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Structure of the Appendix

We first present the syntax and typing rules for DuCost. The remaining two sections describe
the necessary definitions, lemmas and theorems for proving the soundness of abstract semantics
and concrete semantics separately.

We use some abbreviations throughout. STS stands for “suffices to show” or “it suffices to
show”. TS stands for “to show” or “remains to show”.

Extensions to the type system This appendix extends DuCost with refined singleton non-
negative integer types: nat[n], where n describes the value of the integer. It is eliminated with
a case construct casey e of 0 — e; | succ(z) — es.
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Base Types B = real | unit

Unannotated Types A n= B| 7 X7 |7+ 72| nat[n] | list[n]* 7|
K (K
7'1&7'2 | Vi (21)S.T|E|Z'::S.T|CDT‘C&T
Types T m= (A)* | O(r)
Modes we,0 = S| C
Sorts S w= N|RT |V
Index terms Ik == i|p|0|I+1

AL | L= | 3| LI | [I]][1]|logy(]) | I{* |
I,
min(ly, [o) | max(l1, o) | > I |(C7L: Do)

=1

Constraints C n= h=L | LH<I| ~C|
Constraint env. ¢ = T|CAD
Sort env. A = DA S
Type env. r = 0| T,z:7
Primitive env. Y o= 0|Y,(:(B1---B,) 5B

Figure 1: Types
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Values v == r|b|(vy,v2) | inl v | inr v | nil | cons(v1, v2) |
fix f(z).e | A.e | pack v | ()

Expressions e, f := x |r|b]| (e1,e2) | fst e | snd e | inl e | inr e | case(e, z.€1,y.€2) |
nil | cons(eq, e2) | (caser e of nil — ey | cons(h,tl) — e2) |
0 | succ e | (casey € 0of0 — e1 | succ(z) — e2) |
fix f(z).e|e1ea|Ce|Ae]e] | pack e | unpack e as  in €’ |
letz = ejineg | ec | (e:7,k) | cletegasx ines | ()

Figure 2: Value and expression syntax

U:A;FT wt

AF ®wf U:A; 0T wf U:A; Q7 wf

— wf - fT
\IJ;A;QF-WfW U:A; @ (T2 7) we W

Figure 3: Context well-formedness

AFI =S AFI =S AFI =S AFIy =S

S e {N,R*} S e {N,R*} , AbC wt
wf < . wf = —_— W
AL <Iywf AF I =1y uf AF-C wf

Figure 4: Constraint well-formedness

A; 7wt A;® A 7wt

A; @+ A wf p=Svu==C AP TwE =P
wi-mu wi-box wf-real
A; D - (A wt A;OFOT)wt=> A; ® HA real wf

A; O 1 wf A; O+ 1wt . A;OF 7wt A; O ¢ 1wt
A wf-pair y
A; O 1 X o wf A; O T + o uf
A;dFn:N A;PFa=N A;OF 7wt A; P E=a<n . A;dFn:N
- = wi-list A wif-nat
A; @ H 1ist [n]” 7 wE A; @ " nat[n] wf
A; O 1wt A; O+ 1wt A;dFkzRT 6=Své=C

A; P FA 7 —>5(K) Ty wi

1S, AP 7wt i S, AdF Kk RT 6=Své=C i S, A Db T ot
5(r) wi-v INE YT wi-3
A;dHAYG S 7w ; 1::5. 7 wf

wi-sum

wi-fun

. A; 0+ C wf A CANDF 7wt
———x——— wf-unit A
A;® " unit wf A; O C D7 owf
A; 0+ C vt A;CNAND 71wt
A;dHFAC & 7wt

wi-C—

wi-CA

Figure 5: Well-formedness of types
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Figure 6: Mode under type
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Figure 7: Upper bound of typing mode and variation annotation

(e = (A
@@y = i€

Figure 8: Force annotation on type

Alt)y=S
—— stabl ————ch bl —— inV: —— 0
INEEES A A Cay Cranseane NS ET b AF0:N
AFT:N ) A+ =N AFI,:N ¢ € {min,max, +, —, *, +, "} bin.N
_— op-bin-
Al—([—!—l)::Npus AbF(I;oly) =N P
AFI=RY  oe{l].[T}
op-un-N
AF (08) =N
AF k=R AF ko z RT € {min,max, +, —,*, /, "} .
op-bin-R
AF (kprkg) = RT
AF k= RT © € {log,()} R
op-un-
At (Ok) = RT P
AFL =N AFL =N  Ai=zNFI:zS Se{NR"}
i isum
A}—ZI::S
i=1
AFCuf AFIL =N AFI =N S e {N,RT} . AFT:N |
icond ———iC
AF(C?L: Lh)=S AFT:=RT

Figure 9: Sorting rules



A;® =2 A C Ay | Unannotated type A is a subtype of unannotated type As

’A; =T Cn ‘ Type 7 is a subtype of type m

The converse of the conlusion in rules marked * can be proved using other rules (given their
premises).
The rules marked with (1) are also valid for a judgment.

5 real S unit
A; @ = (real)” C O((real)”) A;® = (unit)” C O((unit)*)

A ETCn AOETRCT A;® =k <K

A O A 7 MTQET{MTQ/

— 1

— U

A = O((n 2 ) € @m) 2 ()

teS, A ETCT t: S, AP Er<K tg FV(®)
A; @ =AWt 6(:?) S.TCVt 6(1’?).5'. T’

AdETCA A ERLCT

V1

v O
r K . A
Ao Ot s ey = (v s Ogn)® NS FA T x 3 Crl x 7

o RS EO(m <)M C Q) < O

x1

A E (g x )M C (Tll” X 72“‘)“
A;® =1 Ey A;® =1 B 41 n
AOEA T + 1 Crl 475 A;<I>)=(71+Tg)”z(7'1l”+r2l“)” K

s +U
A;® = O((m1 +72)") = (O(n) + O(72))
A;dEn=n A;dEa<d <n AdETCET 1
A;® A list [n]® 7 C list [0]* 7
AP Ea=0 A;®E=En=n
— — 12* nat
A;® =M 1ist [n]® 7 = list [n]® O(7) A; ® =" nat[n] C nat[n/]

5 nat [J - = —— = < 10
A; @ = (nat[n])” C O((nat[n])*) A; @ =0O((1ist [n]” 7)*) = (1ist [n]” O(7))

teS, A0 ETCET tg FV(D)
A ! 1 L Lpyp E'M
A; @ =R TS C 3eS. T A;® = (TS, )P T (FtS. 1)

A;® = O((3t:S. 7)) T (3t:5. O(r))° - Ao =0T Cr T A;® =0(r) C D(D(T>)D>k

ADEN AT A A;® =y < o
A F (A" C (Ay)” Ao (A C (A= AdETCr
A;dET Cny APETLCT NOANC E A;PA-CE=n
tran(7)
AT Corg A® 0
ANOANC'EC ANPETCET ANOANCEC ANdETCET
ADECorCC S P AOEC&TCC &7

refl* ()

split(t)

c-and

Figure 10: Subtyping rules



A; O T Fee: T | H‘ expression e has type 7 with dynamic stability x under the mode e¢.

k= ((e=C)?cpar() : 0) k= ((e=C)?¢rear() : 0)
var S real
VAR H R ol o R o A;®:TH.r: (real)” | &
A;O:ThFoer:m | K1 A; DT Feoeo: 7o | Ko k= (k1+k2)+ {(e=C)?cpair(): O .
air
A;®;T b (e1,e2) : (1 x 72)° | K P
A;®:Thce: (rp xm)! | K Eudn k=r+(((eUp) =C)?crsle, p) : O)ft
s
A;O; Tk fste:m | K
A;®;Thoe: (mp xm)! | K Eudn k=r"+(((eUp)=C)? cspale,p) : 0) 4
sn
A;®;Tkcsnde:m | K
A;DF (7 LN )5 wt A; D f (g LGN )z, Thse:m | K k= ((e=C)?cpz() : 0) fix1
- x
A;O; T fix f(z).e: (1 M )% | K&
A;@;I‘I—eelz(nMTz)”|m A; O T Feeo:m | Ka
A= p<dmy E(elp) <o HZKJ/—FF&l—I—Hg-i-(((GU/L)ﬁ(C)?Capp(e,u)ZO)a
A;O:ThHeepeq:mo | K PP
A;®;Tkee:m | K ANE N k=k+(e=C)?cim(): 0) .
in
A;®;T o inle: (1 +7m)° | K
A;®;Thoe:m | K A;® 1wt k= 4+ (e =C)?cine() : 0) .
inr
A;®: Tk inre: (1 4+7)° | &
A;®;T ke (1 +7)" | Ke AT bagper 7| w
A Ty:mobaper:7| 6 APELLT  k=ke+r +(((eUp) =C)? cepsele, ) + 0)
case
A; ;T case(e,z.e1,y.69): T | K
A;®: T+, e: (nat[n])’ | &’
k= ((e6=C)? csero() : 0) k=#k 4+ (6 =C)? csuec() : 0)
s zero < succ
A; 0T . 0: (nat[0])” | & A;@;T b, succ e : (nat[n+1])° | &
A;®:T b, e: (natn])’ | ke
AdAn=0;TkFee;:7 |k i, A;@An =i+ 1;z:natfi],[Feex: 7" | K
ig FV(L,®, 7' k') k=rte+ K +((€6=C)? ceasen() : 0)
; caseN
A;O; Tk, casey e of 0 — ey | succ(z) = ex: 7' | K
A&7 owf k=((e=C)?chu() : 0) 1
ni
A;®:T k. nil: (1ist [0]° 7)° | &
A; 0T e er : O(7) | Ky
A;®;T k. oeo: (1ist [n]* 7)* | ko k=r1+ra+ (((eUp) =C)?ceons() : 0 1
cons
A;®;T F. cons(eq, e2) : (1ist [n+1]" 7)* | k
A;O;Thce 7| Ky
Ai®:T ke (List[n]* " 7)" | Ky AP Ea>0 k=r1+ka+ (((eUp)=C)?ceons() : 0 0
cons

