . . . . . . . . . . . . 23
10 Lemma (No-change list variation invariance lemma) . . . . . . . . . . . . . . . . 23
11 Lemma (Bi-value subtyping soundness) . . . . . . . . . . . . . . . . . . . . . . . 23
12 Assumption (Constraint conditions) . . . . . . . . . . . . . . . . . . . . . . . . . 31
13 Assumption (Constraint Well-formedness) . . . . . . . . . . . . . . . . . . . . . . 32
14 Lemma (Well-formedness) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
15 Lemma (Subtyping well-formedness) . . . . . . . . . . . . . . . . . . . . . . . . . 32
16 Lemma (Forced type well-formedness) . . . . . . . . . . . . . . . . . . . . . . . . 32
17 Assumption (Soundness of primitive functions (binary)) . . . . . . . . . . . . . . 32
18 Assumption (Soundness of primitive functions (unary)) . . . . . . . . . . . . . . 32
19 Theorem (Fundamental theorem for abstract semantics) . . . . . . . . . . . . . . 32
20 Theorem (Fundamental theorem for bi-values and bi-expressions) . . . . . . . . . 73
21 Corollary (Type soundness for from-scratch execution) . . . . . . . . . . . . . . . 80
22 Corollary (Type soundness for change propagation) . . . . . . . . . . . . . . . . . 80
1 Definition (Partial application) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
2 Definition (Heap well-formedness) . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
3 Definition (Heap reachability) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4 Definition (Heap extension) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5 Definition (Heap edges) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
6 Definition (Path) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
7 Definition (Graph definitions) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
8 Definition (Dependency graph) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
9 Definition (Heap target reachability (shallow)) . . . . . . . . . . . . . . . . . . . 87
10 Definition (Change Propagation) . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
23 Lemma (Reachable set containment) . . . . . . . . . . . . . . . . . . . . . . . . . 87
24 Lemma (Reachability under store extension) . . . . . . . . . . . . . . . . . . . . . 87
25 Lemma (Path facts) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
26 Lemma (Dependency graph union (I)) . . . . . . . . . . . . . . . . . . . . . . . . 90
27 Lemma (Dependency graph union (II)) . . . . . . . . . . . . . . . . . . . . . . . . 90
28 Lemma (Determinism of evaluation) . . . . . . . . . . . . . . . . . . . . . . . . . 90

2



Base Types B ::= real | unit
Unannotated Types A ::= B | τ1 × τ2 | τ1 + τ2 | nat[n] | list [n]α τ |

τ1
δ(κ)−−→ τ2 | ∀i

δ(κ)
:: S. τ | ∃i::S. τ | C ⊃ τ | C & τ

Types τ ::= (A)µ | �(τ)
Modes µ, ε, δ ::= S | C
Sorts S ::= N | R+ | V

Index terms I, κ ::= i | µ | 0 | I + 1
I1 + I2 | I1 − I2 | I1

I2
| I1 · I2 | dIe | bIc | log2(I) | II2

1 |

min(I1, I2) | max(I1, I2) |
In∑
i=I1

I | (C ? I1 : I2)

Constraints C ::= I1
.= I2 | I1<I2 | ¬C |

Constraint env. Φ ::= > | C ∧ Φ

Sort env. ∆ ::= ∅ | ∆, i :: S

Type env. Γ ::= ∅ | Γ, x : τ

Primitive env. Υ ::= ∅ | Υ, ζ : (B1 · · ·Bn) κ−→ B

Figure 1: Types
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Values v ::= r | b | (v1, v2) | inl v | inr v | nil | cons(v1, v2) |
fix f(x). e | Λ. e | pack v | ()

Expressions e, f ::= x | r | b | (e1, e2) | fst e | snd e | inl e | inr e | case(e, x.e1, y.e2) |
nil | cons(e1, e2) | (caseL e of nil → e1 | cons(h, tl) → e2) |
0 | succ e | (caseN e of 0 → e1 | succ(x) → e2) |
fix f(x). e | e1 e2 | ζ e | Λ. e | e[] | pack e | unpack e as x in e′ |
letx = e1 in e2 | e.c | (e : τ, κ) | clet e1 as x in e2 | ()

Figure 2: Value and expression syntax

Ψ; ∆; Φ ` Γ wf

∆ ` Φ wf
Ψ; ∆; Φ ` · wf

wf ·
Ψ; ∆; Φ ` Γ wf Ψ; ∆; Φ ` τ wf

Ψ; ∆; Φ ` (Γ, x : τ) wf
wf Γ

Figure 3: Context well-formedness

∆ ` C wf

∆ ` I1 :: S ∆ ` I2 :: S
S ∈ {N,R+}

∆ ` I1 <I2 wf
wf <

∆ ` I1 :: S ∆ ` I2 :: S
S ∈ {N,R+}

∆ ` I1
.= I2 wf

wf .=
∆ ` C wf

∆ ` ¬C wf
wf ¬

Figure 4: Constraint well-formedness

∆; Φ ` τ wf ∆; Φ `A τ wf

∆; Φ ` A wf µ = S ∨ µ = C
∆; Φ ` (A)µ wf

wf-mu
∆; Φ `ε τ wf⇒ Φ

∆; Φ `ε �(τ) wf⇒ Φ
wf-box

∆; Φ `A real wf
wf-real

∆; Φ ` τ1 wf ∆; Φ ` τ2 wf

∆; Φ `A τ1 × τ2 wf
wf-pair

∆; Φ ` τ1 wf ∆; Φ ` τ2 wf

∆; Φ `A τ1 + τ2 wf
wf-sum

∆; Φ ` n :: N ∆; Φ ` α :: N ∆; Φ ` τ wf ∆; Φ |= α≤n
∆; Φ `A list [n]α τ wf

wf-list
∆; Φ ` n :: N

∆; Φ `A nat[n] wf
wf-nat

∆; Φ ` τ1 wf ∆; Φ ` τ2 wf ∆; Φ ` κ :: R+ δ = S ∨ δ = C

∆; Φ `A τ1
δ(κ)−−−→ τ2 wf

wf-fun

i :: S,∆; Φ ` τ wf i :: S,∆; Φ ` κ :: R+ δ = S ∨ δ = C

∆; Φ `A ∀i
δ(κ)
:: S. τ wf

wf-∀
i :: S,∆; Φ ` τ wf

∆; Φ `A ∃i::S. τ wf
wf-∃

∆; Φ `A unit wf
wf-unit

∆; Φ ` C wf ∆;C ∧ Φ ` τ wf

∆; Φ `A C ⊃ τ wf
wf-C→

∆; Φ ` C wf ∆;C ∧ Φ ` τ wf

∆; Φ `A C & τ wf
wf-C∧

Figure 5: Well-formedness of types

4



|= δ E τ

|= S E τ
under-T

|= C E (A)C
under-C

Figure 6: Mode under type

ε t S = ε
ε t C = C
C t µ = C
S t µ = µ

Figure 7: Upper bound of typing mode and variation annotation

τ�S = τ
((A)µ)�C = (A)C
(�(τ))�C = τ�C

Figure 8: Force annotation on type

∆ ` I :: S

∆ ` S :: V
stable

∆ ` C :: V
changeable

∆(t) = S

∆ ` t :: S
inVar

∆ ` 0 :: N
0

∆ ` I :: N
∆ ` (I + 1) :: N

plus
∆ ` I1 :: N ∆ ` I2 :: N � ∈ {min, max,+,−, ∗,÷, ˆ}

∆ ` (I1 � I2) :: N
op-bin-N

∆ ` I :: R+ ◦ ∈ {b c, d e}
∆ ` (◦S) :: N

op-un-N

∆ ` κ1 :: R+ ∆ ` κ2 :: R+ ? ∈ {min, max,+,−, ∗, /, ˆ}
∆ ` (κ1?κ2) :: R+ op-bin-R

∆ ` κ :: R+ � ∈ {log2()}
∆ ` (�κ) :: R+ op-un-R

∆ ` I1 :: N ∆ ` In :: N ∆, i :: N ` I :: S S ∈ {N,R+}

∆ `
In∑
i=I1

I :: S

isum

∆ ` C wf ∆ ` I1 :: N ∆ ` I2 :: N S ∈ {N,R+}
∆ ` (C ? I1 : I2) :: S

icond
∆ ` I :: N

∆ ` I :: R+ iv

Figure 9: Sorting rules
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∆; Φ |=A A1 v A2 Unannotated type A1 is a subtype of unannotated type A2

∆; Φ |= τ1 v τ2 Type τ1 is a subtype of type τ2

The converse of the conlusion in rules marked * can be proved using other rules (given their
premises).
The rules marked with (†) are also valid for a judgment.

∆; Φ |= (real)S v �((real)µ)
real

∆; Φ |= (unit)S v �((unit)µ)
unit

∆; Φ |= τ ′1 v τ1 ∆; Φ |= τ2 v τ ′2 ∆; Φ |= κ ≤ κ′

∆; Φ |=A τ1
δ(κ)−−−→ τ2 v τ ′1

δ(κ′)−−−→ τ ′2

→ 1

∆; Φ |= �((τ1
δ(κ)−−−→ τ2)µ) v (�(τ1) δ(κ)−−−→ �(τ2))S

→ �

t :: S,∆; Φ |= τ v τ ′ t :: S,∆; Φ |= κ≤κ′ t 6∈ FV (Φ)

∆; Φ |=A ∀t
δ(κ)
:: S. τ v ∀t

δ(κ′)
:: S. τ ′

∀1

∆; Φ |= �((∀t
δ(κ)
:: S. τ)µ) ≡ (∀t

δ(κ)
:: S. �(τ))S

∀ �
∆; Φ |= τ1 v τ ′1 ∆; Φ |= τ2 v τ ′2

∆; Φ |=A τ1 × τ2 v τ ′1 × τ ′2
×1

∆; Φ |= (τ1 × τ2)µ v (τ�µ
1 × τ

�µ
2 )µ

×µ
∆; Φ |= �((τ1 × τ2)µ) v (�(τ1)×�(τ2))S

×�

∆; Φ |= τ1 v τ ′1 ∆; Φ |= τ2 v τ ′2
∆; Φ |=A τ1 + τ2 v τ ′1 + τ ′2

+1
∆; Φ |= (τ1 + τ2)µ ≡ (τ�µ

1 + τ�µ
2 )µ

+µ

∆; Φ |= �((τ1 + τ2)µ) ≡ (�(τ1) +�(τ2))S
+�

∆; Φ |= n
.= n′ ∆; Φ |= α≤α′≤n ∆; Φ |= τ v τ ′

∆; Φ |=A list [n]α τ v list [n′]α
′

τ ′
l1

∆; Φ |= α
.= 0

∆; Φ |=A list [n]α τ ≡ list [n]α �(τ)
l2*

∆; Φ |= n
.= n′

∆; Φ |=A nat[n] v nat[n′]
nat

∆; Φ |= (nat[n])S v �((nat[n])µ)
nat �

∆; Φ |= �((list [n]α τ)µ) ≡ (list [n]α �(τ))S
l�

t :: S,∆; Φ |= τ v τ ′ t 6∈ FV (Φ)
∆; Φ |=A ∃t::S. τ v ∃t::S. τ ′

∃1
∆; Φ |= (∃t::S. τ)µ v (∃t::S. τ�µ)µ

∃µ

∆; Φ |= �((∃t::S. τ)µ) v (∃t::S. �(τ))S
∃�

∆; Φ |= �(τ) v τ
T

∆; Φ |= �(τ) v �(�(τ))
D*

∆; Φ |=A A1 v A2

∆; Φ |= (A1)µ v (A2)µ
C

∆; Φ |= µ1 ≤ µ2

∆; Φ |= (A)µ1 v (A)µ2
µ

∆; Φ |= τ v τ
refl*(†)

∆; Φ |= τ1 v τ2 ∆; Φ |= τ2 v τ3

∆; Φ |= τ1 v τ3
tran(†)

∆; Φ ∧ C |= η ∆; Φ ∧ ¬C |= η

∆; Φ |= η
split(†)

∆; Φ ∧ C ′ |= C ∆; Φ |= τ v τ ′

∆; Φ |= C ⊃ τ v C ′ ⊃ τ ′
c-imp

∆; Φ ∧ C |= C ′ ∆; Φ |= τ v τ ′

∆; Φ |= C & τ v C ′ & τ ′
c-and

Figure 10: Subtyping rules
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∆; Φ; Γ `ε e : τ | κ expression e has type τ with dynamic stability κ under the mode ε.

κ = ((ε .= C) ? cvar() : 0)
∆; Φ; Γ, x : τ `ε x : τ | κ

var
κ = ((ε .= C) ? creal() : 0)
∆; Φ; Γ `ε r : (real)S | κ

real

∆; Φ; Γ `ε e1 : τ1 | κ1 ∆; Φ; Γ `ε e2 : τ2 | κ2 κ = (κ1 + κ2) + ((ε .= C) ? cpair() : 0)
∆; Φ; Γ `ε (e1, e2) : (τ1 × τ2)S | κ

pair

∆; Φ; Γ `ε e : (τ1 × τ2)µ | κ′ |= µ E τ1 κ = κ′ + (((ε t µ) .= C) ? cfst(ε, µ) : 0)
∆; Φ; Γ `ε fst e : τ1 | κ

fst

∆; Φ; Γ `ε e : (τ1 × τ2)µ | κ′ |= µ E τ2 κ = κ′ + (((ε t µ) .= C) ? csnd(ε, µ) : 0)
∆; Φ; Γ `ε snd e : τ2 | κ

snd

∆; Φ ` (τ1
δ(κ)−−−→ τ2)S wf ∆; Φ; f : (τ1

δ(κ)−−−→ τ2)S, x : τ1,Γ `δ e : τ2 | κ′ κ = ((ε .= C) ? cfix() : 0)

∆; Φ; Γ `ε fix f(x). e : (τ1
δ(κ′)−−−→ τ2)S | κ

fix1

∆; Φ; Γ `ε e1 : (τ1
δ(κ′)−−−→ τ2)µ | κ1 ∆; Φ; Γ `ε e2 : τ1 | κ2

∆; Φ |= µ E τ2 |= (ε t µ) ≤ δ κ = κ′ + κ1 + κ2 + (((ε t µ) .= C) ? capp(ε, µ) : 0)
∆; Φ; Γ `ε e1 e2 : τ2 | κ

app

∆; Φ; Γ `ε e : τ1 | κ′ ∆; Φ ` τ2 wf κ = κ′ + ((ε .= C) ? cinl() : 0)
∆; Φ; Γ `ε inl e : (τ1 + τ2)S | κ

inl

∆; Φ; Γ `ε e : τ2 | κ′ ∆; Φ ` τ1 wf κ = κ′ + ((ε .= C) ? cinr() : 0)
∆; Φ; Γ `ε inr e : (τ1 + τ2)S | κ

inr

∆; Φ; Γ `ε e : (τ1 + τ2)µ | κe ∆; Φ; Γ, x : τ1 `εtµ e1 : τ | κ′
∆; Φ; Γ, y : τ2 `εtµ e2 : τ | κ′ ∆; Φ |= µ E τ κ = κe + κ′ + (((ε t µ) .= C) ? ccase(ε, µ) : 0)

∆; Φ; Γ `ε case(e, x.e1, y.e2) : τ | κ
case

κ = ((ε .= C) ? czero() : 0)
∆; Φ; Γ `ε 0 : (nat[0])S | κ

zero

∆; Φ; Γ `ε e : (nat[n])S | κ′
κ = κ′ + ((ε .= C) ? csucc() : 0)

∆; Φ; Γ `ε succ e : (nat[n+ 1])S | κ
succ

∆; Φ; Γ `ε e : (nat[n])S | κe
∆; Φ ∧ n .= 0; Γ `ε e1 : τ ′ | κ′ i :: ι,∆; Φ ∧ n .= i+ 1;x : nat[i],Γ `ε e2 : τ ′ | κ′

i 6∈ FV (Γ,Φ, τ ′, κ′) κ = κe + κ′ + ((ε .= C) ? ccaseN () : 0)
∆; Φ; Γ `ε caseN e of 0 → e1 | succ(x) → e2 : τ ′ | κ

caseN

∆; Φ ` τ wf κ = ((ε .= C) ? cnil() : 0)
∆; Φ; Γ `ε nil : (list [0]0 τ)S | κ

nil

∆; Φ; Γ `ε e1 : �(τ) | κ1
∆; Φ; Γ `ε e2 : (list [n]α τ)µ | κ2 κ = κ1 + κ2 + (((ε t µ) .= C) ? ccons() : 0)

∆; Φ; Γ `ε cons(e1, e2) : (list [n+1]α τ)µ | κ
cons1

∆; Φ; Γ `ε e1 : τ | κ1
∆; Φ; Γ `ε e2 : (list [n]α−1

τ)µ | κ2 ∆; Φ |= α> 0 κ = κ1 + κ2 + (((ε t µ) .= C) ? ccons() : 0)
∆; Φ; Γ `ε cons(e1, e2) : (list [n+1]α τ)µ | κ

cons2

∆; Φ; Γ `ε e : (list [n]α τ)µ | κe ∆; Φ ∧ n .= 0 ∧ α .= 0; Γ `εtµ e1 : τ ′ | κ′
i :: ι,∆; Φ ∧ n .= i+ 1 ∧ α≤ i;h : �(τ), tl : (list [i]α τ)µ,Γ `εtµ e2 : τ ′ | κ′

i :: ι, β :: ι,∆; Φ ∧ n .= i+ 1 ∧ β≤ i ∧ α .= β + 1;h : τ, tl : (list [i]β τ)µ,Γ `εtµ e2 : τ ′ | κ′
|= µ E τ ′i, β 6∈ FV (Γ,Φ, τ ′, κ′) κ = κe + κ′ + (((ε t µ) .= C) ? ccaseL(ε, µ) : 0)

∆; Φ; Γ `ε caseL e of nil → e1 | cons(h, tl) → e2 : τ ′ | κ
caseL

Figure 11: Expression typing rules, part 1
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∆; Φ; Γ `ε e : τ | κ expression e has type τ with dynamic stability κ.

The context Υ carrying types of primitive functions is omitted from all rules.

t :: S,∆; Φ; Γ `δ e : τ | κ′ κ = ((ε .= C) ? cifun() : 0)

∆; Φ; Γ `ε Λ. e : (∀t
δ(κ′)

:: S. τ)S | κ
∀I

∆; Φ; Γ `ε e : (∀t
δ(κ′)

:: S. τ)µ | κe
∆ ` I :: S |= µ E τ{I/t} |= (ε t µ) ≤ δ κ = κe + κ′{I/t}+ (((ε t µ) .= C) ? ciApp(ε, µ) : 0)

∆; Φ; Γ `ε e[] : τ{I/t} | κ
∀E

∆; Φ; Γ `ε e : τ{I/t} | κ′ ∆ ` I :: S κ = κ′ + ((ε .= C) ? cpack() : 0)
∆; Φ; Γ `ε pack e : (∃t::S. τ)S | κ

∃I

∆; Φ; Γ `ε e : (∃t::S. τ)µ | κe t :: S,∆; Φ;x : τ,Γ `εtµ e′ : τ ′ | κ′
|= µ E τ ′ t 6∈ FV (Φ; Γ, τ ′, κ′) κ = κe + κ′ + (((ε t µ) .= C) ? cunpack(ε, µ) : 0)

∆; Φ; Γ `ε unpack e as x in e′ : τ ′ | κ
∃E

Υ(ζ) = ζ : (B1 · · ·Bn) κ′

−→ B

∆; Φ; Γ `ε e : (Bi)µi | κei
µ1 t · · · t µn = µ κ = (

n∑
i=1

κei
) + κ′ + cprim(ε, n, µ1, · · · , µn)

∆; Φ; Γ `ε ζ (e1 · · · en) : (B)µ | κ
primApp

∆; Φ ` �((τ1
δ(κ′)−−−→ τ2)S) wf ∆; Φ; f : �((τ1

δ(κ′)−−−→ τ2)S), x : τ1,Γ `δ e : τ2 | κ′
∀x ∈ Γ ∆; Φ |= Γ(x) v �(Γ(x)) κ = ((ε .= C) ? cfix() : 0)

∆; Φ; Γ,Γ′ `ε fix f(x). e : �((τ1
δ(κ′)−−−→ τ2)S) | κ

fix2

∆; Φ; Γ `ε e1 : τ1 | κ1 ∆; Φ;x : τ1,Γ `ε e2 : τ2 | κ2 κ = κ1 + κ2 + ((ε .= C) ? clet() : 0)
∆; Φ; Γ `ε letx = e1 in e2 : τ2 | κ

let

∆; Φ ` C wf ∆; Φ ∧ C; Γ `ε e : τ | κ′ κ′ = κ+ ((ε .= C) ? cimpl() : 0)
∆; Φ; Γ `ε e : (C ⊃ τ)S | κ

c-impI

∆; Φ; Γ `ε e : (C ⊃ τ)µ | κ′ |= µ E τ ∆; Φ |= C κ′ = κ+ ((ε t µ .= C) ? cdot(ε, µ) : 0)
∆; Φ; Γ `ε e.c : τ | κ

c-impE

∆; Φ |= C ∆; Φ ∧ C; Γ `ε e : τ | κ′ κ′ = κ+ ((ε .= C) ? ccand() : 0)
∆; Φ; Γ `ε e : (C & τ)S | κ

c-andI

∆; Φ; Γ `ε e1 : (C & τ1)µ | κ1
∆; Φ ∧ C;x : τ1,Γ `εtµ e2 : τ2 | κ2 |= µ E τ2 κ = κ1 + κ2 + (((ε t µ) .= C) ? cletAs(ε, µ) : 0)

∆; Φ; Γ `ε clet e1 as x in e2 : τ2 | κ
c-andE

∆; Φ; Γ `ε e : τ | κe ∆; Φ ` τ wf FV (τ, κe) ∈ ∆
∆; Φ; Γ `ε (e : τ, κe) : τ | κe

c-anno
κ = ((ε .= C) ? cunit() : 0)
∆; Φ; Γ `ε () : (unit)S | κ

unit

∆; Φ; Γ `S e : τ | κ′ ∀x ∈ Γ ∆; Φ ∧ C |= Γ(x) v �(Γ(x)) ∆; Φ ∧ ¬C |= κ′≤κ
∆; Φ; Γ `S e : τ | κ

r-split

∆; Φ |= ⊥ ∆; Φ ` Γ wf
∆; Φ; Γ `ε e : τ | κ

contra
∆; Φ; Γ `ε e : τ ′ | κ′ ∆; Φ |= τ ′ v τ ∆; Φ |= κ′ ≤ κ

∆; Φ; Γ `ε e : τ | κ
v

∆; Φ; Γ `ε e : τ | κ′ ∀x ∈ Γ ∆; Φ |=S Γ(x) v �(Γ(x)) κ = ((ε .= S ? 0 : κ′))
∆; Φ; Γ,Γ′ `ε e : �(τ) | κ

nochange

Figure 12: Expression typing rules, part 2
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cvar() = 1
creal() = 1
cpair() = 1
cfst(ε, S) = (ε = C ? 2 : 0)
cfst(ε,C) = 2
csnd(ε, S) = (ε = C ? 2 : 0)
csnd(ε,C) = 2
cfix() = 1
capp(ε, S) = (ε = C ? 2 : 0)
capp(ε,C) = 2 + (ε = C ? 2 : 0)
cinl() = 1
cinr() = 1
ccase(ε,S) = (ε = C ? 2 : 0)
ccase(ε,C) = 2
cprim(ε, n,S, . . . ,S) = (ε = C ? n+ 2 : 0)
cprim(ε, n, µ1, . . . , µn) = n+ 1 + (ε = C ? n : 0)
ciApp(ε, S) = (ε = C ? 2 : 0)
ciApp(ε,C) = 2
cpack() = 1
cunpack(ε, S) = (ε = C ? 2 : 0)
cunpack(ε,C) = 2 + (ε = C ? 1 : 0)
cunit() = 1
clet() = 1
cimpl() = 1
cdot(ε, S) = (ε = C ? 1 : 0)
cdot(ε,C) = 1
cand() = 1
cletAs(ε, S) = (ε = C ? 1 : 0)
cletAs(ε,C) = 1
cnil() = 1
ccons() = 1
ccaseL(ε,S) = (ε = C ? 3 : 0)
ccaseL(ε,C) = 3
czero() = 1
csucc() = 1
ccaseN () = 2

Figure 13: Concrete costs

9



Bi-values vv ::= keep(r) | new(v, v′) | (vv1, vv2) | inl vv | inr vv | 0 | succ vv |
nil | cons(vv1, vv2) | fix f(x).ee | Λ.ee | pack vv | ()

Bi-expressions ee ::= x | keep(r) | new(v, v′) | (ee1, ee2) | fst ee | snd ee | inl vv | inr vv |
(case(ee, x.ee1, y, ee2)) | 0 | succ ee | (caseN ee of 0 → ee1 | succ x → ee2) |
nil | cons(ee1, ee2) | (caseL ee of nil → ee1 | cons(h, tl) → ee2) |
fix f(x).ee | ee1 ee2 | ζ ee | Λ.ee | ee[] | pack ee | unpack ee as x in ee′ |
let x = ee1 in ee2 | let ee1 as x in ee2 | ()

stable(vv) , new 6∈ vv and stable(ee) , new 6∈ ee

Figure 14: Syntax of bi-values and bi-expression
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∆; Φ; Γ `ε vv� τ and ∆; Φ; Γ `ε ee� τ | κ Bi-value and bi-expression typing

∆; Φ; Γ `ε keep(r)� (real)S
keep-r

∆; Φ; · `C v : τ | κ ∆; Φ; · `C v′ : τ | κ′ |= C E τ
∆; Φ; Γ `ε new(v, v′)� τ

new

∆; Φ; Γ `ε vv1 � τ1 ∆; Φ; Γ `ε vv2 � τ2

∆; Φ; Γ `ε (vv1, vv2)� (τ1 × τ2)S
pair

∆; Φ; Γ `ε vv� τ1

∆; Φ; Γ `ε inl vv� (τ1 + τ2)S
inl

∆; Φ; Γ `ε vv� τ2

∆; Φ; Γ `ε inl vv� (τ1 + τ2)S
inr

∆; Φ; Γ `ε 0� (nat[0])S
zero

∆; Φ; Γ `ε vv� (nat[n])S

∆; Φ; Γ `ε succ vv� (nat[n+ 1])S
succ

∆; Φ; Γ `ε nil� (list [0]0 τ)S
nil

∆; Φ; Γ `ε vv1 � �(τ) ∆; Φ; Γ `ε vv2 � (list [n]α τ)S

∆; Φ; Γ `ε cons(vv1, vv2)� (list [n+ 1]α τ)S
cons1

∆; Φ; Γ `ε vv1 � τ ∆; Φ; Γ `ε vv2 � (list [n]α−1
τ)S ∆; Φ |= α> 0

∆; Φ; Γ `ε cons(vv1, vv2)� (list [n+ 1]α τ)S
cons2

Ψ; t :: S,∆; Φ; Γ `δ ee� τ | κ t 6∈ FV (Φ; Γ)

∆; Φ; Γ `ε Λ.ee� (∀t
δ(κ)
:: S. τ)S

Lam
∆; Φ; Γ `ε vv� τ{I/t} ∆ ` I :: κ

∆; Φ; Γ `ε pack vv� (∃t::S. τ)S
pack

∆; Φ;x : τ1, f : (τ1
δ(κ)−−−→ τ2)S,Γ `δ ee� τ2 | κ

∆; Φ; Γ `ε fix f(x). ee� (τ1
δ(κ)−−−→ τ2)S

fix1

∆; Φ; Γ `ε vv� τ ∀x ∈ Γ. ∆; Φ |= Γ(x) v �(Γ(x)) stable(vv)
∆; Φ; Γ,Γ′ `ε vv� �(τ)

nochange

∆; Φ;x : τ1, f : �((τ1
δ(κ)−−−→ τ2)S),Γ `δ ee� τ2 | κ ∀x ∈ Γ. ∆; Φ |= Γ(x) v �(Γ(x)) stable(ee)

∆; Φ; Γ,Γ′ `ε fix f(x).ee� �((τ1
δ(κ)−−−→ τ2)S)

fix2

∆; Φ ∧ C; Γ `ε vv� τ

∆; Φ; Γ `ε vv� (C ⊃ τ)S
c-imp

∆; Φ |= C ∆; Φ ∧ C; Γ `ε vv� τ

∆; Φ; Γ `ε vv� (C & τ)S
c-and

∆; Φ; Γ `ε vv� τ ∆; Φ |= τ v τ ′

∆; Φ; Γ `ε vv� τ ′
v

∆; Φ; Γ `ε ()� unit
unit

∆; Φ; Γ `ε vvi � τi ∆; Φ;xi : τi,Γ `ε e : τ | κ
∆; Φ; Γ `ε peq[vvi/xi]� τ | κ

exp

Figure 15: Typing rules for bi-values and bi-expressions
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JτKv ⊆ Step index× Bi-value
JτKκε ⊆ Step index× Bi-expression

J(A)SKv = JAKv
J(A)CKv = JAKv ∪ {(m, new(v, v′)) | ∀k. (k, v) ∈ LAMv ∧ (k, v′) ∈ LAMv}
J�(τ)Kv = {(m, vv) | stable(vv) ∧ (m, vv) ∈ JτKv}
JunitKv = {(m, ()) | >}
JrealKv = {(m, keep(r)) | >}
Jτ1 × τ2Kv = {(m, (vv1, vv2)) | (m, vv1) ∈ Jτ1Kv ∧ (m, vv2) ∈ Jτ2Kv}
Jτ1 + τ2Kv = {(m, inl vv) | (m, vv) ∈ Jτ1Kv} ∪ {inr (m, vv) | (m, vv) ∈ Jτ2Kv}
Jnat[0]Kv = {(m, 0) | >}
Jnat[n+ 1]Kv = {(m, succ vv) | (m, vv) ∈ Jnat[n]Kv}
Jlist [0]0 τKv = {(m, nil) | >}
Jlist [n+ 1]α τKv = {(m, cons(vv1, vv2)) | ((m, vv1) ∈ JτKv ∧ (m, vv2) ∈ Jlist [n]α−1 τKv ∧ α > 0) ∨

((m, vv1) ∈ J�(τ)Kv ∧ (m, vv2) ∈ Jlist [n]α τKv)}

Jτ1
S(κ)−−→ τ2Kv = {(m, fix f(x).ee) | ∀j < m. ∀vv. (j, vv) ∈ Jτ1Kv ⇒

(j, ee[fix f(x).ee/f ][vv/x]) ∈ Jτ2Kκε}

Jτ1
C(η)−−−→ τ2Kv = {(m, fix f(x).ee) | (∀k. (k, fix f(x).L(ee)) ∈ Lτ1

C(η)−−−→ τ2Mv ∧

(k, fix f(x).R(ee)) ∈ Lτ1
C(η)−−−→ τ2Mv)

∧ (∀j < m. ∀vv. (j, vv) ∈ Jτ1Kv ⇒
(j, ee[fix f(x).ee/f ][vv/x]) ∈ Jτ2Kκε )}

J∀t
S(κ)
:: S. τKv = {(m,Λ.ee) | ∀I. ` I :: S ⇒ (m, ee) ∈ Jτ [I/t]Kκ[I/t]

ε }

J∀t
C(κ)
:: S. τKv = {(m,Λ.ee) | (∀k. (k,L(Λ.ee)) ∈ L∀t

C(κ)
:: S. τMv ∧ (k,R(Λ.ee)) ∈ L∀t

C(κ)
:: S. τMv)

∧ (∀I. ` I :: S ⇒ (m, ee) ∈ Jτ [I/t]Kκ[I/t]
ε )}

J∃t::S. τKv = {(m, pack vv) | ∃I. ` I :: S ∧ (m, vv) ∈ Jτ [I/t]Kv}
JC ⊃ τKv = {(m, vv) | 6|= C ∨ (m, vv) ∈ JτKv}
JC & τKv = {(m, vv) | |= C ∧ (m, vv) ∈ JτKv}

JτKκε = {(m, ee) | ∀v,D, f. L(ee) ⇓ 〈v,D〉, f ∧ f < m ⇒ ∃ v′, D′, vv′, c′, f ′ such that
1.

〈〈v,D〉, ee〉yvv′, 〈v′, D′〉, c′
2. R(ee) ⇓ 〈v′, D′〉, f ′
3. v′ = R(vv′) ∧ v = L(vv′)
4. c′ ≤ κ
5. (m− f, vv′) ∈ JτKv

}

GJ·K = {(k, ∅)}
GJΓ, x : τK = {(m, θ[x 7→ vv]) | (m, θ) ∈ GJΓK ∧ (m, vv) ∈ JτKv}

Figure 16: Step-indexed interpretation of types
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LτMv ⊆ Step index×Value
LτMκε ⊆ Step index× Expression

L(A)µMv = LAMv
L�(τ)Mv = LτMv
LunitMv = {(k, ()) | >}
LrealMv = {(k, r) | >}
Lτ1 × τ2Mv = {(k, (v1, v2)) | (k, v1) ∈ Lτ1Mv ∧ (k, v2) ∈ Lτ2Mv}
Lτ1 + τ2Mv = {(k, inl v) | (k, v) ∈ Lτ1Mv} ∪ {(k, inr v) | (k, v) ∈ Lτ2Mv}
Lnat[0]Mv = {(m, 0) | >}
Lnat[n+ 1]Mv = {(m, succ v) | (m, v) ∈ Lnat[n]Mv}
Llist [0]0 τMv = {(k, nil) | >}
Llist [n+ 1]α τMv = {(k, cons(v1, v2)) | (k, v1) ∈ LτMv ∧

((k, v2) ∈ Llist [n]α τMv ∨ (k, v2) ∈ Llist [n]α−1 τMv)}

Lτ1
S(κ)−−→ τ2Mv = {(k, fix f(x). e) | >}

Lτ1
C(η)−−−→ τ2Mv = {(k, fix f(x). e) | ∀j. j < k. ∀v. (j, v) ∈ Lτ1Mv ⇒

(j, e[fix f(x). e/f ][v/x]) ∈ Lτ2Mηε}

L∀t
S(κ)
:: S. τMv = {(k,Λ. e) | >}

L∀t
C(κ)
:: S. τMv = {(k,Λ. e) | ∀I. ` I :: S ⇒ (k, e) ∈ Lτ [I/t]Mκ[I/t]

ε }
L∃t::S. τMv = {(k, pack v) | ∃I. ` I :: S ∧ (k, v) ∈ Lτ [I/t]Mv}
LC ⊃ τMv = {(m, v) | 6|= C ∨ (m, v) ∈ LτMv}
LC & τMv = {(m, v) | |= C ∧ (m, v) ∈ LτMv}

LτMηε = {(k, e) | η < k ⇒ (e ⇓ 〈v,D〉, f ∧ f ≤ η ∧ (k − f, v) ∈ LτMv)}

GL·M = {(k, ∅)}
GLΓ, x : τM = {(k,U [x 7→ v]) | (k,U) ∈ GLΓM ∧ (k, v) ∈ LτMv}

Figure 17: Unary step-indexed interpretation of types

L(keep(r)) = r R(keep(r)) = r
L(new(v, v′)) = v R(new(v, v′)) = v′

...
...

Homomorphic in all other syntactic constructs

If L(ee) = e and R(ee) = e′, then define merge(e, e′) = ee.

Figure 18: L(ee): Left or the original expression. R(ee): Right or the modified expression.
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Compound Traces T ::= 〈v, T 〉
Traces T ::= r | (T1, T2) | fst T | snd T |

inl T | inr T | caseinl(T, Tr) | caseinr(T, Tr) |
0 | succ T | case0(T, Tr) | casesucc(T, Tr) |
nil | cons(T1, T2) | casenil(T, Tr) | casecons(T, Tr) |
fixf(x).e | app(T1, T2, Tr) | primApp(T, ζ) |
Λ.e | iApp(T, Tr) | pack T | unpack(T, x, Tr) |
let(x, T1, T2) | letas(x, T, Tr) | ()

Figure 19: Traces
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e ⇓ 〈v, T 〉, f Expression e evaluates to value v with trace T and cost f

v ⇓ 〈v, v〉, 0
value

r ⇓ 〈r, r〉, creal()
r

e1 ⇓ T1, f1 e2 ⇓ T2, f2 vi = V(Ti)
(e1, e2) ⇓ 〈(v1, v2), (T1, T2)〉, f1 + f2 + cpair()

pair

e ⇓ T, f (v1, v2) = V(T )
fst e ⇓ 〈v1, fst T 〉, f + cfst(C,_)

fst
e ⇓ T, f (v1, v2) = V(T )

fst e ⇓ 〈v2, snd T 〉, f + csnd(C,_)
snd

e ⇓ T, f v = V(T )
inl e ⇓ 〈inl v, inl T 〉, f + cinl()

inl
e ⇓ T, f v = V(T )

inr e ⇓ 〈inr v, inr T 〉, f + cinr()
inr

e ⇓ T, f inl v = V(T ) e1[v/x] ⇓ Tr, fr vr = V(Tr)
case(e, x.e1, y.e2) ⇓ 〈vr, caseinl(T, Tr)〉, f + fr + ccase(C,_)

case-l

e ⇓ T, f inr v = V(T ) e2[v/y] ⇓ Tr, fr vr = V(Tr)
case(e, x.e1, y.e2) ⇓ 〈vr, caseinr(T, Tr)〉, f + fr + ccase(C,_)

case-r

0 ⇓ 〈0, 0〉, czero()
zero

e ⇓ T, f v = V(T )
succ e ⇓ 〈succ v, succ T 〉, f + csucc()

succ
nil ⇓ 〈nil, nil〉, cnil()

nil

e1 ⇓ T1, f1 e2 ⇓ T2, f2 vi = V(Ti)
cons(e1, e2) ⇓ 〈cons(v1, v2), cons(T1, T2)〉, f1 + f2 + ccons()

cons

e ⇓ T, f1 e1 ⇓ T1, f2 nil = V(T ) v1 = V(T1)
caseL e of nil → e1 | cons(h, tl) → e2 ⇓ 〈v1, casenil(T, T1)〉, f1 + f2 + ccaseL(C,_)

case-nil

e ⇓ T, f1 cons(vh, vtl) = V(T ) e2[vh/h, vtl/tl] ⇓ T2, f2 v2 = V(T2)
caseL e of nil → e1 | cons(h, tl) → e2 ⇓ 〈v2, casecons(T, T2)〉, f1 + f2 + ccaseL(C,_)

case-cons

fix f(x). e ⇓ 〈fix f(x). e, fixf(x).e〉, cfix()
fix

e1 ⇓ T1, f1 e2 ⇓ T2, f2 fix f(x). e = V(T1) v2 = V(T2)
e[v2/x, (fix f(x). e)/f ] ⇓ Tr, fr vr = V(Tr)

e1 e2 ⇓ 〈vr, app(T1, T2, Tr)〉, f1 + f2 + fr + capp(C,S)
app

ei ⇓ Ti, fi vi = V(Ti) ζ̂(v1 · · · vn) = (fr, vr)

ζ (e1 · · · en) ⇓ 〈vr, primApp(T1 · · ·Tn, ζ)〉, (
n∑
i=1

fi) + fr + cprim(C, n,S, · · · ,S)
primapp

Λ. e ⇓ 〈Λ. e,Λ.e〉, ciFun()
Lam

e ⇓ T, f Λ. e′ = V(T )
e′ ⇓ Tr, fr vr = V(Tr)

e[] ⇓ 〈vr, iApp(T, Tr)〉, f + fr + ciApp(C,_)
iApp

e ⇓ T, f v = V(T )
pack e ⇓ 〈pack v, pack T 〉, f + cpack()

pack

e ⇓ T, f pack v = V(T ) e[v/x] ⇓ Tr, fr vr = V(Tr)
unpack e as x in e′ ⇓ 〈vr, unpack(T, x, Tr)〉, f + fr + cunpack(C,S)

unpack

e ⇓ T, f v = V(T ) e′[v/x] ⇓ Tr, fr vr = V(Tr)
letx = e in e′ ⇓ 〈vr, let(x, T, Tr)〉, f + fr + clet()

let
() ⇓ 〈(), ()〉, cunit()

unit

e ⇓ T, f v = V(T ) e′[v/x] ⇓ Tr, fr vr = V(Tr)
clet e as x in e′ ⇓ 〈vr, letas(x, T, Tr)〉, f + fr + cletAs(C,_)

clet
e ⇓ T, f

e.c ⇓ T, f + cdot()
cexpr

Figure 20: From-scratch evaluation semantics
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〈T, ee〉 y vv′, T ′, c′ Change propagation with cost-counting
In all the remaining rules except r-nochange, we assume that the input ee satisfies ¬stable(ee).

stable(ee)
〈〈v, T 〉, ee〉 y pvq, 〈v, T 〉, 0

r-nochange
〈〈v, T 〉, new(_, v′)〉 y new(v, v′), 〈v′, v′〉, 0

r-new

〈T1, ee1〉 y vv′1, T
′
1, c
′
1 〈T2, ee2〉 y vv′2, T

′
2, c
′
2 v′i = V(T ′i )

〈〈_, (T1, T2)〉, (ee1, ee2)〉 y (vv′1, vv′2), 〈(v′1, v′2), (T ′1, T ′2)〉, c′1 + c′2
r-pair

〈T, ee〉 y (vv1, vv2), T ′, c′ (v′1, v′2) = V(T ′)
〈〈_, fst T 〉, fst ee〉 y vv1, 〈v′1, fst T ′〉, c′

r-fst-S

〈T, ee〉 y new((v1, v2), (v′1, v′2)), T ′, c′

〈〈_, fst T 〉, fst ee〉 y new(v1, v
′
1), 〈v′1, fst T ′〉, c′ + cfst(S,C)

r-fst-C

〈〈fix f(x). e′, T 〉, fix f(x).ee〉 y fix f(x).ee, 〈R(fix f(x).ee),R(fix f(x).ee)〉, 0
r-fix

〈T1, ee1〉 y fix f(x).ee, T ′1, c′1
〈T2, ee2〉 y vv′2, T

′
2, c
′
2 〈Tr, ee[vv′2/x, (fix f(x).ee)/f ]〉 y vv′r, T

′
r, c
′
r v′r = V(T ′r)

〈〈_, app(T1, T2, Tr)〉, ee1 ee2〉 y vv′r, 〈v′r, app(T ′1, T ′2, T ′r)〉, c′1 + c′2 + c′r
r-app1

〈T1, ee1〉 y new(_, fix f(x). e′), T ′1, c′1
〈T2, ee2〉 y vv′2, T

′
2, c
′
2 e′[R(vv′2)/x, (fix f(x). e′)/f ] ⇓ T ′r, f ′r v′r = V(T ′r)

〈〈vr, app(T1, T2, Tr)〉, ee1 ee2〉 y new(vr, v′r), 〈v′r, app(T ′1, T ′2, T ′r)〉, c′1 + c′2 + f ′r + capp(S,C)
r-app2

〈T, ee〉 y vv, T ′, c′ v′ = V(T ′)
〈〈_, inl T 〉, inl ee〉 y inl vv, 〈inl v′, inl T ′〉, c′

r-inl

〈T, ee〉 y vv, T ′, c′ v′ = V(T ′)
〈〈_, inr T 〉, inr ee〉 y inr vv, 〈inr v′, inr T ′〉, c′

r-inr

〈T, ee〉 y inl vv, T ′, c′ 〈Tr, ee1[vv/x]〉 y vv′r, T
′
r, c
′
r v′r = V(T ′r)

〈〈_, caseinl(T, Tr)〉, case(ee, x.ee1, y.ee2)〉 y vv′r, 〈v′r, caseinl(T ′, T ′r)〉, c′ + c′r
r-case-inl1

〈T, ee〉 y new(_, inl v′), T ′, c′ R(ee1)[v′/x] ⇓ T ′r, f ′r v′r = V(T ′r)
〈〈vr, caseinl(T, Tr)〉, case(ee, x.ee1, y.ee2)〉 y new(vr, v′r), 〈v′r, caseinl(T ′, T ′r)〉, c′ + f ′r + ccase(S,C)

r-case-inl2

〈T, ee〉 y new(_, inr v′), T ′, c′ R(ee2)[v′/y] ⇓ T ′r, f ′r v′r = V(T ′r)
〈〈vr, caseinl(T, Tr)〉, case(ee, x.ee1, y.ee2)〉 y new(vr, v′r), 〈v′r, caseinr(T ′, T ′r)〉, c′ + f ′r + ccase(S,C)

r-case-inl3

〈T, ee〉 y inr vv, T ′, c′ 〈Tr, ee2[vv/y]〉 y vv′r, T
′
r, c
′
r v′r = V(T ′r)

〈〈_, caseinr(T, Tr)〉, case(ee, x.ee1, y.ee2)〉 y vv′r, 〈v′r, caseinr(T ′, T ′r)〉, c′ + c′r
r-case-inr1

〈T, ee〉 y new(_, inl v′), T ′, c′ R(ee1)[v′/x] ⇓ T ′r, f ′r v′r = V(T ′r)
〈〈vr, caseinr(T, Tr)〉, case(ee, x.ee1, y.ee2)〉 y new(vr, v′r), 〈v′r, caseinl(T ′, T ′r)〉, c′ + f ′r + ccase(S,C)

r-case-inr2

〈T, ee〉 y new(_, inr v′), T ′, c′ R(ee2)[v′/y] ⇓ T ′r, f ′r v′r = V(T ′r)
〈〈vr, caseinr(T, Tr)〉, case(ee, x.ee1, y.ee2)〉 y new(vr, v′r), 〈v′r, caseinr(T ′, T ′r)〉, c′ + f ′r + ccase(S,C)

r-case-inr3

Figure 21: Change propagation rules part 1
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〈T, ee〉 y vv′, T ′, c′ Change propagation with cost-counting

〈T1, ee1〉 y vv′1, T
′
1, c
′
1 〈T2, ee2〉 y vv′2, T

′
2, c
′
2 vv′2 6= new(_,_) v′i = V(T ′i )

〈〈_, cons(T1, T2)〉, cons(ee1, ee2)〉 y cons(vv′1, vv′2), 〈cons(v′1, v′2), cons(T ′1, T ′2)〉, c′1 + c′2
r-cons1

〈T1, ee1〉 y vv′1, T
′
1, c
′
1 〈T2, ee2〉 y new(_, v′tl), T ′2, c′2 v′i = V(T ′i )

〈〈cons(vh, vtl), cons(T1, T2)〉, cons(ee1, ee2)〉 y new(cons(vh, vtl), cons(v′1, v′tl)),
〈cons(v′1, v′2), cons(T ′1, T ′2)〉, c′1 + c′2

r-cons2

〈T, ee〉 y nil, T ′, c′ 〈T1, ee1〉 y vv′1, T
′
1, c
′
1 v′1 = V(T ′1)

〈〈_, casenil(T, T1)〉, caseL ee of nil → ee1 | cons(h, tl) → ee2〉 y vv′1, 〈v′1, casenil(T ′, T ′1)〉, c′ + c′1
r-caseL-nil

〈T, ee〉 y cons(vvh, vvtl), T ′, c′ 〈T2, ee2[vvh/h, vvtl/tl]〉 y vv′2, T
′
2, c
′
2 v′2 = V(T ′2)

〈〈_, casecons(T, T2)〉, caseL ee of nil → ee1 | cons(h, tl) → ee2〉 y vv′2, 〈v′2, casecons(T ′, T ′2)〉, c′ + c′2
r-caseL1

〈T, ee〉 y new(_, cons(v′h, v′tl)), T ′, c′ R(ee2)[v′h/h, v′tl/tl] ⇓ v′r, T ′2, f ′r
〈〈vr, casecons(T,_)〉, caseL ee of nil → ee1 | cons(h, tl) → ee2〉 y

new(vr, v′r), 〈v′r, casecons(T ′, T ′2)〉, c′ + f ′r + ccaseL(S,C)

r-caseL2

〈〈_,Λ.e′〉,Λ.ee〉 y Λ.ee, 〈Λ.R(ee),Λ.R(ee)〉, 0
r-Lam

〈T, ee〉 y Λ.ee′, T ′, c′ 〈Tr, ee′〉 y vv′r, T
′
r, c
′
r v′r = V(T ′r)

〈〈_, iApp(T, Tr)〉, ee[]〉 y vv′r, 〈v′r, iApp(T ′, T ′r)〉, c′ + c′r
r-iApp1

〈T, ee〉 y new(_,Λ. e′), T ′, c′ e′ ⇓ T ′r, f ′r v′r = V(T ′r)
〈〈vr, iApp(T, Tr)〉, ee[]〉 y new(vr, v′r), 〈v′r, iApp(T ′, T ′r)〉, c′ + f ′r + ciApp(S,C)

r-iApp2

〈T, ee〉 y vv′, T ′, c′ v′r = V(T ′)
〈〈_, pack T 〉, pack ee〉 y pack vv′, 〈pack v′r, pack T ′〉, c′

r-pack

〈T, ee〉 y pack vv′, T ′, c′ 〈Tr, ee′[vv′/x]〉 y vv′r, T
′
r, c
′
r v′r = V(T ′)

〈〈_, unpack(T, x, Tr)〉, unpack ee as x in ee′〉 y vv′r, 〈v′r, unpack(T ′, x, T ′r)〉, c′ + c′r
r-unpack1

〈T, ee〉 y new(_, pack v′), T ′, c′ R(ee′)[v′/x] ⇓ v′r, T ′r, f ′r v′r = V(T ′)
〈〈vr, unpack(T, x, Tr)〉, unpack ee as x in ee′〉 y new(vr, v′r), 〈v′r, unpack(T ′, x, T ′r)〉, c′ + f ′r + cunpack(S,C)

r-unpack2

〈Ti, eei〉 y vv′i, T
′
i , c
′
i v′i = V(T ′i ) (f ′r, v′r) = ζ̂(v′1 · · · v′n)

〈〈vr, primApp(T1 · · ·Tn, ζ)〉, ζ ee1 · · · een〉 y

merge(vr, v′r), 〈v′r, primApp(T ′1 · · ·T ′n, ζ)〉, (
n∑
i=1

c′i) + f ′r + cprim(S, n,C · · ·C)

r-prim

〈T1, ee1〉 y vv′1, T
′
1, c
′
1 〈T2, ee2[vv′1/x]〉 y vv′2, T

′
2, c
′
2

〈let(x, T1, T2), let x = ee1 in ee2〉 y vv′2, let(x, T ′1, T ′2), c′1 + c′2
r-let

〈T, ee〉 y vv′, T ′, c′

〈T., ee.c〉 y vv′, T ′., c′
r-cexpr

〈T1, ee1〉 y vv′1, T
′
1, c
′
1 〈T2, ee2[vv′1/x]〉 y vv′2, T

′
2, c
′
2

〈letas(x, T1, T2), let ee1 as x in ee2〉 y vv′2, letas(x, T ′1, T ′2), c′1 + c′2
r-clet-S

〈T1, ee1〉 y new(_, v′1), T ′1, c′1 R(ee2[vv′1/x]) ⇓ T ′r, f ′r v′r = V(T ′r)
〈letas(x, T1, T2), let ee1 as x in ee2〉 y new(vr, v′r), 〈v′r, letas(x, T ′1, T ′r)〉, c′1 + f ′r + ccand(S,C)

r-clet-C

Figure 22: Change propagation rules, part 2
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Lemma 1 (Sort environment substitution)
The following hold.