A; ®;T k. cons(ey, e2) : (1ist [n+1]* 7)* | &
A;®;T b e (List [n]” )" | ke APAR=0Na=0;Ttqe:7 | K
PN PAn =i+ 1 Aa<izh:O(7),t: (List[i)* 7)*, Dk ea: 7 | K
Z'::L,ﬂ::L,A;CIJ/\niiJrl/\,Bgi/\aiﬂJrl;h:T,tl:(list[z’}ﬁT)“,Fhu#eng/|/<;/
Eudri,3¢ FV(,®,7 k) k=re+ K + (((eUp)=C)? ceaser(€ ) : 0)
A;®;T k. caser e of nil — ey | cons(h,tl) — ex:7 | K

caselL

7
Figure 11: Expression typing rules, part 1



A; O T Fee: T | /@‘ expression e has type 7 with dynamic stability «.

The context T carrying types of primitive functions is omitted from all rules.

tS,A;®;Tkse:7| K k=((e=C)?cifun() : 0)
5(k")

VI
A; ;T H Ae: (Vi S. 7%k

A; DT e (Wt 6(:7)5. T | Ke
AFT:S Eur{I/t} E(elp) <4 k=ke+ & {I/t} + (((eUp)=C)?ciaple,p) : 0)

VE
A; O T Fee]l i r7{I/t} | K
NO;Thee:T{I/t} |k AFI=zS k=4 (e=C)?cpack() : 0) I
A;®;T F,pack e: (3t:S. 7)° | &
A;®;TFoe: (TS T)H | ke tu S, A0z, Ty, o7 | K
Eudr tg FV(®; 1,7 k') k=re+ K + (((elp) =C)? cunpack(€, 1) : 0) -
A;®;T k. unpackeas z ine : 7' | K
T()=¢:(By---By,) — B
A;(I);Fl_ee:(Bi)ui|"€ei pr U Upn =p K:(Zﬁei)+"€/+Cprim(67n7ula"'7/1%)
i=1 .
A
N;D:THC(er--ven): (B! | K primApp
A; @ FO((1q M 79)%) wf A;®; f - 0O((m LILON )5,z 1, Dkse:m | K
Ve el A;® |ET(z) CO[(x)) k= ((e=C)?cpix() : 0) fix2
- x
AT, T b, fix f(2).e: O((n 255 7)%) | K
A; DT heer:m | K A;®;x 1, Thees:mo | ke k=r1+ ke + ((e=C)?cet() : 0)lt
e
A;O;TF o letz = eginey 7o | K
A; @+ C vt ANOANC;THee:T| K K=r+{(e=C)?cCimpm(): 0)
S c-impl
A;D;Tkce: (COT)° | K
A;®;Tkee: (COT)* | K Eudr ANPEC  K=r+{(eUu=C)?cqole,p): 0)
c-impE
AT Feee:7| kK
APEC  AOANCThee:T|K K =k+((e=C)?ceanal) : 0)
S c-andI
AP TkHee: (C&T)° |k
A; 0T ke (C&m)! | Ky
A@OANC;z Ty, e2: 7 | Ko Eudn k=r1+ra+ (((eUp)=C)?cleras(e, p) : 0) candE
A;®;T k. cletejasx ines : 7o | K
A;O:ThHee: 7| ke A; D7 owf FV(7,ke) € A k=(e=C)?cunit() : 0)
c-anno —s unit
A; O T (e: 7 ke) i T | Ke A;@;T . () : (unit)” | &
A;®:Thge:7| K  Vexel A;dACET(z) COM(x)) AN;dA-C ER <k it
r-spli
A;®;Thge: 7|k P
AL A; QT wf A;®:Thee:7 | K AdETCT AP ER <k
contra C
A;O;Tkee:7|k A;O;Tkee:7 |k
A®;Thee:T| K Vel A;®psT(z) CO[(2)) k= ((e=S?70: K))
nochange

AT T Fee:O(7) | &

Figure 12: Expression typing rules, part 2
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Cvar ()
Creal ()
(

Cpair )

Cfst(E, S)

CiApp
Cpack ()
Cunpack (67 S)
Cunpack (67 (C)
Cunit ()

Clet ()

Cimpl ()

Cdot (Ea S)
Cdot (6, C)
Cand()

CletAs (67 S)
CletAs (E, (C)
Cnil ()
Ccons ()
CcaseL (67 S)
CcaseL (67 C)
Czero ()
Csucc()

CcaseN ()

1

1

1

(e=C?72:0)
2
(e=C?72:0)
2

1

(e=C72:0)
24+ (e=C?2: 0)
1

1

(e=C72:0)
2
(e=C?n+2:0)
n+1l+(e=C?n: 0)
(e=C?2: 0)

2

1
(e=C72:0)
24+ (e=C?1: 0)
1

1

1
(e=C?71:0)
1

1
(e=C?1:0)
1

1

1
(e=C?73:0)
3

1

1

2

Figure 13: Concrete costs



Bi-values w = keep(r) | new(v,v') | (wi,w2) | inl w | inr w | 0 | succ w |
nil | cons(wi,wo) | fix f(z).ee | A.ee | pack w | ()

Bi-expressions ee ::= z | keep(r) | new(v,Vv’) | (ee1,ee2) | st ee | snd ee | inl w | inr w |
(case(ee,x.ee1,y,e2)) | O | succ ee | (casey e of 0 — ee; | succ x — eea) |
nil | cons(ee;, ee2) | (caser, ee of nil — eey | cons(h,tl) — eeg) |
fix f(z).ee | ee1 eeo | ( ee | Aee | ee[] | pack ee | unpack ee as z in ee’ |
let © = ee; ineey | let eej asx in ees | ()

stable(w) 2 new ¢ w and stable(ee) = new ¢ e

Figure 14: Syntax of bi-values and bi-expression
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A; O bew>7and A; O o ee > 7| /i‘ Bi-value and bi-expression typing

A;D;-beviT | K A®; eV T | K ECJr
keep-r ; new
A; ;T . new(v,v') > 7

A; ®;T -, keep(r) > (real)®
A;O: T Howy >1 AT Fowe > | AT Fow>T

A;O:T k. (wy,w) > (1 x 7)° patt A;®:T . inl w>> (1 +m)°

AT o w> 1o

inl

g inr 5 Zero
A; ;T inl w>> (11 + 72) A;®;T . 0> (nat[0])
A;®;T k-, w > (nat[n])® .
5 succ : : 7 nil
A; @, T+, succ w > (natn + 1)) A;®; T Fonil > (1ist [0] 7)

AT owy > 0O() A;®;T Fowy > (List [n]Y 7)°
A; ®;T -, cons(wy, wy) > (list [n+ 1] 7)°
AT w>7 A0 TH w> (Listn]* 7% A;dEa>0
A; ®;T F, cons(wy, wy) > (list [n+ 1] 7)°
Uit S, A0 T Fsee > 7| K tg FV(9;T) A;O;THow>> r{I/t} AFT:k
5(k . P- . S
A;®;T F, Aee > (Vt () S. T)S A;O: T -, pack w > (EItS 7')

consl

a—1

cons2

Lam pack

§
AN;Dix:m, i (m —>(H) TQ)S,I‘ Fsee>m | Kk

50 fix1
A O Tk, fix f(z).ee> (11 —> )8
AT w>>T Veel. A;® ET(z) COM(x)) stable(w)

h
Ao T, T Fow s> O(7) nochange

Adyz e, fO(m 2 )8 Thse>m |k Veel. AjdlD(x) COM(x)  stable(ee)

50 fix2
A0 T, T b, fix f(z).ee > O((1) —> 7)5)
ANOANC;TFow>> T . A EC ANOANC;TF.w>>T
5 c-imp g c-and
AT H w> (CDr) A;@;TFow>> (C&)
ANO T w>T Ao =TT .
C unit

AT w> 7 - A;®:T H, () > unit

AT w, > N O;T 7, L hee:T| K
ex
AT Tew /o] > 7| K P

Figure 15: Typing rules for bi-values and bi-expressions
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[7]s € Step index x Bi-value
[T]f C Step index x Bi-expression