1. If ∆ ` I :: S and ∆, i :: S ` I ′ :: S′, then ∆ ` I ′[I/i] :: S′.

2. If ∆ ` I :: S and ∆, i :: S ` C wf, then ∆ ` C[I/i] wf.

3. If ∆ ` I :: S and σ ∈ DJ∆K, then ` σI :: S.

Proof. (1) and (2) are established by simultaneous induction on the second given derivations.
(3) follows from (1).

Lemma 2 (Bi-value projection)
The following hold.

1. If (m, vv) ∈ JAKv then ∀k. (k,R(vv)) ∈ LAMv and (k,L(vv)) ∈ LAMv

2. If (m, vv) ∈ JτKv then ∀k. (k,R(vv)) ∈ LτMv and (k,L(vv)) ∈ LτMv

Proof. For both statements, proof is by induction on the type.
Proof of statement (1): We will only show the right projection, as the left one is symmetric.

Case (m, keep(n)) ∈ JrealKv
TS: ∀k. (k,R(keep(n))) = (k, n) ∈ LrealMv. This follows immediately by definition.

Case (m, (vv1, vv2)) ∈ Jτ1 × τ2Kv (?)
TS: ∀k. (k,R((vv1, vv2))) ∈ Lτ1 × τ2Mv.
STS: ∀k. (k,R(vv1)) ∈ Lτ1Mv (�) and (k,R(vv2)) ∈ Lτ2Mv (��)
By unrolling the (?), we get (m, vv1) ∈ Jτ1Kv (†) and (m, vv2) ∈ Jτ2Kv (††).
By IH 2 on (†), we get (�), and by IH 2 on (††) we get (��).

Case (m, vv) ∈ Jτ1 + τ2Kv
∀k. (k,R(vv)) ∈ Lτ1 + τ2Mv There are two cases. We only show one:
We have (m, inl vv) ∈ Jτ1 + τ2Kv, that is (m, vv) ∈ Jτ1Kv (†).
TS: ∀k. (k,R(inl vv)) ∈ Lτ1 + τ2Mv (?).
Pick k. By unrolling (?), STS: (k,R(vv)) ∈ Lτ1Mv
By IH 2 on (†), we get ∀k. (k,R(vv)) ∈ Lτ1Mv.
By instantiating with k, we conclude.

Case (m, nil) ∈ Jlist [0]0 τKv
TS: ∀k. (k,R(nil)) ∈ Llist [0]0 τMv
This follows immediately.

Case (m, cons(vv1, vv2)) ∈ Jlist [I + 1]α τKv (?)
TS: ∀k. (k,R(cons(vv1, vv2))) ∈ Llist [I + 1]α τMv
Pick k.
There are two cases for unrolling the definition of (?).
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subcase 1: We have (m, vv1) ∈ JτKv (†) and (m, vv2) ∈ Jlist [I]α−1 τKv (††)
By IH 2 on (†), we get ∀k. (k,R(vv1)) ∈ LτMv (�)
By IH 2 on (††), we get ∀k. (k,R(vv2)) ∈ Llist [I]α−1 τMv (��).
By instantiating (�) and (��) with the k we picked above, we get
(k,R(cons(vv1, vv2))) ∈ Llist [I + 1]α τMv.

subcase 2: We have (m, vv1) ∈ J�(τ)Kv (†) and (m, vv2) ∈ Jlist [I]α τKv (††)
By IH 2 on (†), we get ∀k. (k,R(vv1)) ∈ LτMv (�)
By IH 2 on (††), we get ∀k. (k,R(vv2)) ∈ Llist [I]α τMv (��).
By instantiating (�) and (��) with the k we picked above, we get
(k,R(cons(vv1, vv2))) ∈ Llist [I + 1]α τMv.

Case (m, fix f(x).ee) ∈ Jτ1
δ(κ)−−→ τ2Kv

TS: ∀k. (k,R(fix f(x).ee)) ∈ Lτ1
δ(κ)−−→ τ2Mv.

There are two cases.

subcase 1: δ = S
TS: ∀k. (k,R(fix f(x).eeS)) ∈ Lτ1

S(κ)−−→ τ2Mv
This is trivial since any function is in the Lτ1

S(κ)−−→ τ2Mv.

subcase 2: δ = C
We have (m, fix f(x).eeC) ∈ Jτ1

C(κ)−−−→ τ2Kv (?)
TS: ∀k. (k,R(fix f(x).eeC)) ∈ Lτ1

C(κ)−−−→ τ2Mv
This immediately follows by unrolling the definition (?).

Case (m,Λ.ee) ∈ J∀t
δ(κ)
:: S. τKv

TS: ∀k. (k,R(Λ.ee)) ∈ L∀t
δ(κ)
:: S. τMv.

There are two cases.

subcase 1: δ = S
TS: ∀k. (k,R(Λ.eeS)) ∈ L∀t

S(κ)
:: S. τMv

This is trivial since any Λ._S is in the L∀t
S(κ)
:: S. τMv.

subcase 2: δ = C
We have (m,Λ.eeC) ∈ J∀t

C(κ)
:: S. τKv (?)

TS: ∀k. (k,R(Λ.eeC)) ∈ L∀t
C(κ)
:: S. τMv

This immediately follows by unrolling (?).

Proof of statement (2):

Case (m, vv) ∈ J(A)SKv = JAKv
TS: ∀k. (k,R(vv)) ∈ L(A)SMv = LAMv.
Immediately follows by IH 1 on (m, vv) ∈ JAKv.
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Case (m, vv) ∈ J(A)CKv
TS: ∀k. (k,R(vv)) ∈ L(A)CMv = LAMv.
There are two cases.

subcase 1: (m, vv) ∈ J(A)CKv = JAKv
The proof is same as the previous case, by IH 1.

subcase 2: (m, vv) ∈ J(A)CKv
Then by definition, we immediately get ∀k. (k,R(vv)) ∈ L(A)CMv.

Case (m, vv) ∈ J�(τ)Kv
By unrolling the definition we know that (m, vv) ∈ JτKv(♠).
TS: ∀k. (k,R(vv)) ∈ L�(τ)Mv = LτMv.
Follows immediately by IH 2 on (♠).

Lemma 3 (Downward closure)
The following hold.

1. If (m, vv) ∈ JτKv and m′ ≤ m, then (m′, vv) ∈ JτKv.

2. If (m, v) ∈ LτMv and m′ ≤ m, then (m′, v) ∈ LτMv.

3. If (m, vv) ∈ JτKκε and m′ ≤ m, then (m′, vv) ∈ JτKκε .

4. If (m, e) ∈ LτMκε and m′ ≤ m, then (m′, e) ∈ LτMκε .

5. If (m, θ) ∈ GJΓK and m′ ≤ m, then (m′, θ) ∈ GJΓK.

6. If (m,U) ∈ GLΓM and m′ ≤ m, then (m′,U) ∈ GLΓM.

Proof. (1,3) and (2,4) are proved simultaneously by induction on τ . (5,6) follows from (1,2).

Lemma 4 (Bi-value propagation)
〈L(vv), vv〉 y vv,R(vv), 0.

Proof. By induction on vv. We show some representative cases.

Case vv = keep(r)
L(keep(r)) = r. Immediate from rule r-nochange.

Case vv = new(v, v′)
L(new(v, v′)) = v and R(new(v, v′)) = v′. Immediate from rule r-new.

Case vv = (vv1, vv2)
By IH on vv1, we get 〈L(vv1), vv1〉 y vv1,R(vv1), 0 (?)
By IH on vv2, we get 〈L(vv2), vv2〉 y vv2,R(vv2), 0 (†)
Therefore, by instantiating r-pair rule using (?) and (†), we get
〈L((vv1, vv2)), (vv1, vv2)〉 y (vv1, vv2),R((vv1, vv2)), 0.

Case vv = nil
Follows immediately from the r-nochange rule 〈nil, nil〉 y nil, nil, 0.
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Case vv = cons(vv1, vv2)
By IH on vv1, we get 〈L(vv1), vv1〉 y vv1,R(vv1), 0 (?)
By IH on vv2, we get 〈L(vv2), vv2〉 y vv2,R(vv2), 0 (†)
Therefore, by instantiating r-cons1 rule using (?) and (†), we get
〈L(cons(vv1, vv2)), cons(vv1, vv2)〉 y cons(vv1, vv2),R(cons(vv1, vv2)), 0.

Case vv = fix f(x).ee
Immediate from rule r-fix.

Lemma 5 (Value interpretation containment)
The following hold.

1. (m, vv) ∈ JτKv then (m, vv) ∈ JτK0
ε.

2. (k, v) ∈ LτMv then (k, v) ∈ LτM0
ε.

Proof of (1). Following the definition of JτK0
ε, assume that L(vv) ⇓ 〈v,D〉, f and f < m.

We have to show that there exist v′, vv′, D′, c′, f ′ such that:

1. 〈〈v,D〉, vv〉 y vv′, 〈v′, D′〉, c′

2. R(vv′) ⇓ 〈v′, D′〉, f ′

3. v = L(vv′) ∧ v′ = R(vv′)

4. c′ = 0

5. (m− f, vv′) ∈ JτKv

Since vv is a bi-value, L(vv) and R(vv) are values and, hence, L(vv) ⇓ 〈L(vv),L(vv)〉, 0 and
R(vv) ⇓ 〈R(vv),R(vv)〉, 0 (value evaluation rule). This forces v = L(vv), v′ = R(vv), D = L(vv),
D′ = R(vv) and j = 0. We choose vv′ = vv. This trivially yields (2), (3) and (5). Next, from
Lemma 4, 〈L(vv), vv〉 y vv,R(vv), 0. This yields (1) and (4).

Proof of (2). Following the definition of LτM0
ε, assume that 0 < k. Then, we can immediately

show

1. v ⇓ 〈v, v〉, 0 obtained by value evaluation rule.

2. f = 0 ≤ 0

3. (k − 0, v) ∈ LτMv which follows from the assumption.

Lemma 6 (No input change)
If L(ee) ⇓ T, f and 〈T, ee〉 y vv′, T ′, c′ and stable(ee) then stable(vv′) and c′ = 0.

Proof. Immediate from no-change replay rule.

Lemma 7 (Stable context soundness)
Suppose (∀x ∈ Γ ∆; Φ |= Γ(x) v �(Γ(x))) and σ ∈ DJ∆K and |= σΦ and (m, θ) ∈ GJσΓK.
Then, the following hold.
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1. If ∆; Φ; Γ `ε e : τ | κ , then stable(θpeq).

2. If ∆; Φ; Γ `ε vv� τ and stable(vv), then stable(θvv).

3. If ∆; Φ; Γ `ε ee� τ | κ and stable(ee), then stable(θee).

Proof. All three statements have similar proofs. We show the proof of (1). By definition,
peq does not have any occurrence of new. Therefore, it suffices to show that for any x ∈ Γ,
stable(θ(x)). Pick any x ∈ Γ. From the definition of GJσΓK, (m, θ(x)) ∈ Jσ(Γ(x))Kv. By
Lemma 11, (m, θ(x)) ∈ J�(σ(Γ(x)))Kv. From the definition of J�(τ)Kv, we get stable(θ(x)),
as needed.

Lemma 8 (Stable Type Lemma)
The following hold.

1. If and only if (m, vv) ∈ JτKv and stable(vv), then (m, vv) ∈ J�(τ)Kv.

2. If and only if (m, ee) ∈ JτKκε and stable(ee), then (m, ee) ∈ J�(τ)Kκε .

Proof. (1) follows immediately by definition. (2) and (3) are proved by using statement (1).
Proof of statement (2), direction (→):
Assume that (m, ee) ∈ JτKκε (?) and stable(ee) (??).
TS: (m, ee) ∈ J�(τ)Kκε
Assume f < m such that L(ee) ⇓ 〈v,D〉, f (†) . STS:

1. 〈T, ee〉yvv′, 〈v′, D′〉, c′

2. R(ee) ⇓ 〈v′, D′〉, f ′

3. v′ = R(vv′) ∧ v = L(vv′)

4. c′ ≤ κ

5. (m− f, vv′) ∈ J�(τ)Kv

By unrolling the (?) with (†), we immediately obtain statements 1-4, and (m−f, vv′) ∈ JτKv (�).
For statement 5, by instantiating IH 1 with direction (→), STS: (m − f, vv′) ∈ JτKv and
stable(vv). We conclude the former by (�). For the latter, we instantiate Lemma 6 with
(??), (†) and statement 1. to obtain stable(vv).

Proof of statement (2), direction (←):
Assume that (m, ee) ∈ J�(τ)Kκε (?).
TS: (m, ee) ∈ JτKκε and stable(ee) (�)
Assume f < m such that L(ee) ⇓ 〈v,D〉, f (†). STS:

1. 〈T, ee〉yvv′, 〈v′, D′〉, c′

2. R(ee) ⇓ 〈v′, D′〉, f ′

3. v′ = R(vv′) ∧ v = L(vv′)

4. c′ ≤ κ

5. (m− f, vv′) ∈ JτKv
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By unrolling the (?) with (†) , we immediately obtain statements 1-4, and (m − f, vv′) ∈
J�(τ)Kv (�).
For statement 5. and (�), we conclude instantiating IH 1 with direction (←) on (�).

Lemma 9 (List variation invariance lemma)
The following hold. If (m, vv) ∈ Jlist [n]α τKv, then α ≤ n.

Proof. The statement is proved by induction on the bi-value vv. There are two cases.

• (m, nil) ∈ Jlist [0]0 τKv
This case is immediately true since 0 ≤ 0.

• (m, cons(vv1, vv2)) ∈ Jlist [n+ 1]α τKv
TS: α ≤ n+ 1.
There are two cases.

– (m, vv) ∈ J�(τ)Kv and (m, vv2) ∈ Jlist [n]α τKv
By IH on vv2, we get α ≤ n. Hence, α ≤ n+ 1.

– (m, vv) ∈ JτKv and (m, vv2) ∈ Jlist [n]α−1 τKv and α > 0
By IH on vv2, we get α− 1 ≤ n. Hence, α ≤ n+ 1.

Lemma 10 (No-change list variation invariance lemma)
The following hold. If (m, cons(vv1, vv2)) ∈ Jlist [I + 1]α τKv and (m, vv1) ∈ J�(τ)Kv, then
α ≤ I.

Proof. The statement is proved by case analysis on the first premise. There are two cases.

• (m, vv) ∈ J�(τ)Kv and (m, vv2) ∈ Jlist [I]α τKv
By Lemma 9 on vv2, we immediately get α ≤ I.

• (m, vv) ∈ JτKv and (m, vv2) ∈ Jlist [n]α−1 τKv and α > 0
This case contradicts our assumption that (m, vv1) ∈ J�(τ)Kv.

Lemma 11 (Bi-value subtyping soundness)
The following hold.

1. If ∆; Φ |=A A v A′ and σ ∈ DJ∆K and |= σΦ and (m, vv) ∈ JσAKv, then (m, vv) ∈ JσA′Kv.

2. If ∆; Φ |= τ v τ ′ and σ ∈ DJ∆K and |= σΦ and (m, vv) ∈ JστKv, then (m, vv) ∈ Jστ ′Kv.

3. If ∆; Φ |=A A v A′ and σ ∈ DJ∆K and |= σΦ and (m, v) ∈ LσAMv, then (m, v) ∈ LσA′Mv.

4. If ∆; Φ |= τ v τ ′ and σ ∈ DJ∆K and |= σΦ and (m, v) ∈ LστMv, then (m, v) ∈ Lστ ′Mv.

5. If ∆; Φ |= τ v τ ′ and σ ∈ DJ∆K and |= σΦ and (m, ee) ∈ JστKκε and κ ≤ κ′, then
(m, ee) ∈ Jστ ′Kκ′ε .

6. If ∆; Φ |= τ v τ ′ and σ ∈ DJ∆K and |= σΦ and (m, e) ∈ LστMκε and κ ≤ κ′, then
(m, e) ∈ Lστ ′Mκ′ε .
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Proof. Proof of statements 1-4 are by induction on the subtyping derivation. First, we show
the proof of statements 5-6.

Proof of statement (5):
Assume that ∆; Φ |= τ v τ ′ and σ ∈ DJ∆K and |= σΦ and (m, ee) ∈ JστKκε (?) and κ ≤ κ′.
TS: (m, ee) ∈ Jστ ′Kκ′ε
By unrolling the definition of J·K·ε, assume that L(ee) ⇓ 〈v,D〉, f (†) and f < m (††).
STS:

1. 〈〈v,D〉, ee〉yvv′, 〈v′, D′〉, c′

2. R(ee) ⇓ 〈v′, D′〉, f ′

3. v′ = R(vv′) ∧ v = L(vv′)
4. c′ ≤ κ′

5. (m− f, vv′) ∈ Jτ ′Kv

By unrolling (?) with (†) and (††), we have

a) 〈〈v,D〉, ee〉yvv′, 〈v′, D′〉, c′

b) R(ee) ⇓ 〈v′, D′〉, f ′

c) v′ = R(vv′) ∧ v = L(vv′)
d) c′ ≤ κ
e) (m− f, vv′) ∈ JτKv

Statements 1-3 immediately follow from a)-c).
Statement 4 follows as c′ ≤ κ′ since κ ≤ κ′ and d).
Statement 5 follows by instantiating IH 2 with e) and the assumption ∆; Φ |= τ v τ ′.

Proof of statement (6):
Assume that ∆; Φ |= τ v τ ′ and σ ∈ DJ∆K and |= σΦ and (m, e) ∈ LστMκε (?) and κ ≤ κ′.
TS: (m, e) ∈ Lστ ′Mκ′ε
By unrolling the definition of L·M·ε, assume that κ′ < m

STS:

1. e ⇓ 〈v,D〉, f
2. f ≤ κ′

3. (m− f, v) ∈ Lστ ′Mv

Since we know that κ ≤ κ′ < m, we also know κ < m, so we unroll the definition of (?) to
obtain

a) e ⇓ 〈v,D〉, f
b) f ≤ κ and
c) (m− f, v) ∈ LστMv
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a) concludes 1. Using b) and κ ≤ κ′ we get 2. By IH3 on v using ∆; Φ |= τ v τ ′ and c), we
obtain 3.

Proof of statement (1):

Case
∆; Φ |= τ ′1 v τ1 ∆; Φ |= τ2 v τ ′2 ∆; Φ |= κ ≤ κ′

∆; Φ |=A τ1
δ(κ)−−→ τ2 v τ ′1

δ(κ′)−−−→ τ ′2

→ 2

Assume that σ ∈ DJ∆K and |= σΦ and (m, fix f(x).eeδ) ∈ Jστ1
δ(σκ)−−−→ στ2Kv

There are two cases.

subcase 1: δ = S
We have (m, fix f(x).ee) ∈ Jστ1

S(σκ)−−−→ στ2Kv (?)
TS: (m, fix f(x).ee) ∈ Jστ ′1

S(σκ′)−−−−→ στ ′2Kv
Let F = fix f(x).ee.
Pick j < m s.t. (j, vv) ∈ Jστ ′1Kv (†). STS: (j, ee[F/f, vv/x]) ∈ Jστ ′2Kσκ

′
ε .

By IH 2 on (†) and the premise ∆; Φ |= τ ′1 v τ1, we get (j, vv) ∈ Jστ1Kv.
By unrolling (?), we get (j, ee[F/f, vv/x]) ∈ Jστ2Kσκε (††).
We conclude by IH 4 on (††) using ∆; Φ |= τ2 v τ ′2 and ∆; Φ |= κ ≤ κ′.

subcase 2: δ = C
We have (m, fix f(x).ee) ∈ Jστ1

C(σκ)−−−→ στ2Kv (??)
TS: (m, fix f(x).ee) ∈ Jστ ′1

C(σκ′)−−−−→ στ ′2Kv
The are two subcases:

subsubcase 1: TS: ∀k. (k, fix f(x).R(ee)) ∈ Lστ ′1
C(σκ′)−−−−→ στ ′2Mv

Assume k and let F ′ = fix f(x).R(ee).
Pick j < m s.t. (j, v) ∈ Lστ ′1Mv (†). STS: (j,R(ee)[F ′/f, v/x]) ∈ Lστ ′2Mσκ

′
ε .

By IH 4 on (†) and the premise ∆; Φ |= τ ′1 v τ1, we get (j, v) ∈ Lστ1Mv.
By unrolling first part of (??), we get (j,R(ee)[F ′/f, v/x]) ∈ Lστ2Mσκε (††).
We conclude by IH 5 on (††) using ∆; Φ |= τ2 v τ ′2 and ∆; Φ |= κ ≤ κ′.

subsubcase 2: Pick j < m s.t. (j, vv) ∈ Jστ ′1Kv (†). STS: (j, ee[F/f, vv/x]) ∈ Jστ ′2Kσκ
′

ε .
By IH 2 on (†) and the premise ∆; Φ |= τ ′1 v τ1, we get (j, vv) ∈ Jστ1Kv.
By unrolling second part of (??), we get (j, ee[F/f, vv/x]) ∈ Jστ2Kσκε (††).
We conclude by IH 5 on (††) using ∆; Φ |= τ2 v τ ′2 and ∆; Φ |= κ ≤ κ′.

Case
t :: S,∆; Φ |= τ v τ ′ t :: S,∆; Φ |= κ≤κ′

∆; Φ |=A ∀t
δ(κ)
:: S. τ v ∀t

δ(κ′)
:: S. τ ′

∀1

Assume that σ ∈ DJ∆K and (m, vv) ∈ J∀t
δ(σκ)

:: S. στKv and |= σΦ.
TS: (m, vv) ∈ J∀t

δ(σκ′)
:: S. στ ′Kv.

We case analyze δ.
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subcase 1: δ = S
TS: (m, vv) ∈ J∀t

S(σκ′)
:: S. στ ′Kv

Assume that ` I :: S (?).
STS: (m, ee) ∈ Jστ ′{I/t}Kσκ

′{I/t}
ε (†).

We have (m,Λ.ee) ∈ J∀t
S(σκ)

:: S. στKv.
Unrolling the definition of J·Kv with the assumption (?), we get (m, ee) ∈ Jστ{I/t}Kσκ{I/t}ε (??).
By instantiating IH 6 with σ[t 7→ I] ∈ DJt :: S,∆K and (??), we get:
(m, ee) ∈ Jσ[t 7→ I]τ ′Kσ[t7→I]κ′

ε which is same as (†).

subcase 2: δ = C
(m, vv) ∈ J∀t

C(σκ)
:: S. στKv (�)

TS: (m, vv) ∈ J∀t
C(σκ′)

:: S. στ ′Kv
Assume that ` I :: S (?).

subsubcase 1: STS: ∀k. (k,R(ee)) ∈ Lστ ′{I/t}Mσκ
′{I/t}

ε (†).
Pick k. Then STS: (k,R(ee)) ∈ Lστ ′{I/t}Mσκ

′{I/t}
ε (††).

By unrolling first part of (�) with k and (?), we get:
(k,R(ee)) ∈ Lστ{I/t}Mσκ{I/t}ε (??).
By instantiating IH 5 with σ[t 7→ I] ∈ DJt :: S,∆K and (??), we get:
(k,R(ee)) ∈ Lσ[t 7→ I]τ ′Mσ[t7→I]κ′

ε which is same as (†).

subsubcase 2: STS: (m, ee) ∈ Jστ ′{I/t}Kσκ
′{I/t}

ε (†).
We have (m,Λ.ee) ∈ J∀t

S(σκ)
:: S. στKv.

By unrolling second part of (�) with the assumption (?), we get (m, ee) ∈ Jστ{I/t}Kσκ{I/t}ε (??).
By instantiating IH 5 with σ[t 7→ I] ∈ DJt :: S,∆K and (??), we get:
(m, ee) ∈ Jσ[t 7→ I]τ ′Kσ[t7→I]κ′

ε which is same as (†).

Case
∆; Φ |= α

.= 0

∆; Φ |=S list [n]α τ ≡ list [n]α �(τ)
l1*

Assume that σ ∈ DJ∆K and |= σΦ and (m, vv) ∈ Jlist [n]α τKv.
TS: (m, vv) ∈ Jlist [σn]σα �(στ)Kv
We prove the following more general statement by subinduction on vv′:
For all vv′, if (m, vv′) ∈ Jlist [σn]σα στKv (?) then (m, vv′) ∈ Jlist [σn]σα �(στ)Kv. By the
premise, σα = 0.

subcase 1: vv′ = nil

From the assumption marked (?), we get (m, nil) ∈ Jlist [σn]0 στKv.
Therefore, we have σn = 0, and (m, nil) ∈ Jlist [σn]0 �(στ)Kv by definition.

subcase 2: vv′ = cons(vv1, vv2)
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From the assumption marked (?), we get (m, cons(vv1, vv2)) ∈ Jlist [σn]0 στKv.
Therefore, ∃I. σn = I + 1.
We have (m, cons(vv1, vv2)) ∈ Jlist [I + 1]0 στKv.
TS: (m, cons(vv1, vv2)) ∈ Jlist [I + 1]0 �(στ)Kv.
We have two possible cases:

• (m, vv1) ∈ J�(στ)Kv (†) and (m, vv2) ∈ Jlist [I]0 στKv (††).
By sub-IH on (††), we get (m, vv2) ∈ Jlist [I]0 �(στ)Kv.
Combining the (†) with the previous statement, we get (m, cons(vv1, vv2)) ∈ Jlist [I + 1]0 �(στ)Kv.

• (m, vv1) ∈ JστKv (�) and (m, vv2) ∈ Jlist [I]0−1 στKv (��).
This case is impossible since 0− 1 6≥ 0.

Case
∆; Φ |= n

.= n′ ∆; Φ |= α≤α′≤n ∆; Φ |= τ v τ ′

∆; Φ |= list [n]α τ v list
[
n′
]α′

τ ′
l2

Assume that σ ∈ DJ∆K and (m, vv) ∈ Jlist [σn]σα στKv and |= σΦ.
TS: (m, vv) ∈ Jlist [σn′]σα

′
στ ′Kv.

From Assumption 12 applied to the first premise, σn = σn′. Therefore,
STS: (m, vv) ∈ Jlist [σn]σα

′
στ ′Kv.

From Assumption 12 applied to the second premise, we get: σα ≤ σα′. Therefore, it suffices to
prove the following more general statement.
For all vv′, l, β, γ, if β ≤ γ ≤ l and (m, vv′) ∈ Jlist [l]β στKv, then (m, vv′) ∈ Jlist [l]γ στ ′Kv.

We establish this statement by subinduction on vv′.

subcase 1: vv′ = nil

The assumption (m, nil) ∈ Jlist [l]β στKv forces l = β = 0. Since β ≤ γ ≤ l, γ = l = 0,
(m, vv′) ∈ Jlist [l]γ στ ′Kv follows immediately by definition.

subcase 2: vv′ = cons(vv1, vv2)
By assumption, (m, cons(vv1, vv2)) ∈ Jlist [l]β στKv. Therefore, l = l′ + 1 for some l′.
TS: (m, cons(vv1, vv2)) ∈ Jlist [l′ + 1]γ στ ′Kv.
There are two possible cases for (m, cons(vv1, vv2)) ∈ Jlist [l]β στKv.

• (m, vv1) ∈ J�(στ)Kv (†) and (m, vv2) ∈ Jlist [l′]β στKv (††).
By Lemma 9 using (††), we get β ≤ l′ (?).
Note that we assumed β ≤ γ ≤ l′ + 1. There are two cases for γ.

– γ ≤ l′

Using β ≤ γ (by main assumption) and γ ≤ l′, we obtain β ≤ γ ≤ l′ and instantiate
the sub-IH with vv2 to get (m, vv2) ∈ Jlist [l′]γ στ ′Kv.
By IH 2 on ∆; Φ |= τ v τ ′ with (†), we get (m, vv1) ∈ J�(στ ′)Kv.
Therefore, we can conclude that (m, cons(vv1, vv2)) ∈ Jlist [l′ + 1]γ στ ′Kv.
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– γ = l′ + 1
Since β ≤ l′ by (?) and l′ = γ − 1, we obtain β ≤ γ − 1 ≤ l′ and instantiate the
sub-IH with vv2 to get (m, vv2) ∈ Jlist [l′]γ−1 στ ′Kv.
By IH 2 on ∆; Φ |= τ v τ ′ with (†), we get (m, vv1) ∈ J�(στ ′)Kv. By Lemma 8, we
get ∈ Jστ ′Kv.
Therefore, we can conclude that (m, cons(vv1, vv2)) ∈ Jlist [l′ + 1]γ στ ′Kv.

By the sub-IH on (††), we get (m, vv2) ∈ Jlist [l′]β
′
στ ′Kv.

Combining, we get (m, cons(vv1, vv2)) ∈ Jlist [l′ + 1]β
′
στ ′Kv.

• (m, vv1) ∈ JστKv (�) and (m, vv2) ∈ Jlist [l′]β−1 στKv (��).
By IH on Ψ; ∆; Φ |= τ v τ ′ with (�), we get (m, vv1) ∈ Jστ ′Kv
By the sub-IH on (��) using β − 1 ≤ γ − 1 ≤ l′, we get (m, vv2) ∈ Jlist [l′]γ−1 στ ′Kv.
Combining these two yields (m, cons(vv1, vv2)) ∈ Jlist [l′ + 1]γ στ ′Kv.

Proof of statement (2):

Case
∆; Φ |=A A v A′

∆; Φ |= (A)µ v (A′)µ
C

Assume that σ ∈ DJ∆K and (m, vv) ∈ J(σA)µKv and |= σΦ.
TS: (m, vv) ∈ J(σA′)µKv
In two cases of µ, we have (m, vv) ∈ JσAKv, STS: (m, vv) ∈ JσA′Kv. This immediately follows
by instantiating IH 1.

Case
∆; Φ |=S �((τ1 + τ2)µ) ≡ (�(τ1) +�(τ2))S

+�

Assume that σ ∈ DJ∆K and |= σΦ and (m, vv) ∈ J�((στ1 + στ2)µ)Kv.
TS: (m, vv) ∈ J(�(στ1) +�(στ2))SKv
There are two cases:

subcase 1: vv = inl vv′ and (m, vv′) ∈ Jστ1Kv and stable(vv′).
By Lemma 8, we have (m, vv′) ∈ J�(στ1)Kv.
Then, it follows that (m, inl vv′) ∈ J�(στ1) +�(στ2)Kv

subcase 2: vv = inr vv′ and (m, vv′) ∈ Jστ2Kv and stable(vv′).
By Lemma 8, we have (m, vv′) ∈ J�(στ2)Kv.
Then, it follows that (m, inr vv′) ∈ J(�(στ1) +�(στ2))SKv

Case
∆; Φ |= �((τ1

δ(κ)−−→ τ2)µ) v (�(τ1) δ(κ)−−→ �(τ2))S
→ 1

Assume that σ ∈ DJ∆K and |= σΦ and (m, vv) ∈ J�(στ1
δ(σκ)−−−→ στ2)Kv

TS: (m, vv) ∈ J(�(στ1) δ(σκ)−−−→ �(στ2))SKv There are two cases:
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subcase 1: δ = S
We have (m, fix f(x).ee) ∈ Jστ1

S(σκ)−−−→ στ2Kv (†) and stable(fix f(x).ee).
TS: (m, fix f(x).ee) ∈ J(�(στ1) S(σκ)−−−→ �(στ2))SKv
Let F = fix f(x).ee.
Pick j < m s.t. (j, vv) ∈ J�(στ1)Kv (?). STS: (j, ee[F/f, vv/x]) ∈ J�(στ2)Kσκε . By
definition of (?), we get stable(vv) (??) and (j, vv) ∈ Jστ1Kv (???). Then, by unrolling
(†) with (???) where j < m, we get (j, ee[F/f, vv/x]) ∈ Jστ2Kσκε . Next, we immediately
instantiate Lemma 8 on stable(ee[F/f, vv/x]) since stable(F ) and stable(vv), we conclude
that (j, ee[F/f, vv/x]) ∈ J�(στ2)Kσκε .

subcase 2: δ = C
We have (m, fix f(x).ee) ∈ Jστ1

C(σκ)−−−→ στ2Kv (†) and stable(fix f(x).ee)(�).
TS: (m, fix f(x).ee) ∈ J(�(στ1) C(σκ)−−−→ �(στ2))SKv
There are two cases

subsubcase 1: STS: ∀k. (k,R(fix f(x).ee)) ∈ L�(στ1) C(σκ)−−−→ �(στ2)Mv (††)
Pick k. STS: (k, fix f(x).R(ee)) ∈ L�(στ1) C(σκ)−−−→ �(στ2)Mv
Pick j < k s.t. (j, v) ∈ L�(στ1)Mv = Lστ1Mv (?).
STS: (j,R(ee)[fix f(x).R(ee)/f, v/x]) ∈ L�(στ2)Mσκε .
By unrolling (†) with (?), we get (j,R(ee)[fix f(x).R(ee)/f, v/x]) ∈ Lστ2Mσκε = L�(στ2)Mσκε

subsubcase 2: Pick j < m s.t. (j, vv) ∈ J�(στ1)Kv (?).
STS: (j, ee[F/f, vv/x]) ∈ J�(στ2)Kσκε .
By definition of (?), we get stable(vv) (??) and (j, vv) ∈ Jστ1Kv (???). Then, by unrolling
(†) with (???) where j < m, we get (j, ee[F/f, vv/x]) ∈ Jστ2Kσκε . Next, we immediately
instantiate Lemma 8 on stable(ee[F/f, vv/x]) since stable(F ) and stable(vv), we con-
clude that (j, ee[F/f, vv/x]) ∈ J�(στ2)Kσκε .

Case
∆; Φ |= �(τ) v τ

T

Assume that σ ∈ DJ∆K and (m, vv) ∈ J�(στ)Kv and |= σΦ.
TS: (m, vv) ∈ JστKv. This immediately follows from the definition.

Case
∆; Φ |= µ ≤ µ′

∆; Φ |= (A)µ v (A)µ′
µ

Assume that σ ∈ DJ∆K and (m, vv) ∈ J(σA)µKv and |= σΦ.
TS: (m, vv) ∈ J(σA)µ′Kv
There are four cases. Two of these are trivial since µ = µ′. The remaining two are:

subcase 1: µ = S and µ′ = C
We have (m, vv) ∈ J(σA)SKv = JσAKv (?).
TS: (m, vv) ∈ J(σA)CKv.
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Since JσAKv ⊆ J(σA)CKv, it follows immediately by (?).

subcase 2: µ = C and µ′ = S
This contradicts the assumption that µ ≤ µ′ since C � S

Proof of statement (3):

Case
∆; Φ |= τ ′1 v τ1 ∆; Φ |= τ2 v τ ′2 ∆; Φ |= κ ≤ κ′

∆; Φ |=A τ1
δ(κ)−−→ τ2 v τ ′1

δ(κ′)−−−→ τ ′2

→ 2

Assume that σ ∈ DJ∆K and |= σΦ and (m, fix f(x). eδ) ∈ Lστ1
δ(σκ)−−−→ στ2Mv

There are two cases.

subcase 1: δ = S
This is trivial since any function fix f(x). e ∈ Lστ ′1

S(σκ′)−−−−→ στ ′2Mv.

subcase 2: δ = C
We have (m, fix f(x). e) ∈ Lστ1

C(σκ)−−−→ στ2Mv (??)
TS: (m, fix f(x). e) ∈ Lστ ′1

C(σκ′)−−−−→ στ ′2Mv
Let F = fix f(x).e.
Pick j < m s.t. (j, v) ∈ Lστ ′1Mv (†). STS: (j, e[F/f, v/x]) ∈ Lστ ′2Mσκ

′
ε .

By IH 4 on (†) and the premise ∆; Φ |= τ ′1 v τ1, we get (j, v) ∈ Lστ1Mv.
By unrolling (??), we get (j, e[F/f, v/x]) ∈ Lστ2Mσκε (††).
We conclude by IH 6 on (††) using ∆; Φ |= τ2 v τ ′2 and ∆; Φ |= κ ≤ κ′.

Case
t :: S,∆; Φ |= τ v τ ′ t :: S,∆; Φ |= κ≤κ′

∆; Φ |=A ∀t
δ(κ)
:: S. τ v ∀t

δ(κ′)
:: S. τ ′

∀1

Assume that σ ∈ DJ∆K and (m,Λ. e) ∈ L∀t
δ(σκ)

:: S. στMv and |= σΦ.
TS: (m,Λ. e) ∈ L∀t

δ(σκ′)
:: S. στ ′Mv.

We case analyze δ.

subcase 1: δ = S
This is trivial since any (m,Λ. e) ∈ L∀t

S(σκ′)
:: S. στ ′Mv.

subcase 2: δ = C
We have (m,Λ. e) ∈ L∀t

C(σκ)
:: S. στMv (�)

TS: (m,Λ. e) ∈ L∀t
C(σκ′)

:: S. στ ′Mv
Assume that ` I :: S (?).
STS:(m, e) ∈ Lστ ′{I/t}Mσκ

′{I/t}
ε (†).

By unrolling (�) with k and (?), we get:
(m, e) ∈ Lστ{I/t}Mσκ{I/t}ε (??).
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By instantiating IH 6 with σ[t 7→ I] ∈ DJt :: S,∆K and (??), we get:
(m, e) ∈ Lσ[t 7→ I]τ ′Mσ[t7→I]κ′

ε which is same as (†).

Proof of statement (4):

Case
∆; Φ |= µ ≤ µ′

∆; Φ |= (A)µ v (A)µ′
µ

Assume that σ ∈ DJ∆K and (m, v) ∈ L(σA)µMv = LσAMv (?) and |= σΦ.
TS: (m, v) ∈ L(σA)µ′Mv = LσAMv.
Since unary relations don’t take the mode into account, we immediately conclude by (?).

Case
∆; Φ |= n

.= n′ ∆; Φ |= α≤α′≤n ∆; Φ |= τ v τ ′

∆; Φ |= list [n]α τ v list
[
n′
]α′

τ ′
l2

Assume that σ ∈ DJ∆K and (m, v) ∈ Llist [σn]σα τMv and |= σΦ.
TS: (m, v) ∈ Llist [σn′]σα

′
τ ′Mv.

From Assumption 12 applied to the first premise, σn = σn′. Therefore,
STS: (m, v) ∈ Llist [σn]σα

′
τ ′Mv.

Note that the unary relation doesn’t take the α/ α′ into account. Therefore, it suffices to prove
the following more general statement.
For all v′, l, if (m, v′) ∈ Jlist [l]_ στKv, then (m, v′) ∈ Jlist [l]_ στ ′Kv.

We establish this statement by subinduction on v′.

subcase 1: v′ = nil

The conclusion (m, nil) ∈ Jlist [l]_ στ ′Kv follows immediately by definition.

subcase 2: v′ = cons(v1, v2)
By assumption, (m, cons(v1, v2)) ∈ Jlist [l]_ στKv. Therefore, l = l′ + 1 for some l′ and
(m, v1) ∈ LστMv (†) and (m, v2) ∈ Llist [l′]_ στMv (††) .
TS: (m, cons(v1, v2)) ∈ Jlist [l′ + 1]_ στ ′Kv.
By IH 4 on ∆; Φ |= τ v τ ′ with (†), we get (m, v1) ∈ Lστ ′Mv.
By the sub-IH on (††), we get (m, v2) ∈ Llist [l′]_ στ ′Mv.
Combining, we get (m, cons(v1, v2)) ∈ Llist [l′ + 1]_ στ ′Mv.

We assume that the constraint judgment ∆; Φ |= C satisfies some standard properties.

Assumption 12 (Constraint conditions)
The following hold.