[(4)°%T.
[(A)]e
[E()]
[unit],
[real],

[m1 % m2]
[m1 + 72]»
[nat[0]],
[nat[n + 1]],
[1ist [0]° 7],
[[list [TL + 1]

[[7’1 ﬂ> 7'2]]1,

C
[[7‘1 ﬂ> TQ]]U

vt W s, al®
C(k)

vt =" S 7]y
[3t::S. 1],

IC > 7]

IC & 7],

[r]z

gll
Gl z : 7]

Ty =

= [[Aﬂv

= [A]y U {(m,new(v,v")) | Vk. (k,v) € (A)y A (k, V') € (A)y}
= {(m,w) | stable(w) A (m,w) € [7],}

= {(m

AAAA/_\/_\,_\A

m,0) |

{
{
=1
{
=1
={
{

,O) [T}
m,keep(r)) | T}

m, (w1, w2)) | (m,w1) € [T1]y A (m, w2) € [2]0}

m,inl w) | (m,w) € [11],} U{inr (m,w) | (m,w) € [2]s}

T}

m,succ w) | (m,w) € [nat[n]],}
m,nil) | T}
m, cons(wi,wa)) | (m,w1) € [7]v A (m,w2) € [list [n]a_l Tlo Aa>0) vV

((m,w1) € [O)]u A (m,wa) € [list [n]* 7],)}

= {(m,fix f(z).ee) | Vj <m.Vw. (j,w) € [11], =

(J, eelfix f(x).ee/ fl[w/x]) € [ma]Z}

— {(m,£ix f(z).e) | (VK. (k,fix f(z).L(ee)) € (1 =% 1)y A

{(m
{(m

RANE i

(k, fix f(z). R(e)) € (1 = 7),)

A (Vi< m.Vw. (j,w) € [r1], =
(j, eel[fix f(x).ee/ fl[w/z]) € [1]2)}
&) |VI. F1:8S=(m,ee) e [r[I/4]E"")
) | (Vk. (k,L(A.ee)) € (v¢ ) S. 70 A (k, R(A.ee)) € (V¢
AV F IS = (m,ee) € [7[I/q]7H )y

(m,packw) | I[.-T=S AN (m,w) € [r[I/t]].,}

{
{(m,w) | =C Vv (m,w) € [r].}
{(m w) | FC A (mw)e [7].}

{(m,ee) | Yu,D, f. L(ee) | (v,D),f N f<m =3V, D w,  f suchthat
1.

((v, D), ee)~w', (v, D), !
R(ee) I (v, D), f’

v =R(w) A v=L(w)
d <k

(m— f,w) € [r]s

{
= {(m,6[z — wl) [ (m,0) € G[IT A (m,w) € [r].}

Figure 16: Step-indexed interpretation of types
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(7D € Step index x Value
(7)% C Step index x Expression

((A)De = (A
(miCo]® = (7)o
(unit), ={(k0) [T}
(rea), — (o) | T)
(1 % T2 = {(k, (v1,v2)) | (k,v1) € (T A (K, v2) € (72)0}
(11 + 72w = {(k,inl v) | (k,v) € (r1)o} U {(k,inr v) | (k,v) € (2)v}
(mat[0])., ={(m,0) [ T}
(nat[n + 1), = {(m, succ v) | (m,v) € (nat[n]),}
(1ist[0]° 7), = {(k,nil) | T}
(List [n + 1]* 7)» = {(k, cons(vy, v2)) | (k,v1) € (7)o A

((k,v2) € (list [n]® 7)y V (k,v2) € (List[n]* " 7)y)}
(n 2 m)y = {(kfix f(@).e) | T}
(n =), = {(kfix f(@)e) | V). j <k Vo. (j,v) € (ri)y =

(U, eltix f(x).e/fllv/x]) € (raD2}

WSS ), = {(kAe) | T
S r) =k Ave) VI FT:S = (ke) € (r[T/g) N
(Ft::S. 7)o = {(k,packv) | .- T8 A(k,v) e (T[L/t])v}
€ > 7]y ={(m,v) | FC VvV (m,v) € (7)o}
(C & 7. ={(m,0) | EC A (m,v) € (7)o}
()2 ={ke)n<k=(ed (D), fAf<n A (k=fv)e (T))}
g = {(k,0)}
g(r,z - 7) = {(k,Ulz = 0]) | (k,U) € GT) A(K,v) € (7)o}

Figure 17: Unary step-indexed interpretation of types

r r

,Ul

L(keep(r))
L(new(v,v"))

R(keep(r))
R(new(v,v"))

v

Homomorphic in all other syntactic constructs

’If L(ee) = e and R(ee) = ¢, then define merge(e,e’) = ee. ‘

Figure 18: L(ee): Left or the original expression. R(ee): Right or the modified expression.
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Compound Traces
Traces

T =
T :=

(v, T)

r|(Th,T3) | fst T | snd T |

inl T | inr T | casein (T, T}) | casein (T, T}) |

0 | sucec T'| caseo(T, 1)) | casegucc(T,T}) |

nil | cons(71,T>) | caseni1 (T, 7)) | casecons(T, 1) |
fixf(z).e | app(T1, T2, Tr) | primApp(T, () |

A.e | iApp(T,T;) | pack T' | unpack(T,z,T;) |
let(x,Th,Ts) | letas(x, T, T}) | ()

Figure 19: Traces
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el (v, T), f| Expression e evaluates to value v with trace T" and cost f

er 4 T, f1 ex 4 T, fo v; = V(T3)

. val - i
VU (0,0 o T ) () (ensea) b {(on,0), (T1, o)), fi+ fo + Cpain() o
el T, f  (vi,v2) =V(T) fst el T, f  (vi,v2) =V(T) snd
fste | (v1,Est T), f + c5(C, ) fst e | (vo,snd T), f + ¢sna(C, )
el T, f v=YV(T) . el T, f v=Y(T) .
inl inr
inl e | {(inl v,inl T, f + cini() inr e |} (inr v,inr T), f + ¢ins()
el T, f inl v = V(T) eifv/z] J Ty, frr v, =V(T}) 1
Case(ea X.€q, y-€2) ‘U’ <v7‘7 Caseinl(Ta Tr>>a f + fr + Ccase((caf) cases
elT,f inr v = V(T) ea[v/y] 4 Ty, f- v, = V(T})
case(e, z.e1,y.e2) | (v, casein (T, T3)), f + fr + Cease(C,_) case-r
VTS v=v(T) )
0 (0,0), Crerol() zero succ e |} (succ v,succ T), f + Csuce() stee nil |} (nil, nil), cui() o
er 411, fr ez I Ty, fo v; = V(T3) cons
COIlS(Bl, 62) U <COIIS(’01, U2)a ConS(T17T2)>7 fl + f2 + Ccons()
el T, f1 er 4 T1, fo nil = V(7 vy = V(Ty) case-nil
caser e of nil — ey | cons(h,tl) — es | (v1,casenr(T,T1)), f1 + fo + ceaser(C, )
el T, fi  cons(vn, vy) =V(T)  ealvn/hyva/t] § To, fo w2 =V(T2) case-cons
casep e of nil — ey | cons(h,tl) — ez | (va, casecons(T, 12)), f1 + f2 + Ceaser.(C,_)
fix
fix f(x).el (fix f(z).e, fixf(x).e), cfiz()
er 411, f1 ex | Ty, fo fix f(x).e =V(T1) vy = V(T3)
e[va/x, (fix f(x).e)/f1 I T, fr v, = V(T}) app
e1 ex I (vp,app(T1, 1o, T1)), f1 + fa + fr + capp(C,S)
e T3, fi v; = V(T;) Cvr - vn) = (fryvr) .
— primapp
C (61 e 671) U’ <UT’7primApp(T1 co Tnv <)>7 (Z fl) + fT + CPT“YI(C,naSa te 78)
i=1
el T,f A=V
L e/U’Trafr Ur :V(TT) iA
am i
Ao b (A e Ae). cirun() el ¥ oy 1ApR(T 1)), f + fr + ciapp(C) T
el T, f v=V(T) K
pack e || (pack v,pack T'), f + ¢pack() pac
€ lL T, f pack v = V(T) G[U/JC} U T,, fT Ur = V(Tr) Kk
unpack e as z in €' || (v, unpack(T,z,T},)), f + fr + Cunpack(C,S) uhpac
€ U’ T7 f v = V(T) e,[’l}/l’] lL Tr’ fr Ur = V(Tr) let unit
letz = eine | (v, 1let(x,T,T0)), f + fr + crer() 040, 0): cunit ()
ellTnf U:V(T) el[v/x]‘U’Trafr Ur:V(Tr) ellTaf
clet cexpr
clet easz in €' | (v, letas(x, T, T},)), f + fr + cletas(C, ) eI T, f+ caot()

Figure 20: From-scratch evaluation semantics
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‘ (T)ee) W', T, ¢ ‘ Change propagation with cost-counting

In all the remaining rules except r-nochange, we assume that the input ee satisfies ~stable(ee).

stable(ee) h
r-nochange r-new
(v, T),ee) ~ "0, (v,T),0 & ((v,T),new(_,v")) ~ new(v,v’), (v/,v'),0
(Ty,ee1) ~ Wiy, T}, ¢} (To,ee0) ~ wh, Ty, cy v =V(T}) .
r-pair

<<7, (T17T2)>7 (%17 932)> Y (W/17WI2)7 <(UI1,’U£), (Tl/aTZ/»v CIl + CIQ
(T,ee) ~ (wy,ws), T, (v1,v5) = V(T")
((_,fst T),fst ee) ~ wy, (v}, st T'), ¢

(T, ee) ~ new((vy,v2), (v1,v5)),T", ¢

r-fst-S

(£t 1), 25t 00) v now(og, o)), (v, 25t 1), + craB.C) o0
-fix
((fix f(x).€,T),fix f(z).ee) ~ fix f(z).ee, (R(fix f(z).ee), R(fix f(x).ee)),0 r
(T1,ee1) ~ fix f(x).ee, T}, ¢}
(Ty,e00) N wh, Ty ¢y (T, ee[wh/x, (fix f(z).e)/f]) AW, T/, c. v =V(T')
r-appl

<<77 app(Tl, T27 TT)>a Sl %2> ~ W;”, <U;'7 app(Tl, T27 T;)>’ ¢+ CQ + C;'

(Ty,ee1) ~new(_,fix f(z).€), T1,01
(Tp,ee2) N wy, Ty, cy  €'[R(wy)/a, (fix f(x).€)/f] I T, v, = V(T})
<<v7‘7 app(Tla T27 T?”)>7 €1 %2> e new(vrv U;), <v7l~7 app(T17 TQ’ )>7 Cl + 6/2 + f; + CGPP(SV (C)

r-app2

(T,ee) ~w, T, ¢ v’ V(T ) -
r-in
((_,inl T),inl ee) ~ inl w,(inl o', inl T"), ¢
(T,eey ~w, T, ¢ o =v(T") .
r-inr

({_,inr T),inr ee) ~ inr w, (inr ¢’, inr T"), ¢’
(T',ee) ~ inl W,T/,C/ (T, eer[w/x]) WWT,T;, /r U; :V(Tr/’)
((_,casein (T, T)), case(es, z.681,y.02)) ™ W,., (v;, casein (T, T})),c + ¢
(T,c0) Amen(_inl ), T'¢ Re)W/a 4T f o) =V(T))
((vy, casein1 (T, T))), case(ee, x.ee1, y.ee2)) ™ new(v,,v..), (v)., casein (T, T0)), ¢’ + f1 + ccase(S, C)

r-case-inll

r-case-inl2

(T,ee) ~mnew(_,inr v'), T, ¢ R(ee2)[v'/y] U TV, f; v, = V(T7)) .
; — r-case-inl3
((vy, casein (T, T))), case(ee, x.ee1,y.e22)) ™ new(v,,v..), (v, casemr(T JI)Y, ¢+ f)+ cease(S, C)
(T,ee) ~ inr w, T, ¢ (T, eea[w/yl) ~w., Tl c.  v.=V(T.) .
——~——— r-case-inrl
({_,casein (T, T})), case(ee, x.ee1,y.682)) ~ W, (v]., casein (T, T)), ¢ + c.
(T,ee) ~mnew(_,inl o), T, ¢ Rleey)[v'/z] 4 T/, f.  v.=V(T)) .
T r-case-inr2
(v, casein (T, T)), case(ee, v.ee1, y.ee2)) ~ new(v,,v..), (v., caseinl( TH), ' + fl + cease (S, C)
(T,ee) ~new(_,inr o), T, Roeeo)[v'/y] 4 TV, f, v, =V(T))

_ _inr3
((vy., casein (T, T)), case(ee, x.ee1, y.ee2)) ~ new(v,,v..), (v.., caseinr(T’,T’)> d + fl + cease(S, C) rrease-inr

Figure 21: Change propagation rules part 1
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Change propagation with cost-counting

’ (T,ee) ~w', T,

(Ty,ee1) ~wy, Ty, c} (T, ee0) ~ wy, Ty, ch wy # new(_, ) vi = V(T}) - consl
({_,cons(T1,T3)), cons(eeq, ee2)) ~ cons(w), wh), (cons(v], v5), cons(Ty,Ts)), ¢} + ch
(Ty,ee1) ~ wiy, Ty, ch (Tz,ee2) ~ new(_,vy), Ty, ch vy = V(TY)
r-cons2

({cons(vp, vy),cons(T1,T3)), cons(eeq, ee2)) ™ new(cons(vy, vy), cons(vy, vy;))
(cons(v], vh), cons(TY,T5)), ch + ch

v = V(T
1 (11) r-caseL-nil

(T,ee) ~nil, T’ ¢ (Ty,ee1) ~ Wy, Ty, 4
((_,casen1(T,Ty)), caser, ee of nil — ee; | cons(h,tl) — ees) ~ wi, (v], casen1(T",T7)),c + ¢}
(T, ee) ~ cons(wp,wy), T, c (Ty, eea|wp/hywy [tl]) ~ wh, Ty, ch vy =V(Ty)
- — — r-caseLil
casecons(T,T2)), caser ee of nil — eey | cons(h,tl) — eex) N Wy, (v5, casecons(T”,T5)), ¢ + ¢4

(-

(T, ee) ~ new(_,cons(vy, vy,;)), T, c R(eea)[vy/h,viy Jtl] I v, T5,
r-caseL2

((vr, casecons(T, _)),caser ee of nil — ee; | cons(h,tl) — eeq)
new(v,.,v..), (v.., casecons(T", T3)), ¢ + f1 + Ceaser (S, C)

r-Lam

({_,A.e),Nee) ~ A.ee, (A.R(ee), A.R(ee)),
@) A Tl (T, Al T o =VT)
(L 1hpp(T, 1)), eell) ~ Wl (o ikpp(T, ) &+, PPl
(T,ee) ~mnew( ,A.€), T, ¢ e VT, f  v.=V(T)) riApp2
(or- 389D(T. 1,)), 1) ~ mew(us 1), (ol LApp(L. T + 1+ coapp (6. C)

<T’

(Tyee) ~w', T, v =V(T)
q ; ; — r-pack
,pack T'),pack ee) n pack w', (pack v,.,pack T"),
(T, ee) ~ pack w',T",¢ (T, ee' W' /2]y AW, Tl . v =V(T")
; ’ ~——— r-unpackl
<U unpack(T z,T,)),c +e¢,

({_,unpack(T,z,T,)),unpack e as z in e’) ~ w,.
,ee) N new(_,packv'), 1", ¢ x] | v, T, v, =V

T pack /). 7', VLTS =T

r-unpack?2

({v,., unpack(T,z,T})),unpack ee as z in ee’) ~ new(vr,vr),( unpack(T”, 2, T))), ¢ + fi + cunpack (S, C)
(Ti, e2i) ~ W Tz/a ; UI’ = V(T‘,> ( T,’UT) - C(Ull ) U;z) .
r-prim
({vr, primApp(T3 Tn;<)>aC e ee,) N
Y, O &)+ fl 4 Cprim(S,n,C---C)

merge (vr, v;.), (v;., primApp (77 - -

1=

1
<T27 %Q[Wl/xb (3 W/23T2/7C/2
- r-let

/ / /

(T1,ee1) ~wiy, 1Y, ¢}
/

¢+ ¢y

(let(z,T1,Ts),let © = ee; in ees) N wh, let(x, 11, T5),
(Tyee) ~w', T, ¢
(T ee.c) ~nw' T . ¢

(TQv%Q[Wll/xD mWI27T2aCQ
r-clet-S

/
2

r-cexpr

/

<T1, %1) &% W/17 Tll, C/l
(letas(z,T1,T2), let eeg as = in ees) N wh, letas(x, Ty, Ts), ¢} + ¢
(Ty,ee1) ~new(_,v)),T],¢, R(eea[w)/x]) U TV, f v,
(letas(z,Th,Ts),let eeq as x in ees) N new(vy, v).), (vl., letas(z, 11, T1)),

= (T’)
7 r-clet-C
1 + Ccand(S C)

Figure 22: Change propagation rules, part 2
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Lemma 1 (Sort environment substitution)
The following hold.

1. HAFT: Sand Ayi: SETI S then AFT'[I/i]:: S
2. If AFT::Sand Ayi:: S C wf, then A+ C[I/i] wt.
3. f AT ::S and 0 € D[A], then o[ :: S.

Proof. (1) and (2) are established by simultaneous induction on the second given derivations.
(3) follows from (1). O

Lemma 2 (Bi-value projection)
The following hold.

1. If (m,w) € [A], then Vk. (k,R(w)) € (A), and (k,L(w)) € (A),
2. If (m,w) € [r], then Vk. (k,R(w)) € (7), and (k,L(w)) € (7)o

Proof. For both statements, proof is by induction on the type.

Proof of statement (1): We will only show the right projection, as the left one is symmetric.