1. [Subst1] If ∆, i :: S; Φ |= C and ∆ ` I :: S, then ∆; Φ[I/i] |= C[I/i].

2. [Subst2] If ∆; Φ |= C and ∆; Φ ∧ C |= C ′, then ∆; Φ |= C ′.
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3. [Neg] ∆; Φ |= ¬C iff ∆; Φ 6|= C.

4. [Corr1] If |= n1 ≤ n2, then n1 ≤ n2.

5. [Corr2] If |= I
.= I ′, then I = I ′.

Assumption 13 (Constraint Well-formedness)
If Ψ; ∆; Φ |= C then ∆ ` C wf

Lemma 14 (Well-formedness)
If Ψ; ∆; Φ; Γ `ε e : τ | κ and ∆; Φ ` Γ wf and FV (Γ) ⊆ ∆, then Φ; ∆ ` τ wf and FV (κ, τ) ⊆ ∆.

Proof. The proof is by induction on typing derivation of e.

Lemma 15 (Subtyping well-formedness)
If ∆; Φ |= τ v τ ′ and ∆; Φ ` τ wf and FV (τ) ⊆ ∆, then Φ; ∆ ` τ ′ wf and FV (τ ′) ⊆ ∆.

Proof. The proof is by induction on subtyping derivation.

Lemma 16 (Forced type well-formedness)
If ∆; Φ ` τ wf and µ = S ∨ C, then Φ; ∆ ` τ�µ wf

Proof. The proof is by induction on well-formedness judgment.

Our fundamental theorem relies on the assumption that the semantic interpretation of every
primitive function lies in the interpretation of the function’s type. This is explained below.

Assumption 17 (Soundness of primitive functions (binary))
Suppose ζ : B1 · · ·B2

κ−→ B and (m, vvi) ∈ J(Bi)µiKv, then

• ζ̂(L(vv1) · · ·L(vvn)) = (fr, vr)

• ζ̂(R(vv1) · · ·R(vvn)) = (f ′r, v′r)

• (m, merge(vr, v′r)) ∈ J(B)µKv where µ1 t · · · t µn = µ

• f ′r ≤ κ

We define merge(·, ·,) as follows: if vr = v′r, then merge(vr, v′r) = pvrq else merge(vr, v′r) =
new(vr, v′r).

Assumption 18 (Soundness of primitive functions (unary))
Suppose ζ : B1 · · ·B2

κ−→ B and (m, vi) ∈ L(Bi)µiMv, then

• ζ̂(v1 · · · vn) = (fr, vr)

• (m, vr) ∈ L(B)µMv

• fr ≤ κ

Theorem 19 (Fundamental theorem for abstract semantics)
Assume that ∆; Φ; Γ `ε e : τ | κ and σ ∈ DJ∆K and ∆; Φ ` Γ wf and FV (τ, κ) ⊆ ∆,

1. If ε = S and (m, θ) ∈ GJσΓK and |= σΦ, then (m, θpeq) ∈ JστKσκε .

2. If ε = C and (k,U) ∈ GLσΓM and |= σΦ where , then (k,U(e)) ∈ LστMσκε .
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3. If ε = C and (m, θ) ∈ GJσΓK and |= σΦ, then (m, θpeq) ∈ JστKσκε .

Proof. All three statements are proved by induction on e’s typing with a sub-induction on
step indices for recursive functions.We show select cases of the proofs. In the proof of (1), the
numbers 1–5 represent the corresponding clauses in the definition of JτKκε .

Proof of statement (1):
In all subcases except values, variables and primitive functions, we show the proofs where we
apply the non-trivial change propagation rule that applies whenever ¬stable(θpeq). We don’t
present the case where stable(θpeq), since it is very easy to establish using the only applicable
rule r-nochange.
In the remainder of the rules, unless otherwise stated, we assume that σ ∈ DJ∆K.

Case
∆; Φ; Γ, x : τ `S x : τ | 0

var

Assume that (m, θ) ∈ GJσΓ, x : στK and |= σΦ. TS: (m, θpxq) ∈ JστK0
ε.

By Value Lemma (Lemma 5), STS: (m, θ(x)) ∈ JστKv.
This follows from the definition of (m, θ) ∈ GJσΓ, x : στK.

Case
∆; Φ; Γ `S r : (real)S | 0

real

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θprq) ∈ J

tcprealK0
ε.

Since prq = keep(r) STS:(m, keep(r)) ∈ J(real)SK0
ε

By Value Lemma (Lemma 5), STS: (m, keep(r)) ∈ J(real)SKv.
This follows from the definition of J(real)SKv and noting that stable(keep(r)).

Case
∆; Φ ` τ wf

∆; Φ; Γ `S nil : (list [0]0 τ)S | 0
nil

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpnilq) ∈ J(list [0]0 (στ))SK0

ε.
Since pnilq = nil, by the Value Lemma (Lemma 5),
STS: (m, nil) ∈ J(list [0]0 (στ))SKv.
This follows immediately from the definition.

Case
∆; Φ; Γ `S e1 : �(τ) | κ1 ∆; Φ; Γ `S e2 : (list [n]α τ)S | κ2

∆; Φ; Γ `S cons(e1, e2) : (list [n+ 1]α τ)S | κ1 + κ2
cons1

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpcons(e1, e2)q) ∈ J(list [σn+ 1]σα τ)SKσ(κ1+κ2)

ε .
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Following the definition of J·K·ε, assume that:
L(θpe1q) ⇓ T1, f1 (?) L(θpe2q) ⇓ T2, f2 (†) vi = V(Ti)

cons(L(θpe1q), L(θpe2q)) ⇓ 〈cons(v1, v2), cons(T1, T2)〉, f1 + f2 + ccons()
cons

where f = f1 + f2 + ccons() < m

By IH on e1, we get (m, θpe1q) ∈ J�(στ)Kσκ1
ε . Unrolling its definition using premise (?) with

f1 < m, we get

a) 〈T1, θpe1q〉 y vv′1, T
′
1, c
′
1

b) R(θpe1q) ⇓ T ′1, f ′1
c) v1 = L(vv′1) ∧ V(T ′1) = v′1 = R(vv′1)
d) c′1 ≤ σκ1

e) (m− f1, vv′1) ∈ J�(στ)Kv

By IH on e2, we get (m, θpe2q) ∈ J(list [σn]σα τ)SKσκ2
ε . Unrolling its definition using premise

(†) with f2 < m, we get

f) 〈T2, θpe2q〉 y vv′2, T
′
2, c
′
2

g) R(θpe2q) ⇓ T ′2, f ′2
h) v2 = L(vv′2) ∧ V(T ′2) = v′2 = R(vv′2)
i) c′2 ≤ σκ2

j) (m− f2, vv′2) ∈ J(list [σn]σα τ)SKv

Then,

1. Using a) and f)
〈T1, θpe1q〉 y vv′1, T

′
1, c
′
1 〈T2, θpe2q〉 y vv′2, T

′
2, c
′
2 V(T ′i ) = v′i

〈〈_, cons(T1, T2)〉, θpcons(e1, e2)q〉 y cons(vv′1, vv′2), 〈cons(v′1, v′2), cons(T ′1, T ′2)〉, c′1 + c′2
r-cons1

2. Using b), g), c) and h)
R(θpe1q) ⇓ T ′1, f ′1 R(θpe2q) ⇓ T ′2, f ′2 V(T ′i ) = v′i

cons(R(θpe1q), L(θpe2q)) ⇓ 〈cons(v′1, v′2), cons(T ′1, T ′2)〉, f ′1 + f ′2 + ccons()
cons

3. Using c) and h), cons(v1, v2) = L(cons(vv′1, vv′2)) ∧ cons(v′1, v′2) = R(cons(vv′1, vv′2))

4. By using d) and i), c′1 + c′2 ≤ σ(κ1 + κ′2)

5. By downward closure (Lemma 3) on e) and j) using m − f ≤ m − f1 and m − f ≤ m − f2,
we get
(m− f, vv′1) ∈ J�(στ)Kv
(m− f, vv′2) ∈ J(list [σn]σα τ)SKv
∴ (m− f, cons(vv′1, vv′2)) ∈ J(list [σn+ 1]σα τ)SKv

Case
∆; Φ; Γ `S e1 : τ | κ1 ∆; Φ; Γ `S e2 : (list [n]α−1 τ)S | κ2 ∆; Φ |= α > 0

∆; Φ; Γ `S cons(e1, e2) : (list [n+ 1]α τ)S | κ1 + κ2
cons2
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Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpcons(e1, e2)q) ∈ J(list [σn+ 1]σα τ)SKσ(κ1+κ2)

ε .
Following the definition of J·K·ε, assume that:

L(θpe1q) ⇓ T1, f1 (?) L(θpe2q) ⇓ T2, f2 (†) vi = V(Ti)

cons(L(θpe1q), L(θpe2q)) ⇓ 〈cons(v1, v2), cons(T1, T2)〉f1 + f2 + ccons(),
cons

where f = f1 + f2 + ccons() < m

By IH on e1, we get (m, θpe1q) ∈ JστKσκ1
ε . Unrolling its definition using premise (?) with

f1 ≤ f < m, we get

a) 〈T1, θpe1q〉 y vv′1, T
′
1, c
′
1

b) R(θpe1q) ⇓ T ′1, f ′1
c) v1 = L(vv′1) ∧ V(T ′1) = v′1 = R(vv′1)
d) c′1 ≤ σκ1

e) (m− f1, vv′1) ∈ JστKv

By IH on e2, we get (m, θpe2q) ∈ J(list [σn]σα τ)SKσκ2
ε . Unrolling its definition using premise

(†) with f2 ≤ f < m, we get

f) 〈T2, θpe2q〉 y vv′2, T
′
2, c
′
2

g) R(θpe2q) ⇓ T ′2, f ′2
h) v2 = L(vv′2) ∧ V(T ′2) = v′2 = R(vv′2)
i) c′2 ≤ σκ2

j) (m− f2, vv′2) ∈ J(list [σn]σα−1 τ)SKv

Then,

1. Using a), f), c) and h)
〈T1, θpe1q〉 y vv′1, T

′
1, c
′
1 〈T2, θpe2q〉 y vv′2, T

′
2, c
′
2 V(T ′i ) = v′i

〈〈_, cons(T1, T2)〉, θpcons(e1, e2)q〉 y cons(vv′1, vv′2), 〈cons(v′1, v′2), cons(T ′1, T ′2)〉, c′1 + c′2
r-cons1

2. Using b) and g)
R(θpe1q) ⇓ T ′1, f ′1 R(θpe2q) ⇓ T ′2, f ′2 V(T ′i ) = v′i

cons(R(θpe1q), L(θpe2q)) ⇓ 〈cons(v′1, v′2), cons(T ′1, T ′2)〉, f ′1 + f ′2 + ccons()
cons

3. Using c) and h), cons(v1, v2) = L(cons(vv′1, vv′2)) ∧ cons(v′1, v′2) = R(cons(vv′1, vv′2))

4. By using d) and i), c′1 + c′2 ≤ σ(κ1 + κ′2)

5. By downward closure (Lemma 3) on e) and j) using m − f ≤ m − f1 and m − f ≤ m − f2,
we get
(m− f, vv′1) ∈ JστKv
(m− f, vv′2) ∈ J(list [σn]σα−1 τ)SKv
∴ (m− f, cons(vv′1, vv′2)) ∈ J(list [σn+ 1]σα τ)SKv
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Case
∆; Φ; Γ `S e1 : τ | κ1 ∆; Φ; Γ `S e2 : (list [n]α−1 τ)C | κ2 ∆; Φ |= α > 0

∆; Φ; Γ `S cons(e1, e2) : (list [n+ 1]α τ)C | κ1 + κ2
cons2

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpcons(e1, e2)q) ∈ J(list [σn+ 1]σα τ)CKσ(κ1+κ2)

ε .
Following the definition of J·K·ε, assume that:

L(θpe1q) ⇓ T1, f1 (?) L(θpe2q) ⇓ T2, f2 (†) vi = V(Ti)

cons(L(θpe1q), L(θpe2q)) ⇓ 〈cons(v1, v2), cons(T1, T2)〉, f1 + f2 + ccons()
cons

where f = f1 + f2 + ccons() < m

By IH on e1, we get (m, θpe1q) ∈ JστKσκ1
ε . Unrolling its definition using premise (?) with

f1 ≤ f < m, we get

a) 〈T1, θpe1q〉 y vv′1, T
′
1, c
′
1

b) R(θpe1q) ⇓ T ′1, f ′1
c) v1 = L(vv′1) ∧ V(T ′1) = v′1 = R(vv′1)
d) c′1 ≤ σκ1

e) (m− f1, vv′1) ∈ JστKv

By IH on e2, we get (m, θpe2q) ∈ J(list [σn]σα−1 τ)CKσκ2
ε . Unrolling its definition using

premise (†) with f2 ≤ f < m, we get

f) 〈T2, θpe2q〉 y vv′2, T
′
2, c
′
2

g) R(θpe2q) ⇓ T ′2, f ′2
h) v2 = L(vv′2) ∧ V(T ′2) = v′2 = R(vv′2)
i) c′2 ≤ σκ2

j) (m− f2, vv′2) ∈ J(list [σn]σα−1 τ)CKv

Then, there are two cases for j)

subcase 1: vv′2 = new(v2, v
′
2) s.t. (m− f2, new(v2, v

′
2)) ∈ J(list [σn]σα−1 τ)CKv

Then we can conclude with:

1. Using a), f), c) and h)
〈T1, θpe1q〉 y vv′1, T

′
1, c
′
1 〈T2, θpe2q〉 y new(v2, v

′
2), ct′2, c′2 V(T ′i ) = v′i

〈〈cons(v1, v2), cons(T1, T2)〉, θpcons(e1, e2)q〉 y new(cons(v1, v2), cons(v2, v
′
2))

〈cons(v′1, v′2), cons(T ′1, T ′2)〉, c′1 + c′2

r-cons2

2. Using b) and g)
R(θpe1q) ⇓ T ′1, f ′1 R(θpe2q) ⇓ T ′2, f ′2 V(T ′i ) = v′i

cons(R(θpe1q), L(θpe2q)) ⇓ 〈cons(v′1, v′2), cons(T ′1, T ′2)〉, f ′1 + f ′2 + ccons()
cons

3. Using c) and h), cons(v1, v2) = L(new(cons(L(vv′1), v2), cons(R(vv′1), v′2))) ∧ cons(v′1, v′2) =
R(new(cons(L(vv′1), v2), cons(R(vv′1), v′2)))
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4. By using d) and i), c′1 + c′2 ≤ σ(κ1 + κ′2)

5. By downward closure (Lemma 3) on e) and j) using m−f ≤ m−f1 and m−f ≤ m−f2,
we get
(m− f, vv′1) ∈ JστKv
(m− f, new(v2, v

′
2)) ∈ J(list [σn]σα−1 τ)CKv

∴ (m− f, new(cons(L(vv′1), v2), cons(R(vv′1), v′2))) ∈ J(list [σn+ 1]σα τ)CKv

subcase 2: (m− f2, vv′2) ∈ Jlist [σn]σα−1 τKv ⊆ J(list [σn]σα−1 τ)CKv
Then we can conclude with

1. Using a), f), c) and h)
〈T1, θpe1q〉 y vv′1, T

′
1, c
′
1 〈T2, θpe2q〉 y vv′2, T

′
2, c
′
2 vv′2 6= new(_,_)

〈〈_, cons(T1, T2)〉, θpcons(e1, e2)q〉 y
cons(vv′1, vv′2), 〈cons(v′1, v′2), cons(T ′1, T ′2)〉, c′1 + c′2

r-cons1

2. Using b) and g)
R(θpe1q) ⇓ T ′1, f ′1 R(θpe2q) ⇓ T ′2, f ′2

cons(R(θpe1q), L(θpe2q)) ⇓ 〈cons(v′1, v′2), cons(T ′1, T ′2)〉, f ′1 + f ′2 + ccons()
cons

3. Using c) and h), cons(v1, v2) = L(cons(vv′1, vv′2)) ∧ cons(v′1, v′2) = R(cons(vv′1, vv′2))

4. By using d) and i), c′1 + c′2 ≤ σ(κ1 + κ′2)

5. By downward closure (Lemma 3) on e) and j) using m−f ≤ m−f1 and m−f ≤ m−f2,
we get
(m− f, vv′1) ∈ JστKv
(m− f, vv′2) ∈ Jlist [σn]σα−1 τKv
∴ (m− f, cons(vv′1, vv′2)) ∈ Jlist [σn+ 1]σα τKv ⊆ J(list [σn+ 1]σα τ)CKv

Case

∆; Φ; Γ `S e : (list [n]α τ)S | κe ∆; Φ ∧ n .= 0 ∧ α .= 0; Γ `S e1 : τ ′ | κ′

i :: ι,∆; Φ ∧ n .= i+ 1 ∧ α≤ i;h : �(τ), tl : (list [i]α τ)S,Γ `S e2 : τ ′ | κ′

i :: ι, β :: ι,∆; Φ ∧ n .= i+ 1 ∧ β≤ i ∧ α .= β + 1;h : τ, tl : (list [i]β τ)S,Γ `S e2 : τ ′ | κ′

κ = κe + κ′

∆; Φ; Γ `S caseL e of nil → e1 | cons(h, tl) → e2 : τ ′ | κ
caseL

Assume that (m, θ) ∈ GJσΓK and |= σΦ and ∆; Φ ` Γ wf.
TS: (m, θp(caseL e of nil → e1 | cons(h, tl) → e2)q) ∈ Jστ ′Kσκε .
Urolling the definition of J·K·ε, we have two cases:

subcase 1: Assume that
L(θpeq) ⇓ T, fe (?) nil = V(T ) L(θpe1q) ⇓ T1, f1 (??) v1 = V(T1)

L(θpcaseL e of nil → e1 | cons(h, tl) → e2q) ⇓
〈v1, casenil(T, T1)〉, f + f1 + ccaseL(C,_)

case-nil

where f = fe + f1 + ccaseL(C,_) < m
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By IH 1 on e, (m, θpeq) ∈ J(list [σn]σα τ)SKσκeε

Unrolling the definition using the premise (?) with fe ≤ f < m we get

a) 〈T, θpeq〉 y vv′, T ′, c′

b) R(θpeq) ⇓ T ′, f ′

c) nil = L(vv′) ∧ V(T ′) = v′ = R(vv′) (this forces v′ = nil)
d) c′ ≤ σκe
e) (m− fe, vv′) ∈ J(list [σn]σα τ)SKv

Note that c) forces vv′ = nil and then e) forces σn .= 0 and σα .= 0.
Hence, by IH 1 on e1, we get (m, θpe1q) ∈ Jστ ′Kσκ′ε . Unrolling this with the premise
marked (??) and definition f1 ≤ f < m, we get

f) 〈T1, θpe1q〉 y vv′1, T
′
1, c
′
1

g) R(θpe1q) ⇓ T ′1, f ′1
h) v1 = L(vv′1) ∧ V(v′1) = v′1 = R(vv′1)
i) c′1 ≤ σκ′

j) (m− f1, vv′1) ∈ Jστ ′Kv

Then, we can show

1. By a) and f)
〈T, θpeq〉 y nil, T ′, c′ 〈T1, θpe1q〉 y vv′1, T

′
1, c
′
1 v′1 = V(T ′1)

〈〈_, casenil(T, T1)〉, θpcaseL e of nil → e1 | cons(h, tl) → e2q〉 y
vv′1, 〈v′1, casenil(T ′, T ′1)〉, c′ + c′1

r-case-nil

2. By b), c) and g)
R(θpeq) ⇓ T ′, f ′ V(T ′) = nil R(θpe1q) ⇓ T ′1, f ′1 v′1 = V(T ′1)

R(θpcaseL e of nil → e1 | cons(h, tl) → e2q) ⇓
〈v′1, casenil(T ′, T ′1)〉f ′ + f ′1 + ccaseL(C,_)

case-nil

3. is immediate from h)

4. By d) and i), c′ + c′1 ≤ σ(κ+ κ′)

5. By downward-closure (Lemma 3) on j) using m − fe − f1 − ccaseL(C,_) ≤ m − f1, we
get (m− fe − f1 − ccaseL(C,_), vv′1) ≡ (m− f, vv′1) ∈ Jστ ′Kv

subcase 2:
L(θpeq) ⇓ cons(vh, vtl), Tf (?) L(θpe2q)[vh/h, vtl/tl] ⇓ v2, T2f2 (??)

L(θpcaseL e of nil → e1 | cons(h, tl) → e2q) ⇓
〈v2, casecons(T, T2)〉f + f1 + ccaseL(C,_)

case-cons

where j = f + f2 + ccaseL(C,_) < m

By IH 1 on e, (m, θpeq) ∈ J(list [σn]σα τ)SKσκε .
Unrolling the definition with (?) and the definition f < m, we get

a) 〈T, θpeq〉 y vv′, T ′, c′
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b) R(θpeq) ⇓ v′, T ′f ′

c) cons(vh, vtl) = L(vv′) ∧ v′ = R(vv′)
d) c′ ≤ σκe
e) (m− f, vv′) ∈ J(list [σn]σα τ)SKv

If σn = 0 then vv′ = nil. However, this is impossible as it contradicts c).
If σn = I + 1 then vv′ = cons(vv′h, vv′tl) for some vv′h and vv′tl. By c), vh = L(vv′h) and
vtl = L(vv′tl). Let v′h = R(vv′h) and v′tl = R(vv′tl).
Now, (m− f, cons(vv′h, vv′tl)) ∈ J(list [I + 1]σα στ)SKv may hold in one of two ways:
case 1. (m− f, vv′h) ∈ J�(στ)Kv and (m− f, vv′tl) ∈ J(list [I]σα στ)SKv

case 2. (m− f, vv′h) ∈ JστKv and (m− f, vv′tl) ∈ J(list [I]σα−1 στ)SKv

We analyze these cases separately:
case 1. (m− f, vv′h) ∈ J�(στ)Kv and (m− f, vv′tl) ∈ J(list [I]σα στ)SKv

By IH 1 on e2 (the third premise of the typing rule) using
• σ[i 7→ I] ∈ DJi :: ι,∆K and σ[i 7→ I]ε = S since i 6∈ FV (ε).

• |= σ[i 7→ I](Φ ∧ n .= i+ 1 ∧ α≤ i) since σn = I + 1 by e) and σα≤ I by Lemma 10.

• (m− f, θ[h 7→ vv′h, tl 7→ vv′tl]) ∈ GJσ[i 7→ I](Γ, h : �(τ), tl : (list [i]α τ)S)K, which holds
because
∗ (m−f, θ) ∈ GJσ[i 7→ I]ΓK = GJσΓK by Lemma 3 using (m, θ) ∈ GJΓK andm−f ≤ m,

and noting that i 6∈ FV (Γ)

∗ (m− f, vv′h) ∈ J�(σ[i 7→ I]τ)Kv by the assumption of e) and noting that i 6∈ FV (τ)

∗ (m−f, vv′tl) ∈ J(list [I](σ[i 7→I])α (σ[i 7→ I])τ)SKv by the assumption of e) and noting
that i 6∈ FV (τ, α)

Then, we get (m, θ[vv′h/h, vv′tl/tl]pe2q) ∈ Jστ ′Kσκ′ε , by noting that i, 6∈ FV (τ ′, κ′).
Unrolling this definition with the premise marked (??) and the definition f2 < m− f , we
get

f) 〈T2, θpe2q[vv′h/h, vv′tl/tl]〉 y vv′2, T
′
2, c
′
2

g) R(θpe2q[vv′h/h, vv′tl/tl]) ⇓ T ′2, f ′2 or, alternatively, R(θpe2q)[v′h/h, v′tl/tl] ⇓ T ′2, f ′2 since
by e) R(vv′h) = v′h and R(vv′tl) = v′tl

h) v2 = L(vv′2) ∧ V(T ′2) = v′2 = R(vv′2)
i) c′2 ≤ σκ′

j) (m− f − f2, vv′2) ∈ Jστ ′Kv

1. By a), e) and f)
〈T, θpeq〉 y cons(vv′h, vv′tl), T ′, c′

〈T2, θpe2q[vv′h/h, vv′tl/tl]〉 y vv′2, T
′
2, c
′
2 V(T ′2) = v′2

〈〈_, casecons(T, T1)〉, θpcaseL e of nil → e1 | cons(h, tl) → e2q〉 y
vv′2, 〈v′2, casecons(T ′, T ′2)〉, c′ + c′2

r-case-cons
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2. By b) and g)
R(θpeq) ⇓ T ′, f ′

V(T ′) = cons(v′h, v′tl) R(θpe2q)[v′h/h, v′tl/tl] ⇓ T ′2, f ′2 V(T ′2) = v′2

R(θpcaseL e of nil → e1 | cons(h, tl) → e2q) ⇓
〈v′2, casecons(T ′, T ′2)〉, f ′ + f ′2 + ccaseL(C,_)

case-cons

3. is immediate from h)

4. By d) and i) c′ + c′2 ≤ σ(κ+ κ′)

5. By downward-closure (Lemma 3) on j) using m− f − f2 − ccaseL(C,_) ≤ m− f − f2,
we get (m− f − f2 − ccaseL(C,_), vv′2) ≡ (m− f, vv′2) ∈ Jστ ′Kv

case 2. (m− f, vv′h) ∈ JστKv and (m− f, vv′tl) ∈ J(list [I]σα−1 στ)SKv
By IH 1 on e2 (the fourth premise of the typing rule) using
• σ[i 7→ I, β 7→ α− 1] ∈ DJi :: ι, β :: ι,∆K

• |= σ[i 7→ I, β 7→ α − 1](Φ ∧ n .= i + 1 ∧ α .= β + 1 ∧ β≤ i) since n = I + 1 by e) and
σα≤ I + 1 by Lemma 9.

• (m − f, θ[h 7→ vv′h, tl 7→ vv′tl]) ∈ GJσ[i 7→ I, β 7→ α − 1](Γ, h : τ, tl : (list [i]β τ)S)K,
which holds because
∗ (m − f, θ) ∈ GJσ[i 7→ I, β 7→ α − 1]ΓK = GJσΓK by Lemma 3 using (m, θ) ∈ GJΓK

and m− f ≤ m, and noting that i, β 6∈ FV (Γ)

∗ (m − f, vv′h) ∈ Jσ[i 7→ I, β 7→ α − 1]τKv by the assumption of e) and noting that
i, β 6∈ FV (τ)

∗ (m − f, vv′tl) ∈ J(list [I](σ[i 7→I,β 7→α−1])α−1 (σ[i 7→ I, β 7→ α − 1])τ)SKv by the as-
sumption of e) and noting that i, β 6∈ FV (τ, α)

Then, we get (m, θ[vv′h/h, vv′tl/tl]pe2q) ∈ Jστ ′Kσκ′ε , by noting that i, β 6∈ FV (τ ′, κ′).
Unrolling its definition the premise marked and the definition j2 = f2 < m− f , we get

f) 〈T2, θpe2q[vv′h/h, vv′tl/tl]〉 y vv′2, T
′
2, c
′
2

g) R(θpe2q[vv′h/h, vv′tl/tl]) ⇓ T ′2, f ′2 or, alternatively, R(θpe2q)[v′h/h, v′tl/tl] ⇓ T ′2, f ′2 since
R(vv′h) = v′h and R(vv′tl) = v′tl by e)

h) v2 = L(vv′2) ∧ V(T ′2) = v′2 = R(vv′2)
i) c′2 ≤ σκ′

j) (m− f − f2, vv′2) ∈ Jστ ′Kv

1. By a), e) and f)
〈T, θpeq〉 y T ′, c′

V(T ′) = cons(vv′h, vv′tl) 〈T2, θpe2q[vv′h/h, vv′tl/tl]〉 y vv′2, T
′
2, c
′
2 V(T ′2) = v′2

〈〈_, casecons(T, T1)〉, θpcaseL e of nil → e1 | cons(h, tl) → e2q〉 y
vv′2, 〈v′2, casecons(T ′, T ′2)〉, c′ + c′2

r-case-cons

2. By b) and g)
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R(θpeq) ⇓ T ′, f ′

V(T ′) = cons(v′h, v′tl) R(θpe2q)[v′h/h, v′tl/tl] ⇓ v′2, T ′2f ′2 V(T ′2) = v′2

R(θpcaseL e of nil → e1 | cons(h, tl) → e2q) ⇓
〈v′2, casecons(T ′, T ′2)〉, f ′ + f ′2 + ccase(C,_)

case-cons

3. follows immediately from h)

4. By d) and i) c′ + c′2 ≤ σ(κ+ κ′)

5. By downward-closure (Lemma 3) on j) using m− f − f2 − ccaseL(C,_) ≤ m− f − f2,
we get (m− f − f2 − ccaseL(C,_)vv′2) ∈ Jστ ′Kv

Case
∆; Φ; Γ `S e : τ1 | κ

∆; Φ; Γ `S inl e : (τ1 + τ2)S | κ
inl

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpinl eq) ∈ J(στ1 + στ2)SKκε .
Following the definition of J·K·ε, assume that

L(θpeq) ⇓ T, f (?) V(T ) = v

L(θpinl eq) ⇓ 〈inl v, inl T 〉, f + cinl()
inl

where f + cinl() < m

By IH on e, (m, θpeq) ∈ Jστ1Kσκε .
Unrolling this, using the premise marked ? with the definition f < m, we get

a) 〈T, θpeq〉 y vv′, T ′, c′

b) R(θpeq) ⇓ T ′, f ′

c) v = L(vv′) ∧ V(T ′) = v′ = R(vv′)
d) c′ ≤ σκ
e) (m− f, vv′) ∈ Jστ1Kv

Now, we can show:

1. By a),
〈T, θpeq〉 y vv, T ′, c′ V(T ′) = v′

〈〈_, inl T 〉, θpinl eq〉 y inl vv, 〈inl v′, inl T ′〉, c′
r-inl

2. By b),
R(θpeq) ⇓ T ′, f ′ V(T ′) = v′

R(θpinl eq) ⇓ 〈inl v′, inl T ′〉, f ′ + cinl()
inl

3. By c), inl v = L(inl vv′) ∧ inl v′ = R(inl vv′)

4. By d)

5. TS: (m− f − cinl(), inl vv′) ∈ J(στ1 + στ2)SKv.
By unrolling the definition, STS: (m − f − cinl(), vv′) ∈ Jστ1Kv. This follows by Lemma 3
using e) and m− f − cinl() ≤ m− f .
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Case
∆; Φ; f : (τ1

δ(κ)−−→ τ2)S, x : τ1,Γ `δ e : τ2 | κ

∆; Φ; Γ `S fix f(x). e : (τ1
δ(κ)−−→ τ2)S | 0

fix1

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpfix f(x). eq) ∈ J(στ1

δ(σκ)−−−→ στ2)SK0
ε.

STS: (m, θpfix f(x). eq) ∈ J(στ1
δ(σκ)−−−→ στ2)SKv by Lemma 5. Let F = θpfix f(x). eq.

There are two cases.

subcase 1: δ = S
We prove the more general statement
∀k ≤ m. (k, θpfix f(x). eq) ∈ J(στ1

S(σκ)−−−→ στ2)SKv by subinduction on k.

subsubcase 1: k = 0 is vacuous from the definition J·Kv at the function type.

subsubcase 2: k + 1 ≤ m
Assume, by the sub-IH, that (k, F ) ∈ J(στ1

S(σκ)−−−→ στ2)SKv (?)
STS: (k + 1, F ) ∈ J(στ1

S(σκ)−−−→ στ2)SKv
Following the definition, pick j < k + 1.
Assume that (j, vv) ∈ Jστ1Kv. Then, STS: (j, θpeq[F/f, vv/x]) ∈ Jστ2Kσκε (??).
Instantiate the IH 1 on the premise of the typing rule using:
(j, θ[f 7→ F, x 7→ vv]) ∈ GJσ(Γ, x : τ1, f : (τ1

S(σκ)−−−→ τ2)S)K, which holds because:

∗ (j, θ) ∈ GJσΓK by Lemma 3 using (m, θ) ∈ GJΓK and j ≤ m,

∗ (j, vv) ∈ Jστ1Kv

∗ (j, F ) ∈ J(στ1
S(κ)−−→ στ2)SKv by Lemma 3 on (?) and j ≤ k

We immediately get (j, θ[f 7→ F, x 7→ vv]peq) ∈ Jστ2Kσκε , which is same as (??).

subcase 2: δ = C
Remember that F = θpfix f(x). eq.

• STS 1: ∀k. (k,L(F )) ∈ Lστ1
C(σκ)−−−→ στ2Mv ∧ (k,R(F )) ∈ Lστ1

C(σκ)−−−→ στ2Mv.
Proof proceeds by sub-induction on k.

i. case k = 0 is vacuous from the definition of J·Kv at the function type with C body.

ii. case k + 1
Assume by sub-IH that
(k,L(F )) ∈ Lστ1

C(σκ)−−−→ στ2Mv(†) and (k,R(F )) ∈ Lστ1
C(σκ)−−−→ στ2Mv(††) hold.

STS: (k + 1,L(F )) ∈ Lστ1
C(σκ)−−−→ στ2Mv and (k + 1,R(F )) ∈ Lστ1

C(σκ)−−−→ στ2Mv
Pick j < k + 1 s.t. (j, v) ∈ Lστ1Mv(†††). Then,
STS1: (j,L(θpeq)[L(F )/f, v/x]) ∈ Lστ2Mσκε (♠)
STS2: (j,R(θpeq)[R(F )/f, v/x]) ∈ Lστ2Mσκε (♠♠)
We first show the first one.
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Instantiate the IH 2 on the premise of the typing rule using δ = C and (j,L(θ)peq[f 7→
L(F ), x 7→ v]) ∈ GLσΓ, x : στ1, f : (στ1

C(σκ)−−−→ στ2)SM, which holds because:

∗ (j,L(θ)) ∈ GLσΓM by instantiating Lemma 2 with j using (m, θ) ∈ GJσΓK,

∗ (j, v) ∈ Lστ1Mv by (†††)

∗ (j,L(F )) ∈ J(στ1
C(σκ)−−−→ στ2)SKv by Lemma 3 on (†) using j ≤ k

We immediately get (j,L(θ)[f 7→ L(F ), x 7→ v]L(peq)) ∈ Lστ2Mσκε , which is same as
(♠).
Instantiate the IH 2 on the premise of the typing rule using δ = C and (j,R(θ)peq[f 7→
R(F ), x 7→ v]) ∈ GLσΓ, x : στ1, f : (στ1

C(σκ)−−−→ στ2)SM, which holds because:

∗ (j,R(θ)) ∈ GLσΓM by instantiating Lemma 2 with j using (m, θ) ∈ GJσΓK,

∗ (j, v) ∈ Lστ1Mv by (†††)

∗ (j,R(F )) ∈ J(στ1
C(σκ)−−−→ στ2)SKv by Lemma 3 on (††) using j ≤ k

We immediately get (j,R(θ)[f 7→ R(F ), x 7→ v]R(peq)) ∈ Lστ2Mσκε , which is same
as (♠♠).

• STS 2: ∀j < m. ∀vv. (j, vv) ∈ Jστ1Kv ⇒ (j, peq[F/f ][vv/x]) ∈ Jστ2Kσκε
Proof by sub-induction on m.

i. case m = 0 is vacuous since there exists no positive j < 0.

ii. case m = m′ + 1
STS: ∀j < m′ + 1. ∀vv. (j, vv) ∈ Jστ1Kv ⇒ (j, θpeq[F/f ][vv/x]) ∈ Jστ2Kσκε .
There are two possible cases.

– j < m′

Then, by sub-IH, we know that ∀j < m′. ∀vv. (j, vv) ∈ Jστ1Kv ⇒ (j, θpeq[F/f ][vv/x]) ∈
Jτ2Kσκε . Since j < m′ < m′ + 1, we can immediately conclude.

– j = m′

Since j = m′ < m′ + 1, we assume that (m′, vv) ∈ Jστ1Kv(�).
STS: (m′, θpeq[F/f ][vv/x]) ∈ Jστ2Kσκε (��)
By IH 3 on the premise of the typing rule using (m′, θpeq[f 7→ F, x 7→ vv]) ∈
GJσΓ, x : στ1, f : (στ1

C(σκ)−−−→ στ2)SK, which holds because:

∗ (m′, θ) ∈ GJσΓK by instantiating Lemma 3 with m′ < m and (m, θ) ∈ GJσΓK

∗ (m′, vv) ∈ Jστ1Kv by (�)

∗ (m′, F ) ∈ J(στ1
C(σκ)−−−→ στ2)SKv since as shown in (STS 1) above, ∀k. (k, F ) ∈ Lστ1

C(σκ)−−−→
στ2Mv and by sub-IH, ∀j < m′. ∀vv. (j, vv) ∈ Jτ1Kv ⇒ (j, θpeq[F/f ][vv/x]) ∈
Jτ2Kκε .

We immediately get (m′, θ[f 7→ F, x 7→ vv]peq) ∈ Jστ2Kσκε , which is same as (��).

Case
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∆; Φ; Γ `S e1 : (τ1
δ(κ′)−−−→ τ2)µ | κ1 ∆; Φ; Γ `S e2 : τ1 | κ2

∆; Φ |= µ E τ2 ∆; Φ |= (ε t µ) ≤ δ κ = κ′ + κ1 + κ2 + (((ε t µ) .= C) ? capp(ε, µ) : 0)

∆; Φ; Γ `S e1 e2 : τ2 | κ
app

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpe1 e2q) ∈ Jστ2Kσκε .
Following the definition of J·K·ε, assume that

L(θpe1q) ⇓ T1, f1 (?) fix f(x). e = V(T1)
L(θpe2q) ⇓ T2, f2 (??) v2 = V(T2) e[v2/x, (fix f(x). e)/f ] ⇓ Tr, fr (???) vr = V(Tr)

L(θpe1 e2q) ⇓ 〈vr, app(T1, T2, Tr)〉, f1 + f2 + fr + capp(C,S)
app

where f = f1 + f2 + fr + capp(C, S) < m

By IH on e1, we get (m, θpe1q) ∈ J(στ1
δ(σκ′)−−−−→ στ2)µKσκ1

ε .
Unrolling its definition using the premise marked (?) and the definition f1 < f < m, we get

a) 〈T1, θpe1q〉 y vv′1, T
′
1, c
′
1

b) R(θpe1q) ⇓ T ′1, f ′1
c) fix f(x). e = L(vv′1) ∧ V(T ′1) = v′1 = R(vv′1)
d) c′1 ≤ σκ1

e) (m− f1, vv′1) ∈ J(στ1
δ(σκ′)−−−−→ στ2)µKv

By IH on e2 , we get (m, θpe2q) ∈ Jστ1Kσκ2
ε

Unrolling its definition, using the premise (??) and the definition f2 < f < m, we get

f) 〈T2, θpe2q〉 y vv′2, T
′
2, c
′
2

g) R(θpe2q) ⇓ T ′2, f ′2
h) v2 = L(vv′2) ∧ V(T ′2) = v′2 = R(vv′2)
i) c′2 ≤ σκ2

j) (m− f2, vv′2) ∈ Jστ1Kv

There are three cases for e).

subcase 1: µ = S and δ = S
By e), we have (m− f1, fix f(x). ee) ∈ J(στ1

S(σκ′)−−−−→ στ2)SKv (†) for some ee, such that by
c), v′1 = fix f(x). e′ for some e′ = R(ee).

Next, we unroll (†) with (m− f1 − f2 − capp(C, S), vv′2) ∈ Jστ1Kv (downward-closure with
Lemma 3 on j) since m− f1 − f2 − capp(C,S) < m− f2) using
m− f1 − f2 − capp(C,S) < m− f1, we get
(m− f1 − f2 − capp(C,S), ee[(fix f(x). ee)/f, vv′2/x]) ∈ Jστ2Kv.
Unrolling its definition with the premise (???), noting that
L(ee[(fix f(x). ee)/f, vv′2/x]) = e[v2/x, (fix f(x). e)/f ] from c) and h), and
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fr < m− f1 − f2 − fr − capp(C,S) since j < m, we get

k) 〈Tr, ee[(fix f(x). ee)/f, vv′2/x]〉 y vv′r, T
′
r, c
′
r

l) R(ee[(fix f(x). ee)/f, vv′2/x] = e′[(fix f(x). e′)/f, v′2/x]) ⇓ T ′r, f ′r
m) vr = L(vv′r) ∧ V(T ′r) = v′r = R(vv′r)
n) c′r ≤ σκ′

o) (m− f1 − f2 − fr − capp(C, S), vv′r) ∈ Jστ2Kv

1. By a), f) and k)
〈T1, θpe1q〉 y fix f(x).ee, T ′1, c′1

〈T2, θpe2q〉 y vv′2, T
′
2, c
′
2 〈Tr, ee[(fix f(x). ee)/f, vv′2/x]〉 y vv′r, T

′
r, c
′
r v′r = V(T ′r)

〈〈_, app(T1, T2, Tr)〉, θpe1 e2q〉 y vv′r, 〈v′r, app(T ′1, T ′2, T ′r)〉, c′1 + c′2 + c′r

r-app1

2. By b), g) and l)
R(θpe1q) ⇓ T ′1, f ′1 fix f(x). e′ = V(T ′1)

R(θpe2q) ⇓ T ′2, f ′2 v′2 = V(T ′2) e′[(fix f(x). e′)/f, v′2/x] ⇓ T ′r, f ′r v′r = V(T ′r)

R(θpe1 e2q) ⇓ 〈v′r, app(T ′1, T ′2, T ′r)〉, f ′1 + f ′2 + f ′r + capp(C, S)
app

3. follows immediately from m)

4. By d), i), n) c1 + c2 + cr ≤ σ(κ1 + κ2 + κ′)

5. Since j = f1 + f2 + fr + capp(C, S), by o), we get (m − j, vv′r) ∈ Jστ2Kv, noting that
m− j = m− f1 − f2 − fr − capp(C,S).

Then, we conclude this subcase by showing

subcase 2: µ = S and δ = C
The proof of this case is similar to the case where µ = ε = S, but we will show it for clarity.
By e), we know that (m− f1, fix f(x). ee) ∈ J(στ1

C(σκ′)−−−−→ στ2)SKv(†).
By j), we know that (m− f2, vv′2) ∈ Jστ1Kv(††).
Unrolling the second part of (†) with (m− f1 − f2 − capp(C, S), vv′2) ∈ Jστ1Kv (obtained
by Lemma 3 on (††) using m− f1 − f2 − capp(C,S) < m− f2), we get
(m− f1 − f2 − capp(C, S), ee[(fix f(x). ee)/f, vv′2/x]) ∈ Jστ2Kσκ

′
ε .

Unrolling its definition with the premise (???), noting that
L(ee[(fix f(x). ee)/f, vv′2/x]) = e[v2/x, (fix f(x). e)/f ] from c) and h), and
fr < m− f1 − f2 − capp(C, S) since f < m, we get

p) 〈Tr, ee[(fix f(x). ee)/f, vv′2/x]〉 y vv′r, T
′
r, c
′
r

q) R(ee[(fix f(x). ee)/f, vv′2/x] = e′[(fix f(x). e′)/f, v′2/x]) ⇓ T ′r, f ′r
r) vr = L(vv′r) ∧ V(T ′r) = v′r = R(vv′r)
s) c′r ≤ σκ′

t) (m− f1 − f2 − fr − capp(C,S), vv′r) ∈ Jστ2Kv

1. By a), f) and k)
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〈T1, θpe1q〉 y fix f(x).ee, T ′1, c′1
〈T2, θpe2q〉 y vv′2, T

′
2, c
′
2 〈Tr, ee[(fix f(x). ee)/f, vv′2/x]〉 y vv′r, T

′
r, c
′
r v′r = V(T ′r)

〈〈_, app(T1, T2, Tr)〉, θpe1 e2q〉 y vv′r, 〈v′r, app(T ′1, T ′2, T ′r)〉, c′1 + c′2 + c′r

r-app1

2. By b), g) and l)
R(θpe1q) ⇓ T ′1, f ′1 fix f(x). e′ = V(T ′1)

R(θpe2q) ⇓ T ′2, f ′2 v′2 = V(T ′2) e′[(fix f(x). e′)/f, v′2/x] ⇓ T ′r, f ′r v′r = V(T ′r)

R(θpe1 e2q) ⇓ 〈v′r, app(T ′1, T ′2, T ′r)〉, f ′1 + f ′2 + f ′r + capp(C, S)
app

3. follows immediately from m)

4. By d), i), n) c1 + c2 + cr ≤ σ(κ1 + κ2 + κ′)

5. Since f = f1 + f2 + fr + capp(C, S), by o), we get (m − f, vv′r) ∈ Jστ2Kv, noting that
m− f = m− f1 − f2 − fr − capp(C, S).

subcase 3: µ = C and δ = C
By e), we have (m− f1, vv′1) ∈ J(στ1

C(σκ′)−−−−→ στ2)CKv.
There are two cases.

• (m− f1, new(fix f(x). e, fix f(x). e′)) ∈ J(στ1
C(σκ′)−−−−→ στ2)CKv

By unrolling the first part of the definition, we have
∀k. (k, fix f(x). e) ∈ Lστ1

C(σκ′)−−−−→ στ2Mv (�) ∧ (k, fix f(x). e′) ∈ Lστ1
C(σκ′)−−−−→

στ2Mv (��).
By Lemma 2 on (m− f2, vv′2) ∈ Jστ1Kv obtained by j), we get
∀t. (t,L(vv′2)) ∈ Lστ1Mv (†) ∧ (t,R(vv′2)) ∈ Lστ1Mv (††).
Next, we instantiate (��) with step index σκ′ + 2, and (††) with step index σκ′ + 2 to
get the cost f ′r as follows:
Unroll (σκ′+ 2, fix f(x). e′) ∈ Lστ1

C(σκ′)−−−−→ στ2Mv with (σκ′+ 1,R(vv′2)) ∈ Lστ1Mv since
σκ′ + 1 < σκ′ + 2, to get (σκ′ + 1, e′[fix f(x). e′/f,R(vv′2)/x]) ∈ Lστ2Mσκ

′
ε .

Next, we unroll the definition of L·M·ε using σκ′ < σκ′ + 1 to obtain:
e′[fix f(x). e′/f,R(vv′2)/x] ⇓ T ′r, f ′r (♠) and v′r = V(T ′r).

The statement (��) will be re-instantiated again to get the full proof.
We proceed to the remaining statements to show:

1. By a), f) and (♠)
〈T1, θpe1q〉 y new(_, fix f(x). e′), T ′1, c′1

〈T2, θpe2q〉 y vv′2, T
′
2, c
′
2 e′[fix f(x). e′/f,R(vv′2)/x] ⇓ T ′r, f ′r v′r = V(T ′r)

〈〈vr, app(T1, T2, Tr)〉, θpe1 e2q〉 y
new(vr, v′r), 〈v′r, app(T ′1, T ′2, T ′r)〉, c′1 + c′2 + f ′r + capp(S,C)

r-app2

2. By b), g) and (♠)

46



R(θpe1q) ⇓ T ′1, f ′1 fix f(x). e′ = V(T ′1) R(θpe2q) ⇓ T ′2, f ′2
v′2 = V(T ′2) e′[(fix f(x). e′)/f, v′2/x] ⇓ T ′r, f ′r v′r = V(T ′r)

R(θpe1 e2q) ⇓ 〈v′r, app(T ′1, T ′2, T ′r)〉, f ′1 + f ′2 + f ′r + capp(C, S)
app

3. follows immediately: vr = L(new(vr, v′r)) and v′r = R(new(vr, v′r))

The statements 4. and 5. will be shown below.
We first show statement 5:
TS:(m− j, new(vr, v′r)) ∈ Jστ2Kv.
By using the premise |= C E τ2 of the typing judgment, τ2 = (A)C

STS: ∀k. (k, vr) ∈ Lστ2Mv ∧ (k, v′r) ∈ Lστ2Mv.
Pick some σκ′, then
STS1: (σκ′, vr) ∈ Lστ2Mv(♠♠).
STS2: (σκ′, v′r) ∈ Lστ2Mv(♠♠♠).
We first show the first one.
Next, we instantiate (�) with σκ′ + fr + 2 and (†) with σκ′ + fr + 1.
Then, we unroll (σκ′ + fr + 2, fix f(x). e) ∈ Lστ1

C(σκ′)−−−−→ στ2Mv with
(σκ′ + fr + 1,L(vv′2)) ∈ Lστ1Mv since σκ′ + fr + 1 < σκ′ + fr + 2 and we get:
(σκ′ + fr + 1, e[fix f(x). e/f,L(vv′2)/x]) ∈ Lστ2Mσκ

′
ε .

Unrolling the definition of L·M·ε using σκ′ < σκ′ + fr + 1, we obtain:

u) e[fix f(x). e/f,L(vv2)/x] ⇓ Tr, fr and vr = V(Tr)
v) (σκ′ + 1, vr) ∈ Lστ2Mv
w) fr < σκ′

Next, we instantiate (��) with σκ′ + f ′r + 2 and (††) with σκ′ + f ′r + 1. Note that at
this point, we know what f ′r is.
Then, we unroll (σκ′ + f ′r + 2, fix f(x). e′) ∈ Lστ1

C(σκ′)−−−−→ στ2Mv with
(σκ′ + f ′r + 1,R(vv′2)) ∈ Lστ1Mv since σκ′ + f ′r + 1 < σκ′ + f ′r + 2, we get:
(σκ′ + f ′r + 1, e′[fix f(x). e′/f,R(vv′2)/x]) ∈ Lστ2Mσκ

′
ε .

Unrolling the definition of L·M·ε with σκ′ < σκ′ + f ′r + 1, we obtain:

x) e′[fix f(x). e′/f,R(vv2)/x] ⇓ T ′r, f ′r and v′r = V(T ′r)
y) (σκ′ + 1, v′r) ∈ Lστ2Mv
z) f ′r < σκ′

Now, we can conclude the statement 5. by instantiating downward closure (Lemma 3)
on q), t) and σκ′ ≤ k + σκ′ to obtain (♠♠) and (♠♠♠).
The statement 4. follows by d), i) and z), c1 + c2 + fr + capp(S,C) ≤ σ(κ1 + κ2 + κ′) +
capp(S,C).

• (m− f1, vv′1) ∈ Jστ1
C(σκ′)−−−−→ στ2Kv.
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Proof of this subcase is same as the proof of the subcase with µ = S and δ = C.

Case
t :: S,∆; Φ; Γ `δ e : τ | κ

∆; Φ; Γ `S Λ. e : (∀t
δ(κ)
:: S. τ)S | 0

∀I

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpΛ. eq) ∈ J(∀t

δ(σκ)
:: S. στ)SK0

ε.
STS: (m, θpΛ. eq) ∈ J∀t

δ(σκ)
:: S. στKv by Lemma 5.

There are two cases:

subcase 1: δ = S
Assume that ` I :: S.
STS: (m, θpeq) ∈ Jστ{I/t}Kσκ{I/t}ε

This follows from the IH 1 instantiated with the substitution σ[t 7→ I] ∈ DJt :: S,∆K where
σ[t 7→ I]δ = S since t 6∈ FV (δ) and δ = S. Note that |= σ[t 7→ I]Φ is same as |= σΦ since
t 6∈ FV (Φ; Γ).

subcase 2: δ = C

• STS1: ∀k. (k,L(θpΛ. eq)) ∈ L(∀t
C(σκ)

:: S. στ)SMv ∧ (k,R(θpΛ. eq)) ∈ L(∀t
C(σκ)

::
S. στ)SMv
Pick some k and assume that ` I :: S, then
STS1: (k,L(θpeq)) ∈ Lστ [I/t]Mσκ[I/t]

ε (�)
STS2: (k,R(θpeq)) ∈ Lστ [I/t]Mσκ[I/t]

ε (��).
We first show the first one.
By IH 2 on the premise of the typing rule, instantiated with

– σ[t 7→ I] ∈ DJt :: S,∆K

– (k,L(θ)) ∈ GLΓM obtained by instantiating Lemma 2 on (m, θ) ∈ GJΓK with k. We
get (k,L(θ)(e)) ∈ Lσ[t 7→ I]τMσ[t7→I]κ

ε which is same as (�) since L(peq) = e

By IH 2 on the premise of the typing rule, instantiated with

– σ[t 7→ I] ∈ DJt :: S,∆K

– (k,R(θ)) ∈ GLΓM obtained by instantiating Lemma 2 on (m, θ) ∈ GJΓK with k. We
get (k,R(θ)(e)) ∈ Lσ[t 7→ I]τMσ[t7→I]κ

ε which is same as (��) since R(peq) = e

• STS2: ∀I. ` I :: S ⇒ (m, θpΛ. eq) ∈ Jτ [I/t]Kκ[I/t]
ε

Assume that ` I :: S, then STS: (m, ee) ∈ Jτ [I/t]Kκ[I/t]
ε .

This follows from the IH 3 instantiated with the substitution σ[t 7→ I] ∈ DJt :: S,∆K .
.

Case

∆; Φ; Γ `S e : (∀t
δ(κ′)

:: S. τ)µ | κe ∆ ` I :: S ∆; Φ |= µ E τ{I/t}
∆; Φ |= (ε t µ) ≤ δ κ = κe + κ′{I/t}+ (((ε t µ) .= C) ? ciApp(ε, µ) : 0)

∆; Φ; Γ `S e[] : τ{I/t} | κ
∀E

48



Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpe[]q) ∈ Jστ{σI/t}Kσκε
Following the definition of J·K·ε, assume that
L(θpeq) ⇓ T, fe (?) Λ. e′ = V(T ) e′ ⇓ Tr, fr (??) vr = V(Tr)

L(θpe[]q) ⇓ 〈vr, iApp(T, Tr)〉, fe + fr + ciApp(C,_)
iApp

where f = fe + fr + ciApp(C,_) < m

By IH on e, (m, θpeq) ∈ J(∀t
δ(σκ′)

:: S. στ)µKσκeε .
Unrolling this, using the premise marked ? with the definition fe < f < m, we get

a) 〈T, θpeq〉 y vv′, T ′, c′

b) R(θpeq) ⇓ T ′, f ′

c) Λ. e′ = L(vv′) ∧ V(T ′) = v′ = R(vv′)
d) c′ ≤ σκe
e) (m− fe, vv′) ∈ J(∀t

δ(σκ′)
:: S. στ)µKv

By Lemma 1, ` σI :: S (†).
There are 3 cases for e).

subcase 1: δ = S and µ = S
Then we have, (m− fe,Λ.ee) ∈ J(∀t

S(σκ′)
:: S. στ)SKv (�) for some ee.

Unrolling (�) with ` σI :: S (†), we get (m− fe, ee) ∈ Jστ{σI/t}Kσκ
′{σI/t}

ε .
Unrolling this with the premise marked (??) and defining fr < m− fe, we get

f) 〈Tr, ee〉 y vv′r, T
′
r, c
′
r

g) R(ee) ⇓ T ′r, f ′r
h) vr = L(vv′r) ∧ V(T ′r) = v′r = R(vv′r)
i) c′r ≤ σκ′{σI/t}
j) (m− fe − fr, vvr) ∈ Jστ{σI/t}Kv

1. By a) and f)
〈T, θpeq〉 y Λ.ee, T ′, c′ 〈Tr, ee〉 y vv′r, T

′
r, c
′
r V(T ′r) = v′r

〈〈_, iApp(T, Tr)〉, θpee[]q〉 y vv′r, 〈v′r, iApp(T ′, T ′r)〉, c′ + c′r

r-App1

2. By b) and g)
R(θpeq) ⇓ Λ. e′′, T ′f ′ e′′ ⇓ T ′r, f ′r V(T ′r) = v′r

R(θpe[]q) ⇓ 〈v′r, iApp(T ′, T ′r)〉, f ′ + f ′r + ciApp(C,_)
iApp

3. follows immediately from h)

4. By d) and i), c′ + c′r ≤ σκ+ σκ′{σI/t})

5. By Lemma 3 using j)

subcase 2: δ = C and µ = S
The proof of this case is very similar to the above case, we will show it for clarity.
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Then we have, (m− fe,Λ.ee) ∈ J(∀t
C(σκ′)

:: S. στ)SKv (�) for some ee.
Unrolling second part of (�) with ` σI :: S (†), we get (m− fe, ee) ∈ Jστ{σI/t}Kσκ

′{σI/t}
ε .

Unrolling this with the premise marked (??) and defining fr < m− fe, we get

k) 〈Tr, ee〉 y vv′r, T
′
r, c
′
r

l) R(ee) ⇓ T ′r, f ′r
m) vr = L(vv′r) ∧ V(T ′r) = v′r = R(vv′r)
n) c′r ≤ σκ′{σI/t}
o) (m− fe − fr, vvr) ∈ Jστ{σI/t}Kv

1. By a) and f)
〈T, θpeq〉 y Λ.ee, T ′, c′ 〈Tr, ee〉 y vv′r, T

′
r, c
′
r V(T ′r) = v′r

〈〈_, iApp(T, Tr)〉, θpee[]q〉 y vv′r, 〈v′r, iApp(T ′, T ′r)〉, c′ + c′r

r-App1

2. By b) and g)
R(θpeq) ⇓ Λ. e′′, T ′f ′ e′′ ⇓ T ′r, f ′r V(T ′r) = v′r

R(θpe[]q) ⇓ 〈v′r, iApp(T ′, T ′r)〉, f ′ + f ′r + ciApp(C,_)
iApp

3. follows immediately from h)

4. By d) and i), c′ + c′r ≤ σκ+ σκ′{σI/t})

5. By Lemma 3 using j)

subcase 3: δ = C and µ = C
Then by e) we have, (m− fe, vv′) ∈ J(∀t

C(σκ′)
:: S. στ)CKv.

There are two cases.

• (m− f, new(Λ. e,Λ. e′′)) ∈ J(∀t
C(σκ′)

:: S. στ)CKv.
By unrolling the definition, we have
∀k. (k,Λ. e) ∈ L∀t

C(σκ′)
:: S. στMv (�) ∧ (k,Λ. e′′) ∈ L∀t

C(σκ′)
:: S. στMv (��).

We first unroll (��).
Assume that k = σκ′ + 1. Then, we have (σκ′ + 1,Λ. e′′) ∈ L∀t

C(σκ′)
:: S. στMv.

Unrolling this with ` σI :: S (†), we get (σκ′ + 1, e′′) ∈ Lστ{σI/t}Mσκ
′{σI/t}

ε (♠).
By unrolling the definition of (♠) using σκ′ < σκ′ + 1, we get
e′′ ⇓ T ′r, f ′r (††) and v′r = V(T ′r).
The statement (��) will be unrolled again to get the full proof.
Then, we can show:

1. By a) and (††)
〈T, θpeq〉 y new(_,Λ. e′′), T ′, c′ e′′ ⇓ T ′r, f ′r v′r = V(T ′r)

〈〈vr, iApp(T, Tr)〉, θpee[]q〉 y new(vr, v′r), 〈v′r, iApp(T ′, T ′r)〉, c′ + f ′r + ciApp(S,C)
r-App2

2. By b) and (††)
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R(θpeq) ⇓ T ′, f ′ Λ. e′′ = V(T ′) e′′ ⇓ T ′r, f ′r v′r = V(T ′r)

R(θpe[]q) ⇓ 〈v′r, iApp(T ′, T ′r)〉, f ′ + f ′r + ciApp(C,_)
App

3. follows immediately: vr = L(new(vr, v′r)) and v′r = R(new(vr, v′r))

The statements 4. and 5. will be shown below.
We first show statement 5.
TS: (m− fe − fr − ciApp(C,_), new(vr, v′r)) ∈ Jστ{σI/t}Kv where by the premise
|= C E τ of the typing judgment, στ{σI/t} = (A)C for some type A.
Then,
TS: ∀k. (k, v′r) ∈ LAMv ∧ (k, v′r) ∈ LAMv.
Pick some k, then STS: (k, v′r) ∈ LAMv(†††).
Next, we instantiate (�) with σκ′ + f ′r + 1 and get:
(σκ′ + f ′r + 1,Λ. e′′) ∈ L∀t

C(σκ′)
:: S. στMv.

Unrolling with (†), we get : (σκ′ + f ′r + 1, e′′) ∈ Lστ{σI/t}Mσκ′ε .
Unrolling the definition of L·M·ε with σκ′ < σκ′ + f ′r + 1, we obtain:

p) e′′ ⇓ T ′r, f ′r
q) (σκ′ + 1, v′r) ∈ LAMv
r) f ′r < σκ′

Now, we can conclude the statement 5. by instantiating downward closure (Lemma 3)
on l) and σκ′ ≤ k + σκ′ to obtain (†††).
The statement 4. follows by d) and m), c′+ f ′r + ciApp(S,C) ≤ σ(κe + κ′) + ciApp(S,C).

• (m− f,Λ.ee) ∈ J∀t
C(σκ′)

:: S. στKv
Proof of this subcase is similar to the proof of the subcase with δ = C and µ = S.

Case

∆; Φ; Γ `S e : (τ1 + τ2)µ | κe ∆; Φ; Γ, x : τ1 `εtµ e1 : τ | κ′

∆; Φ; Γ, y : τ2 `εtµ e2 : τ | κ′ |= µ E τ κ = κe + κ′ + ((µ .= C) ? ccase(S, µ) : 0)

∆; Φ; Γ `S case(e, x.e1, y.e2) : τ | κ
case

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpcase(e, x.e1, y.e2)q) ∈ JστKσκε
Following the definition of J·K·ε, there are two cases. We will only show the case where guard
evaluates to inl v, the other case is symmetric.

Assume that:
L(θpeq) ⇓ T, fe(?) inl v = V(T ) L(θpe1q)[v/x] ⇓ Tr, fr(??) vr = V(Tr)

L(θpcase(e, x.e1, y.e2)q) ⇓ 〈vr, caseinl(T, Tr)〉, fe + fr + ccase(C,_)
r-case-inl

where f = fe + fr + ccase(C,_) < m

By IH on e, (m, θpeq) ∈ J(στ1 + στ2)µKσκeε .
Unrolling this, using the premise marked ? with the definition fe < f < m, we get
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a) 〈T, θpeq〉 y vv′, T ′, c′

b) R(θpeq) ⇓ T ′, f ′

c) inl v = L(vv′) ∧ V(T ′) = v′ = R(vv′)
d) c′ ≤ σκe
e) (m− fe, vv′) ∈ J(στ1 + στ2)µKv

There are two cases for e).

subcase 1: µ = S
Then, we have (m− fe, inl vv) ∈ Jστ1 + στ2Kv and v′ = inl v′′ for some v′′.
By unrolling the definition, we get (m − fe, vv) ∈ Jστ1Kv (�). Next, we instantiate the IH
1 on the premise ∆; Φ; Γ, x : τ1 `εtµ e1 : τ | κ′ using ε t µ = S and (m − fe, θ[x 7→ vv]) ∈
GJσΓ, x : στ1K, which holds because

∗ (m− fe, θ) ∈ GJσΓK by Lemma 3 using (m, θ) ∈ GJσΓK and m− fe ≤ m,

∗ by e)

We get, (m− fe, θ[x 7→ vv]pe1q) ∈ JστKσκ′ε (��).
Then, by unrolling (��) with (??) where L(θ[x 7→ vv]pe1q) = L(θpe1q[v/x]) ( by c),
v = L(vv)) and fr < m− fe, we get

f) 〈T1, θ[x 7→ vv]peq〉 y vv′r, T
′
r, c
′
r

g) R(θ[x 7→ vv]peq) = R(θpe1q[v′′/x]) ⇓ T ′r, f ′r
h) vr = L(vv′) ∧ V(T ′r) = v′r = R(vv′)
i) c′ ≤ σκ′

j) (m− fe − fr, vv′r) ∈ JστKv

Then, we conclude this subcase by showing

1. By a), f) and h)
〈T1, θpeq〉 y inl vv, T ′, c′ 〈Tr, θpe1q[vv/x]〉 y vv′r, T

′
r, c
′
r

〈〈_, caseinl(T, Tr)〉, θpcase(e, x.e1, y.e2)q〉 y vv′r, 〈v′r, caseinl(T ′, T ′r)〉, c′ + c′r

r-case-inl1

2. By b), g) and h)
R(θpeq) ⇓ T ′, f ′ inl v′′ = V(T ′) R(θpe1q)[v′′/x] ⇓ T ′r, f ′r v′r = V(T ′r)

R(θpcase(e, x.e1, y.e2)q) ⇓ 〈v′r, caseinl(T ′, T ′r)〉, f ′ + f ′r + ccase(C,_)
r-case-inl

3. follows immediately from h)

4. By d) and i) and noting that µ = S, c′ + c′r ≤ σ(κe + κ′)

5. Since j = f +fr + ccase(C,_), we get (m−f, vv′r) ∈ JστKv by downward closure (Lemma
3) on j) and m− fe − fr − ccase(C,_) ≤ m− fe − fr.

subcase 2: µ = C
Then, we have (m− fe, vv′) ∈ J(στ1 + στ2)CKv
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There are three cases.

subsubcase 1: vv′ = new(inl v, inr v′′) s.t. ∀k. (k, inr v) ∈ Lστ1+στ2Mv and (k, inr v′′) ∈ Lστ1+στ2Mv.
By unrolling their definition, we have ∀k. (k, v) ∈ Lστ2Mv (�) and (k, v′′) ∈ Lστ2Mv (♠).
First we instantiate the IH 2 on the premise ∆; Φ; Γ, y : τ2 `εtµ e2 : τ | κ′ (��) using
ε t µ = C and (σκ′ + 1,R(θ)[y 7→ v′′]) ∈ GLσΓ, y : στ2M, which holds because

∗ (σκ′ + 1,R(θ)) ∈ GLΓM by instantiating ∀k.(k,R(θ)) ∈ GLΓM (obtained by Lemma 2
on (m, θ) ∈ GJΓK) with σκ′ + 1.

∗ (σκ′ + 1, v′′) ∈ Lστ2Mv obtained by instantiating (�) with σκ′ + 1

Then, we get (σκ′ + 1,R(θ)[y 7→ v′′]e2) ∈ LστMσκ′ε .
By unrolling the definition of L·M·ε using σκ′ < σκ′ + 1, we get R(θ)[y 7→ v′′]e2 ⇓ T ′r, f ′r
and v′r = V(T ′r) (††).
The statement (��) will be re-instantiated with IH2 again to get the full proof.
We proceed to the remaining statements to show:

1. By a) and (††),
〈T, θpeq〉 y new(inl v, inr v′′), T ′, c′ R(θpe2q)[v′′/y] ⇓ T ′r, f ′r v′r = V(T ′r)

〈〈vr, caseinl(T, Tr)〉, θpcase(e, x.e1, y.e2)q〉 y
new(vr, v′r), 〈v′r, caseinr(T ′, T ′r)〉, c′ + f ′r + ccase(S,C)

r-case-inr2

2. By b) and (†)
R(θpeq) ⇓ inr v′′, T ′f ′ R(θpe2q)[v′′/y] ⇓ v′r, T ′rf ′r

R(θpcase(e, x.e1, y.e2)q) ⇓ 〈v′r, caseinl(T ′, T ′r)〉, f ′ + f ′r + ccase(C,_)
r-inr

3. follows immediately: vr = L(new(vr, v′r)) and v′r = R(new(vr, v′r))

The statements 4. and 5. will be shown below.
We first show statement 5.
TS: (m− fe − fr − ccase(S,C), new(vr, v′r)) ∈ JστKv.
By using the premise |= C E τ of the typing judgment, we know that τ = (A)C,
STS: ∀k. (k, vr) ∈ LστMv and (k, v′r) ∈ LστMv.
Pick σκ′ as k, then
STS1: (σκ′, vr) ∈ LστMv
STS2: (σκ′, v′r) ∈ LστMv.
For the first, we instantiate the IH 2 on the premise (�) with step index σκ′ + fr + 1 to
obtain (σκ′ + fr + 1,L(θ)[y 7→ v]e2) ∈ LστMσκ′ε .
By unrolling the definition of L·M·ε using σκ′ < σκ′+fr +1, we get: (σκ′+1, vr) ∈ LστMv.
By instantiating downward closure (Lemma 3) with σκ′ ≤ σκ′+1, we get (σκ′, vr) ∈ LστMv.

Next, we re-instantiate the IH 2 on the premise (��) with step index σκ′ + f ′r + 1 to
obtain (σκ′ + f ′r + 1,R(θ)[y 7→ v′′]e2) ∈ LστMσκ′ε .
By unrolling the definition of L·M·ε with σκ′ < σκ′ + f ′r + 1, we get:
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k) f ′r ≤ σκ′

l) (σκ′ + 1, v′r) ∈ LστMv

Hence we conclude the statement 5. by instantiating downward closure (Lemma 3) on
l) using σκ′ ≤ σκ′ + 1.
The statement 4. follows by d) and k), c′ + f ′r + ccase(S,C) ≤ σκe + σκ′ + ccase(S,C)

subsubcase 2: (m− fe, inl vv) ∈ Jστ1 + στ2Kv and v′ = inl v′′ for some v′′.
By unrolling the definition, we get (m − fe, vv) ∈ Jστ1Kv (�). Next, we instantiate the
IH 3 on the premise ∆; Φ; Γ, x : τ1 `εtµ e1 : τ | κ′ using ε t µ = C and (m − fe, θ[x 7→
vv]) ∈ GJσΓ, x : στ1K, which holds because

∗ (m− fe, θ) ∈ GJσΓK by Lemma 3 using (m, θ) ∈ GJσΓK and m− fe ≤ m,

∗ by (�)

we have (m− fe, θ[x 7→ vv]pe1q) ∈ JστKσκ′ε (��).
The rest of the proof follows the structure of the subcase where µ = S.

subsubcase 3: vv′ = new(inl v, inl v′′)
The proof of this case is symmetric to the case where we have vv′ = new(inl v, inr v′′).

Case
∆; Φ; Γ `S e : τ{I/t} | κ ∆ ` I :: S

∆; Φ; Γ `S pack e : (∃t::S. τ)S | κ
∃I

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θppack eq) ∈ J(∃t::S. στ)SKσκε .
Following the definition of J·K·ε, assume that

L(θpeq) ⇓ T, fe(?) v = V(T )

L(θppack eq) ⇓ 〈pack v, pack T 〉, fe + cpack()
pack

where f = fe + cpack() < m.

By Lemma 1, ` σI :: S (†).
By IH 1 on the first premise, we get (m, θpeq) ∈ Jστ{σI/t}Kσκ′ε .
By unfolding its definition using (?) with the definition fe ≤ f < m, we get

a) 〈T, θpeq〉 y vv′, T ′, c′

b) R(θpeq) ⇓ T ′, f ′

c) v = L(vv′) ∧ V(T ′) = v′ = R(vv′)
d) c′ ≤ σκ
e) (m− fe, vv′) ∈ Jστ{σI/t}Kv
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Then, we can conclude as follows:

1. By a)
〈T, θpeq〉 y vv′, T ′, c′ V(T ′) = v′

〈〈_, pack T 〉, θppack eq〉 y pack vv′, 〈pack v′, pack T ′〉, c′
r-pack

2. By b)
R(θpeq) ⇓ T ′, f ′ V(T ′) = v′

R(θppack eq) ⇓ 〈pack v′, pack T ′〉, f ′ + cpack()
pack

3. By c), we can conclude that pack v = L(pack vv′) ∧ pack v′ = R(pack vv′)

4. follows by d)

5. TS: (m− f − cpack(), pack vv′) ∈ J(∃t::S. στ)SKv.
We know (†). RTS: (m− f − cpack(), vv′) ∈ Jστ{σI/t}Kv. This follows by applying Lemma 3
to e) using m− f − cpack() ≤ m− f .

Case

∆; Φ; Γ `S e : (∃t::S. τ)µ | κe t :: S,∆; Φ;x : τ,Γ `µ e′ : τ ′ | κ′

|= µ E τ ′ t 6∈ FV (Φ; Γ, τ ′, κ′) κ = κe + κ′ + (((ε t µ) .= C) ? cunpack(ε, µ) : 0)

∆; Φ; Γ `S unpack e as x in e′ : τ ′ | κ
∃E

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpunpack e as x in e′µq) ∈ Jτ ′Kσκε .
Following the definition of J·K·ε, assume that
L(θpeq) ⇓ T, fe(?) V(T ) = pack v L(θpe′q[v/x]) ⇓ Tr, fr(??) V(Tr) = vr

L(θpunpack e as x in e′q) ⇓ 〈vr, unpack(T, x, Tr)〉, fe + fr + cunpack(C, S)
unpack

where f = fe + fr + cunpack(C,S) < m By IH 1 on the first premise, we get
(m, θpeq) ∈ J(∃t::S. στ)µKσκeε .
By unfolding its definition using (?) with the definition fe ≤ f < m, we get

a) 〈T, θpeq〉 y vv′, T ′, c′

b) R(θpeq) ⇓ T ′, f ′

c) v = L(vv′) ∧ V(T ′) = v′ = R(vv′)
d) c′ ≤ σκ
e) (m− fe, vv′) ∈ J(∃t::S. στ)µKv

There are two cases:

subcase 1: µ = S
We have (m− fe, pack vv′′) ∈ J(∃t::S. στ)SKv.
By unrolling its definition, we get ` I :: S (†) and (m− fe, vv′′) ∈ Jστ{I/t}Kv (††).
By IH 1 on the second premise using

• σ[t 7→ I] ∈ DJt :: S,∆K using (†)
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• (m− fe, θ[x 7→ vv′′]),∈ GJσ[t 7→ I](Γ, x : τ)K, which holds because

∗ (m−fe, θ) ∈ GJσ[t 7→ I]ΓK = GJσΓK by Lemma 3 using (m, θ) ∈ GJΓK and m−fe ≤
m, and noting that t 6∈ FV (Γ)

∗ (m− fe, vv′′) ∈ Jσ[t 7→ I]τKv by (††)

we get (m− fe, θ[x 7→ vv′′]pe′q) ∈ Jσ[t 7→ I]τ ′Kσ[t7→I]κ′
ε = Jστ ′Kσκ′ε = since

t 6∈ FV (Φ; Γ, τ ′, κ′).
By unrolling its definition using (??) with fr < m− fe, we get

f) 〈Tr, θ[x 7→ vv′′]pe′q〉 y vv′r, T
′
r, c
′
r

g) R([x 7→ vv′′]pe′q) ⇓ T ′r, f ′r
h) vr = L(vv′r) ∧ V(T ′r) = v′r = R(vv′r)
i) c′ ≤ σκ′

j) (m− fe − fr, vv′r) ∈ Jστ ′Kv

We can conclude

1. By a) and f)
〈T, θpeq〉 y pack vv′′, T ′, c′ 〈Tr, θpe′q[vv′′/x]〉 y vv′r, T

′
r, c
′
r V(T ′r) = v′r

〈〈_, unpack(T, x, Tr)〉, θpunpack e as x in e′q〉 y vv′r,

〈v′r, unpack(T ′, x, T ′r)〉, c′ + c′r

r-unpack1

2. By b) and g)
R(θpeq) ⇓ T ′, f ′(?) V(T ′) = pack v′′ R(θpe′q[v′′/x]) ⇓ T ′r, f ′r(??) V(T ′r) = v′r

R(θpunpack e as x in e′µq) ⇓ vr, 〈vr, unpack(T ′, x, T ′r)〉f ′ + f ′r + cunpack(C, S)
un-

pack

3. follows by h)

4. By d) and c), we get c′ + c′r ≤ σ(κ+ κ′)

5. By Lemma 3 on j), we get (m− fe, vv′r) ∈ Jστ ′Kv

subcase 2: µ = C
We have (m− fe, vv′) ∈ J(∃t::S. στ)CKv.
There are two cases for vv′

• vv′ = pack vv′′ s.t. (m− fe, pack vv′′) ∈ J(∃t::S. στ)CKv.
By unrolling its definition, we get ` I :: S (†) and (m− fe, vv′) ∈ Jστ{I/t}Kv (††).
By IH 1 on the second premise using

– σ[t 7→ I] ∈ DJt :: S,∆K using (†)

– (m− fe, θ[x 7→ vv′]),∈ GJσ[t 7→ I](Γ, x : τ)K, which holds because

∗ (m − fe, θ) ∈ GJσ[t 7→ I]ΓK = GJσΓK by Lemma 3 using (m, θ) ∈ GJΓK and
m− fe ≤ m, and noting that t 6∈ FV (Γ)

∗ (m− fe, vv′) ∈ Jσ[t 7→ I]τKv by (††)
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we get (m− fe, θ[x 7→ vv′]pe′q) ∈ Jσ[t 7→ I]τ ′Kσ[t7→I]κ′
ε = Jστ ′Kσκ′ε = since

t 6∈ FV (Φ; Γ, τ ′, κ′).
By unrolling its definition using (??) with fr < m− fe, we get

k) 〈Tr, θ[x 7→ vv′]pe′q〉 y vv′r, T
′
r, c
′
r

l) R([x 7→ vv′]pe′q) ⇓ T ′r, f ′r
m) vr = L(vv′r) ∧ V(T ′r) = v′r = R(vv′r)
n) c′ ≤ σκ′

o) (m− fe − fr, vv′r) ∈ Jστ ′Kv

We can conclude

1. By a) and f)
〈T, θpeq〉 y pack vv′, T ′, c′ 〈Tr, θpe′q[vv′/x]〉 y vv′r, T

′
r, c
′
r V(T ′r) = v′r

〈〈_, unpack(T, x, Tr)〉, θpunpack e as x in e′q〉 y vv′r,

〈v′r, unpack(T ′, x, T ′r)〉, c′ + c′r

r-unpack1

2. By b) and g)
R(θpeq) ⇓ pack v, Tf(?) R(θpe′q[v/x]) ⇓ vr, Trfr(??)

R(θpunpack e as x in e′µq) ⇓ vr, unpack(T, x, Tr)vrf + fr + 1
unpack

3. follows by h)

4. By d) and c), we get c′ + c′r ≤ σ(κ+ κ′)

5. By Lemma 3 on j), we get (m− j, vv′r) ∈ Jστ ′Kv

• vv′ = new(_, pack v′)
This proof case is also similar to the rules like case, app etc.

Case
∆; Φ |= C ∆; Φ ∧ C; Γ `S e : τ | κ

∆; Φ; Γ `S e : (C & τ)S | κ
c-andI

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpeq) ∈ J(σC & στ)SKσκε .
Following the definition of J·K·ε, assume that
L(θpeq) ⇓ T, f(?) and f < m

Φ |= σC (†).
By main assumption |= σΦ and using the premise ∆; Φ |= C, combined with Assumption 12,
we obtain |= σ(Φ ∧ C) (†).
By IH 1 on the second premise using (†), we get (m, θpeq) ∈ JστKσκε .
By unfolding its definition using (?) and f < m, we get

a) 〈T, θpeq〉 y vv′, T ′, c′

b) R(θpeq) ⇓ V(T ′) = v′, T ′f ′

c) v = L(vv′) ∧ v′ = R(vv′)
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d) c′ ≤ σκ
e) (m− f, vv′) ∈ JστKv

Then, we can conclude as follows:

1. follows immediately from a)

2. follows immediately from b)

3. follows immediately from c)

4. follows immediately from d)

5. TS: (m− f,vv′) ∈ J(C & τ)SKv.
This follows by |= σC (obtained by (†)), and e).

Case
∆; Φ; Γ `S e : τ | κ′ ∀x ∈ Γ ∆; Φ ∧ C |= Γ(x) v �(Γ(x)) ∆; Φ ∧ ¬C |= κ′≤κ

∆; Φ; Γ `S e : τ | κ
r-split

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpeq) ∈ JστKσκε .
Instead, we first show soundness of the following more general rule split and then derive r-split
rule using nochange and split rules.

∆; Φ ∧ C; Γ `S e : τ | κ ∆; Φ ∧ ¬C; Γ `S e : τ | κ

∆; Φ; Γ `S e : τ | κ
split

There are two cases:

subcase 1: |= σΦ ∧ C
Follows immediately by IH on the first premise.

subcase 2: |= σΦ ∧ ¬C
Follows immediately by IH on the second premise.

Next, we derive the r-split rule: assuming (?), (�) and (†), we obtain Γ `S e : τ | κ.
Since the contexts ∆; Φ stay same across derivations, we omit them for brevity.
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Γ `S e : τ | κ′(?)

C; Γ `S e : τ | κ′
constr-weak ∀x ∈ dom(Γ) C |= Γ(x) v �(Γ(x))(�)

C; Γ `S e : �(τ) | 0
nochange

C; Γ `S e : τ | κ
v

Γ `S e : τ | κ′(?)

¬C; Γ `S e : τ | κ′
weak ¬C |= κ′ ≤ κ(†)

¬C; Γ `S e : τ | κ
v

`S e : τ | κ
split

Case
∆; Φ; Γ `S e : τ | κ′ ∀x ∈ Γ ∆; Φ |= Γ(x) v �(Γ(x)) κ = ((ε = S ? 0 : κ′))

∆; Φ; Γ,Γ′ `S e : �(τ) | κ
nochange

Assume that (m, θ) ∈ GJσΓ, σΓ′K and |= σΦ. Note that ε = S, then σκ = 0.
Let θ = θ1 ∪ θ2 where (m, θ1) ∈ GJσΓK and (m, θ2) ∈ GJσΓ′K.
TS: (m, θpeq) ∈ J�(στ)K0

ε

STS: (m, θ1peq) ∈ J�(στ)K0
ε since e doesn’t have any free variables from Γ′.

Unrolling the definition of J·K·ε, assume that L(θpeq) ⇓ v, Tf (?) where f < m.
By IH on premise with θ1, we get (m, θ1peq) ∈ JστKσκε .
Unrolling this definition with (?), we get

a) 〈T, θ1peq〉 y vv′, T ′, c′

b) R(θ1peq) ⇓ T ′, f ′

c) v = L(vv′) ∧ V(T ′) = v′ = R(vv′)
d) c′ ≤ σκ
e) (m− f, vv′) ∈ JστKv

Then,

1. follows immediately from a)

2. follows immediately from b)

3. follows immediately from c)

4. c′ = 0 as shown in 5.

5. TS: (m− f, vv′) ∈ J�(στ)Kv.
Using e) and Lemma 8 , STS: stable(vv′).
From Lemma 7 and the premises of the typing rule, we get stable(θ1peq). Using Lemma 6
and a), we get stable(vv′) and c′ = 0.

59



Case

Υ(ζ) = ζ : (B1 · · ·Bn) κ′−→ B ∆; Φ; Γ `S e : (Bi)µi | κei

µ1 t · · · t µn = µ κ = (
n∑
i=1

κei) + κ′ + cprim(S, n, µ1, · · · , µn)

∆; Φ; Γ `S ζ (e1 · · · en) : (B)µ | κ
primApp

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpζ e1 · · · enq) ∈ JBKσκε
Assume that

L(θpeiq) ⇓ Ti, fi vi = V(Ti) ζ̂(vi · · · vn) = (fr, vr)

ζ L(θp(e1 · · · en)q) ⇓ 〈vr, primApp(T1 · · ·Tn, ζ)〉, (
n∑
i=1

fi) + fr + cprim(C, n,S, · · · , S)
primapp

Assume f = (
∑n
i=1 fi) + fr + cprim(C, n,S, · · · ,S) < m

By IH on ei, we get (m, θpeiq) ∈ J(Bi)µiK
σκei
ε .

Unrolling each of these with the corresponding premise (?i) and noting that fi ≤ f < m, we
get

a) 〈Ti, θpeiq〉 y vv′i, T
′
i , c
′
i

b) R(θpeq) ⇓ T ′i , f ′

c) v = L(vv′) ∧ V(T ′i ) = v′ = R(vv′)
d) c′i ≤ σκei
e) (m− fi, vv′i) ∈ J(Bi)µiKv

There are two cases depending on whether stable(θpζ e1 · · · enq) or not.

subcase 1: stable(θpζ e1 · · · enq)

1.
stable(θpζ e1 · · · enq)

〈〈vr, primApp(T, ζ)〉, θpζ e1 · · · enq〉 y pvrq, 〈vr, primApp(T, ζ)〉, 0
r-prim-s

2. Since stable(θpζ e1 · · · enq) , we also have stable(θpeiq). So, L(θpeiq) = R(θpeiq).
Hence, from the evaluation judgment for L(θpζ eiq), we get:

R(θpeiq) ⇓ Ti, f vi = V(Ti) ζ̂(vi · · · vn) = (fr, vr)

R(θpζ eq) ⇓ 〈vr, primApp(T, ζ)〉, (
n∑
i=1

fi) + fr + cprim(C, n,S, · · · , S)
primapp

3. vr = L(pvrq) ∧ vr = R(pvrq) by definition of p·q.

4. 0 ≤ (
∑n
i=1 fi) + fr + cprim(C, n,S, · · · ,S), trivially.

5. TS: (m− f, pvrq) ∈ J(B)µKv (†).
From Assumption 17, using (m − fi, vv′i) ∈ J(Bi)µiKv obtained by e), we derive that
(m−fi, merge(vr, vr)) ∈ J(B)µKv. Then, by instantiating Lemma 3 with m−f ≤ m−fi,
we get (†).

subcase 2: ¬stable(θpζ e1 · · · enq)
From Assumption 17 using ζ : (B1 · · ·Bn) κ′−→ B and (m− fi, vv′i) ∈ J(B)µiKv obtained by
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e), we derive that

f) ζ̂(R(vv′)) = (f ′r, v′r)
g) (m− fi, merge(vr, v′r)) ∈ J(B)µKv
h) f ′r ≤ κ

1. By c) and f),
〈Ti, θpeiq〉 y vv′i, T

′
i , c
′
i v′i = V(T ′i ) (f ′r, v′r) = ζ̂(v′i · · · v′n)

〈〈vr, primApp(T, ζ)〉, θpζ eq〉 y

merge(vr, v′r), 〈v′r, primApp(T ′, ζ)〉, (
n∑
i=1

c′i) + f ′r + cprim(S, n,C · · ·C)

r-prim

2. By using b), c) and f)
R(θpeiq) ⇓ T ′i , f ′i v′i = V(T ′i ) ζ̂(v′1 · · · v′n) = (f ′r, v′r)

R(θpζ eq) ⇓ 〈v′r, primApp(T ′, ζ)〉, (
n∑
i=1

f ′i) + f ′r + cprim(C, n,S, · · · , S)
primapp

3. follows immediately: vr = L(merge(vr, v′r)) and v′r = R(merge(vr, v′r))

4. From d) and h), (
∑n
i=1 c

′
i) + f ′r + cprim(S, n,C · · ·C) ≤ σκe + κ+ cprim(S, n, µ1, · · · , µn)

where µ1 t · · · t µn = C. So, the LHS and RHS cost functions will have the same

5. From g) we get (m− fi, merge(vr, v′r)) ∈ J(B)µKv ≡ J(B)CKv.
Then, by instantiating Lemma 3 withm−f ≤ m−fi, we get (m−f, merge(vr, v′r)) ∈ J(B)µKv.

Case
∆; Φ; Γ `S e : τ ′ | κ′ |= τ ′ v τ κ′ ≤ κ

∆; Φ; Γ `S e : τ | κ
v

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpeq) ∈ JστKσκε
Following the definition of J·K·ε, assume that L(θpeq) ⇓ T, f (?) where f < m.
By IH on premise, we get (m, θpeq) ∈ Jστ ′Kσκ′ε .
Unrolling this and using the assumption marked (?), we get

a) 〈T, θpeq〉 y vv′, T ′, c′

b) R(θpeq) ⇓ T ′, f ′

c) v = L(vv′) ∧ V(T ′) = v′ = R(vv′)
d) c′ ≤ σκ
e) (m− j, vv′) ∈ Jστ ′Kv

Then,

1. follows immediately from a)

2. follows immediately from b)

3. follows immediately from c)
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4. Applying Assumption 12 to ∆; Φ |= κ ≤ κ′ and the assumptions |= σΦ and σ ∈ DJ∆K, we
get σκ ≤ σκ′. Therefore, using d), c′ ≤ σκ ≤ σκ′.

5. Applying Lemma 11 using ∆; Φ |= τ v τ ′ and e), we get (m− f, vv′) ∈ JστKv ⊆ Jστ ′Kv.

Case
∆; Φ; f : �((τ1

δ(κ)−−→ τ2)S), x : τ1,Γ `δ e : τ2 | κ ∀x ∈ Γ ∆; Φ |= Γ(x) v �(Γ(x))

∆; Φ; Γ,Γ′ `S fix f(x). e : �((τ1
δ(κ)−−→ τ2)S) | 0

fix2

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
Let θ = θ1 ∪ θ2 where (m, θ1) ∈ GJσΓK and (m, θ2) ∈ GJσΓ′K.
TS: (m, θpfix f(x). eq) ∈ J�((στ1

δ(σκ)−−−→ στ2)S)K0
ε.

STS: (m, θ1pfix f(x). eq) ∈ J�((στ1
δ(σκ)−−−→ στ2)S)Kv by Lemma 5 and ∀z ∈ Γ′, z 6∈ FV (e).