Case (m,keep(n)) € [real],
TS: Vk. (k,R(keep(n))) = (k,n) € (real),. This follows immediately by definition.

Case (m, (wy,wa)) € [11 X 2]y (¥)
TS: Vk. (k,R((w1,w2))) € (11 X 72))y.
STS: Vk. (k,R(w1)) € (71)v (¢) and (k,R(w2)) € (72)s (00)
By unrolling the (+), we get (m,w1) € [11], (1) and (m,w2) € [72]s (T1)-
By IH 2 on (), we get (¢), and by IH 2 on (f1) we get (oo).

Case (m,w) € [ + 2]
Vk. (k,R(w)) € (1 + 72)» There are two cases. We only show one:
We have (m,inl w) € [r1 + 72]y, that is (m,w) € [r1], (1)
TS: Vk. (k,R(inl w)) € (11 + 72y (+).
Pick k. By unrolling (+), STS: (k,R(w)) € (1)
By IH 2 on (), we get Vk. (k,R(w)) € (71)s-
By instantiating with k, we conclude.
Case (m,nil) € [1ist[0]° 7],
TS: Vk. (k,R(nil)) € (1ist[0]° 7),
This follows immediately.
Case (m,cons(wi,wp)) € [list [+ 1] 7], (+)
TS: Vk. (k,R(cons(wy,w2))) € (list [l + 1] 7)),
Pick k.

There are two cases for unrolling the definition of (+).
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subcase 1: We have (m,w;) € [7], (1) and (m,wy) € [List[1]*"" 7], (1)
By IH 2 on (1), we get Vk. (k,R(w1)) € (7])» ()
By IH 2 on (1), we get Vk. (k,R(wz)) € (1ist [1]*7" 7)), (00).
By instantiating (¢) and (o¢) with the k we picked above, we get
(k,R(cons(wi,wa))) € (list[I + 1]% 7),.

subcase 2: We have (m,w1) € [O(7)], (1) and (m,w2) € [list [I]* 7], (1)
By IH 2 on (1), we get Vk. (k,R(w1)) € (7)» ()
By IH 2 on (11), we get Vk. (k,R(w2)) € (list [[]* 7]y (00).
By instantiating (¢) and (oo) with the k& we picked above, we get
(k,R(cons(wi,w2))) € (List [l + 1] 7).

Case (m,fix f(x).ee) € [ 29, 2]
TS: Vk. (k,R(fix f(x).ee)) € (n o), 7o)

There are two cases.

subcase 1: § =S

TS: Vk. (k,R(fix f(z).eeS)) € (n S, 72w

This is trivial since any function is in the (m; M 7o) -
subcase 2: § =C

We have (m, £ix f(z).eeC) € [r1 =% ], (+)

TS: Vk. (k,R(fix f(x).eeC)) € (m L), 72w

This immediately follows by unrolling the definition (+).

Case (m,A.ee) € [Vt 6(:’?) S. 7]y
TS: Vk. (k,R(A.e)) € (v¢ "

There are two cases.

S. 7).

subcase 1: § =S
TS: V. (k,R(A.eS)) € (Vi 8. 7)o
S(k)

This is trivial since any A. S is in the (V¢ =" S. 7),.
subcase 2: § =C

We have (m,A.eeC) € [Vt Cz(f) S. 71]e (+)

TS: Vk. (k, R(A.eeC)) € (vt 8. 7),

This immediately follows by unrolling (+).

Proof of statement (2):

Case (m,w) € [(A)%], = [A4]»
TS: Vk. (k, R(w)) € ((A)%) = (A)v.
Immediately follows by IH 1 on (m,w) € [A],.
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Case (m,w) € [(A)%],
TS: Vk. (k,R(w)) € ((A))y = (A)».

There are two cases.

subcase 1: (m,w) € [(A)%], = [A],
The proof is same as the previous case, by TH 1.
subcase 2: (m,w) € [(A)%],
Then by definition, we immediately get V&. (k,R(w)) € ((A)C),.

Case (m,w) € [O(7)]
By unrolling the definition we know that (m,w) € [7],(#).
TS: Vk. (k,R(w)) € (O(1))y = (7]o-
Follows immediately by IH 2 on (#).

Lemma 3 (Downward closure)

The following hold.
1. If (m,w) € [r], and m’ < m, then (m',w) € [7],.

2. If (m,v) € (1), and m’ < m, then (m/,v) € (7).

3

3. If (m,w) € [7]% and m’ < m, then (m/,w) € [r]~.

4. If (m,e) € (7)F and m’ < m, then (m/,e) € (7)~.

€

(
(
(
(
5. If (m,0) € G[I'] and m’ < m, then (m’,0) € G[T'].

6. If (m,U) € G(I') and m' < m, then (m/,U) € G(T).

Proof. (1,3) and (2,4) are proved simultaneously by induction on 7. (5,6) follows from (1,2). O

Lemma 4 (Bi-value propagation)
(L(w),w) ~ w,R(w), 0.

Proof. By induction on w. We show some representative cases.

Case w = keep(r)
L(keep(r)) =

Case w = new(v,v’)
L(new(v,v")) = v and R(new(v,v’)) = v/. Immediate from rule r-new.

r. Immediate from rule r-nochange.

Case w = (w1, w2)
By IH on wy, we get (L(w1),w1) ~ wi, R(wy),0 (
By IH on we, we get (L(ws), wa) m wa, R(w2),0 (T
Therefore, by instantiating r-pair rule using (+) and (), we get
0.

(
(L((w1,w2)), (w1, w2)) ~ (w1, wa), R((w1,w2)),

Case w =nil
Follows immediately from the r-nochange rule (nil,nil) ~ nil, nil,0.
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Case w = cons(wp, w2)
By IH on wy, we get (L(wy),w1) ~ wi,R(wyp),0
By IH on wo, we get (L(w2), wa) » wa, R(ws),0
Therefore, by instantiating r-cons1 rule using (
(L(cons(wy,ws)), cons(wy, wa))  cons(wy, wa)

(+)
(1)
) and (t), we get

, R(cons(wy, w2)), 0.

Case w = fix f(x).ee
Immediate from rule r-fix.

O

Lemma 5 (Value interpretation containment)
The following hold.

1. (m,w) € [1]y then (m,w) € [7]Y.

2. (k,v) € (7)y then (k,v) € (7).
Proof of (1). Following the definition of [7]?, assume that L(w) | (v, D), f and f < m.
We have to show that there exist v/, w’, D', ¢, f’ such that:

1. {{(v,D),w) ~w' (v, D),

2. R(w') | (v, D), f

3. v=L(w) A v =R(w)

4. ¢ =0

5. (m—f,w') € []o

Since w is a bi-value, L(w) and R(w) are values and, hence, L(w) L(w),L ( )) 0 and
R(w) | (R(w),R(w)),0 (value evaluation rule). This forces v = L(w), v = R(w), D = L(w),

D" = R(w) and j = 0. We choose w' = w. This trivially yields (2), (3) and (5). Next from
Lemma 4, (L(w),w) ~ w,R(w),0. This yields (1) and (4).
O

Proof of (2). Following the definition of (7)?, assume that 0 < k. Then, we can immediately
show

1. v | (v,v),0 obtained by value evaluation rule.
2. f=0<0

3. (k—0,v) € (7)), which follows from the assumption.

O
Lemma 6 (No input change)
If L(ee) § T, f and (T,ee) ~ w',T', ¢ and stable(ee) then stable(w’) and ¢ = 0.
Proof. Immediate from no-change replay rule. O

Lemma 7 (Stable context soundness)
Suppose (Vz € T' A;® | I'(z) C O(I'(z))) and 0 € D[A] and = o® and (m,0) € G[oT].
Then, the following hold.
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1. f A;®&;T e e: 7| Kk, then stable(07e™).
2. If A;®;T' . w>> 7 and stable(w), then stable(Ow).
3. If A;®;T'F. ee > 7 | k and stable(ee), then stable(fee).

Proof. All three statements have similar proofs. We show the proof of (1). By definition,
Te' does not have any occurrence of new. Therefore, it suffices to show that for any = € T,
stable(0(x)). Pick any x € I'. From the definition of G[oI'], (m,0(x)) € [o(I'(z))]». By
Lemma 11, (m,0(x)) € [O(c(T'(x)))]y. From the definition of [J(7)],, we get stable(6(z)),
as needed. O

Lemma 8 (Stable Type Lemma)
The following hold.

1. If and only if (m,w) € [r], and stable(w), then (m,w) € [O(7)]o.
2. If and only if (m,ee) € [7]¢ and stable(ee), then (m,ee) € [O(7)]%.
Proof. (1) follows immediately by definition. (2) and (3) are proved by using statement (1).
Proof of statement (2), direction (—):
Assume that (m,ee) € [7]F (+) and stable(ee) (++).
TS: (m,ee) € [O(7)]%
Assume f < m such that L(ee) | (v, D), f () . STS:

—

(T, ee)yw', (v, D"y,
2. R(ee) |} (v, D), f’
3. vV =R(w) A v=L(w)
4. <k
5. (m— f,w') € [0(1)]»
By unrolling the (+) with (), we immediately obtain statements 1-4, and (m — f,w’) € [7], (©).
For statement 5, by instantiating IH 1 with direction (—), STS: (m — f,w’) € [r], and
stable(w). We conclude the former by (¢). For the latter, we instantiate Lemma 6 with
(++), (1) and statement 1. to obtain stable(w).