Let F = θ1pfix f(x). eq.
There are two cases.

subcase 1: δ = S
We prove the more general statement ∀k ≤ m. (k,θpfix f(x). eq) ∈ J�((στ1

δ(σκ)−−−→
στ2)S)Kv by subinduction on k.

subsubcase 1: k = 0
Unfolding the definition of J·Kv at box type, and unrolling the definition of J·Kv at the
function type, we only need to show that stable(F ). This follows from Lemma 7 and
the assumption ∀y ∈ Γ. ∆; Φ |= Γ(y) v �(Γ(y)).

subsubcase 2: k + 1 ≤ m
Assume, by the sub-IH, that (k, F ) ∈ J�(στ1

S(σκ)−−−→ στ2)Kv, i.e. (k, F ) ∈ Jστ1
S(σκ)−−−→

στ2Kv(?) and stable(F ) (??).
STS: (k + 1, F ) ∈ J�(στ1

S(σκ)−−−→ στ2)Kv
STS: (k + 1, F ) ∈ Jστ1

S(σκ)−−−→ στ2Kv and stable(F ).
By (??), stable(F ).
Following the definition J·Kv, pick j < k + 1.
Assume that (j, vv) ∈ Jστ1Kv. Then, STS: (j, θ1peq[F/f, vv/x]) ∈ Jστ2Kσκε (???).
Instantiate the IH 1 on the premise of the typing rule using:
(j, θ1[f 7→ F, x 7→ vv]) ∈ GJσ(Γ, x : τ1, f : �(τ1

S(κ)−−→ τ2))K, which holds because:

∗ (j, θ1) ∈ GJσΓK by Lemma 3 using (m, θ1) ∈ GJΓK and j ≤ m,

∗ (j, vv) ∈ Jστ1Kv

∗ (j, F ) ∈ Jστ1
S(σκ)−−−→ στ2Kv by Lemma 3 on (?) and j ≤ k

We immediately get (j, θ1[f 7→ F, x 7→ vv]peq) ∈ Jστ2Kσκε , which is same as (???).

subcase 2: δ = C
By unrolling the definition, TS: (m, θ1pfix f(x). eq) ∈ Jστ1

C(κ)−−−→ στ2Kv and stable(F ).
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• STS1: ∀k. (k,L(F )) ∈ Lστ1
C(σκ)−−−→ στ2Mv and (k,R(F )) ∈ Lστ1

C(σκ)−−−→ στ2Mv and
stable(F ).
Proof proceeds by sub-induction on k.

i. case k = 0
Unrolling the definition of J·Kv at the function type, we only need to show that
stable(F ). This follows from Lemma 7 and the assumption ∀y ∈ Γ. ∆; Φ |=
Γ(y) v �(Γ(y)).

ii. case k + 1
Assume by sub-IH that (k,L(F )) ∈ Lστ1

C(σκ)−−−→ στ2Mv(†) and (k,R(F )) ∈ Lστ1
C(σκ)−−−→

στ2Mv(†) and stable(F ) (†††).
STS1: (k + 1,L(F )) ∈ Lστ1

C(σκ)−−−→ στ2Mv.
STS2: (k + 1,R(F )) ∈ Lστ1

C(σκ)−−−→ στ2Mv.
stable(F ) is immediately shown by (†††).
We first show the first statement.
Pick j < k+1 s.t. (j, v) ∈ Lστ1Mv. Then, STS: (j,L(θpeq)[L(F )/f, v/x]) ∈ Lτ2Mσκε (†††)
Instantiate the IH 2 on the premise of the typing rule using δ = C and (j,L(θ1)peq[f 7→
L(F ), x 7→ v]) ∈ GLΓ, x : τ1, f : (στ1

C(σκ)−−−→ στ2)SM, which holds because:

∗ (j,L(θ1)) ∈ GLσΓM by instantiating Lemma 2 with j using (m, θ1) ∈ GJΓK,

∗ (j, v) ∈ Lστ1Mv

∗ (j,L(F )) ∈ J(στ1
C(σκ)−−−→ στ2)SKv by Lemma 3 on (†) using j ≤ k

We immediately get (j,L(θ)[f 7→ L(F ), x 7→ v]L(peq)) ∈ Lστ2Mσκε .
Next, we show the second statement.
Pick j < k+1 s.t. (j, v) ∈ Lστ1Mv. Then, STS: (j,R(θpeq)[R(F )/f, v/x]) ∈ Lτ2Mσκε (†††)
Instantiate the IH 2 on the premise of the typing rule using δ = C and (j,R(θ1)peq[f 7→
R(F ), x 7→ v]) ∈ GLΓ, x : τ1, f : (στ1

C(σκ)−−−→ στ2)SM, which holds because:

∗ (j,R(θ1)) ∈ GLσΓM by instantiating Lemma 2 with j using (m, θ1) ∈ GJΓK,

∗ (j, v) ∈ Lστ1Mv

∗ (j,R(F )) ∈ J(στ1
C(σκ)−−−→ στ2)SKv by Lemma 3 on (†) using j ≤ k

We immediately get (j,R(θ)[f 7→ R(F ), x 7→ v]R(peq)) ∈ Lστ2Mσκε .

• STS 2: ∀j < m. ∀vv. (j, vv) ∈ Jτ1Kv ⇒ (j, peq[F/f ][vv/x]) ∈ Jτ2Kκε and stable(F )
Proof by sub-induction on m.

i. case m = 0 Since there exists no positive j < 0, we only need to show stable(f),
which follows from Lemma 7 and the assumption ∀y ∈ Γ. ∆; Φ |= Γ(y) v �(Γ(y)).

ii. case m = m′ + 1
STS: ∀j < m′+1. ∀vv. (j, vv) ∈ Jτ1Kv ⇒ (j, θpeq[F/f ][vv/x]) ∈ Jτ2Kκε and stable(F ).
There are two possible cases.
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– j < m′

Then, by sub-IH, we know that ∀j < m′. ∀vv. (j, vv) ∈ Jτ1Kv ⇒ (j, θpeq[F/f ][vv/x]) ∈
Jτ2Kκε and stable(F ). Since j < m′ < m′ + 1, we can immediately conclude.

– j = m′

Since j = m′ < m′ + 1, we assume that (m′, vv) ∈ Jτ1Kv(�).
STS: (m′, θpeq[F/f ][vv/x]) ∈ Jτ2Kκε (��)
By IH 3 on the premise of the typing rule using (m′, θ1peq[f 7→ F, x 7→ vv]) ∈
GJσΓ, x : τ1, f : �(στ1

C(σκ)−−−→ στ2)K, which holds because:

∗ (m′, θ1) ∈ GJσΓK by instantiating Lemma 3 with m′ < m and (m, θ1) ∈ GJσΓK

∗ (m′, vv) ∈ Jστ1Kv by (�)

∗ (m′, F ) ∈ J�(στ1
C(σκ)−−−→ στ2)Kv which is obtained as shown in (STS 1) above

We immediately get (m′, θ1[f 7→ F, x 7→ vv]peq) ∈ Jστ2Kσκε , which is same as (��).

Proof of statement (2):
Assume that σ ∈ DJ∆K.

Case
∆; Φ; Γ, x : τ `C x : τ | cvar()

var

Assume that (m,U) ∈ GLσΓ, x : στM and |= σΦ. Note that ε = C.
TS: (m,U(x)) ∈ LστMcvar()ε .
By Value Lemma (Lemma 5) and cost weakening, STS: (m,U(x)) ∈ LστMv.
This follows from the definition of (m,U) ∈ GLσΓ, x : στM.

Case
∆; Φ; Γ `C r : (real)S | creal()

real

Assume that (m,U) ∈ GLσΓM and |= σΦ. Note that ε = C.
TS: (m,U(r)) ∈ L(real)SMcreal()ε .
Assume that creal() < m. By unrolling the definition, we can immediately show:

1.
r ⇓ 〈r, r〉, creal()

r

2. (m− creal(), r) ∈ J(real)SKv

3. creal() ≤ creal()

Case
∆; Φ; Γ `C nil : (list [0]0 τ)S | cnil()

nil

Assume that (m,U) ∈ GLσΓM and |= σΦ.
Assume that cnil() < m. By unrolling the definition, we can immediately show:
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1.
nil ⇓ 〈nil, nil〉, cnil()

nil

2. (k − cnil(), nil) ∈ J(list [0]0 στ)SKv

3. cnil() < cnil()

Case
∆; Φ; Γ `C e1 : �(τ) | κ1 ∆; Φ; Γ `C e2 : (list [n]α τ)µ | κ2

∆; Φ; Γ `C cons(e1, e2) : (list [n+ 1]α τ)µ | κ1 + κ2 + ccons()
cons

Assume that (m,U) ∈ GLσΓM and |= σΦ.
TS: (m,U(cons(e1, e2))) ∈ L(list [σn+ 1]σα τ)µMσ(κ1+κ2)+ccons()

ε .
Following the definition of L·M·ε, assume that σ(κ1 + κ2) + ccons() < m. STS:

1. U(cons(e1, e2)) ⇓ 〈vr, Dr〉, fr

2. (m− fr, vr) ∈ L(list [σn+ 1]σα τ)µMv

3. fr ≤ σ(κ1 + κ2) + ccons().

By IH 2 on e1, we get (m,U(e1)) ∈ L�(στ)Mσκ1
ε . Unrolling its definition using σκ1 < m, we get

a) U(e1) ⇓ 〈v1, D1〉, f1

b) (m− f1, v1) ∈ L�(στ)Mv
c) f1 ≤ σκ1.

By IH 2 on e1, we get (m,U(e2)) ∈ L(list [σn]σα τ)µMσκ2
ε . Unrolling its definition using

σκ2 < m, we get

d) U(e2) ⇓ 〈v2, D2〉, f2

e) (m− f2, v2) ∈ L(list [σn]σα τ)µMv
f) f2 ≤ σκ2.

Then, we can conclude

1. Using a) and c) and Ti = 〈vi, Di〉
U(e1) ⇓ T1, f1 U(e2) ⇓ T2, f2

U(cons(e1, e2)) ⇓ 〈cons(v1, v2), cons(T1, T2)〉, f1 + f2 + ccons()
cons

2. Next, we apply Lemma 3 to b) and e) respectively, and obtain: (m−(f1+f2+ccons()), v1) ∈ LτMv
and (m− (f1 +f2 + ccons()), v2) ∈ L(list [σn]σα τ)µMv since m− (f1 +f2 + ccons()) ≤ m−fi.
Combining these two, we get (m−(f1+f2+ccons()), cons(v1, v2)) ∈ L(list [σn+ 1]σα τ)µMv.

3. By combining c) and f), we obtain f1 + f2 + ccons() ≤ σκ1 + σκ2 + ccons().
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Case
∆; Φ; Γ `ε e1 : τ | κ1 ∆; Φ; Γ `ε e2 : (list [n]α−1 τ)S | κ2 ∆; Φ |= α> 0

∆; Φ; Γ `ε cons(e1, e2) : (list [n+1]α τ)S | κ1 + κ2 + 1
cons2

Proof of this case is very similar to the case cons1 since the unary relation doesn’t take the
modes and number of allowed changes α into account.

Case

∆; Φ; Γ `C e : (list [n]α τ)µ | κe ∆; Φ ∧ n .= 0 ∧ α .= 0; Γ `C e1 : τ ′ | κ′

i :: ι,∆; Φ ∧ n .= i+ 1;h : �(τ), tl : list [i]α τ,Γ `C e2 : τ ′ | κ′

β :: ι, i :: ι,∆; Φ ∧ n .= i+ 1 ∧ α .= β + 1;h : τ, tl : list [i]β τ,Γ `C e2 : τ ′ | κ′

κ = κe + κ′ + ccaseL(C, µ)

∆; Φ; Γ `C caseL e of nil → e1 | cons(h, tl) → e2 : τ ′ | κ
caseL

Assume that (m,U) ∈ GLσΓM and |= σΦ.
TS: (m,U(caseL e of nil → e1 | cons(h, tl) → e2)) ∈ Lστ ′Mσκε .
Unrolling the definition of L·M·ε, assume that σ(κe + κ′) + ccaseL(C, µ) < m, STS:

1. U(caseL e of nil → e1 | cons(h, tl) → e2) ⇓ 〈vr, Dr〉, fr

2. (m− f, vr) ∈ Lστ ′Mv

3. fr ≤ σ(κe + κ′) + ccaseL(C, µ)

By IH 2 on e and unrolling its definition with σκe < m, we get

a) U(e) ⇓ 〈v,D〉, f
b) (m− fe, v) ∈ Llist [σn]σα τMv
c) f ≤ σκe

There are two cases for a)

subcase 1: We have

d) U(e) ⇓ 〈nil, D〉, f
e) (m− fe, nil) ∈ Llist [0]σα στMv

Then, by IH 2 on e1 using

• |= σΦ ∧ σn .= 0 ∧ σα .= 0 obtained by combining |= σΦ with |= σn
.= 0 and |= σα

.= 0
by e)

• (m,U) ∈ GLσΓM

and showing that σκ′ < m, we get

f) U(e1) ⇓ 〈v1, D1〉, f1

g) (m− f1, v1) ∈ Lστ ′Mv
h) f1 ≤ σκ′
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Then, we can conclude by showing

1. By d) and f)
U(e) ⇓ T, f V(T ) = nil U(e1) ⇓ T1, f1 V(T1) = v1

U(caseL e of nil → e1 | cons(h, tl) → e2) ⇓
〈v1, casenil(T, T1)〉, f + f1 + ccaseL(C,S)

case-nil

2. By applying Lemma 3 to g), we get (m − (f + f1 + ccaseL(C, S)), v1) ∈ Lστ ′Mv since
m− (f + f1 + ccaseL(C,S)) ≤ m− f1.

3. By combining c) and h), we also obtain f + f1 + ccaseL(C, S) ≤ σκe + σκ′+ ccaseL(C, µ).

subcase 2: We have

a) U(e) ⇓ 〈cons(v1, v2), cons(T1, T2)〉, f
b) (m− fe, cons(v1, v2)) ∈ Llist [I + 1]σα στMv
c) f ≤ σκe

There are two cases, bu since unary relation doesn’t take variations into account, we only
show one of these cases:
by IH 2 on e2 using

• σ[i 7→ I] ∈ DJi :: ι,∆K

• |= σ[i 7→ I](Φ ∧ n .= i+ 1) obtained by combining |= σΦ with |= σn
.= I + 1 by b)

• (m− fe,U [h 7→ v1, tl 7→ v2]) ∈ GLσ[i 7→ I](Γ, h : τ, tl 7→ list [i]_ τ)M by expanding b)

and assuming that σκ′ < m, we get

d) U(e2)[v1/h, v2/tl] ⇓ 〈vr, D′r〉, f2

e) (m− fe − f2, vr) ∈ Lστ ′Mv
f) f2 ≤ σκ′

Then, we can conclude by

1. By a) and c)
U(e) ⇓ 〈cons(v1, v2), cons(T1, T2)〉, f U(e2)[v1/h, v2/tl] ⇓ Tr, f2 vr = V(T )r

U(caseL e of nil → e1 | cons(h, tl) → e2) ⇓ vr.
〈vr, casecons(cons(T1, T2), Tr)〉, f + f2 + ccaseL(C, S)

case-cons

2. By d) we get (m− fe − f2 − ccaseL(C, S), vr) ∈ Lστ ′Mv.

3. By combining b) and d), we also obtain fe + f2 + ccaseL(C,S) ≤ σκe +σκ′+ ccaseL(C, µ).

Case
∆; Φ; Γ `C e : τ | κ ∀x ∈ Γ ∆; Φ |= Γ(x) v �(Γ(x))

∆; Φ; Γ,Γ′ `C e : �(τ) | κ
nochange

Assume that (m,U) ∈ GLσΓ, σΓ′M and |= σΦ.
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Let U = U1 ∪ U2 where (m,U1) ∈ GLσΓM and (m,U2) ∈ GLσΓ′M.
TS: (m,Ue) ∈ L�(στ)Mσκε
STS: (m,U1e) ∈ L�(στ)Mσκε since e doesn’t have any free variables from Γ′.
Assume that σκ < m

By IH 2 on the premise using this assumption, we get

a) Ue ⇓ 〈v,D〉, f
b) (m− f, v) ∈ LστMv
c) f ≤ σκ

Then we can conclude

1. By a)

2. By b), we get (m− f, v) ∈ L�(στ)Mv = LστMv

3. f ≤ σκ.

Case
∆; Φ; f : (τ1

δ(κ)−−→ τ2)S, x : τ1,Γ `δ e : τ2 | κ

∆; Φ; Γ `C fix f(x). e : (τ1
δ(κ)−−→ τ2)S | cfix()

fix1

Assume that (m,U) ∈ GJσΓK and |= σΦ.
TS: (m, fix f(x).Ue) ∈ L(στ1

δ(σκ)−−−→ στ2)SMcfix()
ε .

By unrolling the definition, assume that cfix() < m

We can immediately show 1st and 2nd:

1. fix f(x).Ue ⇓ 〈fix f(x).Ue, fix f(x).Ue〉, cfix() with fix evaluation rule

2. cfix() < cfix()

STS: (m− cfix(), fix f(x).Ue) ∈ L(στ1
δ(σκ)−−−→ στ2)SMv

Let F = fix f(x).Ue.
There are two cases.

subcase 1: δ = S
By definition, any function is in L(στ1

S(σκ)−−−→ στ2)SMv.

subcase 2: δ = C
We prove the more general statement
∀k ≤ m− cfix(). (k, fix f(x).Ue) ∈ L(στ1

C(σκ)−−−→ στ2)CMv by subinduction on k.

subsubcase 1: k = 0 is vacuous from the definition L·Mv at the function type.

subsubcase 2: k + 1 ≤ m− cfix()
Assume, by the sub-IH, that (k, F ) ∈ L(στ1

C(σκ)−−−→ στ2)SMv (?)
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STS: (k + 1, F ) ∈ L(στ1
C(σκ)−−−→ στ2)SMv

Following the definition, pick j < k + cfix().
Assume that (j, v) ∈ Lστ1Mv. Then, STS: (j,Ue[F/f, vv/x]) ∈ Lστ2Mσκε (??).
Instantiate the IH 2 on the premise of the typing rule using:
(j,U [f 7→ F, x 7→ vv]) ∈ GLσ(Γ, x : τ1, f : (τ1

C(σκ)−−−→ τ2)S)M, which holds because:

∗ (j,U) ∈ GLσΓM by Lemma 3 using (m,U) ∈ GLΓM and j ≤ m,

∗ (j, v) ∈ Lστ1Mv

∗ (j, F ) ∈ L(στ1
C(κ)−−−→ στ2)SMv by Lemma 3 on (?) and j ≤ k

We immediately get (j,U [f 7→ F, x 7→ vv]e) ∈ Lστ2Mσκε , which is same as (??).

Case

∆; Φ; Γ `C e1 : (τ1
C(κ′)−−−→ τ2)µ | κ1

∆; Φ; Γ `C e2 : τ1 | κ2 ∆; Φ |= µ E τ2 κ = κ′ + κ1 + κ2 + capp(C, µ)

∆; Φ; Γ `C e1 e2 : τ2 | κ
app

Assume that (m,U) ∈ GLσΓM and |= σΦ.
TS: (m,U(e1 e2)) ∈ Lτ2Mσκε .
Note that in the proof of this subcase, µ’s value doesn’t matter since L(A)µMv = LAMv.
Assume that σ(κ′ + κ1 + κ2) + capp(C, µ) < m

STS:

1. Ue1 Ue2 ⇓ 〈vr, D〉, f

2. (m− f, vr) ∈ Lστ2Mv

3. f ≤ σ(κ′ + κ1 + κ2) + capp(C, µ).

By IH on e1, we get (m,Ue1) ∈ L(στ1
C(σκ′)−−−−→ στ2)µMσκ1

ε .
Unrolling its definition using σκ1 < m, we get

a) R(Ue1) ⇓ 〈v1, D1〉, f1

b) (m− f1, fix f(x). e) ∈ L(στ1
C(σκ′)−−−−→ στ2)µMv

c) f1 ≤ σκ1

By IH on e2, we get (m,Ue2) ∈ Lστ1Mσκ2
ε .

Unrolling its definition using σκ2 < m, we get

d) R(Ue2) ⇓ 〈v2, D2〉, f2

e) (m− f2, v2) ∈ Lστ1Mv
f) f2 ≤ σκ2

Next, we unfold the definition of b) with m− f1 − f2 − capp(C,S) < m− f1 and
(m− f2 − f1 − capp(C,S), v2) ∈ Lστ1Mv (obtained by applying Lemma 3 to e) with
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m− f1 − f2 − capp(C,S) < m− f2), and we get
(m− f1 − f2 − capp(C,S), e[fix f(x). e/f, v/x]) ∈ Lστ2Mvσκ′.
To unroll its definition, we first need to show that σκ′ < m− f1 − f2 − capp(C,S) .
Or, σκ′ + f1 + f2 + capp(C,S) < m

Since σ(κ′ + κ1 + κ2) + capp(C, µ) < m (by main assumption)
STS : σκ′ + f1 + f2 + capp(C,S) < σ(κ′ + κ1 + κ2) + capp(C, µ) This can be obtained by c) and
f), f1 + f2 ≤ σκ1 + σκ2. Hence, we get

g) e[fix f(x). e/f, v/x] ⇓ 〈vr, Dr〉, fr
h) (m− f1 − f2 − fr − capp(C,S), vr) ∈ Lστ2Mv
i) fr ≤ σκ′

We can conclude the proof by

1. By a), d) and g)
Ue1 ⇓ T1, f1 fix f(x). e = V(T )

Ue2 ⇓ T2, f2 v2 = V(T2) e[v2/x, (fix f(x). e)/f ] ⇓ Tr, fr vr = V(Tr)

Ue1 Ue2 ⇓ 〈vr, app(T1, T2, Tr)〉, f1 + f2 + fr + capp(C,S)
app

2. By h) and noting that m− f = m− f1 − f2 − fr − capp(C, S), we get (m− f, vr) ∈ Lστ2Mv.

3. From c), f) and i), f1 + f2 + fr + capp(C, S) ≤ σ(κ1 + κ2 + κ′) + capp(C, µ)/
Note that capp(C, S) <= capp(C, µ)

Case

∆; Φ; Γ `C e : (τ1 + τ2)µ | κe ∆; Φ; Γ, x : τ1 `C e1 : τ | κ′

∆; Φ; Γ, y : τ2 `C e2 : τ | κ′ ∆; Φ |= µ E τ κ = κe + κ′ + ccase(C, µ)

∆; Φ; Γ `C case(e, x.e1, y.e2) : τ | κ
case

Assume that (m,U) ∈ GLσΓM and |= σΦ.
TS: (m,U(case(e, x.e1, y.e2))) ∈ LστMσκε
Following the definition of L·M·ε, assume that σ(κe + κ′) + ccase(C, µ) < m. STS:

1. U(case(e, x.e1, y.e2)) ⇓ 〈vr, D′r〉, f

2. (m− f, vr) ∈ LστMv

3. f ≤ σκ

By IH on e, (m,Ue) ∈ L(στ1 + στ2)µMσκeε .
Unrolling this using σκe < m, we get

a) Ue ⇓ 〈ve, De〉, fe
b) (m− fe, ve) ∈ L(στ1 + στ2)µMv
c) fe < σκe
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There are two cases for a). We only show the first case, ve = inl v, as the other one is similar.
Then, by c), we get (m− fe, v) ∈ Lστ1Mv(?). By IH on e1 using (m− fe,U [x 7→ v]) ∈ GLσΓ, x :
στ1M, which holds because

∗ (m− fe,U) ∈ GLσΓM by Lemma 3 using (m,U) ∈ GLσΓM and m− fe ≤ m,

∗ by (?)

hence we get (m− fe,U [x 7→ v]e1) ∈ LστMσκ′ε .
To unroll its definition we need to show σκ′ < m− fe
We know that by b) fe ≤ σκ′

hence we get σκe + fe ≤ σκ′+σκe ≤ σκe +σκe + ccase(C,S) < m. Hence we can unroll and get

d) U [x 7→ v]e1 ⇓ 〈vr, Dr〉, fe
e) (m− fe − fr, vr) ∈ LστMv
f) fr < σκ′

Then, we conclude by showing

1. By a) and d)
Ue ⇓ Te, fe inl v = V(Tr) Ue1[v/x] ⇓ Tr, fr vr = V(Tr)

U(case(e, x.e1, y.e2)) ⇓ 〈vr, caseinl(Te, Tr)〉, fe + fr + ccase(C,S)
r-case-inl

2. By Lemma 3 using e) and m − f = m − fe − fr − ccase(C,S) ≤ m − fe − fr, we get
(m− f, vr) ∈ LστMv

3. c) and f) we get fe + fr + ccase(C,S) ≤ σκe + σκ′ + ccase(C, µ)

Case

Υ(ζ) = ζ : (B1 · · ·Bn) κ′−→ B ∆; Φ; Γ `C e : (Bi)µi | κei

µ1 t · · · t µn = µ κ = (
n∑
i=1

κei) + κ′ + cprim(C, n, µ1, · · · , µn)

∆; Φ; Γ `C ζ (e1 · · · en) : (B)µ | κ
primApp

Assume that (m,U) ∈ GLσΓM and |= σΦ.
TS: (m,U(ζ (e1 · · · en))) ∈ LBMσκε
Following the definition of L·M·ε, assume that (

∑n
i=1 σκei) + κ′ + cprim(C, n, µ1, · · · , µn) < m.

STS:

1. U(ζ (e1 · · · en)) ⇓ 〈v,D〉, f

2. (m− f, v) ∈ LστMv

3. f ≤ σκ

By IH on each premise ei we get (m,Uei) ∈ L(Bi)µiM
σκei
ε .

By unrolling each with σκei < m, we get
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a) Uei ⇓ 〈vi, Di〉, fi
b) (m− fi, vi) ∈ L(Bi)µiMv
c) fi ≤ σκei

Then using assumption 18, we get

d) ζ̂(v1 · · · vn) = (fr, vr)
e) (m, vr) ∈ L(B)µMv
f) fr ≤ κ′

Now we can conclude

1. Using a) and d)
Uei ⇓ Ti, fi vi = V(Ti) ζ̂(v1 · · · vn) = (fr, vr)

ζ (Ue1 · · · Uen) ⇓ 〈vr, primApp(T1 · · ·Tn, ζ)〉, (
n∑
i=1

fi) + fr + cprim(C, n,S, · · · , S)
primapp

2. By Lemma 3 using e) and m − f = m − (
∑n
i=1 fi) − fr − cprim(C, n,S, · · · , S) ≤ m, we get

(m− f, vr) ∈ LBMv

3. By c) and f) (
∑n
i=1 fi)+fr+cprim(C, n,S, · · · , S) ≤ (

∑n
i=1 σκei)+κ′+cprim(C, n, µ1, · · · , µn)

Proof of statement (3):
Assume that σ ∈ DJ∆K.

Case
∆; Φ; f : (τ1

δ(κ)−−→ τ2)S, x : τ1,Γ `δ e : τ2 | κ

∆; Φ; Γ `C fix f(x). e : (τ1
δ(κ)−−→ τ2)S | cfix()

fix1

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpfix f(x). eq) ∈ L(στ1

δ(σκ)−−−→ στ2)SMcfix()
ε .

By unfolding the definition using fix evaluation rule which takes cfix() step,
STS: (m− cfix(), θpfix f(x). eq) ∈ J(στ1

δ(σκ)−−−→ στ2)SKv. Let F = θpfix f(x). eq.
There are two cases.

subcase 1: δ = S
We prove the more general statement
∀k ≤ m− cfix(). (k, θpfix f(x). eq) ∈ J(στ1

S(σκ)−−−→ στ2)SKv by subinduction on k.

subsubcase 1: k = 0 is vacuous from the definition J·Kv at the function type.

subsubcase 2: k + 1 ≤ m− cfix()
Assume, by the sub-IH, that (k, F ) ∈ J(στ1

S(σκ)−−−→ στ2)SKv (?)
STS: (k + 1, F ) ∈ J(στ1

S(σκ)−−−→ στ2)SKv
Following the definition, pick j < k + 1.
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Assume that (j, vv) ∈ Jστ1Kv. Then, STS: (j, θpeq[F/f, vv/x]) ∈ Jστ2Kσκε (??).
Instantiate the IH 1 on the premise of the typing rule using:
(j, θ[f 7→ F, x 7→ vv]) ∈ GJσ(Γ, x : τ1, f : (τ1

S(σκ)−−−→ τ2)S)K, which holds because:

∗ (j, θ) ∈ GJσΓK by Lemma 3 using (m, θ) ∈ GJΓK and j ≤ m,

∗ (j, vv) ∈ Jστ1Kv

∗ (j, F ) ∈ J(στ1
S(κ)−−→ στ2)SKv by Lemma 3 on (?) and j ≤ k

We immediately get (j, θ[f 7→ F, x 7→ vv]peq) ∈ Jστ2Kσκε , which is same as (??).

subcase 2: δ = C
Proof of this case is very similar to the one in the S typing judgment.

Theorem 20 (Fundamental theorem for bi-values and bi-expressions)
The following hold.

1. If ∆; Φ; Γ `ε vv� τ and σ ∈ DJ∆K and (m, θ) ∈ GJσΓK and |= σΦ, then (m, θ(vv)) ∈ JστKv

2. If ∆; Φ; Γ `ε vv� τ and σ ∈ DJ∆K and (k,U) ∈ GLσΓM and |= σΦ, then (k,U(L(vv))) ∈ LστMv
and (k,U(R(vv))) ∈ LστMv.

3. If ∆; Φ; Γ `S ee� τ | κ and σ ∈ DJ∆K and (m, θ) ∈ GJσΓK and |= σΦ, then (m, θ(ee)) ∈ JστKσκε .

4. If ∆; Φ; Γ `C ee� τ | κ and σ ∈ DJ∆K and (k,U) ∈ GLσΓM and |= σΦ, then (k,U(L(ee))) ∈ LστMσκε
and (k,U(R(ee))) ∈ LστMσκε .

5. If ∆; Φ; Γ `C ee� τ | κ and σ ∈ DJ∆K and (m, θ) ∈ GJσΓK and |= σΦ, then (m, θ(ee)) ∈ JστKσκε .

Proof. All the statements are proved by simultaneous induction on bi-value and bi-expression
typing. We show select cases of the proofs. In these proofs, the numbers 1–5 represent the
corresponding clauses in the definition of JτKκε .

Proof of statement (1):
Assume that σ ∈ DJ∆K and |= σΦ.

Case
∆; Φ; Γ `ε keep(r)� (real)S

keep-r

TS: (m, θ keep(r)) ∈ J(real)SKv.
This follows from the definition of J(real)SKv.

Case
∆; Φ; · `C v : τ | κ ∆; Φ; · `C v′ : τ | κ′ |= C E τ

∆; Φ; Γ `ε new(v, v′)� τ
new

TS: (m, θ new(v, v′)) ∈ JστKv.
Since |= C E τ and v, v′ are values, STS: ∀k.(k, v) ∈ LστMv(?) ∧ (k, v′) ∈ LστMv(??).
Pick k as max(σκ, σκ′) + 1.
We know that (max(σκ, σκ′) + 1, ∅) ∈ GL·M.
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By the (Fundamental) Theorem 19 (2nd clause) on the first premise, we get
(max(σκ, σκ′) + 1, v) ∈ LστMκε .
By unfolding its definition using σκ < max(σκ, σκ′) + 1, we get

a) v ⇓ 〈v, v〉, 0
b) (max(σκ, σκ′) + 1, v) ∈ LστMv

Similarly, by Theorem 19 (2nd clause) on the second premise, we get
(max(κ, κ′) + 1, v′) ∈ LστMκε .
By unfolding its definition using σκ′ < max(σκ, σκ′) + 1, we get

c) v′ ⇓ 〈v′, v′〉, 0
d) (max(σκ, σκ′) + 1, v′) ∈ LστMv

b) and d) complete the proof.

Case
∆; Φ;x : τ1, f : (τ1

δ(κ)−−→ τ2)S,Γ `δ ee� τ2 | κ

∆; Φ; Γ `ε fix f(x). ee� (τ1
δ(κ)−−→ τ2)S

fix1

Assume that (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θ(fix f(x). ee)) ∈ J(στ1

δ(σκ)−−−→ στ2)SKv.
Let F = θ(fix f(x). ee).
There are two cases.

subcase 1: δ = S
We prove the more general statement
∀k ≤ m. (k, fix f(x). θ(ee)) ∈ J(στ1

δ(σκ)−−−→ στ2)SKv by subinduction on k.

subsubcase 1: k = 0 is vacuous from the definition J·Kv at the function type.

subsubcase 2: k + 1 ≤ m
Assume, by the sub-IH, that (k, F ) ∈ J(στ1

S(σκ)−−−→ στ2)SKv (?)
STS: (k + 1, F ) ∈ J(στ1

S(σκ)−−−→ στ2)SKv
Following the definition, pick j < k + 1.
Assume that (j, vv) ∈ Jστ1Kv. Then, STS: (j, θ(ee)[F/f, vv/x]) ∈ Jστ2Kσκε (??).
Instantiate the IH 2 on the premise of the typing rule using δ = S and
(j, θ[f 7→ F, x 7→ vv]) ∈ GJσ(Γ, x : τ1, f : (τ1

δ(κ)−−→ τ2)S)K, which holds because:

∗ (j, θ) ∈ GJσΓK by Lemma 3 using (m, θ) ∈ GJΓK and j ≤ m,

∗ (j, vv) ∈ Jστ1Kv

∗ (j, F ) ∈ J(στ1
S(κ)−−→ στ2)SKv by Lemma 3 on (?) and j ≤ k

We immediately get (j, θ[f 7→ F, x 7→ vv]ee) ∈ Jστ2Kσκε , which is same as (??).

74



subcase 2: σδ = C
There are two cases.

• STS: ∀v, j < m.(j, vv) ∈ Jστ1Kv ⇒ (j, θee[F/f, vv/x]) ∈ Lστ2Mσκε
Proof by sub-induction on m.

i. case m = 0 is vacuous since there exists no positive j < 0.

ii. case m = m′ + 1
STS: ∀j < m′ + 1. ∀vv. (j, vv) ∈ Jστ1Kv ⇒ (j, θee[F/f ][vv/x]) ∈ Jστ2Kσκε .
There are two possible cases.

– j < m′

Then, by sub-IH, we know that ∀j < m′. ∀vv. (j, vv) ∈ Jστ1Kv ⇒ (j, θee[F/f ][vv/x]) ∈
Jτ2Kσκε . Since j < m′ < m′ + 1, we can immediately conclude.

– j = m′

Since j = m′ < m′ + 1, we assume that (m′, vv) ∈ Jστ1Kv(�).
STS: (m′, θee[F/f ][vv/x]) ∈ Jστ2Kσκε (��)
By IH 5 on the premise of the typing rule using (m′, θee[f 7→ F, x 7→ vv]) ∈
GJσΓ, x : στ1, f : (στ1

C(σκ)−−−→ στ2)SK, which holds because:

∗ (m′, θ) ∈ GJσΓK by instantiating Lemma 3 with m′ < m and (m, θ) ∈ GJσΓK

∗ (m′, vv) ∈ Jστ1Kv by (�)

∗ (m′, F ) ∈ J(στ1
C(σκ)−−−→ στ2)SKv since as shown in (STS 1) above, ∀k. (k, F ) ∈ Lστ1

C(σκ)−−−→
στ2Mv and by sub-IH, ∀j < m′. ∀vv. (j, vv) ∈ Jτ1Kv ⇒ (j, θee[F/f ][vv/x]) ∈ Jτ2Kκε .

We immediately get (m′, θ[f 7→ F, x 7→ vv]ee) ∈ Jστ2Kσκε , which is same as (��).

• STS : ∀k. (k,L(F )) ∈ Lστ1
C(σκ)−−−→ στ2Mv and

(k,R(F )) ∈ Lστ1
C(σκ)−−−→ στ2Mv.

Proof proceeds by sub-induction on k.

i. case k = 0 is vacuous from the definition of J·Kv at the function type with C body.

ii. case k + 1
Assume by sub-IH that (k,L(F )) ∈ Lστ1

C(σκ)−−−→ στ2Mv(†) ∧ (k,R(F )) ∈ Lστ1
C(σκ)−−−→

στ2Mv(††).
STS: (k + 1,L(F )) ∈ Lστ1

C(σκ)−−−→ στ2Mv ∧ (k + 1,R(F )) ∈ Lστ1
C(σκ)−−−→ στ2Mv

Pick j < k + 1 s.t. (j, v) ∈ Lστ1Mv. Then,
STS1: (j,L(θee)[L(F )/f, v/x]) ∈ Lτ2Mσκε (�)
STS2: (j,R(θee)[R(F )/f, v/x]) ∈ Lτ2Mσκε (��)
We first show the first one.
Instantiate the IH 4 on the premise of the typing rule using δ = C and (j,L(θ)ee[f 7→
L(F ), x 7→ v]) ∈ GLΓ, x : τ1, f : (στ1

C(σκ)−−−→ στ2)SM, which holds because:

∗ (j,L(θ)) ∈ GLσΓM by instantiating Lemma 2 with j using (m, θ) ∈ GJΓK,

∗ (j, v) ∈ Lστ1Mv
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∗ (j,L(F )) ∈ J(στ1
C(σκ)−−−→ στ2)SKv by Lemma 3 on (†) using j ≤ k

We immediately get (j,L(θ)[f 7→ L(F ), x 7→ v]R(ee)) ∈ Lστ2Mσκε , which is same as
(�).
Instantiate the IH 4 on the premise of the typing rule using δ = C and (j,R(θ)ee[f 7→
R(F ), x 7→ v]) ∈ GLΓ, x : τ1, f : (στ1

C(σκ)−−−→ στ2)SM, which holds because:

∗ (j,R(θ)) ∈ GLσΓM by instantiating Lemma 2 with j using (m, θ) ∈ GJΓK,

∗ (j, v) ∈ Lστ1Mv

∗ (j,R(F )) ∈ J(στ1
C(σκ)−−−→ στ2)SKv by Lemma 3 on (††) using j ≤ k

We immediately get (j,R(θ)[f 7→ R(F ), x 7→ v]R(ee)) ∈ Lστ2Mσκε , which is same as
(��).

Case
∆; Φ; Γ `ε vv� τ ∀z ∈ Γ. ∆; Φ |= Γ(z) v �(Γ(z)) stable(vv)

∆; Φ; Γ,Γ′ `ε vv� �(τ)
nochange

Assume that σ ∈ DJ∆K and (m, θ) ∈ GJσΓ, σΓ′K and |= σΦ.
Let θ = θ1 ∪ θ2 where (m, θ1) ∈ GJσΓK and (m, θ2) ∈ GJσΓ′K.
TS: (m, θ(vv)) ∈ J�(στ)Kv.
STS: (m, θ1(vv)) ∈ JστKv and stable(θ1(vv)), since vv doesn’t have any free variables from Γ′.
By Lemma 7 on stable(vv) and ∀z ∈ Γ. ∆; Φ |= Γ(z) v �(Γ(z)), we get stable(θ1(vv)).
By IH on vv, we get (m, θ1(vv)) ∈ JστKv.

Case
∆; Φ; Γ `ε vv� τ ∆; Φ |= τ v τ ′

∆; Φ; Γ `ε vv� τ ′
v

Assume that σ ∈ DJ∆K and (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θvv) ∈ Jστ ′Kv.
By IH on the premise, (m, θ(vv)) ∈ JστKv.
By Lemma 11 (m, θ(vv)) ∈ Jστ ′Kv.

Proof of statement (2):
Assume that σ ∈ DJ∆K.

Case
∆; Φ; Γ `ε keep(r)� (real)S

keep-r

Assume that (m,U) ∈ GLσΓM and |= σΦ.
TS1: (m,U L(keep(r))) ∈ L(real)SMv.
TS2: (m,U R(keep(r))) ∈ L(real)SMv.
These follow from the definition of L(real)SMv.

Case
∆; Φ; · `C v : τ | κ ∆; Φ; · `C v′ : τ | κ′ ∆; Φ |= C E τ

∆; Φ; Γ `ε new(v, v′)� τ
new
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Assume that (m,U) ∈ GLσΓM and |= σΦ.
TS: (m,U L(new(v, v′))) ∈ LστMv and (m,U R(new(v, v′))) ∈ LστMv.
STS1: (m, v) ∈ LστMv(?).
STS2: (m, v′) ∈ LστMv(�).
By (Fundamental) Theorem 19 on the first and second premises with
(m+ max(σκ, σκ′) + 1, ∅) ∈ GL·M, we get
(m+ max(σκ, σκ′) + 1, v) ∈ LστMσκε and (m+ max(σκ, σκ′) + 1, v′) ∈ LστMσκ′ε .
Since σκ < m+ max(σκ, σκ′) + 1, we get

a) v ⇓ 〈v, v〉, 0
b) (m+ max(σκ, σκ′) + 1− 0, v) ∈ LστMv
c) 0 ≤ σκ

Since σκ′ < m+ max(σκ, σκ′) + 1.

d) v′ ⇓ 〈v′, v′〉, 0
e) (m+ max(σκ, σκ′) + 1− 0, v′) ∈ LστMv
f) 0 ≤ σκ′

(?) and (�) follow by Lemma 3 on b) and e) with m ≤ m+ max(σκ, σκ′) + 1.

Case
∆; Φ;x : τ1, f : (τ1

δ(κ)−−→ τ2)S,Γ `δ ee� τ2 | κ

∆; Φ; Γ `ε fix f(x). ee� (τ1
δ(κ)−−→ τ2)S

fix1

Assume that (m,U) ∈ GLσΓM and |= σΦ.
TS: (m,U(R(fix f(x). ee))) ∈ L(στ1

δ(σκ)−−−→ στ2)SMv.
STS: (m,U(R(fix f(x). ee))) ∈ Lστ1

δ(σκ)−−−→ στ2Mv.
Let F = U(R(fix f(x). ee)).
There are two cases.

subcase 1: δ = S
By definition, any function is in Lστ1

S(κ)−−→ στ2Mv

subcase 2: σδ = C
We show the more general statement ∀k. (k, F ) ∈ Lστ1

C(σκ)−−−→ στ2Mv.
Proof proceeds by sub-induction on k.

i. case k = 0 is vacuous from the definition of J·Kv at the function type with C body.

ii. case k + 1
Assume by sub-IH that (k, F ) ∈ Lστ1

C(σκ)−−−→ στ2Mv(†).
STS: (k + 1, F ) ∈ Lστ1

C(σκ)−−−→ στ2Mv
Pick j < k + 1 s.t. (j, v) ∈ Lστ1Mv. Then, STS: (j,U(R(ee))[F/f, v/x]) ∈ Lτ2Mσκε (††)
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Instantiate the IH 4 on the premise of the typing rule using δ = C and (j,U(R(ee))[f 7→
F, x 7→ v]) ∈ GLΓ, x : τ1, f : (στ1

C(σκ)−−−→ στ2)SM, which holds because:

∗ (j,U) ∈ GLσΓM by Lemma 3 on (m, θ) ∈ GJΓK using j ≤ k,

∗ (j, v) ∈ Lστ1Mv

∗ (j, F ) ∈ J(στ1
C(σκ)−−−→ στ2)SKv by Lemma 3 on (†) using j ≤ k

We immediately get (j,U [f 7→ F, x 7→ v]R(ee)) ∈ Lστ2Mσκε , which is same as (††).

Case
∆; Φ; Γ `ε vv� τ ∆; Φ |= τ v τ ′

∆; Φ; Γ `ε vv� τ ′
v

Assume that σ ∈ DJ∆K and (m,U) ∈ GLσΓM and |= σΦ.
TS: (m,U(R(vv))) ∈ Lστ ′Mv.
By IH 2 on the premise, (m,U(R(vv))) ∈ LστMv.
By Lemma 11 (m,U(R(vv))) ∈ Lστ ′Mv.

Proof of statement 3:
There is only one case:

Case
∆; Φ; Γ `S vvi � τi ∆; Φ;xi : τi,Γ `S e : τ | κ

∆; Φ; Γ `κS peq[vvi/xi]� τ
exp

Assume that σ ∈ DJ∆K and (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpeq[θ(vvi)/xi]) ∈ JστKσκε (∗).
By IH(1) on premise ∆; Φ; Γ `S vvi � τi, we get (m, θ(vvi)) ∈ JστiKv.
By (Fundamental) Theorem 19. on premise ∆; Φ;xi : τi,Γ `S e : τ | κ using

σ ∈ DJ∆K,

(m, θ[xi 7→ θ(vvi)]) ∈ GJxi : στi, σΓK (since (m, θ(vvi)) ∈ JστiKv and (m, θ) ∈ GJσΓK) and

|= σΦ,

we get (m, θ[xi 7→ θ(vvi)]ee) ∈ JστKσκε which is the same as (∗).

Proof of statement 4:
There is only one case:

Case
∆; Φ; Γ `C vvi � τi ∆; Φ;xi : τi,Γ `C e : τ | κ

∆; Φ; Γ `κC peq[vvi/xi]� τ
exp

Assume that σ ∈ DJ∆K and (m,U) ∈ GLσΓM and |= σΦ.
TS1: (m,UL(peq)[U(L(vvi))/xi]) ∈ LστMσκε (?).
TS2: (m,UR(peq)[U(R(vvi))/xi]) ∈ LστMσκε (??).
We first show the first statement.
By IH(1) on premise ∆; Φ; Γ `C vvi � τi, we get (m,U(L(vvi))) ∈ LστiMv.
By (Fundamental) Theorem 19. on premise ∆; Φ;xi : τi,Γ `C e : τ | κ using
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σ ∈ DJ∆K,

(m, θ[xi 7→ U(L(vvi))]) ∈ GLxi : στi, σΓM (since (m,U(L(vvi))) ∈ LστiMv and (m,U) ∈ GLσΓM)
and

|= σΦ,

we get (m,U [xi 7→ U(L(vvi))]e) ∈ LστMσκε which is the same as (?).

By IH(1) on premise ∆; Φ; Γ `C vvi � τi, we get (m,U(R(vvi))) ∈ LστiMv.
By (Fundamental) Theorem 19. on premise ∆; Φ;xi : τi,Γ `C e : τ | κ using

σ ∈ DJ∆K,

(m, θ[xi 7→ U(R(vvi))]) ∈ GLxi : στi, σΓM (since (m,U(R(vvi))) ∈ LστiMv and (m,U) ∈
GLσΓM) and

|= σΦ,

we get (m,U [xi 7→ U(R(vvi))]e) ∈ LστMσκε which is the same as (??).

Proof of statement 4:
There is only one case:

Case
∆; Φ; Γ `C vvi � τi ∆; Φ;xi : τi,Γ `C e : τ | κ

∆; Φ; Γ `κC peq[vvi/xi]� τ
exp

Assume that σ ∈ DJ∆K and (m,U) ∈ GLσΓM and |= σΦ.
TS1: (m,UL(peq)[U(L(vvi))/xi]) ∈ LστMσκε (?).
TS2: (m,UR(peq)[U(R(vvi))/xi]) ∈ LστMσκε (??).
We first show the first statement.
By IH(1) on premise ∆; Φ; Γ `C vvi � τi, we get (m,U(L(vvi))) ∈ LστiMv.
By (Fundamental) Theorem 19. on premise ∆; Φ;xi : τi,Γ `C e : τ | κ using

σ ∈ DJ∆K,

(m, θ[xi 7→ U(L(vvi))]) ∈ GLxi : στi, σΓM (since (m,U(L(vvi))) ∈ LστiMv and (m,U) ∈ GLσΓM)
and

|= σΦ,

we get (m,U [xi 7→ U(L(vvi))]e) ∈ LστMσκε which is the same as (?).

By IH(1) on premise ∆; Φ; Γ `C vvi � τi, we get (m,U(R(vvi))) ∈ LστiMv.
By (Fundamental) Theorem 19. on premise ∆; Φ;xi : τi,Γ `C e : τ | κ using

σ ∈ DJ∆K,

(m, θ[xi 7→ U(R(vvi))]) ∈ GLxi : στi, σΓM (since (m,U(R(vvi))) ∈ LστiMv and (m,U) ∈
GLσΓM) and
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|= σΦ,

we get (m,U [xi 7→ U(R(vvi))]e) ∈ LστMσκε which is the same as (??).

Proof of statement 5:
There is only one case:

Case
∆; Φ; Γ `C vvi � τi ∆; Φ;xi : τi,Γ `C e : τ | κ

∆; Φ; Γ `κC peq[vvi/xi]� τ
exp

Assume that σ ∈ DJ∆K and (m, θ) ∈ GJσΓK and |= σΦ.
TS: (m, θpeq[θ(vvi)/xi]) ∈ JστKσκε (∗).
By IH(1) on premise ∆; Φ; Γ `C vvi � τi, we get (m, θ(vvi)) ∈ JστiKv.
By (Fundamental) Theorem 19. on premise ∆; Φ;xi : τi,Γ `C e : τ | κ using

σ ∈ DJ∆K,

(m, θ[xi 7→ θ(vvi)]) ∈ GJxi : στi, σΓK (since (m, θ(vvi)) ∈ JστiKv and (m, θ) ∈ GJσΓK) and

|= σΦ,

we get (m, θ[xi 7→ θ(vvi)]ee) ∈ JστKσκε which is the same as (∗).

Corollary 21 (Type soundness for from-scratch execution)
Suppose that

x : τ `C e : τ ′ | κ

`C v : τ | –

Then the following hold for some v′, D and f :

1: e[v/x] ⇓ 〈v′, D〉, f

2: f ≤ κ.

Proof. Immediate from the fundamental theorem (Theorem 45) statement (2), choosing any
step index m greater than f .

Corollary 22 (Type soundness for change propagation)
Suppose:

x : τ `S e : τ ′ | κ

`S vv� τ

e[L(vv)/x] ⇓ T, f

Then, there exist T ′, c and vv′ such that

1: 〈T, peq[vv/x]〉 y vv′, T ′, c′

2: e[R(vv)/x] ⇓ T ′, f ′ and V(T ′) = R(vv′)
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3: c′ ≤ κ

Proof. Immediate from the fundamental theorem (Theorem 45) statement (1), choosing any
step index m greater than f .

Types τ ::= real | int | unit | τ1 + τ2 | τ1 × τ2 | reflist τ | τ1 −→ τ2 | ref τ

Figure 23: Target Types

Target expressions e, f ::= x | r | () | ⊥
| (e1, e2) | fst e | snd e
| 0 | succ e | caseN e of 0 → e1 | succ(x) → e2
| inl e | inr e | case(e, x.y, e1.e2)
| nil | cons(e1, e2) | (caseL e of [] → e1 | cons(h, tl) → e2)
| fix f(x). e | e1 e2 | letx = e1 in e2 | ζ e
| l | ref e | !e
| read(e1, x. e2)

Figure 24: Target Language
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e, σ, t1 ⇓rL,β v, σ′, t2, c

e1, σ, t1 ⇓SL,β l, σ′, t2, c1

ln = freshL(σ′) σ′(l) = (v′, ~e) e2[v′/x], σ′[ln 7→ �], t2 + 1 ⇓C(ln)
L,β v, σ′′, t3, c2

read(e1, x. e2), σ, t1 ⇓SL,β ln, σ′′[l 7→ (v′, (ln, λx. e2, t2, t3) :: ~e), ln 7→ (v, [])], t3 + 1, c1 + c2 + 1
readS

e1, σ, t1 ⇓SL,β l, σ′, t2, c1 σ′(l) = (v′, ~e) e2[v′/x], σ′, t2 + 1 ⇓C(ln)
L,β v, σ′′, t3, c

read(e1, x. e2), σ, t1 ⇓C(ln)
L,β v, σ′′[l 7→ (v′, (ln, λx. e2, t2, t3) :: ~e)], t3 + 1, c1 + c2 + 1

readC

e1, σ, t1 ⇓SL,β fix f(x). e, σ′, t2, c1
e2, t2, σ

′ ⇓SL,β v′, σ′′, t3, c2 e[e/f ][v′/x], σ′′, t3 ⇓rL,β v, σ′′′, t4, c3

e1 e2, σ, t1 ⇓rL,β v, σ′′′, t4, c1 + c2 + c3 + 1
app

e1, σ, t1 ⇓SL,β v1, σ
′, t2, c1 e2, σ

′, t2 ⇓SL,β v3, σ
′′, t3, c1

(e1, e2), σ, t1 ⇓rL,β (v1, v2), σ′′, t3, c1 + c2
pair

e, σ, t1 ⇓rL,β (v1, v2), σ′, t2, c
fst e, σ, t1 ⇓rL,β v1, σ

′, t2, c+ 1
fst

e, σ, t1 ⇓SL,β v, σ′, t2, c l = freshL(σ′)
ref e, σ, t1 ⇓SL,β l, σ′[l 7→ v], t2, c+ 1

refS

e, σ, t1 ⇓SL,β v, σ′, t2, c

ref e, σ, t1 ⇓C(l)
L,β v, σ

′, t2, c+ 1
refC

e, σ, t1 ⇓rL,β l, σ′, t2, c σ′(β(l)) = (v, _)
!e, σ, t1 ⇓rL,β v, σ′, t2, c+ 1

deref

e1, σ, t1 ⇓SL,β v1, σ
′, t2, c1 e2[v1/x], σ′, t2 ⇓rL,β v2, σ

′′, t3, c2

letx = e1 in e2, σ, t1 ⇓rL,β v2, σ
′′, t2, c1 + c2 + 1

let

e, σ, t1 ⇓SL,β v, σ′, t2, c
inl e, σ, t1 ⇓rL,β inl v, σ′, t2, c

inl

e, σ, t1 ⇓SL,β inl v′, σ′, t2, c1 e1[v′/x], σ′, t2 ⇓rL,β v, σ′′, t3, c2

case(e, x.e1, y.e2), σ, t1 ⇓rL,β v, σ′′, t2, c1 + c2 + 1
case

Figure 25: Subset of the evaluation semantics

‖(A)µ‖ = ref ‖A‖A
‖�(τ)‖ = ‖τ‖
‖∃i::S. τ‖ = ‖τ‖
‖C ⊃ τ‖ = ‖τ‖
‖C & τ‖ = ‖τ‖
‖int‖A = int
‖τ1 + τ2‖A = ‖τ1‖+ ‖τ2‖
‖τ1 × τ2‖A = ‖τ1‖ × ‖τ2‖
‖list [n]α τ‖A = reflist ‖τ‖+ ‖τ‖
‖τ1

δ(κ)−−→ τ2‖A = ‖τ1‖ −→ ‖τ2‖

‖∀i
δ(κ)
:: S. τ‖A = unit −→ ‖τ‖

‖unit‖A = unit

Figure 26: Translation of types

Definition 1 (Partial application)
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∆; Φ; Γ `ε e : τ | κ ↪→ peq

∆; Φ; Γ, x : τ `S x : τ | 0 ↪→ x
varS ∆; Φ; Γ, x : τ `C x : τ | cvar() ↪→ read(x, x. x)

varC

∆; Φ ` Γ wf κ = (ε .= C ? creal() : 0)
∆; Φ; Γ `ε r : (real)S | κ ↪→ ref r

real

∆; Φ; Γ `ε e1 : τ1 | κ1 ↪→ pe1q
∆; Φ; Γ `ε e2 : τ2 | κ2 ↪→ pe2q κ = κ1 + κ2 + (ε .= C ? cpair() : 0)

∆; Φ; Γ `ε (e1, e2) : (τ1 × τ2)S | κ ↪→ ref (pe1q, pe2q)
pair

∆; Φ; Γ `ε e : (τ1 × τ2)S | κ′ ↪→ peq κ = κ′ + cfst(ε,S)
∆; Φ; Γ `ε fst e : τ1 | κ ↪→ fst !peq

fstS

∆; Φ; Γ `ε e : (τ1 × τ2)S | κ′ ↪→ peq κ = κ′ + csnd(ε,S)
∆; Φ; Γ `ε snd e : τ2 | κ ↪→ snd !peq

sndS

∆; Φ; Γ `ε e : (τ1 × τ2)C | κ′ ↪→ peq κ = κ′ + cfst(ε,C) |= C E τ1

∆; Φ; Γ `ε fst e : τ1 | κ ↪→ read(peq, x. fst x)
fstC

∆; Φ; Γ `ε e : (τ1 × τ2)C | κ′ ↪→ peq κ = κ′ + csnd(ε,C) |= C E τ2

∆; Φ; Γ `ε snd e : τ2 | κ ↪→ read(peq, x. snd x)
sndC

∆; Φ; Γ, f : (τ1
δ(κ′)−−−→ τ2)S, x : τ1 `δ e : τ2 | κ′ ↪→ peq κ = (ε = C ? cfix() : 0)

∆; Φ; Γ `ε fix f(x). e : (τ1
δ(κ′)−−−→ τ2)S | κ ↪→ ref (fix f(x). peq)

fix1

∆; Φ; Γ `ε e1 : (τ1
δ(κ′)−−−→ τ2)S | κ1 ↪→ pe1q

∆; Φ; Γ `ε e2 : τ1 | κ2 ↪→ pe2q ε ≤ δ κ = κ′ + κ1 + κ2 + capp(ε, S)
∆; Φ; Γ `ε e1 e2 : τ2 | κ ↪→ !pe1q pe2q

appS

∆; Φ; Γ `ε e1 : (τ1
C(κ′)−−−→ τ2)C | κ1 ↪→ pe1q

∆; Φ; Γ `ε e2 : τ1 | κ2 ↪→ pe2q |= C E τ2 κ = κ′ + κ1 + κ2 + capp(ε,C)
∆; Φ; Γ `ε e1 e2 : τ2 | κ ↪→ let f = pe1q in letx = pe2q in read(f, f. f x)

appC

∆; Φ; Γ `ε e : τ1 | κ′ ↪→ peq κ = κ′ + (ε .= C ? cinl() : 0)
∆; Φ; Γ `ε inl e : (τ1 + τ2)S | κ ↪→ ref (inl peq)

inl

∆; Φ; Γ `ε e : τ2 | κ ↪→ peq κ = κ′ + (ε .= C ? cinr() : 0)
∆; Φ; Γ `ε inr e : (τ1 + τ2)S | κ ↪→ ref (inr peq)

inr

∆; Φ; Γ `ε e : (τ1 + τ2)S | κe ↪→ peq
∆; Φ; Γ, x : τ1 `ε e1 : τ | κ′ ↪→ pe1q ∆; Φ; Γ, y : τ2 `ε e2 : τ | κ′ ↪→ pe2q κ = κe + κ′ + ccase(ε, S)

∆; Φ; Γ `ε case(e, x.e1, y.e2) : τ | κ ↪→ case(!peq, x.pe1q, y.pe2q)
caseS

∆; Φ; Γ `ε e : (τ1 + τ2)C | κe ↪→ peq ∆; Φ; Γ, x : τ1 `C e1 : τ | κ′ ↪→ pe1q
∆; Φ; Γ, y : τ2 `C e2 : τ | κ′ ↪→ pe2q |= C E τ κ = κe + κ′ + ccase(ε,C)

∆; Φ; Γ `ε case(e, x.e1, y.e2) : τ | κ ↪→ read(peq, w. case(w, x.e1, y.e2))
caseC

κ = (ε = C ? czero() : 0)
∆; Φ; Γ `ε 0 : (nat[0])S | κ ↪→ ref 0

zero

∆; Φ; Γ `ε e : (nat[n])S | κ′ ↪→ peq
κ = κ′ + (ε = C ? csucc() : 0)

∆; Φ; Γ `ε succ e : (nat[n+ 1])S | κ ↪→ ref (succ peq)
succ

∆; Φ; Γ `ε e : (nat[n])S | κe ↪→ peq ∆; Φ ∧ n .= 0; Γ `ε e1 : (nat[n])S | κ′ ↪→ pe1q
∆, i :: ι; Φ ∧ n .= i+ 1; Γ, x : nat[i] `ε e1 : (nat[n])S | κ′ ↪→ peq κ = κe + κ′ + (ε = C ? ccaseN () : 0)
∆; Φ; Γ `ε caseN e of 0 → e1 | succ(x) → e2 : τ | κ ↪→ caseN !peq of 0 → pe1q | succ(x) → pe2q

caseN

Figure 27: Translation rules

83



∆; Φ; Γ `ε e : τ | κ expression e has type τ with dynamic stability κ. The context Υ

carrying types of primitive functions is omitted from all rules.

Υ(ζ) = ζ : (B1 . . . Bn) κ′

−→ B ∆; Φ; Γ `ε ei : (Bi)µi | κei
↪→ peiq

µ1 t · · · t µn = S κ = (
n∑
i=1

κei) + (ε = C ? κ′ : 0) + cprim(ε, n, µ1, . . . , µn)

∆; Φ; Γ `ε ζ e1 . . . en : (B)S | κ ↪→ ref ζ !pe1q . . . !penq
primAppS

Υ(ζ) = ζ : (B1 . . . Bn) κ′

−→ B ∆; Φ; Γ `ε ei : (Bi)µi | κei
↪→ peiq µ1 t · · · t µn = C

~x = { xi | µi = C } x′i = (µi = C ? xi : !xi) κ = (
n∑
i=1

κei
) + +κ′ + cprim(ε, n, µ1, . . . , µn)

∆; Φ; Γ `ε ζ e1 . . . en : (B)C | κ ↪→ letxi = peiq in read(~x, ~x. ζ x′1 . . . x′n)
primAppC

∆, t :: S; Φ; Γ `µ e : τ | κ′ ↪→ peq κ′ = (ε = C ? cifun() : 0)

∆; Φ; Γ `ε Λ. e : (∀t
µ(κ′)

:: S. τ)S | κ ↪→ ref λ(). peq
∀I

∆; Φ; Γ `S e : (∀t
δ(κ′)

:: S. τ)S | κe ↪→ peq ∆ ` I :: S ε ≤ δ κ = κe + κ′{I/t}+ ciApp(ε, S)
∆; Φ; Γ `S e[] : τ{I/t} | κ ↪→ !peq ()

∀ES

∆; Φ; Γ `ε e : (∀t
C(κ′)

:: S. τ)C | κe ↪→ peq
∆ ` I :: S |= C E τ{I/t} κ = κe + κ′{I/t}+ ciApp(ε,C)

∆; Φ; Γ `ε e[] : τ{I/t} | κ ↪→ read(peq, f. f ())
∀EC

∆; Φ; Γ `ε e : τ{I/t} | κ′ ↪→ peq ∆ ` I :: S κ = κ′ + cpack()
∆; Φ; Γ `ε pack e : (∃t::S. τ)S | κ ↪→ ref peq

∃I

∆; Φ; Γ `ε e : (∃t::S. τ)S | κe ↪→ peq
∆, t :: S; Φ; Γ, x : τ `ε e′ : τ ′ | κ′ ↪→ pe′q κ = κe + κ′ + cunpack(ε,S)

∆; Φ; Γ `ε unpack e as x in e′ : τ ′ | κ ↪→ letx = !peq in pe′q
∃ES

∆; Φ; Γ `ε e : (∃t::S. τ)C | κe ↪→ peq
∆, t :: S; Φ; Γ, x : τ `C e′ : τ ′ | κ′ ↪→ pe′q κ = κe + κ′ + cunpack(ε,C) |= τ E C

∆; Φ; Γ `ε unpack e as x in e′ : τ ′ | κ ↪→ let y = peq in read(y, y. letx = y in pe′q)
∃EC

∆; Φ; Γ `S e : τ | κ′ ↪→ peq ∆; Φ ∧ C |= κ′≤κ ∀x ∈ Γ ∆; Φ ∧ ¬C |= Γ(x) v �(Γ(x))
∆; Φ; Γ `S e : τ | κ ↪→ peq

split

∆; Φ; Γ `ε e : τ ′ | κ′ ↪→ peq ∆; Φ |= τ ′ v τ ∆; Φ |= κ′ ≤ κ
∆; Φ; Γ `ε e : τ | κ ↪→ peq

v

∆; Φ; Γ `ε e : τ | κ′ ↪→ peq ∀x ∈ Γ, ∆; Φ |= Γ(x) v �(Γ(x)) κ = (ε = C ? κ′ : 0)
∆; Φ; Γ,Γ′ `ε e : �(τ) | κ ↪→ peq

nochange

∆; Φ; Γ, f : �((τ1
δ(κ′)−−−→ τ2)S, x : τ1) `δ e : τ2 | κ′ ↪→ peq

∀x ∈ Γ, ∆; Φ |=|= Γ(x) v �(Γ(x)) κ = (ε = C ? cfix() : 0)

∆; Φ; Γ `ε fix f(x). e : �((τ1
δ(κ′)−−−→ τ2)S) | κ ↪→ ref (fix f(x). peq)

fix2

Figure 28: Translation rules, part 2
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∆; Φ; Γ `ε e : τ | κ ↪→ peq

∆; Φ; Γ `ε e1 : τ1 | κ1 ↪→ pe1q
∆; Φ; Γ, x : τ1 `ε e2 : τ2 | κ2 ↪→ pe2q κ = κ1 + κ2 + (ε = C ? clet() : 0)

∆; Φ; Γ `ε letx = e1 in e2 : τ2 | κ ↪→ letx = pe1q in pe2q
let

κ = (ε = C ? cunit() : 0)
∆; Φ; Γ `ε () : (unit)S | κ ↪→ ref ()

unit

∆; Φ ∧ C; Γ `ε e : τ | κ′ ↪→ peq κ = κ′ + (ε = C ? cimpl() : 0)
∆; Φ; Γ `ε e : (C ⊃ τ)S | κ ↪→ ref peq

c-impI

∆; Φ; Γ `ε e : (C ⊃ τ)S | κ′ ↪→ peq ∆; Φ |= C κ = κ′ + cdot(ε,S)
∆; Φ; Γ `ε e : τ | κ ↪→ !peq

c-impES

∆; Φ; Γ `ε e : (C ⊃ τ)C | κ′ ↪→ peq ∆; Φ |= C κ = κ′ + cdot(ε,C)
∆; Φ; Γ `ε e : τ | κ ↪→ read(peq, x. x)

c-impEC

∆; Φ; Γ `ε e : τ | κ ↪→ peq ∆; Φ |= C κ = κ′ + (ε = C ? cand() : 0)
∆; Φ; Γ `ε e : (C & τ)S | κ′ ↪→ ref peq

c-andI

∆; Φ; Γ `ε e1 : (C & τ1)S | κ ↪→ pe1q
∆; Φ ∧ C; Γ, x : τ1 `ε e2 : τ2 | κ ↪→ pe2q κ = κ′ + cletAs(ε, S)
∆; Φ; Γ `ε letx = e1 in e2 : τ2 | κ ↪→ clet !pe1q as x in pe2q

c-andES

∆; Φ; Γ `ε e1 : (C & τ1)C | κ ↪→ pe1q
∆; Φ ∧ C; Γ, x : τ1 `C e2 : τ2 | κ ↪→ pe2q κ = κ′ + cletAs(ε,C)

∆; Φ; Γ `ε letx = e1 in e2 : τ2 | κ ↪→ read(pe1q, x. pe2q)
c-andEC

∆; Φ |= ⊥
∆; Φ; Γ `ε e : τ | κ ↪→ ⊥

contra
κ = (ε = C ? cnil() : 0)

∆; Φ; Γ `ε nil : (list [0]0 τ)S | κ ↪→ ref nil
nil

∆; Φ; Γ `ε e1 : �(τ) | κ1 ↪→ pe1q
∆; Φ; Γ `ε e2 : (list [n]α τ)µ | κ2 ↪→ pe2q κ = κ1 + κ2 + (ε = C ? ccons() : 0)

∆; Φ; Γ `ε cons(e1, e2) : (list [n+1]α τ)µ | κ ↪→ ref (cons(inl pe1q, pe2q))
cons1

∆; Φ; Γ `ε e1 : τ | κ1 ↪→ pe1q
∆; Φ; Γ `ε e2 : (list [n]α−1

τ)µ | κ2 ↪→ pe2q ∆; Φ |= α> 0 κ = κ1 + κ2 + (ε = C ? ccons() : 0)
∆; Φ; Γ `ε cons(e1, e2) : (list [n+1]α τ)µ | κ ↪→ ref (cons(inr pe1q, pe2q))

cons2

∆; Φ; Γ `ε e : (list [n]α τ)S | κe ↪→ peq ∆; Φ ∧ n .= 0; Γ `ε e1 : τ ′ | κ′ ↪→ pe1q
∆, i :: ι; Φ ∧ n .= i+ 1; Γ, h : �(τ), tl : (list [i]α τ)S `ε e2 : τ ′ | κ′ ↪→ pe2l

q
∆, i :: ι, β :: ι; Φ ∧ n .= i+ 1 ∧ α .= β + 1; Γ, h : τ, tl : (list [i]β τ)S `ε e2 : τ ′ | κ′ ↪→ pe2rq

κ = κe + κ′ + ccaseL(ε,S)

∆; Φ; Γ `ε caseL e of nil → e1 | cons(h, tl) → e2 : τ ′ | κ ↪→
caseL !peq of
| nil → pe1q
| cons(h, tl) → case(h, h.pe2l

q, h.pe2rq)

caseLS

∆; Φ; Γ `ε e : (list [n]α τ)C | κe ↪→ peq ∆; Φ ∧ n .= 0; Γ `C e1 : τ ′ | κ′ ↪→ pe1q
∆, i :: ι; Φ ∧ n .= i+ 1; Γ, h : �(τ), tl : (list [i]α τ)S `C e2 : τ ′ | κ′ ↪→ pe2l

q
∆, i :: ι, β :: ι; Φ ∧ n .= i+ 1 ∧ α .= β + 1; Γ, h : τ, tl : (list [i]β τ)S `C e2 : τ ′ | κ′ ↪→ pe2r

q
|= C E τ κ = κe + κ′ + ccaseL(ε,C)

∆; Φ; Γ `ε caseL e of nil → e1 | cons(h, tl) → e2 : τ ′ | κ ↪→ read(peq, x. f)
caseLC

where f = caseL x of nil → pe1q | cons(h, tl) → case(h, h.pe2l
q, h.pe2rq)

Figure 29: Translation rules, part 3
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Let β ⊆ S1 ⇀ S2 be a partial bijection. We define the following.

β(x) =
{
x if x 6∈ dom(β)
y if (x, y) ∈ β

Definition 2 (Heap well-formedness)

wf ∅
wf σ l 6∈ dom(σ) ∀ l′ ∈ FL(v), l′ ∈ dom(σ)

wf σ[l 7→ (v, _)]

Definition 3 (Heap reachability)

ls 6= l Rσ(ls, ld)
Rσ[l 7→(v, _)](ls, ld)

(ld = ls) ∨ (∃ l ∈ FL(v), Rσ(l, ld))
Rσ[ls 7→(v, _)](ls, ld)

Rσ(S) = { l | ∃ l′ ∈ S. Rσ(l′, l) }

Definition 4 (Heap extension)

σ2 w σ1 = (∀l ∈ dom(σ1), l ∈ dom(σ2)) ∧
(∀l ∈ dom(σ1), σ1(l) = (v, ~e)⇒ ∃~e′, σ2(l) = (v, ~e′ ++ ~e))

Definition 5 (Heap edges)

edges(∅) = ∅
edges(σ[l 7→ (v, (ld, f, t1, t2) :: ~e)]) = (ls, ld, f, t1, t2) ∪ edges(σ[l 7→ (v, ~e)])
edges(σ[l 7→ (v, [])]) = edges(σ)

Definition 6 (Path)

(ls, ld, f, t1, t2) ∈ S ls ∈ R ∨ ld ∈ R
path(R, S, l)

(ls, l, f, t1, t2) ∈ S path(R, S, ls)
path(R, S, l)

Definition 7 (Graph definitions)

trg(∅) = ∅
trg({(ls, ld, f, _, _)} ∪ S) = {ld} ∪ trg(S)

src([]) = ∅
src((ls, ld, f _, _) ∪ S) = {ls} ∪ src(S)

locs([]) = ∅
locs((ls, ld, f _, _) ∪ S) = FL(f) ∪ locs(S)

FL([]) = ∅
FL((ls, ld, f _, _) ∪ S) = FL(f) ∪ FL(S)

locs(S) = trg(S) ∪ src(S)

Definition 8 (Dependency graph)

D(S, R) = [(l1s , l1s , f1, t1i , t1e), . . . , (lns , lnd , fn, tni , tne)]

such that t1i ≤ · · · ≤ tne , all elements are unique, and (ls, ld, f, t1, t2) ∈ D(S, R) if and only
if (ls, ld, f, t1, t2) ∈ S and path(R, S, ls) and there is no (l′s, l′d, f ′, t′1, t′2) ∈ S such that
path(R, S, l′s) and t′1 < t1, t2 < t′2.
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Definition 9 (Heap target reachability (shallow))

ls 6= l R̂(σ, R)(ls, ld)
R̂(σ[l 7→(v, _)], R)(ls, ld)

ld 6∈ trg(edges(σ)) ∨ ¬path(R, edges(σ), lf ) (∃ l ∈ FL(v), R̂(σ, R)(l, ld))
R̂(σ 7→l(v, _), R)(ls, ld)

ld ∈ trg(edges(σ)) path(R, edges(σ), lf )
R̂(σ[ld 7→(v, _)], R)(ld, ld)

R̂(σ, S)(=){ l | ∃ l′ ∈ S. R̂(σ, l′)(l, )}

Definition 10 (Change Propagation)

[], σf , σc, β  σc, β, 0
stop

σ(ls) = (v, _) l′n = freshL2(σf ] σc) e[v/x], σf ] σc[l′n 7→ �], t1 ⇓
C(l′n)
L2, β

v, σf ] σ′f , t2, c
D, σf , σ

′
f [l′n 7→ (v, [])], β ⊗ ln 7→ l′n  σ′′f , β

′, c′

(ls, ld, f) :: D, σf , σc, β  σ′′f , β
′, c+ c′ + 1

eval

Lemma 23 (Reachable set containment)
Assume that wf σ. The following hold.

1. If Rσ(l, l′) then l′ ∈ dom(σ)

2. Rσ(S) ⊆ dom(σ)

3. If S ⊆ dom(σ) then S ⊆ Rσ(S)

Proof of (1). By induction on wf σ and case analysis on the reachability derivation.

Proof of (2). It follows directly from the definition and (1).

Lemma 24 (Reachability under store extension)
Assume that wf σ and wf σ′. The following hold.

1. If σ′ w σ and Rσ(l, l′) then Rσ′(l, l′)

2. If S ⊆ σ and σ′ w σ then Rσ′(S) = Rσ′(S)

Proof of (1). By induction on wf σ and case analysis on the reachability derivation.

Proof of (2). It follows directly from the definition and (1).

Lemma 25 (Path facts)
The following hold.

1. If path(R, S, l) then path(R, S ∪ S′, l).

2. If path(R, S, l) then path(R ∪R′, S, l).

3. If path(R ∪R′, S, l) and for all l ∈ R′, path(R, S, l) then path(R, S, l).

4. If path(R, S1∪S2, l), l ∈ trg(S)1 and for all locs(S1)∩trg(S2) = ∅, then path(R, S, l).

5. If for all l′ ∈ R′, path(R, S1, l
′) , then if path(R ∪R′, S2, l) then path(R, S1 ∪ S2, l)
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World = ((L1 ] L2) ⇀ Target Value× [Edge])× (L1 ⇀ L2)× Step index
VLτM,VALτM ⊆ Source Value× Target Value×World
ELτMκ ⊆ Source Expression× Target Expression×World

(σ, β, j) > (σ′, β′ j′) = wf σ ∧ σ w σ′ ∧ β = β′ ∧ j < j′

VL(A)µM = { (vs, β(l), (σ, β, k)) | (vi, σ(l), (σ, β, k)) ∈ VALAM }
VL�(τ)M = VLτM

VALunitM = { ((), (), W ) | > }
VALrealM = { (r, r, W ) | > }
VALτ1 × τ2M = { ((vs1, vs2), (vt1, vt2), W ) | (vs1, vt1, W ) ∈ VLτ1M ∧ (vs2, vt2, W ) ∈ VLτ2M }
VALlist [n]α τM = { (nil, nil, (σ, β, k)) | |= n

.= 0 }
VALlist [n]α τM = { (cons(vs, vss), cons(inl vt, vst), W ) |

(vs, vt, W ) ∈ VLτM ∧ (vss, vst, W ) ∈ VLlist [n− 1]α τM ∧ |= 0<n } ∪
{ (cons(vs, vss), cons(inr vt, vst), W ) |

(vs, vt, W ) ∈ VLτM ∧ (vss, vst, W ) ∈ VLlist [n− 1]α τM ∧ |= 0<n }
VAL∃t::S. τM = { (pack vs, vt, W ) | ∃I S, ` I :: S ∧ (vs, vt, W ) ∈ VLτ [I/t]M }
VALC ⊃ τM = { (vs, vt, W ) | ¬ |= C ∨ (vs, vt, W ) ∈ VLτM }
VALC & τM = { (vs, vt, W ) | |= C ∧ (vs, vt, W ) ∈ VLτM }
VALτ1 + τ2M = { (inl vs, inl vt, W ) | (vs, vt, W ) ∈ VLτ1M } ∪

{ (inr vs, inr vt, W ) | (vs, vt, W ) ∈ VLτ2M }

VALτ1
S(κ)−−→ τ2M = { (fix f(x). es, fix f(x). et, W ) | > }

VALτ1
C(κ)−−−→ τ2M = { (fix f(x). es, fix f(x). et, W ) |

∀ (σi, β, m) > W vs vt. (vs, vt, (σi, β, m)) ∈ VLτ1M ∧ σi(l) = fix f(x). et ⇒
([x 7→ vs, f 7→ fix f(x). es]es, [x 7→ vt, f 7→ l]et, (σi, β, m)) ∈ ELτ2Mκ }

VAL∀t
S(κ)
:: S. τM = { (Λ. es, Λ. et, W ) | > }

VAL∀t
C(κ)
:: S. τM = { (Λ. es, Λ. et, W ) | ∀I S, ` I :: S ⇒ (es, et, W ) ∈ ELτ [I/t]Mκ[I/t] }

ELτMκ = { (es, et, (σ, β, k)) |
(∀σ′ β′ t1 L r, (σ′, β′, κ) > (σ, β, k) ∧ (∀ln, r = C(ln)⇒ σ′i(ln) = �)⇒
∃vs vt σ′ t2 c.
(1). es ⇓ vs ∧
(2). et, σ

′, t1 ⇓rL,β vt, σ′′, t2, c ∧
(3). c ≤ κ ∧
(4). r = S⇒ (vs, vt, (σ′′, β, k − c)) ∈ VLτM

(5). ∀ln, r = C(ln)⇒ (vs, ln, (σ′′[ln 7→ vt], β, k − c)) ∈ VLτM) }

Figure 30: Unary step-indexed interpretation of types (Concrete semantics)88



World = (Loc1 ⇀ Target Value)× (Loc2 ⇀ Target Value)× (Loc1 ⇀ Loc1)× Step index× Step index
VJτK,VAJτK ⊆ Source Value× Source Value× Target Value×World× Step index
EJτKκ ⊆ Source Expression× Source Expression× Target Expression×World× Step index

inv(σ, β, v) = ∀l R, l ∈ R̂(σ, β)(FL(v))⇒ l ∈ trg(D(edges(σ), R))

(σi, σc, β) ≥ (σ′i, σ
′
c, β

′) = wf σi ∧ wf σc ∧ σi w σ′i ∧ σc w σ
′
c ∧ dom(β)\dom(β′) ⊆ dom(σi)\dom(σ′i) ∧ dom′(β)\dom′(β′) ⊆

dom(σc) \ dom(σ′c)
(σi, σc, β, j) > (σ′i, σ

′
c, β

′, j′) = (σi, σc, β) ≥ (σ′i, σ
′
c, β

′) ∧ j < j′

(σi, σc, β, j) ≥ (σ′i, σ
′
c, β

′, j′) = (σi, σc, β) ≥ (σ′i, σ
′
c, β

′) ∧ j ≤ j′

VJ(A)SK = { (vi, vc, l, (σ, σ′, β, k)) | l 6∈ dom(β) ∧ (vi, vc, σ(l), (σ, σ′, β, k)) ∈ VAJAK }
VJ�(τ)K = { (vi, vc, l, (σi, σc, β, k)) | Rσi ({l}) ∩ dom(β) = ∅ ∧ (vi, vc, l, (σi, σc, β, k)) ∈ VJτK }
VJ(A)CK = { (vi, vc, l, (σ, σ′, β, k)) |

l 6∈ dom(β)⇒ (vi, vc, σ(l), (σ, σ′, β, k)) ∈ VAJAK ∧
l ∈ dom(β)⇒ (∀ m, (vi, l, (σ, ∅, m)) ∈ VALAM) ∧ (vc, β(l), (σ ] σ′, β, m)) ∈ VALAM) }

VJ(A)CK = VL(A)CM

VAJunitK = { ((), (), (), W ) | > }
VAJτ1 × τ2K = { ((vi1, vi2), (vc1, vc2), (vt1, vt2), W ) | (vi1, vc1, vt1, W ) ∈ VJτ1K ∧ (vi2, vc2, vt2, W ) ∈ VJτ2K }
VAJlist [n]α τK = { (nil, nil, nil, W ) | |= n

.= 0 ∧ 0 .= α }
VAJlist [n]α τK = { (cons(vi, vsi), cons(vc, vsc), cons(inl vt, vst), W ) |

(vi, vc, vt, W ) ∈ VJ�(τ)K ∧ (vsi, vsc, vst, W ) ∈ VJlist [n− 1]α τK ∧ |= 0<n } ∪
{ (cons(vi, vsi), cons(vc, vsc), cons(inl vt, vst), W ) |

(vi, vc, vt, W ) ∈ VJτK ∧ (vsi, vsc, vst, W ) ∈ VJlist [n− 1]α−1 τK ∧ |= 0<n ∧ 0<α } ∪
{ (cons(vi, vsi), cons(vc, vsc), cons(inr vt, vst), W ) |

(vi, vc, vt, W ) ∈ VJτK ∧ (vsi, vsc, vst, W ) ∈ VJlist [n− 1]α−1 τK ∧ |= 0<n ∧ 0<α }
VAJ∃t::S. τK = { (pack vi, pack vc, vt, W ) | ∃I, ` I :: S ∧ (vi, vc, vt, W ) ∈ VJτ [I/t]K }
VALC ⊃ τM = { (vi, vc, vt, W ) | ¬ |= C ∨ (vi, vc, vt, W ) ∈ VJτK }
VALC & τM = { (vi, vc, vt, W ) | |= C ∧ (vi, vc, vt, W ) ∈ VJτK }
VAJintK = { (n, n, n, W ) | > }
VAJτ1 + τ2K = { (inl vi, inl vc, inl vt, W ) | (vi, vc, vt, W ) ∈ VJτ1K } ∪

{ (inr vi, inr vc, inr vt, W ) | (vi, vc, vt, W ) ∈ VJτ2K }

VAJτ1
S(κ)
−−−→ τ2K = { (fix f(x). ei, fix f(x). ec, fix f(x). et, W ) |

∀vi, vc, vt l (σi, σc, β, k) > W, (vi, vc, vt, (σi, σc, β, m)) ∈ VJτ1K ∧ σi(l) = fix f(x). et ⇒
([x 7→ vi, f 7→ fix f(x). ei]ei, [x 7→ vc, f 7→ fix f(x). ec]ec, [x 7→ vt, f 7→ l]et, (σi, σc, β, m)) ∈ EJτ2Kκ }

VAJτ1
C(κ)
−−−→ τ2K = VAJτ1

S(κ)
−−−→ τ2K ∩

{ (fix f(x). ei, fix f(x). ec, fix f(x). et, (σi, σc, β, k)) |

∀m, (fix f(x). ei, fix f(x). et, (σi, ∅, k)) ∈ VALτ1
C(κ)
−−−→ τ2M ∧

(fix f(x). ec, fix f(x). et, (σi ] σc, β, m)) ∈ VALτ1
C(κ)
−−−→ τ2M

VAJ∀t
S(κ)
:: S. τK = { (Λ. ei, Λ. ec, Λ. et, W ) | ∀I, ` I :: S ⇒ (ei, ec, et, W ) ∈ EJτ [I/t]Kκ[I/t] }

VAJ∀t
C(κ)

:: S. τK = VAL∀t
C(κ)

:: S. τM

EJτKκ = { (ei, ec, et, (σi, σc, β, m)) |
∀vi j σ′i σ

′
c β
′ σo βo c′ t1 r, (σ′i, σ

′
c, β

′, j) ≥ (σi, σc, β, m) ∧ stamps(edges(σ′i)) < t1 ∧ inv(σ′i, βo, et)
ei ⇓ vi, j ∧ D(edges(σ′i), dom(βo)), σ′i, σo, βo  σ′c, β

′, c′ ∧
(∀ln, r = C(ln)⇒ σ′i(ln) = � ∧ ln 6∈ dom(β′))⇒
∃vc vt (σf , σ′f , β

′′) ≥ (σ′i, σ
′
c, β

′) t2 c,
(1). ec ⇓ vc ∧
(2). et, σ′i, t1 ⇓

r
L1,∅

vt, σf , t2, _ ∧ (r = S⇒ inv(σf , βo, vt)) ∧ (r = C(l)⇒ inv(σf [l 7→ vt], βo, l))
(3). D(edges(σf ), dom(βo)), σf , σo, βo  σ′f , β

′′, c ∧
(4). c− c′ ≤ κ ∧
(5). r = S⇒ (vi, vc, vt, (σf , σ′f , β

′′, m− j)) ∈ VJτK
(6). ∀ln, r = C(ln)⇒ (vi, vc, ln, (σf [ln 7→ vt], σ′f , β

′′, m− j)) ∈ VJτK }

Figure 31: Binary step-indexed interpretation of types (Concrete semantics)89



Proof. This fact has been proved using the Coq proof assistant.

Lemma 26 (Dependency graph union (I))
If ¬path(R, S1 ∪ S2, ld) and trg(S2) = {ld} then D(S1 ∪ S2, R) = D(S1, R).

Proof. Since the two lists have unique elements and they are sorted it suffices to show that the
two lists have exactly the same sets of elements. This fact has been proved using the Coq proof
assistant.

Lemma 27 (Dependency graph union (II))
Assume that the following hold for the graphs S1, S2 and {(ls, ld, f, ti, te)} .

1. path(S1, R, ls)

2. For all (ls, ld, f, t1, t2) ∈ S2, ti < t1 < t2 < te

3. For all (ls, ld, f, t1, t2) ∈ S1, t1 < t2 < ti < te,

4. For all (ls, ld, f, t1, t2) ∈ S1, (l′s, l′d, f ′, t′1, t′2) ∈ S2, t′1 < t′2 < t1 < t2

5. locs(S1) ∩ trg(S2) = ∅

Then D(S1 ∪ S2 ∪ {(ls, ld, f, ti, te)}, R) = D(S1, R) ++ {(ls, ld, f, ti, te)}

Proof. Since the lists have unique elements, they are sorted and for all (ls, ld, f, ti, t2) ∈ S1,
(l′s, l′d, f ′, t′1, t′2) ∈ S2, t1 < t2 < t′1 < t′2, it suffices to show that the two lists have exactly the
same sets of elements. This fact has been formalized using the Coq proof assistant.

Lemma 28 (Determinism of evaluation)
If

e, σ, t1 ⇓rL,β v, σ′, t2, c

and
e, σ, t1 ⇓rL,β v′, σ′′, t′2, c′

then v′ = v, σ′′ = σ′, t2 = t′2 and c′ = c.

Proof. By induction on the evaluation derivation.

Lemma 29 (Evaluation invariants)
Let wf σ and

e, σ, t1 ⇓rL,β v, σ′, t2, c

σ = σ1 ] σ2

σ′ = σ′1 ] σ′2
then the following hold:

1. σ′1 w σ1 and σ′2 w σ2

2. if L = L1 then σ′2 = σ2

3. if L = L2 then σ′1 = σ1

4. if L = L1 then for all σ′′2 w σ2, e, σ1 ] σ′′2 , t1 ⇓rL,β v, σ′1 ] σ′′2 , t2, c

5. if L = L2 then for all σ′′1 w σ1, e, σ′′1 ] σ2, t1 ⇓rL,β v, σ′′1 ] σ′2, t2, c
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6. if FL(e) ⊆ dom(σ) then wf σ′ and FL(v) ⊆ dom(σ′)

7. if FL(e) ⊆ dom(σ) then Rσ′(FL(v)) ⊆ Rσ(FL(e)) ∪ (dom(σ′) \ dom(σ))

8. if FL(e) ⊆ dom(σ) then trg(edges(σ′)\edges(σ)) ⊆ (dom(σ′)\dom(σ))∪(r = C(l) ? {l} : ∅)

9. if FL(e) ⊆ dom(σ) then src(edges(σ′) \ edges(σ)) ⊆ Rσ(FL(e)) ∪ (dom(σ′) \ dom(σ))

10. if FL(e) ⊆ dom(σ) then FL(edges(σ′) \ edges(σ)) ⊆ Rσ(FL(e)) ∪ (dom(σ′) \ dom(σ))

11. if σ(l) = � then l 6∈ src(edges(σ′) \ edges(σ))

12. σ′(l) = � iff σ(l) = �

13. For all (ls, ld, f, ti, te) ∈ edges(σ′) \ edges(σ), t1 ≤ ti < te < t2

14. For all (ls, ld, f, t1, t2) ∈ edges(σ′)\edges(σ), (l′s, ld, f ′, t′1, t′2) ∈ edges(σ′)\edges(σ)
then t′1 < t1 < t2 < t′2 or t1 < t′1 < t′2 < t2

15. For all (ls, ld, f, t1, t2) ∈ edges(σ′)\edges(σ), (l′s, l′d, f ′, t′1, t′2) ∈ edges(σ′)\edges(σ)
then t′1 6= t1 and t2 6= t′2

Proof. By induction on the evaluation derivation.

Lemma 30 (Change propagation invariants)
If

D, σf , σc, β  σ′f , β, c

then the following hold:

1. σ′f w σc

2. β′ w β

3. if wf σc, wf σf , and FL(D) ⊆ σf then wf σ′f

4. l ∈ trg(D) if and only if l ∈ dom(β′) \ dom(β)

Proof. The result follows by induction on change propagation derivation using lemma 29.

Lemma 31 (Change propagation is deterministic)
If

D, σc, σf , β  σ′f , β
′, c

and
D, σc, σf , β  σ′′f , β

′′, c′

then σ′′f = σ′f , β′′ = β′ and c = c′.

Proof. The result follows by induction on change propagation derivation using lemma 28.

Lemma 32 (Change propagation under store extension)
If

D, σc, σf , β  σ′f , β
′, c

and then for all σ′′f w σf
D, σc, σ

′′
f , β  σ′f , β

′, c

Proof. The result follows by induction on change propagation derivation using lemma 29.
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Lemma 33 (Change propagation composition)
If

D1, σc, σf , β  σ′f , β
′, c1 (1)

D2, σ
′
f , σf , β

′  σ′′f , β
′′, c2

then
D1 ++ D2, σc, σf , β  σ′′f , β

′′, c1 + c2

Proof. The result follows by induction on the change propagation derivation of eq. (1).

Lemma 34 (No free locations)
Assume that

∆; Φ; Γ `ε e : τ | κ ↪→ peq

Then FL(peq) = ∅ .

Proof. It follows induction on the typing derivation.

Theorem 35 (Translation is type preserving)
If ∆; Φ; Γ `ε e : τ | κ ↪→ peq then ‖Γ‖ ` peq : ‖τ‖ |

Proof. It follows by induction on the typing derivation.

Lemma 36 (World extension closure)
The following hold:

1. If (vs, vt, W ) ∈ VALAM and W ′ ≥W , then (vs, vt, W ′) ∈ VALAM.

2. If (vs, vt, W ) ∈ VLτM and W ′ ≥W , then (vs, vt, W ′) ∈ VLτM.

3. If (es, et, W ) ∈ ELτMκ and W ′ ≥W , then (es, et, W ′) ∈ ELτMκ.

4. If (θs, θt, W ) ∈ GLΓM and W ′ ≥W , then (θs, θt, W ′) ∈ GLΓM.

5. If (vi, vc, vt, W ) ∈ VAJAK and W ′ ≥W , then (vi, vc, vt, W ′) ∈ VAJAK.

6. If (vi, vc, vt, W ) ∈ VJτK and W ′ ≥W , then (vi, vc, vt, W ′) ∈ VJτK.

7. If (ei, ec, et, W ) ∈ EJτKκ and W ′ ≥W , then (ei, ec, et, W ′) ∈ EJτKκ.

8. If (θi, θc, θt, W ) ∈ GJΓK and W ′ ≥W , then (θi, θc, θt, W ′) ∈ GJΓK.

Proof. First we prove statements (1), (2) and (3) simultaneously. Statements (1) and (2) are
proved by mutual induction on A and τ . Similarly, we prove statements (5), (6) and (7).