Proof of statement (2), direction («+):
Assume that (m,ee) € [O(7)]5 (+).
TS: (m,ee) € [7]¢ and stable(ee) (©)
Assume f < m such that L(ee) |} (v, D), f (). STS:

[

(T, ), (v, D), ¢
R(ee) I (v/, D), f’

v =R(w') A v=L(w)
d <k

(m—f,w') € [r]

A o A
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By unrolling the (+) with (f) , we immediately obtain statements 1-4, and (m — f,w’) €

O] (0)-

For statement 5. and (¢), we conclude instantiating IH 1 with direction (<) on (©).

O
Lemma 9 (List variation invariance lemma)
The following hold. If (m,w) € [list[n]” 7]y, then a < n.
Proof. The statement is proved by induction on the bi-value w. There are two cases.
e (m,nil) € [1ist[0]° 7],
This case is immediately true since 0 < 0.
e (m,cons(wy,wq)) € [list[n+1]% 7],
TS: a<n+1.
There are two cases.
— (m,w) € [O(7)], and (m,w3) € [list [n]* 7],
By IH on wo, we get @ < n. Hence, a < n + 1.
— (m,w) € [r], and (m,wy) € [list[n]* ' 7], and & > 0
By IH on wo, we get o — 1 < n. Hence, « < n + 1.
O

Lemma 10 (No-change list variation invariance lemma)
The following hold. If (m,cons(wi,w3)) € [list[/+1]* 7], and (m,w1) € [O(7)]w, then
a<I.

Proof. The statement is proved by case analysis on the first premise. There are two cases.

o (m,w)e [O(n)], and (m,ws) € [list[I]* 7],
By Lemma 9 on wo, we immediately get o < 1.

o (m,w) e [r], and (m,ws) € [list[n]* ' 7], and & >0
This case contradicts our assumption that (m,wy) € [O(7)]..

Lemma 11 (Bi-value subtyping soundness)
The following hold.

1. IfA;® A AC A and 0 € D[A] and = 0® and (m,w) € [0A], then (m,w) € [0 A],.
2. f A;® =7C 7 and 0 € D[A] and = 0® and (m,w) € [o7]y, then (m,w) € [o7'],.
3. If A;®@ =2 AC A’ and 0 € D[A] and |= 0® and (m,v) € (0A),, then (m,v) € (0 A'),.
4. HA;® E7C 7" and 0 € D[A] and | 0® and (m,v) € (o7)y, then (m,v) € (o7)y-

5. I A;® =7 C 7 and 0 € D[A] and = 0® and (m,ee) € [o7]f and k < &/, then
(m,ee) € [or']z"

6. f A;® =7 C 7/ and 0 € D[A] and | o® and (m,e) € (o7)f and x < &/, then
(m,e) € o)z
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Proof. Proof of statements 1-4 are by induction on the subtyping derivation. First, we show
the proof of statements 5-6.

Proof of statement (5):
Assume that A;® =7 C 7/ and 0 € D[A] and = 0® and (m,ee) € [or]f (+) and k < K.
TS: (m,e) € [or']¥
By unrolling the definition of [-]., assume that L(ee) |} (v, D), f (1) and f <m (}7).
STS:

1. {{(v,D),ee)w’, (v, D'),
2 R@) U 00,5

3. v =R(w) A v=L(W)
4

)

H/

.
IN

m— f,w') €[]
By unrolling () with (f) and (ft), we have
a) ((v,D),ee)w', (v, D),

)
b) R(ee) I (v, D), f'

) o R(W’) A v =L(w)
) ¢

)

o

o}

[§]

m— f W) € [l

Statements 1-3 immediately follow from a)-c).

Statement 4 follows as ¢/ < k/ since k < &’ and d).

Statement 5 follows by instantiating IH 2 with e) and the assumption A;® =7 C 7/.
Proof of statement (6):

Assume that A;® =7 C 7/ and 0 € D[A] and = 6® and (m,e) € (o7)s (+) and k < K.

TS: (m,e) € (o)

By unrolling the definition of ()., assume that £’ < m

STS:

(m—f,v) € (o)

Since we know that x < k' < m, we also know k < m, so we unroll the definition of () to

obtain

a) el (v, D), f
b) f <k and

c) (m—f,v) € (o7),
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a) concludes 1. Using b) and k < £/ we get 2. By IH3 on v using A;® =7 C 7/ and ¢), we
obtain 3.

Proof of statement (1):

A =77 A;® =1 C 7 A;® =k <K
Case 5 507) — 2
AOEAT S =57

Assume that 0 € D[A] and = o® and (m, fix f(z).eed) € [om o), o]y

There are two cases.

subcase 1: § =S
We have (m,fix f(x).ee) € [or Stor), ooy ()
TS: (m,fix f(z).ee) € [ory Stor), o5
Let F = fix f(x).ee.
Pick j <m s.t. (j,w) € [ori]s (1). STS: (j,e[F/f, w/z]) € [o5]2" .
By IH 2 on (1) and the premise A; ® =71 C 71, we get (j,w) € [o71]o.
By unrolling (+), we get (j, e[/ f, w/al) € [omlZ*(it).
We conclude by TH 4 on (1) using A;® =7 C 75 and A; @ =k < K.
subcase 2: § =C
We have (m, fix f(z).ee) € [om Llow), orolly (++)
TS: (m,fix f(x).ee) € [o1] L), o]l
The are two subcases:

subsubcase 1: TS: Vk. (k,fix f(z).R(ee)) € (o7] Llor), T4y
(

Assume k and let F' = fix f(x).R
Pick j < m s.t. (j,v) € (o7])y (1). STS: (j,R(e)[F'/f,v/x]) € (o75)2~ .
By IH 4 on (1) and the premise A; ® |= 71 C 71, we get (j,v) € (071)-
By unrolling first part of (++), we get (j, R(ee)[F'/f,v/z]) € (o122 (i1).
We conclude by TH 5 on (1) using A;® =7 C 75 and A; @ =k < K.
subsubcase 2: Pick j < m s.t. (j,w) € [or]], (1). STS: (j, ee[F/f,w/x]) € [or5]2*".
By IH 2 on (1) and the premise A; ® =71 C 71, we get (j,w) € [o7i]o.
By unrolling second part of (++), we get (j,ee[F/f,w/x]) € [om2]2"(T1).
We conclude by TH 5 on (1) using A;® =7 C 75 and A; @ =k < K.

ee).

t:S, A0 =TT tS,A;®=r<K
Case = = V1

A0 =AYt o) S. TVt o S. 7
oK)

é
Assume that o € D[A] and (m,w) € [Vt g
TS: (m,w) € [Vt o) S. o1']y.

We case analyze 9.

S. o7], and = o®.

25



subcase 1: 6 =S

TS: (m,w) € [Vt S((:T:FJ) S. o',
Assume that =1 :: S ().
STS: (m,ee) € [or'{I/t}]2" /% (4).
We have (m,A.ee) € [Vt S(?:K) S. o]y
Unrolling the definition of -], with the assumption (), we get (m, ee) € [[UT{I/t}]]gH{I/t} ().
By instantiating ITH 6 with o[t — I] € D[t :: S, A] and (++), we get:

(m,ee) € [oft > NP2t

which is same as ().
subcase 2: 6 =C
(m,w) € [v¢ "% 8. 7]y (o)
(o1

TS: (m,w) € [Vt(c S o]y
Assume that -1 :: S (#).

subsubcase 1: STS: Vk. (k,R(ee)) € (]JT’{I/t}I)g'iI{I/t} (1)-
Pick k. Then STS: (k,R(ee)) € (or'{I/t})2" /% (+1).
By unrolling first part of (¢) with & and (+), we get:
(k,R(e2)) € (or{T/e)e" ().
By instantiating IH 5 with o[t — I] € D[t :: S, A] and (++), we get:
(k,R(ee)) € (o[t — I]T’[)g[tHI]H, which is same as (7).
subsubcase 2: STS: (m,ee) € [[m’{l/t}]]g“/{”t} (1)-
We have (m, A.ee) € [Vt S S. oT].
By unrolling second part of (¢) with the assumption (+), we get (m, ee) € [[aT{I/t}]]Z“{I/t} (+5).
By instantiating IH 5 with o[t +— I] € D[t :: S, A] and (++), we get:

(m,ee) € o[t — I]T’]]?HHI]F"/ which is same as (f).

A;dE=Ea=0
Case 11%*
A;® =g list [n]* 7 = list [n]® O(7)
Assume that 0 € D[A] and | 0® and (m,w) € [list [n]® 7],.
TS: (m,w) € [list [on|” O(o7)]s
We prove the following more general statement by subinduction on w’:

For all w/, if (m,w’) € [list[on|’® o7], (+) then (m,w’) € [list[on]’® O(o7)],. By the

premise, oo = 0.

subcase 1: w' =nil
From the assumption marked (+), we get (m,nil) € [list[on]’ o7],.