Finally, we can prove statement (4) (resp. (8)) by induction on the length of the environment
and using statement (2) (resp. (6)).

Lemma 37 (Value relation projection)
The following hold.

1. If (vi, vc, vt, (σi, σc, β, j)) ∈ VJτK then ∀m, (vi, vt, (σ, ∅, j)) ∈ VLτM and ∀m, (vc, vt, (σi]
σc, β, m)) ∈ VLτM

2. If (vi, vc, vt, (σi, σc, β, j)) ∈ VAJAK then ∀ m, (vi, vt, (σ, ∅, j)) ∈ VALAM and
∀ m, (vc, vt, (σi ] σc, β, m)) ∈ VALAM
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Proof. We prove the two statements simultaneously by mutual induction on τ and A.

Lemma 38 (Value relation injection)
The following hold.

1. If
∀ m, (vi, l, (σi, ∅, j)) ∈ VLτM

∀ m, (vc, l, (σi ] σc, β, m)) ∈ VLτM

and
|= C E τ

then (vi, vc, l, (σi, σc, β, m)) ∈ VLτM

Proof. It follows by case analysis on the type τ and the definition of the value relation.

Lemma 39 (Stable type lemma)
The following hold.

1. (es, et, W ) ∈ ELτMκ if and only if (es, et, W ) ∈ EL�(τ)Mκ

2. IfRσi({l})∩dom(β) = ∅ and (ei, ec, l, (σi, σc, β, m)) ∈ EJτKκ then (ei, ec, l, (σi, σc, β, m)) ∈
EJ�(τ)K0

Proof of statement 1. The result follows easily by the definition of the expression relation. Note
that VLτM = VL�(τ)M.

Proof of statement 2. Let (ei, ec, l, (σi, σc, β, m)) ∈ EJτKκ and Rσi({l}) ∩ dom(β) = ∅. We
pick arbitrary vi, ji, σi, σc, β, σo, βo, c′, t0 and r such that

D(edges(σi), dom(βo)), σi, σo, βo  σc, β, c
′ (1)

(σi, σc, β, ji) ≥W

θi(e1 e2) ⇓ vi (2)

and
r = C(l)⇒ σi(l) = � ∧ l 6∈ dom(β)

We instantiate the hypothesis with v)i, j1, σi, σc, β, (note that (σi, σc, β, j1) ≥ W ), σo, βo,
c′, S, t0, eq. (1) and eq. (2) and we obtain vc, vt,(σ1, σ

′
1, β1) ≥ (σi, σc, β), t1, c1 such that:

ec ⇓ vc (A1)

ec, σi, t0 ⇓rL,β vt, σ1, t1, _ (A2)
(r = S⇒ inv(σ1, βo, vt)) ∧ (r = C(l)⇒ inv(σ1[l 7→ vt], βo, l)) (A3)

D(edges(σi), σ1)dom(β), σc, σ1, β  σ′1, β1, c1 (A4)

c1≤κ (A5)
r = S⇒ (vi, vc, vt, (σ1, σ

′
1, β1, m− ji)) ∈ VJτK (A6)

and
r = C(l)⇒ (vi, vc, l, (σ1[l 7→ vt], σ′1, β1, m− ji)) ∈ VJτK (A7)

Goals 1-2 result from eq. (A1), eq. (A2) and eq. (A3). From lemma 29 we derive that locs(edges(σ1)\
edges(σi)) ⊂ (dom(σ1) \ dom(σi)) ∪ Rσi(FL(et)) ∪ ((m = C(l) ? {l} : ∅)) We know that
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l 6∈ dom(β), dom(β) ⊆ dom(σi) and Rσi(FL(et)) ∩ dom(β) = ∅. From this we can easily de-
rive that D(edges(σ1), dom(βo)) = D(edges(σi), dom(βo)). Thus we derive goal 3

D(edges(σ1), dom(βo)), σi, σo, βo  σc, β, c
′ (A3)

For goal 4 we trivially derive that ci − ci ≤ 0. For goal 5 we assume that r = S. From eq. (A6)
we know that

(vi, vc, vt, (σ1, σc, β, m− ji)) ∈ VJτK

Using lemma lemma 29 we derive thatRσ1(FL(vt)) ⊆ (σ1\σi)∪Rσi(et). Since (σ1\σi)∩dom(β) =
∅ and Rσi(et) ∩ dom(β) = ∅ we derive that Rσ1(FL(vt)) ∩ dom(β) = ∅ which proves that

(vi, vc, vt, (σ1, σc, β, m− ji)) ∈ VJ�(τ)K

For goal 6 we assume that r = C(l). As above we can derive that

(vi, vc, l, (σ1[l 7→ vt], σ′1, β, m− ji)) ∈ VJ�(τ)K

Lemma 40 (Value interpretation containment)
The following hold:

1. If (vs, vt, W ) ∈ VALAM then (vs, ref vt, W ) ∈ EL(A)µM1.

2. If (vi, vc, vt, W ) ∈ VAJAK then (vi, vc, ref vt, W ) ∈ EJ(A)µK0.

3. If (vs, vt, W ) ∈ VLτM then (vs, vt, W ) ∈ ELτM0.

4. If (vi, vc, vt, W ) ∈ VJτK then (vi, vc, vt, W ) ∈ EJτK0.

Proof. All of the statements follow easily from the definition of the expression relation.

Lemma 41 (Unary interpretation unfolding)
Assume that:

∀ m, (ec, et, (σ, β))m ∈ ELτMκ (A)

Then for all t1, r, such that r = C(l)→ σ(l) = �, there exist vc, vt, σ′:

1. ei ⇓ vi

2. ec, σ, t1 ⇓rL,β vt, σ′, t2, cl

3. |= c≤κ

4. r = S⇒ ∀ m, (vi, vt, (σ′, β, m)) ∈ VLτM

5. r = C(l)⇒ ∀ m, (vi, l, (σ′[l 7→ vt], β, m)) ∈ VLτM

Proof. We instantiate eq. (A) with step index κ+ 1 and obtain vc, σ′, t2, c such that

ec ⇓ vc

ec, σ, t1 ⇓rL,β vt, σ′, t2, c

and
|= c≤κ
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Assume that r = S. We pick an arbitrary m. We instantiate eq. (A) with m+ κ+ 1. Using
the fact that the evaluation relation is deterministic in the source and κ < m + κ + 1 we can
obtain v′t, σ′′, t′2 and c such that

ec, σ, t1 ⇓SL,β v′t, σ′′, t′2, c

and
(vi, vt, (σ′′, β, m+ κ+ 1− c)) ∈ VLτM

Using lemma lemma 28 we can we can show that v′t = vt and σ′′ = σ′, thus

(vi, vt, (σ′, β, m+ κ+ 1− c)) ∈ VLτM

Using lemma 36 and the fact that |= c ≤ κ we can show that

(vi, vt, (σ′, m)) ∈ VLτM

Finally, assume that r = C(l). We pick an arbitrarym. We instantiate eq. (A) withm+κ+1.
Using the fact that the evaluation relation is deterministic in the source and κ < m+ κ+ 1 we
can obtain v′t, σ′′, t′2 and c such that

ec, σ, t1 ⇓C(l)
L,β v′t, σ

′′, t′2, c

and
(vi, l, (σ′′[l 7→ v′t], β, m+ κ+ 1− c)) ∈ VLτM

Using lemma lemma 28 we can we can show that v′t = vt and σ′′ = σ′, thus

(vi, l, (σ′[l 7→ vt], β, m+ κ+ 1− c)) ∈ VLτM

Using lemma 36 and the fact that |= c ≤ κ we can show that

(vi, l, (σ′[l 7→ vt], m)) ∈ VLτM

Theorem 42 (Subtyping Soundness - Unary interpretation)
The following hold.

1. If ∆; Φ |= A′ v A, ϕ ∈ DJ∆K, |= ϕΦ and (vs, vt, (σi, β, m)) ∈ VALϕA′M then
(vs, vt, (σi, β, m)) ∈ VLϕAM

2. If ∆; Φ |= τ ′ v τ , ϕ ∈ DJ∆K, |= ϕΦ and (vs, vt, (σi, β, m)) ∈ VLϕτ ′M then (vs, vt, (σi, β, m)) ∈
VLϕτM

3. If ∆; Φ |= τ ′ v τ , ϕ ∈ DJ∆K, |= ϕΦ and (es, et, (σi, β, m)) ∈ ELϕτ ′Mκ and φκ≤φκ′ then
(es, et, (σi, β, m)) ∈ ELϕτMκ′

Proof. We prove the above statements simultaneously. Statement 3 follows by the definition
of the expression relation and the inductive hypothesis of statement 2. Statements 1 and
2 are proved by induction on the subtyping derivation. The cases follow easily. Note that
VLτM = VL�(τ)M and that for all α, β, VLlist [n]α τM = VLlist [n]β τM.

Theorem 43 (Subtyping Soundness - Binary interpretation)
The following hold.
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1. If ∆; Φ |= A′ v A, ϕ ∈ DJ∆K, |= ϕΦ and (vi, vc, vt, (σi, σc, β, m)) ∈ VAJϕA′K then
(vi, vc, vt, (σi, σc, β, m)) ∈ VAJϕAK

2. If ∆; Φ |= τ ′ v τ , ϕ ∈ DJ∆K, |= ϕΦ and (vi, vc, vt, (σi, σc, β, m)) ∈ VJϕτ ′K then
(vi, vc, vt, (σi, σc, β, m)) ∈ VJϕτK

3. If ∆; Φ |= τ ′ v τ , ϕ ∈ DJ∆K, |= ϕΦ and (ei, ec, et, (σi, σc, β, m)) ∈ EJϕτ ′Kκ and
φκ≤φκ′ then (ei, ec, et, (σi, σc, β, m)) ∈ EJϕτKκ′

Proof. We prove the above statements simultaneously.

Proof of statement 3. Let ϕ ∈ DJ∆K, |= ϕΦ and

(ei, ec, et, (σi, σc, β, m)) ∈ EJϕAKκ (A)

We pick arbitrary vi, ji, σi, σc, β, σo, βo, c′, t0 and r such that

D(edges(σi), dom(βo)), σi, σo, βo  σc, β, c
′ (1)

(σi, σc, β, ji) ≥W

θi(e1 e2) ⇓ vi (2)

and
r = C(l)⇒ σi(l) = � ∧ l 6∈ dom(β)

We instantiate the hypothesis with v)i, j1, σi, σc, β, (note that (σi, σc, β, j1) ≥ W ), σo, βo,
c′, S, t0, eq. (1) and eq. (2) and we obtain vc, vt,(σ1, σ

′
1, β1) ≥ (σi, σc, β), t1, c1 such that:

ec ⇓ vc (A1)

et, σi, t0 ⇓rL,β vt, σ1, t1, _ (A2)

D(edges(σi), σ1)dom(β), σc, σ1, β  σ′1, β1, c1 (A4)
(r = S⇒ inv(σ1, βo, vt)) ∧ (r = C(l)⇒ inv(σ1[l 7→ vt], βo, l)) (A3)

D(edges(σi), σ1)dom(β), σc, σ1, β  σ′1, β1, c (A4)

c≤ϕκ (A5)
m = S⇒ (vi, vc, vt, (σ1, σ

′
1, β1, m− ji)) ∈ VJϕτ ′K (A6)

and
m = C(l)⇒ (vi, vc, l, (σ1[l 7→ vt], σ′1, β1, m− ji)) ∈ VJϕτ ′K (A7)

Goals 1-3 follow by eq. (A1), eq. (A2), eq. (A3) and eq. (A4). We can use eq. (A5) and the fact
that ϕκ≤ϕκ′ to prove that c1≤ϕκ′. Finally from the induction hypothesis of statement 2 we
derive that

m = S⇒ (vi, vc, vt, (σ1, σ
′
1, β1, m− c)) ∈ VJϕτK

and
m = C(l)⇒ (vi, vc, l, (σ1[l 7→ vt], σ′1, β1, m− c)) ∈ VJϕτK

Proof of statement 1. For each of the following cases we pick ϕ such that ϕ ∈ DJ∆K and |= ϕΦ.
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Case
∆; Φ |=A (real)S v �((real)µ)

real

Let
(r1, r2, l, (σi, σc, β, m)) ∈ VJ(real)SK

From the definition of the relation we derive that σi(l) = r, l 6∈ β and that r1 = r2 = r.

We need to show that

(r, r, l, (σi, σc, β, m)) ∈ VJ�((real)µ)K

It suffices to show that
(r, r, r, (σi, σc, β, m)) ∈ VAJrealK

which follows from the definition of the relation, and that Rσi({l}) ∩ dom(β) = ∅. The latter
follows from the facts that Rσi({l}) = {l} and l 6∈ dom(β)

Case
∆; Φ |= �((τ1

δ(κ)−−→ τ2)µ) v (�(τ1) δ(κ)−−→ �(τ2))S
→ �

Let
(vi, vc, l, (σi, σc, β, m)) ∈ VJ�((ϕτ1

δ(ϕκ)−−−→ ϕτ2)µ)K (A)

From this we derive that Rσi({l}) ∩ dom(β) = ∅, σ(l) = fix f(x). et vi = fix f(x). ei, vc =
fix f(x). ec and l 6∈ dom(β). To show the goal we pick arbitrary W ′ = (σ′i, σ′c, β′, m′) >
(σi, σc, β, m) and (v′i, v′c, l′, W ′) ∈ VJ�(ϕτ1)K. From this we obtain that Rσ′i({l

′})∩dom(β)′ =
∅ and (v′i, v′c, l′, W ′) ∈ VJϕτ1K. We instantiate eq. (A) with (v′i, v′c, l′, W ′) ∈ VJ�(ϕτ1)K and
we derive

(x 7→ v′i, f 7→ fix f(x). ei]ei, x 7→ v′c, f 7→ fix f(x). ec]ec, [x 7→ l′, f 7→ fix f(x). ec]et, W ′)

∈ EJϕτ2Kϕκ

We can easily show that Rσ′i(FL([x 7→ l′, f 7→ fix f(x). et]et)) ∩ dom(β′) = ∅. From lemma 39
and statement 3 for |= 0 ≤ ϕκ, we derive that

(x 7→ v′i, f 7→ fix f(x). ei]ei, x 7→ v′c, f 7→ fix f(x). ec]ec, [x 7→ v′t, f 7→ fix f(x). ec]et, W ′)

∈ EJ�(ϕτ ′2)Kϕκ

which proves the goal.

Case
∆; Φ |= �((list [n]α τ)µ) v (list [n]α �(τ))S

l�
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We will show that for all α, n if

(vi, vc, l, (σi, σc, β, m)) ∈ VJ�((list [n]α τ)µ)K

then
(vi, vc, l, (σi, σc, β, m)) ∈ VJ(list [n]α �(τ))SK

From the premise we derive that σ(l) = vt, Rσi({l}) ∩ dom(β) = ∅, l 6∈ dom(β) and

(vi, vc, vt, (σi, σc, β, m)) ∈ VAJlist [n]α τKµ (A)

. We proceed by subinduction on vi.

• vi = nil

From eq. (A) we derive that vc = nil, vt = nil and |= n = 0 and |= a = 0. From the
definition of the relation we show that

(nil, nil, nil, (σi, σc, β, m)) ∈ VJlist [n]α �(ϕτ)K

• vi = cons(v′i, vsi)
From eq. (A) we derive that vc = cons(v′t, vst), vt = cons(inr v′t, vst) or vt = cons(inr v′t, vst)
We consider the two cases separately.

– vt = cons(inl v′t, vst)
From eq. (A) we derive

(v′i, v′c, v′t, (σi, σc, β, m)) ∈ VJ�(ϕτ)K (B)

and
(vsi, vsc, vst, (σi, σc, β, m)) ∈ VJlist [n− 1]α ϕτK

|= n > 0

or
(vsi, vsc, vst, (σi, σc, β, m)) ∈ VJlist [n− 1]α−1 ϕτK

|= n > 0 ∧ |= a > 0

In the first case we can use the sub-induction hypothesis to derive that

(vsi, vsc, vst, (σi, σc, β, m)) ∈ VJlist [n− 1]α �(ϕτ)K (C)

We can combine eq. (B) and eq. (C) in order to derive

(cons(v′i, vsi), cons(v′c, vsc), cons(inl v′t, vst), (σi, σc, β, m)) ∈ VJlist [n]α �(ϕτ)K

The other case is similar.
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– vt = cons(inr v′t, vst)
From eq. (A) we derive

(v′i, v′c, v′t, (σi, σc, β, m)) ∈ VJϕτK

and
(vsi, vsc, vst, (σi, σc, β, m)) ∈ VJlist [n− 1]α−1 �(ϕτ)K

|= n > 0 ∧ |= a > 0

We can use the sub-induction hypothesis to derive that

(vsi, vsc, vst, (σi, σc, β, m)) ∈ VJlist [n− 1]α−1 �(ϕτ ′)K

Also, we can show that Rσi(v′t) ∩ dom(β) = ∅, and thus

(v′i, v′c, v′t, (σi, σc, β, m)) ∈ VJ�(ϕτ)K

We can combine the two statements above in order to derive

(cons(v′i, vsi), cons(v′c, vsc), cons(inr v′t, vst), (σi, σc, β, m)) ∈ VJlist [n]α �(ϕτ)K

Proof of statement 2. For each of the following cases we pick ϕ such that ϕ ∈ DJ∆K and |= ϕΦ.

Case
∆; Φ |= τ ′1 v τ1 ∆; Φ |= τ2 v τ ′2 ∆; Φ |= κ ≤ κ′

∆; Φ |=A τ1
δ(κ)−−→ τ2 v τ ′1

δ(κ′)−−−→ τ ′2

→ 1

Let
(vi, vc, vt, (σi, σc, β, m)) ∈ VJτ1

δ(κ)−−→ τ2K (A)

From this we derive that vi = fix f(x). ei, vc = fix f(x). ec and vt = fix f(x). et. To show the
goal we pick arbitrary W ′ > (σi, σc, β, m) and (v′i, v′c, v′t, W ′) ∈ VJϕτ ′1K. From the induction
hypothesis we derive that (v′i, v′c, v′t, W ) ∈ VJϕτ ′2K. We instantiate eq. (A) with this fact and
we derive

(x 7→ v′i, f 7→ fix f(x). ei]ei, x 7→ v′c, f 7→ fix f(x). ec]ec, [x 7→ v′t, f 7→ fix f(x). ec]et, W ′)

∈ EJϕτ2Kϕκ

From statement 3, we derive

(x 7→ v′i, f 7→ fix f(x). ei]ei, x 7→ v′c, f 7→ fix f(x). ec]ec, [x 7→ v′t, f 7→ fix f(x). ec]et, W ′)

∈ EJϕτ ′2Kϕκ
′

99



Case
∆; Φ |= α

.= 0

∆; Φ |=A list [n]α τ v list [n]α �(τ)
l2*

Let
(vi, vc, vt, (σi, σc, β, m)) ∈ VJlist [ϕn]ϕα ϕτK (A)

Note that from the premise |= ϕα = 0. We will prove that for all n, if (vi, vc, vt, (σi, σc, β, m)) ∈
VJlist [n]ϕα ϕτK then (vi, vc, vt, (σi, σc, β, m)) ∈ VJlist [n]ϕα �(ϕτ)K. We proceed by
subinduction on vi.

• vi = nil

From eq. (A) we derive that vc = nil, vt = nil and |= ϕn = 0. From the definition of the
relation we show that

(nil, nil, nil, (σi, σc, β, m)) ∈ VJlist [n]ϕα �(ϕτ)K

• vi = cons(v′i, vsi)
From eq. (A) we derive that vc = cons(v′t, vst), vt = cons(v′′t , vst) and, since |= φα = 0,
we also derive that v′′t = inl v′t,

(v′i, v′c, v′t, (σi, σc, β, m)) ∈ VJ�(ϕτ)K (B)

and
(vsi, vsc, vst, (σi, σc, β, m)) ∈ VJlist [n− 1]ϕα ϕτK

|= 0 < n

From the induction hypothesis we get

(vsi, vsc, vst, (σi, σc, β, m)) ∈ VJlist [n− 1]ϕα �(ϕτ)K (C)

We can combine eq. (B) and eq. (C) facts to derive that

(cons(vi, vsi), cons(vc, vsc), cons(inl vt, vst), (σi, σc, β, m)) ∈ VJlist [n]ϕα �(ϕτ)K (A)

Case
∆; Φ |= n

.= n′ ∆; Φ |= α≤α′≤n ∆; Φ |= τ v τ ′

∆; Φ |=A list [n]α τ v list
[
n′
]α′

τ ′
l1

Let
(vi, vc, vt, (σi, σc, β, m)) ∈ VJlist [ϕn]ϕα ϕτK

Since |= ϕn = ϕn′ we derive

(vi, vc, vt, (σi, σc, β, m)) ∈ VJlist
[
ϕn′

]ϕα
ϕτK (A)
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We will prove that for all α, β, n such that |= α ≤ β ≤ n, if (vi, vc, vt, (σi, σc, β, m)) ∈
VJlist [α]n ϕτK then (vi, vc, vt, (σi, σc, β, m)) ∈ VJlist [β]n ϕτ ′K.

We proceed by subinduction on vi.

• vi = nil

From eq. (A) we derive that vc = nil, vt = nil and |= n = 0, |= α = 0, and since
|= α ≤ β ≤ n, |= β = 0 From the definition of the relation we show that

(nil, nil, nil, (σi, σc, β, m)) ∈ VJlist [n]β ϕτ ′K

• vi = cons(v′i, vsi)
From eq. (A) we derive that vc = cons(v′t, vst), vt = cons(inr v′t, vst) or vt = cons(inr v′t, vst)

We consider the two cases separately.

– vt = cons(inl v′t, vst)
From eq. (A) we derive

(v′i, v′c, v′t, (σi, σc, β, m)) ∈ VJ�(ϕτ)K

and
(vsi, vsc, vst, (σi, σc, β, m)) ∈ VJlist [n− 1]α �(ϕτ)K

|= n > 0

or
(vsi, vsc, vst, (σi, σc, β, m)) ∈ VJlist [ϕn− 1]ϕα−1 ϕτK

|= n > 0 ∧ |= a > 0

In the first case we can use the induction hypothesis on the premise of the rule to
derive that

(v′i, v′c, v′t, (σi, σc, β, m)) ∈ VJ�(ϕτ ′)K

and the sub-induction hypothesis (note that (note that |= α − 1 ≤ β − 1 ≤ n − 1) to
derive that

(vsi, vsc, vst, (σi, σc, β, m)) ∈ VJlist [n− 1]β−1 ϕτ ′K

We can combine the two statements above in order to derive

(cons(vi, vsi), cons(vc, vsc), cons(inl vt, vst), (σi, σc, β, m)) ∈ VJlist [n]β ϕτ ′K

The other case is similar.
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– vt = cons(inr v′t, vst)
From eq. (A) we derive

(v′i, v′c, v′t, (σi, σc, β, m)) ∈ VJϕτK

and
(vsi, vsc, vst, (σi, σc, β, m)) ∈ VJlist [n− 1]α−1 �(ϕτ)K

|= n > 0 ∧ |= a > 0

We can use the induction hypothesis on the premise of the rule to derive that

(v′i, v′c, v′t, (σi, σc, β, m)) ∈ VJϕτ ′K

and the sub-induction hypothesis to derive that (note that |= α− 1 ≤ β − 1 ≤ n− 1)

(vsi, vsc, vst, (σi, σc, β, m)) ∈ VJlist [n− 1]β−1 ϕτ ′K

We can combine the two statements above in order to derive

(cons(vi, vsi), cons(vc, vsc), cons(inl vt, vst), (σi, σc, β, m)) ∈ VJlist [n]β ϕτ ′K

Theorem 44 (Fundamental theorem - Unary interpretation)
Assume that the following hold:

∆; Φ; Γ `C e : τ | κ ↪→ peq

ϕ ∈ DJ∆K

(θs, θt, (σ, β, m)) ∈ GLϕΓM

|= ϕΦ

wf σ

Then
(θse, θtpeq, (σ, β, m)) ∈ ELϕτM

Proof. We proceed by induction on the typing derivation of e. For each of the following cases
we pick ϕ, θs, θt and W = (σi, β, m) such that:

• ϕ ∈ DJ∆K

• |= ϕΦ

• (θs, θt, W ) ∈ GLϕΓM

• dom(β) ⊆ dom(σi) ∧ dom′(β) ⊆ dom(σc)
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• wf σi ∧ wf σc ∧ FL(θt) ⊆ σ

We show the most important cases bellow. The proof of introduction and elimination rules are
largely similar, so we will only show few of them.

∆; Φ; Γ, x : τ `C x : τ | cvar() ↪→ read(x, x. x)
varC

We need to show

(θsx, read(θtx, x. x), W ) ∈ EL(ϕτ1
δ(σκ)−−−→ ϕτ2)SMcvar()

We pick arbitrary vi, σi, β, t0, l such that (σi, β, cvar()) > W and σi(l) = �. From the definition
of GL·M we derive that (θsx, θtx, (σi, β, m)) ∈ GLϕτM. Thus, θtx = lt and σi(β(lt)) = (v, ~e) for
some lt, v and ~e. We can show the goals. We distinguish two cases

• r = S

1. We can easily derive that
θsx ⇓ θsx

2. From the definition of the evaluation relation we derive

θtx, σi, t0 ⇓SL,β ln, σi[lt 7→ (v, (l, λx. x, t0, t0 + 1) :: ~e)][ln 7→ (v, [])], t0 + 2, 1

3. It trivially follows that
|= 1 ≤ 1

4. From the definition of the relation and lemma 36 (note that ln 6∈ dom(σi) and σi[lt 7→
(v, (l, λx. x, t0, t0 + 1) :: ~e)][ln 7→ (v, [])] w σi) we can derive that

(θsx, ln, (σi[lt 7→ (v, (l, λx. x, t0, t0 + 1) :: ~e)], β, m− 1)) ∈ VLϕτM

5. Assume that r = C(l). From the definition of the relation and lemma 36 (note that
σi[lt 7→ (v, (l, λx. x, t0, t0 + 1) :: ~e)][l 7→ (v, [])] w σi) we can derive that

(θsx, l, (σi[lt 7→ (v, (l, λx. x, t0, t0 + 1) :: ~e)][l 7→ (v, [])], β, m− 1)) ∈ VLϕτM

• r = C(l)

1. We can easily derive that
θsx ⇓ θsx

2. From the definition of the evaluation relation we derive

θtx, σi, t0 ⇓C(l)
L,β ln, σi[lt 7→ (v, (l, λx. x, t0, t0 + 1) :: ~e)][ln 7→ (v, [])], t0 + 2, 1

3. It trivially follows that
|= 1 ≤ 1

4. From the definition of the relation and lemma 36 (note that σi(l) = � and σi[lt 7→
(v, (l, λx. x, t0, t0 + 1) :: ~e)][l 7→ (v, [])] w σi) we can derive that

(θsx, l, (σi[lt 7→ (v, (l, λx. x, t0, t0 + 1) :: ~e)][l 7→ (v, [])], β, m− 1)) ∈ VLϕτM
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∆; Φ; Γ `ε e1 : (τ1
δ(κ′)−−−→ τ2)S | κ1 ↪→ pe1q

∆; Φ; Γ `ε e2 : τ1 | κ2 ↪→ pe2q ε ≤ δ κ = κ′ + κ1 + κ2 + capp(ε,S)
∆; Φ; Γ `ε e1 e2 : τ2 | κ ↪→ !pe1q pe2q

appS

By the induction hypothesis applied on the premises we get:

(θse1, θtpe1q, W ) ∈ EL(ϕτ1
C(σκ′)−−−−→ ϕτ2)SMϕκ1 (IH1)

(θse2, θte2, W ) ∈ ELϕτ1Mϕκ2 (IH2)

We pick arbitrary vi, σi, β, t0, r such that

(σi, β, κ1 + κ2 + κ3 + capp(C, S, )) > W

and
r = C(ln)⇒ σi(ln) = �

We instantiate eq. (IH1) with σi, β, t0 and S and we derive (note that κ1 < m)

θse1 ⇓ vs1 (A1)

θtpe1q, σi, t0 ⇓SL,β vt, σ1, t1, c1 (A2)

|= c1 ≤ κ1 (A3)

(vi1, lf , (σ1, β, m− j1)) ∈ VL(ϕτ1
C(σκ′)−−−−→ ϕτ2)SM

From the last statement we derive that vi1 = fix f(x). ei, σ1(β(lf )) = (fix f(x). et, ~e) and

(fix f(x). ei, fix f(x). et, (σ1, β, m− c1)) ∈ VALϕτ1
C(σκ′)−−−−→ ϕτ2M (A4)

We instantiate eq. (IH2) with σ1, β, t0 and S (note that σ1 w σi and κ2 < m) and we derive

θse1 ⇓ v′s (B1)

θtpe2q, σ1, t1 ⇓SL,β v′t, σ2, t2, c2 (B2)

|= c2 ≤ κ2 (B3)

(v′s, v′t, (σ2, β, m− c2)) ∈ VLϕτ2M

Using lemma 36 we can derive

(v′s, v′t, (σ2, β, m− c1 − c2 − 1)) ∈ VLϕτ2M (B4)

We now instantiate eq. (A4) with (σ2, β, m− c1 − c2 − 2) and eq. (B4) and we obtain

(e′s[x/v′s][f/. . .], e′t[x/v′t][f/. . .], (σ2, β, m− c1 − c2 − 2)) ∈ ELϕτ2Mϕκ
′ (C)

We instantiate eq. (C) with σ3, β, t2 and r (note that κ′ < m− c1 − c2 − 2) to derive that

e′s[x/v′s][f/. . .] ⇓ vs (C1)

e′t[x/v′t][f/. . .], σ2, t2 ⇓rL,β vt, σ3, t3, c3 (C2)

|= c3 ≤ κ′ (C3)
r = S⇒ (vs, vt, (σ3, β, m− c1 − c2 − c3 − 2)) ∈ VLϕτ2M (C4)

r = C(ln)⇒ (vs, ln, (σ3[ln 7→ (vt, [])], β, m− c1 − c2 − c3 − 2)) ∈ VLϕτ2M (C5)

We can now show the goals.
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1. From eq. (A1), eq. (B1) and eq. (C1) we derive

θs(e1 e2) ⇓ vs

2. From eq. (A2), eq. (B2) and eq. (C2) we derive

θt(!e1 e2), σi, t0 ⇓rL,β vt, σ3, t3, c1 + c2 + c3 + 2

3. From eq. (A3), eq. (B3) and eq. (C3) we derive (note that capp(C, S) = 2)

|= c1 + c2 + c3 + 2 ≤ κ1 + κ2 + κ′ + capp(C, S)

4. From eq. (C4) it immediately follows that

r = S⇒ (vs, vt, (σ3, β, m− c1 − c2 − c3 − 2)) ∈ VLϕτ2M

5. It is the case that σ3[ln 7→ (vt, [])] w σ3 From eq. (C5) and lemma 36 it immediately
follows that

r = C(ln)⇒ (vs, ln, (σ3[ln 7→ (vt, [])], β, m− c1 − c2 − c3 − 2)) ∈ VLϕτ2M

∆; Φ; Γ `ε e1 : (τ1
C(κ′)−−−→ τ2)C | κ1 ↪→ pe1q

∆; Φ; Γ `ε e2 : τ1 | κ2 ↪→ pe2q |= C E τ2 κ = κ′ + κ1 + κ2 + capp(ε,C)
∆; Φ; Γ `ε e1 e2 : τ2 | κ ↪→ let f = pe1q in letx = pe2q in read(f, f. f x)

appC

By the induction hypothesis applied on the premises we get:

(θse1, θtpe1q, W ) ∈ EL(ϕτ1
C(σκ′)−−−−→ ϕτ2)CMϕκ1 (IH1)

(θse2, θte2, W ) ∈ ELϕτ1Mϕκ2 (IH2)

We pick arbitrary vi, σi, β, t0, r such that

(σi, β, κ1 + κ2 + κ3 + capp(C, S, )) > W

and
r = C(ln)⇒ σi(ln) = �

We instantiate eq. (IH1) with σi, β, t0 and S and we derive (note that κ1 < m)

θse1 ⇓ vs1 (A1)

θtpe1q, σi, t0 ⇓SL,β vt, σ1, t1, c1 (A2)

|= c1 ≤ κ1 (A3)

(vi1, lf , (σ1, β, m− j1)) ∈ VL(ϕτ1
C(σκ′)−−−−→ ϕτ2)SM

From the last statement we derive that vi1 = fix f(x). ei, σ1(β(lf )) = (fix f(x). et, ~e) and

(fix f(x). ei, fix f(x). et, (σ1, β, m− c1)) ∈ VALϕτ1
C(σκ′)−−−−→ ϕτ2M (A4)

We instantiate eq. (IH2) with σ1, β, t0 and S (note that σ1 w σi and κ2 < m) and we derive

θse1 ⇓ v′s (B1)
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θtpe2q, σ1, t1 ⇓SL,β v′t, σ2, t2, c2 (B2)

|= c2 ≤ κ2 (B3)

(v′s, v′t, (σ2, β, m− c2)) ∈ VLϕτ2M

Using lemma 36 we can derive

(v′s, v′t, (σ2, β, m− c1 − c2 − 4)) ∈ VLϕτ2M (B4)

We now instantiate eq. (A4) with (σ2, β, m− c1 − c2 − 4) and eq. (B4) and we obtain

(e′s[x/v′s][f/. . .], e′t[x/v′t][f/. . .], (σ2, β, m− c1 − c2 − 4)) ∈ ELϕτ2Mϕκ
′ (C)

We instantiate eq. (C) with σ3, β, t2 and r (note that κ′ < m− c1 − c2 − 42) to derive that

e′s[x/v′s][f/. . .] ⇓ vs (C1)

e′t[x/v′t][f/. . .], σ2, t2 ⇓rL,β vt, σ3, t3, c3 (C2)

|= c3 ≤ κ′ (C3)
r = S⇒ (vs, vt, (σ3, β, m− c1 − c2 − c3 − 4)) ∈ VLϕτ2M (C4)

r = C(ln)⇒ (vs, ln, (σ3[ln 7→ (vt, [])], β, m− c1 − c2 − c3 − 4)) ∈ VLϕτ2M (C5)

We can now show the goals. We consider two cases.

• r = S

1. From eq. (A1), eq. (B1) and eq. (C1) we derive

θs(e1 e2) ⇓ vs

2. From eq. (A2), eq. (B2) and eq. (C2) we derive

θt(peq), σi, t0 ⇓SL,β ln, σ3[lf 7→ · · · ][ln 7→ (vt, [])], t3, c1 + c2 + c3 + 4

where lt 6∈ dom(σ2)
3. From eq. (A3), eq. (B3) and eq. (C3) we derive (note that capp(C,C) = 4)

|= c1 + c2 + c3 + 4 ≤ κ1 + κ2 + κ′ + capp(C,C)

4. It is the case that ln 6∈ σ3 and σ3[lf 7→ · · · ][lt 7→ (vt, [])] w σ3 From eq. (C4) and
lemma 36 it immediately follows that

(vs, vt, (σ3[lf 7→ · · · ][ln 7→ (vt, [])], β, m− c1 − c2 − c3 − 4)) ∈ VLϕτ2M

• r = C(l)

1. From eq. (A1), eq. (B1) and eq. (C1) we derive

θs(e1 e2) ⇓ vs

2. From eq. (A2), eq. (B2) and eq. (C2) we derive

θtpeq, σi, t0 ⇓C(l)
L,β vt, σ3[lf 7→ · · · ], t3, c1 + c2 + c3 + 4
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3. From eq. (A3), eq. (B3) and eq. (C3) we derive

|= c1 + c2 + c3 + 4 ≤ κ1 + κ2 + κ′ + capp(C,C)

4. It is the case that σ3[lf 7→ · · · ][l 7→ (vt, [])] w σ3 (note that σ3(l) = �). From
eq. (C5) and lemma 36 it immediately follows that

(vs, l, (σ3[l 7→ (vt, [])], β, m− c1 − c2 − c3 − 4)) ∈ VLϕτ2M

Theorem 45 (Fundamental theorem - Binary interpretation)
Assume that the following hold

∆; Φ; Γ `ε e : τ | κ ↪→ peq

ϕ ∈ DJ∆K

(θi, θc, θt, (σi, σc, β, m)) ∈ GJϕΓK

.
|= ϕΦ

dom(β) ⊆ dom(σi) ∧ dom′(β) ⊆ dom(σc)

wf σi ∧ wf σc ∧ FL(θt) ⊆ σi
Then

(θie, θce, θtpeq, (σi, σc, β, m)) ∈ EJϕτKϕκ

Proof. We proceed by induction on the typing derivation of e. For each of the following cases
we pick ϕ, θi, θc, θt and W = (σi, σc, β, m) such that:

• ϕ ∈ DJ∆K

• |= ϕΦ

• (θi, θc, θt, W ) ∈ GJϕΓK

• dom(β) ⊆ dom(σi) ∧ dom′(β) ⊆ dom(σc)

• wf σi ∧ wf σc ∧ FL(θt) ⊆ σ

We show the most important cases bellow. The proofs of introduction and elimination rules are
largely similar, so we will only show few of them.

Case
∆; Φ; Γ, x : τ `S x : τ | 0 ↪→ x

varS

We need to show
(θix, θcx, θtx, W ) ∈ EJτK0

From the hypotheses and the definition of GJ·K we know that

(θix, θcx, θtx, W ) ∈ VJτK

The result follows from lemma 40.

107



Case
∆; Φ; Γ, x : τ `C x : τ | cvar() ↪→ read(x, x. x)

varC

We need to show
(θix, θcx, read(θtx, x. x), W ) ∈ EJϕτKcvar()

We pick arbitrary vi, ji, σi, σc, β, σo, βo, c′, t0 and r such that

D(edges(σi), dom(βo)), σi, σo, βo  σc, β, c
′ (1)

(σi, σc, β, ji) ≥W

θi(e1 e2) ⇓ vi

and
r = C(l)⇒ σi(l) = � ∧ l 6∈ dom(β)

By inversion of the evaluation relation we derive that vi = θix and that ji = 0. From the
hypotheses and the definition of GJ·K, we can derive using lemma 36 that

(θix, θcx, θtx, (σi, σc, β, k)) ∈ VJτK

From this we derive that θtx = l for an l ∈ dom(σi). Let σi(l) = (v, ~e). We consider the
following cases.

• l ∈ dom(β)
In this case we derive that τ = (A)C, σc(β(l)) = (v′, ~e′) and that

(θix, v, (σi, ∅, k)) ∈ VAJAK (A)

∀k, (θcx, v′, (σi ] σc, β, k)) ∈ VAJAK (B)

We consider the following cases.

– r = S
We can show the goals

1. θcx ⇓ θcx

2. We can easily derive that

read(θtx, x. x), t0, σi ⇓SL1,∅ ln, σi[l 7→ (v, (ln, λx. x, t0, t0+1) :: ~e)][ln 7→ (v, [])], t0+2, _

Furthermore, we will show that inv(σi[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)][ln 7→
(v, [])], βo, ln)

Proof. Let l ∈ R̂(σi[l 7→... ][ln 7→(v, [])], dom(βo))(FL(ln)). Since l ∈ dom(β), we can also
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show that path(dom(βo), edges(σ[l 7→ . . . ][ln 7→ (v, [])]), ln). We can derive
by the definition that l = ln. Also, using lemma 29, we derive that there is no
(l′s, l′d, f ′, t′1, t′2) ∈ edges(σi[l 7→ . . . ][ln 7→ (v, [])]) such that path(dom(βo), σi[l 7→
. . . ][ln 7→ (v, [])], l′s) and t′1 < t1, t2 < t′2. We conclude that ln ∈ trg(D(edges(σi[lf 7→
. . . ][ln 7→ (v, [])]), dom(βo)))

3. First we will show that D(edges(σi[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)][ln 7→
(v, [])]), dom(βo)) = D(edges(σi), dom(βo)) ++ [(l, ln, λx. x, t0, t0 + 1)].

Proof. Note that

D(edges(σi[l7 → . . . ][ln 7→ (v, [])]), βo) =

D(edges(σi) ∪ {(l, ln, λf. f v′t, t2, t3)}, βo)

We know that l ∈ dom(β1) and consequently from lemma 30 we can derive that
l ∈ D(edges(σi), dom(βo)) and path(dom(βo), edges(σi), l). We can use lemma 27
(all the other preconditions follow from the hypotheses) to derive the result.

Using lemma 33 and eq. (1) we derive

D(edges(σi[l7 → . . . ][ln 7→ (v, [])]), βo), σi[l 7→ · · · :: ~e)][ln 7→ (v, [])], σo, βo
 

σc[l′n 7→ (v′, [])], β[ln 7→ l′n], c′ + 1

4. We can easily derive that
1≤ cvar()

5. Using the fact that σi[l 7→ (v, (ln, λx. x, t0, t0+1) :: ~e)] w σi and that ln 6∈ dom(σi)
we derive σi[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)][ln 7→ v] w σi. From the definition
of the relation and eq. (A), eq. (B) and lemma 36, we can show that

(θix, θcx, ln, (σi[l 7→ . . . ][ln 7→ (v, [])], σc[l′n 7→ (v′, [])], β[ln 7→ l′n], k))

∈ VJτK

– r = C(ln)
We can show the goals

1. θcx ⇓ θcx

2. We can derive that

read(θtx, x. x), t0, σi ⇓C(ln)
L1, ∅ v, σi[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)], t0 + 2, _

109



Furthermore, we will show that inv(σi[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)][ln 7→
(v, [])], βo, ln)

Proof. Let l ∈ R̂(σi[l 7→... ][ln 7→(v, [])], dom(βo))(FL(ln)). Since l ∈ dom(β), we can also
show that path(dom(βo), edges(σ[l 7→ . . . ][ln 7→ (v, [])]), ln). We can derive
by the definition that l = ln. Also, using lemma 29, we derive that there is no
(l′s, l′d, f ′, t′1, t′2) ∈ edges(σi[l 7→ . . . ][ln 7→ (v, [])]) such that path(dom(βo), σi[l 7→
. . . ][ln 7→ (v, [])], l′s) and t′1 < t1, t2 < t′2. We conclude that ln ∈ trg(D(edges(σi[lf 7→
. . . ][ln 7→ (v, [])]), dom(βo)))

3. We can show that D(edges(σi[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)]), dom(βo)) =
D(edges(σi), dom(βo)) ++ [(l, ln, λx. x, t0, t0 + 1)].

Proof. Note that

D(edges(σi[l7 → . . . ][ln 7→ (v, [])]), βo) =

D(edges(σ) ∪ {(l, ln, λf. f v′t, t2, t3)}, βo)

We know that l ∈ dom(β) and consequently from lemma 30 we can derive that
l ∈ D(edges(σi), dom(βo)) and path(dom(βo), edges(σi), l). We can use lemma 27
(all the other preconditions follow from the hypotheses) to derive the result.

Then, using eq. (1), lemma 33 and lemma 32

D(edges(σi[l7 → . . . ][ln 7→ (v, [])]), βo), σi[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)], σo, βo
 

σc[l′n 7→ (v′, [])], β[ln 7→ l′n], c′ + 1

4. We can easily derive that
1≤ cvar()

5. Using the fact that σi[l 7→ (v, (ln, λx. x, t0, t0 +1) :: ~e)] w σi and that σi(ln) = �
we derive σi[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)][ln 7→ v] w σi. From the definition
of the relation and eq. (A), eq. (B) and lemma 36, we can show that

(θix, θcx, ln, (σi[l 7→ . . . ][ln 7→ (v, [])], σc[l′n 7→ (v′, [])], β[ln 7→ l′n], k))

∈ VJτK

• l 6∈ dom(β)
Let τ = (A)µ. We derive that

(θix, θcx, v, (σi, σc, β, k)) ∈ VAJAK (A)

110



We consider the following cases.

– r = S
We can show the goals

1. θcx ⇓ θcx

2. We can easily derive that

read(θtx, x. x), t0, σi ⇓SL1,∅ ln, σi[l 7→ (v, (ln, λx. x, t0, t0+1) :: ~e)][ln 7→ (v, [])], t0+2, _

Furthermore, we will show that inv(σi[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)][ln 7→
(v, [])], ln, )

Proof. Let l ∈ R̂(σi[l 7→... ][ln 7→(v, [])], dom(βo))(FL(ln)). Since l 6∈ dom(β) we can derive
that ¬path(dom(βo), edges(σ[l 7→ . . . ][ln 7→ (v, [])]), ln). By the definition, we
obtain that R̂(σi[l 7→... ][ln 7→(v, [])], dom(βo))(FL(ln)) = R̂(σi, dom(βo))(θtx) and the result
follows from the hypothesis that inv(σi, βo, θtx)

3. We can show thatD(edges(σi[l 7→ (v, (ln, λx. x, t0, t0+1) :: ~e)][ln 7→ v]), dom(βo)) =
D(edges(σi), dom(βo)).

Proof.

Then from eq. (1) and lemma 32 we derive

D(edges(σi[l 7→ . . . ][ln 7→ v]), dom(βo)), σ[l 7→ . . . ][ln 7→ v], σo, βo
 

σc, β, c
′

4. We can easily derive that
c′ − c′≤ cvar()

5. Using the fact that σi[l 7→ (v, (ln, λx. x, t0, t0+1) :: ~e)] w σi and that ln 6∈ dom(σi)
we derive σi[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)][ln 7→ v] w σi. From the definition
of the relation and eq. (A), lemma 36 we can show that

(θix, θcx, ln, (σi[l 7→ (v, (ln, λx. x, t0, t0+1) :: ~e)][ln 7→ (v, [])], σc, β, k)) ∈ VJτK

– r = C(ln)
We can show the goals

1. θcx ⇓ θcx

2. We can easily derive that

read(θtx, x. x), t0, σi ⇓C(ln)
L1, ∅ v, σ[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)], t0 + 2, _
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Proof. Let l ∈ R̂(σi[l 7→... ][ln 7→(v, [])], dom(βo))(FL(ln)). Since l 6∈ dom(β), we can derive
that ¬path(dom(βo), edges(σ[l 7→ . . . ][ln 7→ (v, [])]), ln). By the definition, we
obtain that R̂(σi[l 7→... ][ln 7→(v, [])], dom(βo))(FL(ln)) = R̂(σi, dom(βo))(θtx) and the result
follows from the hypothesis that inv(σi, βo, θtx)

3. We can show thatD(edges(σi[l 7→ (v, (ln, λx. x, t0, t0+1) :: ~e)][ln 7→ v]), dom(βo)) =
D(edges(σi), dom(βo)).

Proof.

Then from eq. (1) and lemma 32 we derive

D(edges(σi[l 7→ . . . ][ln 7→ v]), dom(βo)), σi[l 7→ . . . ][ln 7→ v], σo, βo  σc, β, c
′

4. We can easily derive that
c′ − c′≤ cvar()

5. Using the fact that σi[l 7→ (v, (ln, λx. x, t0, t0 +1) :: ~e)] w σi and that σi(ln) = �
we derive σi[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)][ln 7→ v] w σi. Also note that
ln 6∈ trg(σi[l 7→ (v, (ln, λx. x, t0, t0 + 1) :: ~e)][ln 7→ (v, [])]) From the definition
of the relation, eq. (A) and lemma 36 we can show that

(θix, θcx, ln, (σi[l 7→ (v, (ln, λx. x, t0, t0+1) :: ~e)][ln 7→ (v, [])], σc, β, k)) ∈ VJτK

Case
∆; Φ ` Γ wf κ = (ε .= C ? creal() : 0)

∆; Φ; Γ `ε r : (real)S | κ ↪→ ref r
real

We need to show
(r, r, ref r, W ) ∈ EJ(real)SK0

From lemma 40 it suffices to show that

(r, r, r, W ) ∈ VJrealK

which follows from the definition of the relation.

Case
∆; Φ; Γ `ε e : (τ1 × τ2)S | κ′ ↪→ peq κ = κ′ + cfst(ε, S)

∆; Φ; Γ `ε fst e : τ1 | κ ↪→ fst !peq
fstS

By the induction hypothesis applied on the premises we get:

(θie, θce, θtpeq, W ) ∈ EJ(ϕτ1 × ϕτ2)SKϕκ′ (IH)
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We pick arbitrary vi, ji, σi, σc, β, σo, βo, c′, t0 and r such that

D(edges(σi), dom(βo)), σi, σo, βo  σc, β, c
′ (1)

(σi, σc, β, ji) ≥W

θi(fst e) ⇓ vi

and
r = C(l)⇒ σi(l) = � ∧ l 6∈ dom(β)

By inversion of the evaluation relation we derive the following:

θie ⇓ (vi1, vi2), j1 (2)

and vi = vi1, ji = j1 + 1 for some vi and j1. We instantiate eq. (IH) with (vi1, vi2), j1, σi, σc,
β, (note that (σi, σc, β, j1) ≥ W ), σo, βo, c′, S, t0, eq. (1) and eq. (2) and we obtain vc, l,
(σ1, σ

′
1, β1) ≥ (σi, σc, β), t1, c1 such that:

θce1 ⇓ vc (A1)

θtpe1q, σi, t0 ⇓rL1,∅ l, σ1, t1, _ (A2)

(r = S⇒ inv(σ1, βo, vt)) ∧ (r = C(l)⇒ inv(σ1[l 7→ vt], βo, l)) (A3)

D(edges(σ1), dom(βo)), σ1, σo, βo  σ′1, β1, c1 (A4)

c1 − c′ ≤ ϕκ1 (A5)

r = S⇒ (vi, vc, l, (σ1, σ
′
1, β1, m− j1)) ∈ VJ(ϕτ1 × ϕτ2)SK

r = S⇒ (vi, vc, l, (σ1, σ
′
1, β1, m− j1)) ∈ VJ(ϕτ1 × ϕτ2)SK

r = C(l)⇒ (vi1, vc1, l, (σ1[l 7→ vt], σ′1, β1, m− j1)) ∈ VJ(ϕτ1 × ϕτ2)SK

From the last statements we derive that vc = (vc1, vc2), σ1(l) = (vt1, vt2), l 6∈ dom(β1) and

(vi1, vc1, vt1, (σ1, σ
′
1, β1, m− j1)) ∈ VJϕτ1K (A6)

(vi1, vc1, vt1, (σ1[l 7→ (vt, [])], σ′1, β1, m− j1)) ∈ VJϕτ1K (A7)

We can now show the goals.

1. From eq. (A1) we can derive that

θc(fst e) ⇓ vc1
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2. From eq. (A2) we can derive that

θtpeq, σi, t0 ⇓rL1,∅ vt1, σ1, t1, _

Assume r = S. Since l 6∈ dom(β1) we can show that ¬path(dom(βo), σ1, l) and R̂(σ1, βo)(FL(l)) =
R̂(σ, β)(FL(v)). From eq. (A3) we obtain inv(σ1, βo, vt1)) Assume r = C(l). Since
l 6∈ dom(β1) we can show that ¬path(dom(βo), σ1, l) and R̂(σ1[l 7→(vt, [])], βo)(FL(l)) =
R̂(σ1[l 7→(vt, [])], β)(FL(v)). From eq. (A3) we obtain inv(σ1[l 7→ (vt, [])], βo, vt1)).

3. From eq. (A4) we derive

D(edges(σ3), βo), σ3, σo, βo  σ′3, β3, c3

4. From eq. (A5) we can derive that
c1 − c′≤ϕκ′

5. Assume that r = S. From eq. (A6) we derive that

(vi1, vc1, vt1, (σ1, σ
′
1, β1, m− ji)) ∈ VJϕτ1K

6. Assume that r = C(l). From eq. (A7) we derive that

(vi1, vc1, l, (σ1[l 7→ (vt, [])], σ′1, β1, m− ji)) ∈ VJϕτ1K

Case
∆; Φ; Γ, f : (τ1

δ(κ′)−−−→ τ2)S, x : τ1 `δ e : τ2 | κ′ ↪→ peq κ = (ε = C ? cfix() : 0)

∆; Φ; Γ `ε fix f(x). e : (τ1
δ(κ′)−−−→ τ2)S | κ ↪→ ref (fix f(x). peq)

fix1

We need to show

(θi(fix f(x). e), θc(fix f(x). e), ref θt(fix f(x). peq), W ) ∈ EJ(ϕτ1
δ(σκ)−−−→ ϕτ2)SK0

From lemma 40 it suffices to show that

(θi(fix f(x). e), θc(fix f(x). e), θt(fix f(x). peq), W ) ∈ VAJϕτ1
δ(σκ)−−−→ ϕτ2K

We will first show that

∀k ≥ m, (θi(fix f(x). e), θc(fix f(x). e), θt(fix f(x). peq), (σi, σc, β, k)) ∈ VAJϕτ1
S(ϕ(κ))−−−−→ ϕτ2K

We proceed by induction on k.

• k = 0
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This is vacuous from the definition of VJ·K

• k = k′ + 1
From the induction hypothesis we know

(θi(fix f(x). e), θc(fix f(x). e), θt(fix f(x). peq), (σi, σc, β, k′)) ∈ VAJϕτ1
S(ϕ(κ))−−−−→ ϕτ2K

(IH)
We pick arbitrary W ′ > (σi, σc, β, k) and vi, vc, vt l such that (vi, vc, vt, W ′) ∈ VJτ1K

and σi(l) = fix f(e). θtpeq. We can easily derive using lemma 36 and the definition of the
relation that

(θi[x 7→ vi, f 7→ fix f(x). θie], θc[x 7→ vc, f 7→ fix f(x). θce], θt[x 7→ vt, f 7→ l], W ′)

∈ GJϕΓ, f : (ϕτ1
S(ϕκ)−−−→ ϕτ2)S, x : τ1K

We instantiate the outer induction hypothesis with the above and we derive

(θi[x 7→ vi, f 7→ . . . ]e, θc[x 7→ vc, f 7→ . . . ]e, θt[x 7→ vt, f 7→ . . . ]peq, W ′)

∈ EJϕτ2Kϕκ

which proves the goal.

If δ = C we also have to show that

(θi(fix f(x). e), θt(fix f(x). peq), (σi, ∅, m)) ∈ VALϕτ1
C(ϕ(κ))−−−−−→ ϕτ2M (1)

∀ k, (θc(fix f(x). e), θt(fix f(x). peq), (σi ] σc, β, k)) ∈ VALϕτ1
C(ϕ(κ))−−−−−→ ϕτ2M (2)

To show eq. (1) we will show

∀k ≥ m, (θi(fix f(x). e), θt(fix f(x). peq), (σi, ∅, k)) ∈ VALϕτ1
C(ϕ(κ))−−−−−→ ϕτ2M

We proceed by induction on k.

• k = 0
This case is vacuously true by the definition of VL·M

• k = k′ + 1
From the induction hypothesis we know

(θi(fix f(x). e), θy(fix f(x). peq), (σi, ∅, k′)) ∈ VALϕτ1
C(ϕ(κ))−−−−−→ ϕτ2M (IH)

We pick arbitrary W ′ > (σi, ∅, k′) and vi, vt l, such that (vi, vt, W ′) ∈ VLτ1M and
σ(l) = fix f(x). θtpeq. We can easily derive using the definition of the relation lemma 36
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that

(θi[x 7→ vi, f 7→ fix f(x). θie], θt[x 7→ vt, f 7→ l], W ′)

∈ GLϕΓ, f : (ϕτ1
C(ϕκ)−−−−→ ϕτ2)S, x : τ1M

We instantiate theorem 44 with the above and we derive

(θi[x 7→ vi, f 7→ fix f(x). θie]e, θt[x 7→ vt, f 7→ fix f(x). l]peq, W ′) ∈ ELϕτ2Mϕκ

which proves the goal.

To show eq. (2) we pick arbitrary k, and we show

∀k′ ≥ k, (θc(fix f(x). e), θt(fix f(x). peq), (σi ] σc, β, k′)) ∈ VALϕτ1
C(ϕ(κ))−−−−−→ ϕτ2M

following the same procedure as above.

Case

∆; Φ; Γ, f : �((τ1
δ(κ′)−−−→ τ2)S, x : τ1) `δ e : τ2 | κ′ ↪→ peq

∀x ∈ Γ, ∆; Φ |=|= Γ(x) v �(Γ(x)) κ = (ε = C ? cfix() : 0)

∆; Φ; Γ `ε fix f(x). e : �((τ1
δ(κ′)−−−→ τ2)S) | κ ↪→ ref (fix f(x). peq)

fix2

We need to show

(θi(fix f(x). e), θc(fix f(x). e), ref θt(fix f(x). peq), W ) ∈ EJ�((ϕτ1
δ(σκ)−−−→ ϕτ2)S)K0

We will first show that if

(θi(fix f(x). e), θc(fix f(x). e), θt(fix f(x). peq), W ) ∈ VAJϕτ1
δ(σκ)−−−→ ϕτ2K

then for all (σi, σc, β, k) ≥W , l such that σi(l) = fix f(x). peq

(θi(fix f(x). e), θc(fix f(x). e), l, (σi, σc, β, k)) ∈ VAJ�((ϕτ1
δ(σκ)−−−→ ϕτ2)S)K

Proof. Let W ′ = (σi, σc, β, k). We know that (θi, θc, θt, W ) ∈ GJφΓK Using theorem 43 and
lemma 36 we can derive that

(θi, θc, θt, W ′) ∈ GJ�(φΓ)K (1)

From lemma 39, it suffices to show thatRσi(FL(θt(fix f(x). peq)))∩dom(β) = ∅. From lemma 34
we derive that FL(fix f(x). peq) = ∅. Consequently, FL(θt(fix f(x). peq)) = FL(θt). From
eq. (1) and the definition of the relations we can derive that FL(θt) ∩ dom(β) = ∅ that proves
the goal.
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Using the above fact we can prove that

(θi(fix f(x). e), θc(fix f(x). e), θt(fix f(x). peq), W ) ∈ VAJϕτ1
δ(σκ)−−−→ ϕτ2K

The proof is similar to the fix1 case. From this, the fact we proved above, and lemma 40 we
can derive

(θi(fix f(x). e), θc(fix f(x). e), ref θt(fix f(x). peq), W ) ∈ EJ�((ϕτ1
δ(σκ)−−−→ ϕτ2)S)K0 (2)

Case

∆; Φ; Γ `ε e1 : (τ1
δ(κ′)−−−→ τ2)S | κ1 ↪→ pe1q

∆; Φ; Γ `ε e2 : τ1 | κ2 ↪→ pe2q ε ≤ δ κ = κ′ + κ1 + κ2 + capp(ε,S)

∆; Φ; Γ `ε e1 e2 : τ2 | κ ↪→ !pe1q pe2q
appS

By the induction hypothesis applied on the premises we get:

(θie1, θce1, θtpe1q, W ) ∈ EJ(ϕτ1
δ(σκ′)−−−−→ ϕτ2)SKϕκ1 (IH1)

(θie2, θce2, θtpe2q, W ) ∈ EJϕτ1Kϕκ2 (IH2)

We pick arbitrary vi, ji, σi, σc, β, σo, βo, c′, t0 and r such that

D(edges(σi), dom(βo)), σi, σo, βo  σc, β, c
′ (1)

(σi, σc, β, ji) ≥W

θi(e1 e2) ⇓ vi

and
r = C(l)⇒ σi(l) = � ∧ l 6∈ dom(β)

By inversion of the evaluation relation we derive the following:

θie1 ⇓ fix f(x). ei, j1 (2)

θie2 ⇓ v′i, j2 (3)

ei[x/v′i][f/fix f(x). ei] ⇓ vi, j3 (4)

and ji = j1 + j2 + j3 for some ei, v′i, j1, j2 and j3 We instantiate eq. (IH1) with fix f(x). ei, j1,
σi, σc, β, (note that (σi, σc, β, j1) ≥ W ), σo, βo, c′, S, t0, eq. (1) and eq. (2) and we obtain
vc1, lf , (σ1, σ

′
1, β1) ≥ (σi, σc, β), t1, c1 such that:

θce1 ⇓ vc1 (A1)

θtpe1q, σi, t0 ⇓SL1,∅ lf , σ1, t1, _ (A2)
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inv(σ1, βo, lf ) (A3)

D(edges(σ1), dom(βo)), σ1, σo, βo  σ′1, β1, c1 (A4)

c1 − c′ ≤ ϕκ1 (A5)

and
(fix f(x). ei, vc1, lf , (σ1, σ

′
1, β1, m− j1)) ∈ VJ(ϕτ1

δ(σκ′)−−−−→ ϕτ2)SK

From the last statement we obtain that lf 6∈ trg(edges(σ1)), σ(lf ) = fix f(x). et, vc =
fix f(x). ec and

(fix f(x). ei, fix f(x). ec, fix f(x). et, (σ1, σ
′
1, β1, m− j1)) ∈ VJ(ϕτ1

δ(σκ′)−−−−→ ϕτ2)SK (A6)

We now instantiate eq. (IH2) with v′i, j2, σ1, σ′1, β1, (note that (σ1, σ
′
1, β1, j2) ≥ W ), σo, βo,

c1 t1, S eq. (A4) and eq. (3) and we obtain v′c, v′t, (σ2, σ
′
2, β2) ≥ (σ1, σ1, β1), t2, c2 such that:

θce2 ⇓ v′c (B1)

θtpe2q, σ1, t1 ⇓SL1,∅ v
′
t, σ2, t2, _ (B2)

inv(σ2, βo, v
′
t) (B3)

D(edges(σ2), dom(βo)), σ2, σo, βo  σ′2, β2, c2 (B4)

c2 − c1 ≤ ϕκ2 (B5)

and
(v′i, v′c, v′t, (σ2, σ

′
2, β2, m− j2)) ∈ VJϕτ1K

We apply lemma 36 at the last statement and we obtain

(v′i, v′c, v′t, (σ2, σ
′
2, β2, m− j1 − j2 − 1)) ∈ VJϕτ1K (B6)

We instantiate eq. (A6) with σ2, σ′2, β2, m−j1−j2−1 (note that (σ2, σ
′
2, β2, m−j1−j2−1) >

(σ1, σ
′
1, β1, m− j1)) by lemma 29 and lemma 30), and eq. (B6) and we derive

(e′i[x/v′i][f/. . .], e′c[x/v′c][f/. . .], e′t[x/v′t][f/. . .], (σ2, σ
′
2, β2, m− j1− j2−1)) ∈ EJϕτ2Kϕκ

′ (C)

We now instantiate eq. (C) with vi, j3, σ2, σ′2, β2, σo, βo, c2, t2, r (note that r = C(l)⇒ σ2(l) =
� from lemma 29), eq. (B4) and eq. (4) and we obtain vc, v, (σ3, σ

′
3, β3) ≥ (σ2, σ

′
2, β2), t3,

c3, such that:
e′c[x/v′c][f/. . .] ⇓ vc (C1)
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e′t[x/v′t][f/. . .], σ2, t2 ⇓rL1,∅ vt, σ3, t3, _ (C2)

(r = S⇒ inv(σ3, βo, vt)) ∧ (r = C(l)⇒ inv(σ3[l 7→ vt], βo, l)) (C3)

D(edges(σ3), βo), σ3, σo, βo  σ′3, β3, c3 (C4)

c3≤ϕκ′ (C5)

r = S⇒ (vi, vc, vt, (σ3, σ
′
3, β3, m− ji)) ∈ VJϕτ1K (C6)

r = C(l)⇒ (vi, vc, l, (σ3[l 7→ (vt, [])], σ′3, β3, m− ji)) ∈ VJϕτ1K (C7)

We can now show the goals.

1. From eq. (A1), eq. (B1) and eq. (C1) we can derive that

θc(e1 e2) ⇓ vc

2. From eq. (A2), eq. (B2) and eq. (C2) we can derive that

θtpeq, σi, t0 ⇓rL1,∅ vt, σ3, t3, _

Furthermore, from eq. (C3) we obtain

(r = S⇒ inv(σ3, βo, vt)) ∧ (r = C(l)⇒ inv(σ3[l 7→ vt], βo, l))

3. From eq. (C4) we derive

D(edges(σ3), βo), σ3, σo, βo  σ′3, β3, c3

4. From eq. (A5), eq. (B5), and eq. (C5) we can derive that

c3 − c′≤ϕ(κ1 + κ2 + κ′ + (ε = C ? 2 : 0))

5. Assume that r = S. From eq. (C6) we derive that

(vi, vc, vt, (σ3, σ
′
3, β3, m− ji)) ∈ VJϕτ2K

6. Assume that r = C(l). From eq. (C7) we derive that

(vi, vc, l, (σ3[l 7→ (vt, [])], σ′3, β3, m− ji)) ∈ VJϕτ2K

Case

∆; Φ; Γ `ε e1 : (τ1
C(κ′)−−−→ τ2)C | κ1 ↪→ pe1q

∆; Φ; Γ `ε e2 : τ1 | κ2 ↪→ pe2q |= C E τ2 κ = κ′ + κ1 + κ2 + capp(ε,C)

∆; Φ; Γ `ε e1 e2 : τ2 | κ ↪→ let f = pe1q in letx = pe2q in read(f, f. f x)
appC
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By the induction hypothesis applied on the premises we get:

(θie1, θce1, θtpe1q, W ) ∈ EJ(ϕτ1
C(σκ′)−−−−→ ϕτ2)CKϕκ1 (IH1)

(θie2, θce2, θtpe2q, W ) ∈ EJϕτ1Kϕκ2 (IH2)

We pick arbitrary vi, ji, σi, σc, β, σo, βo, c′, t0 and r such that

D(edges(σi), dom(βo)), σi, σo, βo  σc, β, c
′ (1)

(σi, σc, β, ji) ≥W

θi(e1 e2) ⇓ vi

and
r = C(l)⇒ σi(l) = � ∧ l 6∈ dom(β)

By inversion of the evaluation relation we derive the following:

θie1 ⇓ fix f(x). ei, j1 (2)

θie2 ⇓ v′i, j2 (3)

ei[x/v′i][f/fix f(x). ei] ⇓ vi, j3 (4)

and ji = j1 + j2 + j3 for some ei, v′i, j1, j2 and j3 We instantiate eq. (IH1) with fix f(x). ei, j1,
σi, σc, β, (note that (σi, σc, β, j1) ≥ W ), σo, βo, c′, S, t0, eq. (1) and eq. (2) and we obtain
vc1, lf , (σ1, σ

′
1, β1) ≥ (σi, σc, β), t1, c1 such that:

θce1 ⇓ vc1 (A1)

θtpe1q, σi, t0 ⇓SL1,∅ lf , σ1, t1, _ (A2)

inv(σ1, βo, lf ) (A3)

D(edges(σ1), dom(βo)), σ1, σo, βo  σ′1, β1, c1 (A4)

c1 − c′ ≤ ϕκ1 (A5)

and
(fix f(x). ei, vc1, lf , (σ1, σ

′
1, β1, m− j1)) ∈ VJ(ϕτ1

C(σκ′)−−−−→ ϕτ2)CK (A6)

We now instantiate eq. (IH2) with v′i, j2, σ1, σ′1, β1, (note that (σ1, σ
′
1, β1, j2) ≥ W ), σo, βo,
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c1 t1, S eq. (A4) and eq. (3) and we obtain v′c, v′t, (σ2, σ
′
2, β2) ≥ (σ1, σ1, β1), t2, c2 such that:

θce2 ⇓ v′c (B1)

θtpe2q, σ1, t1 ⇓SL1,∅ v
′
t, σ2, t2, _ (B2)

inv(σ2, βo, v
′
t) (B3)

D(edges(σ2), dom(βo)), σ2, σo, βo  σ′2, β2, c2 (B4)

c2 − c1 ≤ ϕκ2 (B5)

and
(v′i, v′c, v′t, (σ2, σ

′
2, β2, m− j2)) ∈ VJϕτ1K

We apply lemma 36 and lemma 37 at the last statement and we obtain

(v′i, v′c, v′t, (σ2, σ
′
2, β2, m− j1 − j2 − 1)) ∈ VJϕτ1K (B6.1)

∀ m, (v′i, v′t, (σ2, ∅, m)) ∈ VLϕτ1M (B6.2)

∀ m, (v′c, v′t, (σ2 ] σ′2, β2, m)) ∈ VLϕτ1M (B6.3)

We distinguish two cases.

• lf 6∈ dom(β1)
From eq. (A6) we derive that σ1(lf ) = (fix f(x). et, ~e) and v′c = fix f(x). ec, for some ec,
~e, and et, and

(fix f(x). ei, fix f(x). ec, fix f(x). et, (σ1, σ
′
1, β1, m− c1)) ∈ VAJϕτ1

S(σκ′)−−−−→ ϕτ2K

(A6.1)

We instantiate eq. (A6.1) with σ2, σ′2, β2, m− j1− j2− 1 (note that (σ2, σ
′
2, β2, m− j1−

j2 − 1) > (σ1, σ
′
1, β1, m− j1) by lemma 29), and eq. (B6.1) and we derive

(e′i[x/v′i][f/. . .], e′c[x/v′c][f/. . .], e′t[x/v′t][f/. . .], (σ2, σ
′
2, β2, m− j1− j2− 1)) ∈ EJϕτ2Kϕκ

′

(C)

We consider two cases.

– r = S
Let ln = freshL1(σ2). We instantiate eq. (C) with vi, j3, σ2[ln 7→ �], σ′2, β2, (note that
σ2[ln 7→ �] w σ2 and j3 < m− j1 − j2 − 1 and ln 6∈ dom(β2) since dom(β2) ⊆ dom(σ2))
σo, βo, c2, t2 + 1, C(ln) eq. (B4) and eq. (4) and we obtain vc, v, (σ3, σ

′
3, β3) ≥
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(σ2[ln 7→ �], σ′2, β2), t3, c3, such that:

ec[x/v′c][f/. . .] ⇓ vc (C1)

e′t[x/v′t][f/. . .], σ2[ln 7→ �], t2 + 1 ⇓C(ln)
L,β v, σ3, t3, _

and consequently

(fix f(x). et) v′t, σ2[ln 7→ �], t2 + 1 ⇓C(ln)
L,β v, σ3, t3, _ (C2)

inv(σ3[ln 7→ (v, [])], βo, ln) (C3)

D(edges(σ3), βo), σ3, σo, βo  σ′3, β3, c3 (C4)

c3 − c2 ≤ ϕκ′ (C5)

(vi, vc, ln, (σ3[ln 7→ (v, [])], σ′3, β3, m− ji)) ∈ VJϕτ1K (C6)

We can now show the goals.

1. From eq. (A1), eq. (B1) and eq. (C1) we can derive that

θc(e1 e2) ⇓ vc

2. From eq. (A2), eq. (B2) and eq. (C2) we can derive that

θtpeq, σi, t0 ⇓SL1,∅ ln, σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3) :: ~e)][ln 7→ (v, [])], t4+1, _

We will show that ¬path(dom(βo), σ3[lf 7→ . . . ][ln 7→ (v, [])], lf ).

Proof. Assume that path(dom(βo), σ3[lf 7→ . . . ][ln 7→ (v, [])], lf ). Then from
lemma 25 we derive that path(dom(βo), σ1, lf ). It is the case that R̂(σ1, dom(βo))(lf )
and using inv(σ1, lf , ) we derive that lf ∈ D(edges(σ1), dom(βo)). Using
lemma 30 we derive that lf ∈ dom(β1) which is contradictory.

We will also show that D(edges(σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3) ::
~e)][ln 7→ (v, [])]), βo) = D(edges(σ3), βo)

Proof. Since lf 6∈ dom(β1) we derive that lf 6∈ dom(βo). If lf 6∈ trg(σ3[lf 7→
. . . ][ln 7→ (v, [])]) ∪ dom(βo) the result follows by the definition of dependency
graph. Assume that lf ∈ trg(σ3[lf 7→ . . . ][ln 7→ (v, [])]). Using lemma 29 we
derive that lf ∈ trg(σ1) Since ¬path(dom(βo), σ3[lf 7→ . . . ][ln 7→ (v, [])], lf ) the
result follows from lemma 26.

Now, we can show that inv(σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3) ::
~e)][ln 7→ (v, [])], βo, ln)
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Proof. We can easily show that R̂(σ3[lf 7→... ][ln 7→(v, [])], dom(βo))(FL(ln)) = R̂(σ3, dom(βo))(FL(ln)).
Since D(edges(σ3[lf 7→ . . . ][ln 7→ (v, [])]), βo) = D(edges(σ3), βo) the result fol-
lows from eq. (C3)

3. From the facts we proved above and using eq. (C4) we conclude that

D(edges(σ3[lf 7→ . . . ][ln 7→ (v, [])]), βo), σ3[lf 7→ . . . ][ln 7→ (v, [])], σo, βo
 

σ′3, β3, c3

4. From eq. (A5), eq. (B5), and eq. (C5) we can derive that

c3 − c′ ≤ ϕ(κ1 + κ2 + κ′ + capp(ε, S))

5. Using the fact that σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3) :: ~e)] w σ3 we derive
σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3) :: ~e)][ln 7→ (v, [])] w σ3[ln 7→ (v, [])].
From eq. (C6) and lemma 36 we derive that

(vi, vc, ln, (σ3[lf 7→ . . . ][ln 7→ (v, [])], σ′3, β3, m− ji))

∈ VJϕτ2K

– r = C(ln)
We instantiate eq. (C) with vi, j3, σ2, σ′2, β2, (note that j3 < m−j1−j2−1, σ2(ln) = �
and ln 6∈ dom(β2) using the initial hypothesis and lemma 29, lemma 30) σo, βo, c2,
t2 + 1, C(ln) eq. (B4) and eq. (4) and we obtain vc, v, (σ3, σ

′
3, β3) ≥ (σ2, σ

′
2, β2), t3,

c3, such that:
e′c[x/v′c][f/. . .] ⇓ vc (C1)

e′t[x/v′t][f/. . .], σ2, t2 + 1 ⇓C(ln)
L1, ∅ v, σ3, t3, _ (C2)

inv(σ3[ln 7→ (v, [])], βo, ln) (C3)

D(edges(σ3), β0), σ3, σo, βo  σ′3, β3, c3 (C4)

c3 − c2≤ϕκ′ (C5)

(vi, vc, ln, (σ3[ln 7→ (v, [])], σ′3, β3, m− ji)) ∈ VJϕτ1K (C6)

We can now show the goals.

1. From eq. (A1), eq. (B1) and eq. (C1) we can derive that

θc(e1 e2) ⇓ vc
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2. From eq. (A2), eq. (B2) and eq. (C2) we can derive that

θtpeq, σi, t0 ⇓C(ln)
L1, ∅ v, σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3), ~(e))], t3 + 1, _

We will show that ¬path(dom(βo), σ3[lf 7→ . . . ], lf ).

Proof. Assume that path(dom(βo), σ3[lf 7→ . . . ], lf ). Then from lemma 25 we
derive that path(dom(βo), σ1, lf ). It is the case that R̂(σ1, dom(βo))(lf ) and using
inv(σ1, lf , ) we derive that lf ∈ D(edges(σ1), dom(βo)). Using lemma 30 we
derive that lf ∈ dom(β1) which is contradictory.

We will also show that D(edges(σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3) ::
~e)]), βo) = D(edges(σ3), βo)

Proof. Since lf 6∈ dom(β1) we derive that lf 6∈ dom(βo). If lf 6∈ trg(σ3[lf 7→
. . . ]) ∪ dom(βo) the result follows by the definition of dependency graph. Assume
that lf ∈ trg(σ3[lf 7→ . . . ]). Using lemma 29 we derive that lf ∈ trg(σ1) Since
¬path(dom(βo), σ3[lf 7→ . . . ], lf ) the result follows from lemma 26.

Now, we can show that inv(σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3) ::
~e)]][ln 7→ (v, [])], βo, ln)

Proof. We ca show that R̂(σ3[lf 7→... ]][ln 7→(v, [])], dom(βo))(FL(v)) = R̂(σ3, dom(βo))(FL(v))
and since D(edges(σ3[lf 7→ . . . ][ln 7→ (v, [])]), βo) = D(edges(σ3), βo) the result
follows from eq. (C3)

3. From the facts we proved above and eq. (C4) we conclude that

D(edges(σ3[lf 7→ . . . ]), βo), σ3[lf 7→ . . . ][ln 7→ (v, [])], σo, βo
 

σ′3, β3, c3

4. Using the fact that σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3), ~(e))] w σ3 we derive
σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3), ~(e))][ln 7→ (v, [])] w σ3[ln 7→ (v, [])].
From eq. (C6) and lemma 36 we derive that

(vi, vc, ln, (σ3[lf 7→ (. . . )][ln 7→ (v, [])], σ′3, β3, m− ji))

∈ VJϕτ2K

• lf ∈ dom(β1)
From eq. (A6) we derive that σ1(l) = (fix f(x). et1, ~e), σ′1(β1(l)) = (fix f(x). et2, _) and
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v′c = fix f(x). ec, for some ec, et1 and et2, and

∀ m, (fix f(x). ei, fix f(x). et1, (σ1, ∅, m)) ∈ VLϕτ1
C(σκ′)−−−−→ ϕτ2M (A5.2)

and
∀ m, (fix f(x). ec, fix f(x). et2, (σ1 ] σ′1, β1, m)) ∈ VLϕτ1M (A5.3)

We can pick an arbitrary m and instantiate eq. (A5.2) with m + 1 and then eq. (B6.2)
(note that σ2 w σ1, m < m+ 1) in order to derive

∀ m, (ei[x/v′i][f/fix f(x). ei], et1[x/v′t][f/fix f(x). et1], (σ2, ∅, m)) ∈ ELϕτ2Mϕκ
′ (C)

We can pick an arbitrary m and instantiate eq. (A5.3) with m + 1 and then eq. (B6.3)
(note that (σ2 ] σ′2, β2, m) > (σ1 ] σ′1, β1, m+ 1)) in order to derive

∀ m, (e′c[x/v′c][f/fix f(x). e′c], e′t2[x/v′t][f/fix f(x). e′t2], (σ′2 ] σ2, β2, m)) ∈ ELϕτ2Mϕκ
′

Let l′n = freshL(σ′2). Using lemma 36 and the above equation we derive

∀ m, (e′c[x/v′c][f/fix f(x). e′c], e′t2[x/v′t][f/fix f(x). e′t2], (σ2 ] σ′2[l′n 7→ �], β2, m)) ∈ ELϕτ2Mϕκ
′

(D)

We now instantiate lemma 41 with eq. (D) and we derive that

ec[x/v′c][f/fix f(x). ec] ⇓ vc (D1)

e′t2[x/v′t][f/fix f(x). e′t2], σ2 ] σ′2[l′n 7→ �], _ ⇓C(l′n)
L2, β2

l2, σ2 ] σ′3, _, c3

and consequently using lemma 29

(f v′t)[f/fix f(x). e′t2], σ3 ] σ′2[l′n 7→ �], _ ⇓C(l′n)
L2, β2

v2, σ3 ] σ′3, _, c3 + 1 (D2)

We also derive
c′3≤ϕκ′ (D3)

and
∀ m, (vc, l′n, (σ3 ] σ′3[l′n 7→ v2], β2, m)) ∈ VLϕτ2M (D4)

We consider the following cases.

– r = S
Let ln = freshL(σ2). Using lemma 36 and eq. (C) we can derive that

∀ m, (ei[x/v′i][f/fix f(x). ei], et1[x/v′t][f/fix f(x). et1], (σ2[ln 7→ �], ∅, m)) ∈ ELϕτ2M
(C.1)

We now instantiate lemma 41 with eq. (C.1) and we derive that

e′t1[x/v′t][f/fix f(x). e′t]et1 , σ2[ln 7→ �], t2 + 1 ⇓C(ln)
L1, ∅ v1, σ3, t3, _
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and consequently

(f v′t)[f/fix f(x). e′t1], σ2[ln 7→ �], t2 + 1 ⇓C(ln)
L1, ∅ v1, σ3, t3, _ (C1)

We also derive using the fact that the evaluation relation in the source is deterministic

∀ m, (vi, ln, (σ3[ln 7→ (v1, [])], ∅, m)) ∈ VLϕτ2M (C2)

We can now show the goals.

1. From eq. (A1), eq. (B1) and eq. (D1) we can derive that

θc(e1 e2) ⇓ vc

2. From eq. (A2), eq. (B2) and eq. (C1) we can derive that

θtpeq, σi, t0 ⇓SL1,∅ ln, σ3[lf 7→ (fix f(x). et1, (ln, λf. f v′t, t2, t3))][ln 7→ v1], t3+1, _

Furthermore, we will show that inv(σ3[lf 7→ (fix f(x). et1, (ln, λf. f v′t, t2, t3))][ln 7→
v1], βo, ln)

Proof. Let l ∈ R̂(σ3[lf 7→... ][ln 7→(v, [])], dom(bijo))(FL(ln)). We know that lf ∈ dom(β1)
and consequently from lemma 30 we can derive that lf ∈ D(edges(σ1), dom(βo))
or lf ∈ dom(bo). Thus, path(dom(β), edges(σ1), lf ). Using lemma 25 we can
derive that path(dom(βo), edges(σ3[lf 7→ . . . ][ln 7→ (v, [])]), ln), and thus, by the
definition of R̂(·, ·)(·), that l = ln. Also, using lemma 29, we derive that there is no
(l′s, l′d, f ′, t′1, t′2) ∈ edges(σ3[lf 7→ . . . ][ln 7→ (v, [])]) such that path(dom(βo), σ3[lf 7→
. . . ][ln 7→ (v, [])], l′s) and t′1 < t1, t2 < t′2. We conclude that ln ∈ trg(D(edges(σ3[lf 7→
. . . ][ln 7→ (v, [])]), dom(βo)))

3. We can use eq. (D2) and the definition of change propagation to derive that

[(lf , ln, λf. f v′t, t2, t3)], σ3, σ
′
2, β2  σ′3[l′n 7→ (v2, [])], β2[ln 7→ l′n], c3 + 2

We will also show that D(edges(σ3[lf 7→ (fix f(x). et1, (ln, λf. f v′t, t2, t3) ::
~e)][ln 7→ (v, [])]), βo) = D(edges(σ2), βo) ++ [(lf , ln, λf. f v′t, t2, t3)]

Proof. Note that

D(edges(σ3[lf 7→ . . . ][ln 7→ (v, [])]), βo) =

D(edges(σ2) ∪ (edges(σ3) \ edges(σ2)) ∪ (lf , ln, λf. f v′t, t2, t3), βo)

We know that lf ∈ dom(β1) and consequently from lemma 30 we can derive
that lf ∈ D(edges(σ1), dom(βo)) and path(dom(β), edges(σ1), lf ). We can use
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lemma 27 (all the other preconditions follow from lemma 29) to derive the re-
sult.

From the above, lemma 33 and lemma 32 we derive

D(edges(σ3[lf 7→ . . . ][ln 7→ (v, [])]), βo), σ3[lf 7→ . . . ][ln 7→ (v, [])], σo, βo
 

σ′3[l′n 7→ (v2, [])], β2[ln 7→ l′n], c2 + c3 + 2

4. From eq. (A5), eq. (B5) and eq. (D3) we can derive that

c2 + c3 + 2− c′≤ϕ(κ1 + κ2 + κ′ + capp(ε,C))

5. Using the fact that σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3) :: ~e)] w σ3 we derive
σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3) :: ~e)][ln 7→ (v, [])] w σ3[ln 7→ (v, [])].
From eq. (C2), eq. (D4), lemma 36 and the definition of the relation we derive
that

(vi, vc, ln, (σ3[lf 7→ . . . ][l′n 7→ (v1, [])], σ′3[l′n 7→ (v2, [])], β2[ln 7→ l′n], m− ji))

∈ VJϕτ2K

– m = C(ln)
We now instantiate lemma 41 with eq. (C.1) and we derive that

et1[x/v′t][f/fix f(x). et1]et1 , σ2, t2 + 1 ⇓C(ln)
L1, ∅ v1, σ3, t3, _

and thus, we obtain

(f v′t)[f/fix f(x). et1], σ2, t2 + 1 ⇓C(ln)
L1, ∅ v1, σ3, t3, _ (C1)

and
∀ m, (vi, ln, (σ3[ln 7→ v1], ∅, m)) ∈ VLϕτ2M (C2)

We can now show the goals.

1. From eq. (A1), eq. (B1) and eq. (D1) we can derive that

θc(e1 e2) ⇓ vc

2. From eq. (A2), eq. (B2) and eq. (C1) we can derive that

θtpeq, σi, t0 ⇓C(ln)
L1, ∅ v1, σ3[lf 7→ (fix f(x). et1, (ln, λf. f v′t, t2, t3))], t3 + 1, _

Furthermore, we will show that inv(σ3[lf 7→ (fix f(x). et1, (ln, λf. f v′t, t2, t3))][ln 7→
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v1], βo, ln)

Proof. Let l ∈ R̂(σ3[lf 7→... ][ln 7→(v, [])], dom(βo))(FL(ln)). We know that lf ∈ dom(β1)
and consequently from lemma 30 we can derive that lf ∈ D(edges(σ1), dom(βo))
or lf ∈ dom(bo). Thus, path(dom(β), edges(σ1), lf ). Using lemma 25 we can
derive that path(dom(βo), edges(σ3[lf 7→ . . . ][ln 7→ (v, [])]), ln), and thus, by the
definition of R̂(·, ·)(·), that l = ln. Also, using lemma 29, we derive that there is no
(l′s, l′d, f ′, t′1, t′2) ∈ edges(σ3[lf 7→ . . . ][ln 7→ (v, [])]) such that path(dom(βo), σ3[lf 7→
. . . ][ln 7→ (v, [])], l′s) and t′1 < t1, t2 < t′2. We conclude that ln ∈ trg(D(edges(σ3[lf 7→
. . . ][ln 7→ (v, [])]), dom(βo)))

3. We can use eq. (D2) and the definition of change propagation to derive that

[(lf , ln, λf. f v′t, t2, t3)], σ3, σ
′
2, β2  σ′3[l′n 7→ (v2, [])], β2[ln 7→ l′n], c3 + 2

We will also show that D(edges(σ3[lf 7→ (fix f(x). et1, (ln, λf. f v′t, t2, t3) ::
~e)]), βo) = D(edges(σ2), βo) ++ [(lf , ln, λf. f v′t, t2, t3)]

Proof. Note that

D(edges(σ3[lf 7→ . . . ][ln 7→ (v, [])]), βo) =

D(edges(σ2) ∪ (edges(σ3) \ edges(σ2)) ∪ (lf , ln, λf. f v′t, t2, t3), βo)

We know that lf ∈ dom(β1) and consequently from lemma 30 we can derive
that lf ∈ D(edges(σ1), dom(βo)) and path(dom(β), edges(σ1), lf ). We can use
lemma 27 (all the other preconditions follow from lemma 29) to derive the re-
sult.

From the above, lemma 33 and lemma 32 we derive

D(edges(σ3[lf 7→ . . . ]), βo), σ3[lf 7→ . . . ], σo, βo
 

σ′3[l′n 7→ (v2, [])], β2[ln 7→ l′n], c2 + c3 + 2

4. From eq. (A5), eq. (B5) and eq. (D3) we can derive that

c2 + c3 + 2− c′≤ϕ(κ1 + κ2 + κ′ + capp(ε,C))

5. Using the fact that σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3) :: ~e)] w σ3 we derive
σ3[lf 7→ (fix f(x). et, (ln, λf. f v′t, t2, t3) :: ~e)][ln 7→ (v, [])] w σ3[ln 7→ (v, [])].
From eq. (C2), eq. (D4), lemma 36 and the definition of the relation we derive
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that

(vi, vc, ln, (σ3[lf 7→ . . . ][ln 7→ (v1, [])], σ′3[l′n 7→ (v2, [])], β2[ln 7→ l′n], m− ji))

∈ VJϕτ2K

Case
∆; Φ; Γ `ε e : τ | κ′ ↪→ peq ∀x ∈ Γ, ∆; Φ |= Γ(x) v �(Γ(x)) κ = (ε = C ? κ′ : 0)

∆; Φ; Γ,Γ′ `ε e : �(τ) | κ ↪→ peq
nochange

From the induction hypothesis we derive that (θie, θce, θtpeq, W ) ∈ GJτKκ. We know that
(θi, θc, θt, W ) ∈ GJφΓ; φΓ′K We can derive that there are valuations θ′i, θ′t and θ′c such that

(θ′i, θ′c, θ′t, W ) ∈ GJφΓK (2)

Using theorem 43 we can also derive that (note that W = (σi, σc, β, m)

(θ′i, θ′c, θ′t, (σi, σc, β, m)) ∈ GJ�(φΓ)K (3)

From the above, since FL(θtpeq) = FL(θ′tpeq) = FL(peq) we derive Rσi(FL(θtpeq))∪ dom(β) = 0.
We can now use lemma 39 to derive that (θie, θce, θtpeq, W ) ∈ GJ�τK0.

Case
∆; Φ; Γ `S e : τ | κ′ ↪→ peq ∆; Φ ∧ C |= κ′≤κ ∀x ∈ Γ ∆; Φ ∧ ¬C |= Γ(x) v �(Γ(x))

∆; Φ; Γ `S e : τ | κ ↪→ peq
split

We consider the following cases.

• |= φC

Then we can derive that |= φκ′ ≤ φκ. From the induction hypothesis we derive that

(θie, θce, θte, W ) ∈ EJτKκ′

From lemma theorem 43 we show that

(θie, θce, θte, W ) ∈ EJτKκ

• 6|= φC

Using theorem 43 we can derive that

(θi, θc, θt, W ) ∈ GJ�(φΓ)K

We can subsequently show that Rσi(FL(θtpeq)) ∩ dom(β) = ∅, since FL(θtpeq) = FL(θt)
Then from lemma 39 we can show that

(θie, θce, θte, W ) ∈ EJτK0
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and consequently
(θie, θce, θte, W ) ∈ EJτKκ

Case
∆; Φ; Γ `ε e : τ ′ | κ′ ↪→ peq ∆; Φ |= τ ′ v τ ∆; Φ |= κ′ ≤ κ

∆; Φ; Γ `ε e : τ | κ ↪→ peq
v

From the induction hypothesis we know that

(θie, θce, θtpeq, W ) ∈ EJτ ′Kκ′

Using theorem 43 we derive that

(θie, θce, θtpeq, W ) ∈ EJτKκ
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