Therefore, we have on = 0, and (m,nil) € [list[on]” O(co7)], by definition.

subcase 2: w = cons(wy, w2)
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From the assumption marked (+), we get (m, cons(wy,ws2)) € [List [on]® o7],.
Therefore, 4I. on =1 + 1.
We have (m, cons(wi,wy)) € [list[I 4 1]° o7],.
TS: (m, cons(wy,w2)) € [List [T +1]° O(o7)]e.
We have two possible cases:
e (m,wy) € [D(o7)]w (1) and (m,w2) € [1ist[1]° o7y (11).
By sub-IH on ({1), we get (m,wy) € [list [I]° O(o7)],.
Combining the (1) with the previous statement, we get (m, cons(wi,ws)) € [1ist [l +1]° O(o7)]..
o (m,w1) € [o7]y (¢) and (m,w2) € [List [1]°" o7], (00).
This case is impossible since 0 — 1 % 0.
A;® =n=n A;d=a<d <n AdETCT
Case y 12
A;® Elist [n]® 7 C list [0/]" 7/
Assume that o € D[A] and (m,w) € [list [on]’® o7], and | o®.
TS: (m,w) € [list[on/]® o7'],.

From Assumption 12 applied to the first premise, on = on’. Therefore,

STS: (m,w) € [list[on]"® o7'].

From Assumption 12 applied to the second premise, we get: oca < oa/. Therefore, it suffices to
prove the following more general statement.

For all w1, 3,7, if 8 <~ <l and (m,w’) € [1ist[l]® o7],, then (m,w') € [1ist [I]” 07']..

We establish this statement by subinduction on w’.

subcase 1: w =nil
The assumption (m,nil) € [list [l]'B o7y forces I = f=0. Since <y <, y=1=0,
(m,w’) € [1ist [[|" o7'], follows immediately by definition.
subcase 2: w' = cons(wy, wa)
By assumption, (m, cons(wy, ws)) € [1ist [[]® o7],. Therefore, [ = I’ + 1 for some /.
TS: (m, cons(wy, w2)) € [1ist[l' + 1] o7'],.
There are two possible cases for (m, cons(wy,ws)) € [1ist [I]° o7],.
o (m,wy) € [O(o7)]y () and (m,we) € [list [l ] oty (7).
By Lemma 9 using (1), we get 5 <1’ (¥).
Note that we assumed 8 < v <1’ + 1. There are two cases for 7.
-y <l
Using 8 < v (by main assumption) and v < I’, we obtain 8 < v < I’ and instantiate
the sub-TH with wo to get (m,w2) € [list[l']” o7'],.
By IH 2 on A;® =7 C 7/ with (), we get (m,wy) € [O(o7)]e.

Therefore, we can conclude that (m, cons(wi,ws)) € [list[I' +1]7 o7'],.
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—v=0I+1

Since 8 < I" by () and I’ = v — 1, we obtain 8 < v —1 < !’ and instantiate the
sub-TH with wy to get (m,wy) € [list[I']7"" 07']..
By IH 2 on A; ® =7 C 7/ with (1), we get (m,w1) € [O(07')],. By Lemma 8, we
get € [or']y.
Therefore, we can conclude that (m, cons(wi,ws)) € [list [I' +1]7 o7'],.

By the sub-TH on (1), we get (m,wq) € [list [l’]ﬂl ot']y.

Combining, we get (m, cons(wy,wg)) € [list [l + 1]5/ o]y

o (m,w1) € [or]v (o) and (m,ws) € [List[I')°™ o7]y (00).

By IH on U; A;® =7 C 7/ with (¢), we get (m,wy) € [o7'],

By the sub-IH on (o) using 8 — 1<~ —1 <1, we get (m,w2) € [List[I']""" o7'],.

Combining these two yields (m, cons(wy, wy)) € [list [l + 1] o7'],.

Proof of statement (2):

Ao EAAC A
AD (A C (A)
Assume that o € D[A] and (m,w) € [(cA)*], and |= o®.
TS: (m,w) € [(cdA)*],
In two cases of u, we have (m,w) € [0A],, STS: (m,w) € [0A’],. This immediately follows

Case

by instantiating IH 1.

Case +0
A s O((m1 + 2)*) = (O(r) + O(12))°

Assume that 0 € D[A] and |= o® and (m,w) € [O((or1 + o12)")]0.
TS: (m,w) € [(Q(om) + DO(o7))%],

There are two cases:

subcase 1: w = inl w’ and (m,w’) € [o71], and stable(w’).

By Lemma 8, we have (m,w’) € [O(o7m1)]y.

Then, it follows that (m,inl w') € [O(om1) + O(o72)]s
subcase 2: w = inr w’ and (m,w’) € [omz], and stable(w’).

By Lemma 8, we have (m,w’) € [O(o72)],-

Then, it follows that (m,inr w') € [(O(om) + O(072))%].

Case 5() 3(%) —1
A; @ b= O((r =2 m)") E (O(n) 2% O(r2))®
)

Assume that 0 € D[A] and = 0® and (m,w) € [O(on ow), o12)]v

TS: (m,w) € [(O(om) ow), O(07))S]» There are two cases:
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subcase 1: § =S

We have (m, fix f(z).ee) € [or Ston), om2]ly (1) and stable(fix f(x).ee).

TS: (m, fix f(z).e) € [(O(om) 2% O(om)) ],

Let F = fix f(x).ee.

Pick j < m st. (4,w) € [O(om)]v (+). STS: (j,ee[F/f,w/z]) € [D(om)]?". By
definition of (+), we get stable(w) (++) and (j,w) € [o7i]y (+++). Then, by unrolling
(t) with (+++) where j < m, we get (j,ee[F/f,w/x]) € [om]?". Next, we immediately
instantiate Lemma 8 on stable(ee[F/ f, w/x]) since stable(F') and stable(w), we conclude
that (j,ee[F/f,w/z]) € [O(om)]2".

subcase 2: § =C
We have (m,fix f(z).ee) € [or Clow), om2]ly () and stable(fix f(x).ee)(©).
TS: (m, £ix f(z).e) € [(O(or1) 27 O(om)) ],
There are two cases

subsubcase 1: STS: Vk. (k,R(fix f(x).ee)) € (O(om1) Llon), O(om2))w (171)

Pick k. STS: (k, fix f(z).R(ee)) € (O(om) 2% O(om))e

Pick j < k s.t. (j,v) € (O(o71))o = (o71)s (+)-

STS: (j, R(e)[fix f(x). R(e)/f,v/a]) € (Do)~

By unrolling () with (+), we get (4, R(ee)[fix f(z).R(ee)/f,v/x]) € (om2)?" = (O(om2))2"
subsubcase 2: Pick j <m s.t. (j,w) € [D(om1)]v ().

STS: (j,ee[F/f,w/x]) € [O(om2)]2".

By definition of (+), we get stable(w) (++) and (j,w) € [o7i]y (+++). Then, by unrolling

(1) with (+++) where j < m, we get (j,ee[F/f,w/z]) € [o2]?". Next, we immediately

instantiate Lemma 8 on stable(es[F/f, w/x]) since stable(F') and stable(w), we con-

clude that (j,ee[F/f,w/x]) € [O(om2)]2".

Case T
Ao EOMCET
Assume that o € D[A] and (m,w) € [O(o7)], and = o®.

TS: (m,w) € [o7],. This immediately follows from the definition.

As@ = p <y
Mo p@yc @Ay’
Assume that o € D[A] and (m,w) € [(cA)*], and |= o®.
TS: (m,w) € [(cA)*],

There are four cases. Two of these are trivial since u = p’. The remaining two are:

Case

subcase 1: y=S and ¢/ =C
We have (m,w) € [(cdA)%], = [0A], (+).
TS: (m,w) € [(0A)%],.
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Since [0 AJ, € [(¢A)%]y, it follows immediately by (+).

subcase 2: y=Cand ¢/ =S
This contradicts the assumption that p < p/ since C £ S

Proof of statement (3):

Ad =T Cm A ERCT AdER<H
Case 5 507 — 2
AOEAT =S 57

Assume that ¢ € D[A] and = 0® and (m,fix f(x).ed) € (o7 o), oT9)y

There are two cases.

subcase 1: 6 =S
S /
This is trivial since any function fix f(z).e € (o7 Stor), Ty

subcase 2: § =C
We have (m, fix f(z).e) € (on Llow), o)y (++)
TS: (m,fix f(z).e) € (o7 Llow), o)
Let F = fix f(x).e.
Pick j < m s.t. (4,v) € (o7])y (1). STS: (j,e[F/f,v/z]) € (om)2" .
By IH 4 on (1) and the premise A; ® |= 71 C 71, we get (4,v) € (o71)y-
By unrolling (++), we get (j,e[F/f,v/a]) € (om)Z* (it).
We conclude by TH 6 on () using A; ® =7 C 7 and A; @ =k < K/,

t:S, A0 =TT t:S,A;® = k<K
Case = = v1

Ao A g v ' g

Assume that o € D[A] and (m,A.e) € (Vt
(o1 /
2 S o).

TS: (m,A.e) € (¥t

We case analyze 6.

6({7./@)

S. o7)y and = 0.

subcase 1: § =S

This is trivial since any (m,A.e) € (V¢ N g, ot’)y.
subcase 2: § =C

We have (m,A.e) € (vt e S. o)y (©)

TS: (m,A.e) e (Vt C(‘:j:ﬁl) S. o)y

Assume that =1 ::S (»).

STS:(m,e) € (or{T/t})2" ™ (1).

By unrolling (¢) with k and (+), we get:

(m.e) € (or{1/tI" ().
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By instantiating IH 6 with o[t — I] € D[t :: S, A] and (++), we get:

olt—I]k'
e

(m,e) € (o[t — I]7) which is same as (7).

Proof of statement (4):

A p <y
Ao E(rc @y
Assume that o € D[A] and (m,v) € ((cA)H")y = (0A), (+) and = 0.
TS: (m,v) € ((0A)*), = (0 A),.

Since unary relations don’t take the mode into account, we immediately conclude by (+).

Case

A® =n=n A =a<d <n AdETCT
Case - 12
A;® Elist [n]® 7 C list [0/]" 7/
Assume that o € D[A] and (m,v) € (list [on]’® 7)), and & o®.

TS: (m,v) € (list [on/]"®

7)o

From Assumption 12 applied to the first premise, on = on’. Therefore,

STS: (m,v) € (List [on]"® /),

Note that the unary relation doesn’t take the o/ o into account. Therefore, it suffices to prove
the following more general statement.

For all v/, 1, if (m,v') € [list [[|~ o7T]y, then (m,v’) € [list [[|- o7']s.

We establish this statement by subinduction on v’.

subcase 1: v/ =nil
The conclusion (m,nil) € [list [[|- o7'], follows immediately by definition.
subcase 2: v/ = cons(v1, v2)
By assumption, (m,cons(vi, va)) € [list [[|~ o7],. Therefore, | =1’ 4+ 1 for some !’ and
(m,v1) € (o7)y (T) and (m,vs) € (list[lI']- o7)y (1) -
TS: (m, cons(vy,v9)) € [list [I' + 1]~ o7'],.
By IH 4 on A;® =7 C 7' with (1), we get (m,v1) € (o7/)s.
By the sub-IH on (1t), we get (m,v2) € (list [I']= o7),.
Combining, we get (m, cons(v1, v2)) € (list [l + 1]~ o7')s.

We assume that the constraint judgment A; ® = C' satisfies some standard properties.

Assumption 12 (Constraint conditions)
The following hold.

1. [Substl] If A,i:: S;® |=C and AF I :: S, then A;®[I/i] = C[1/1i].
2. [Subst2] If A;® = C and A; @ AC | C, then A; @ | C'.
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3. [Neg] A; @ = —Ciff A;® P~ C.
4. [Corrl] If = ny < ng, then n; < no.
5. [Corr2] If =T =1, then I =1T'.

Assumption 13 (Constraint Well-formedness)
If U;A;® = C then AF C wf

Lemma 14 (Well-formedness)
IfV,A;&;T'Fee:7 | kand A; @ T wf and FV(I') C A, then ®; A+ 7 wf and FV(k,7) C A.

Proof. The proof is by induction on typing derivation of e. O

Lemma 15 (Subtyping well-formedness)
FA;®=7C 7 and A;@F 7 wf and FV(7) C A, then ®; A+ 7/ wf and FV(7') C A.

Proof. The proof is by induction on subtyping derivation. O

Lemma 16 (Forced type well-formedness)
IfA;®F7wfand u=S VvV C, then ®; A F 7t wf

Proof. The proof is by induction on well-formedness judgment. O

Our fundamental theorem relies on the assumption that the semantic interpretation of every
primitive function lies in the interpretation of the function’s type. This is explained below.

Assumption 17 (Soundness of primitive functions (binary))
Suppose € : By --- By % B and (m,w;) € [(B;)"],, then

o C(L(w1) - L(wn)) = (fr,vr)

o ((R(w1)---R(wn)) = (f},0})

e (m,merge(v,,v;)) € [(B)"]y where py U~ U pn = po
° fi<k

We define merge(-,-,) as follows: if v, = v/, then merge(v,,v.) = "v," else merge(v,,v).) =

new(v,, v.).

Assumption 18 (Soundness of primitive functions (unary))
Suppose ¢ : By --- By % B and (m,v;) € ((B;)"),, then

i Z(Ul vp) = (fry0r)
o (m,vr) € ((B)")y
e fr <K

Theorem 19 (Fundamental theorem for abstract semantics)
Assume that A;®;I'ce: 7| k and 0 € D[A] and A; @ FT' wf and FV (7, k) C A,

1. If e=S and (m,0) € G[oI'] and |= 0@, then (m,0"e™) € [oT]2".

2. If e=C and (k,U) € G(oI') and |= 0® where , then (k,U(e)) € (oT)?".
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3. If e=C and (m,0) € G[oI'] and |= o®, then (m,07e") € [or]2".

Proof. All three statements are proved by induction on e’s typing with a sub-induction on
step indices for recursive functions.We show select cases of the proofs. In the proof of (1), the
numbers 1-5 represent the corresponding clauses in the definition of [7]%.

Proof of statement (1):
In all subcases except values, variables and primitive functions, we show the proofs where we
apply the non-trivial change propagation rule that applies whenever —stable(87e™). We don’t
present the case where stable(0"e™), since it is very easy to establish using the only applicable
rule r-nochange.

In the remainder of the rules, unless otherwise stated, we assume that o € D[A].

Case var
AT x:7hsx 7|0
Assume that (m,0) € G[oT,z : 07] and  0®. TS: (m,07z7) € [or]°.
By Value Lemma (Lemma 5), STS: (m,0(z)) € [o7]..
This follows from the definition of (m,0) € G[oT',z : o7].

Case real
A;®;THgr: (real)® | 0

Assume that (m,0) € G[oI'] and |= 0®.

TS: (m,07 ") € |

tepreal]?.

Since "r7 = keep(r) STS:(m,keep(r)) € [(real)S]?

By Value Lemma (Lemma 5), STS: (m,keep(r)) € [(real)S],.

This follows from the definition of [(real)®], and noting that stable(keep(r)).

A; P 1 owf
Case nil

A;®;T Fgnil: (1ist [0]° 7)5 | 0

Assume that (m,0) € G[oI'] and |= 0®.
TS: (m,0nil7) e [(1ist[0]° (o7))5]°
Since "nil” = nil, by the Value Lemma (Lemma 5),
STS: (m,nil) € [(1ist[0]° (o7))]s.
This follows immediately from the definition.
A; O T Fger - O(7) | k1 A;®;T Fg ey : (List [n]* 7)° | ko

Case consl
A;®:T g cons(eq, e) : (1ist [n+1]% 7)° | k1 + Ko

Assume that (m,0) € G[oI'] and = 0.
TS: (m, 0 cons(ey,e2)”) € [(1ist [on + 1]7¢ T)S]]g(m%—nz)‘
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Following the definition of [-]., assume that:
LOTe) U T, fr (+)  LOTex) U T, fa (1) v =V(T})

cons(L(07e17), L(07e2™)) I (cons(vy, va), cons(T1,Th)), f1 + fa + Ceons()
where f = f1 + fo+ Ccons() <m

By IH on e, we get (m,07e; ") € [d(o7)]2%'. Unrolling its definition using premise (+) with

cons

fi <m, we get

) (T1,07ery ~w), T, ¢}

) R(67e1™) 4 77, f{

c) vi =L(w}) A V(T7) = v; = R(w})
)
)

oo

By IH on ez, we get (m,07ex™) € [(1ist [on]”® 7)]2%2. Unrolling its definition using premise

() with fo < m, we get

f) (T2,07ex™) ~ wh, Ty, ch
g) R(07ex") U T3, f
h) vy = L(wy) A V(T3) = v5 = R(wp)
i) ¢y < oka
j)

i) (m— fa,wh) € [(1ist [on] 7)°],

Then,

1. Using a) and f)

(Ty,07e1™y ~w', Ty, ¢} (T2, 07 ey N wh, Ty, ¢y V(T)) = v}
r-consl

({_,cons(Ty,Ty)),0 cons(eq, e2)") ~ cons(w), wh), (cons(v], v}), cons(T},Ty)),c| + ch
2. Using b), g), ¢) and h)
(e[—el ) ‘U’ Tla fl R(el’€2—l) ‘U’ T2,7 fé V(Tz/) = U;
cons(R(6e17), L(07ex)) b {cons(v], vh), cons(TL, o)), i + 3+ cuons)

3. Using c¢) and h), cons(vy, v2) = L(cons(w],w))) A cons(v], vy) = R(cons(w), w}))

cons

4. By using d) and i), ¢} + ¢4 < o(k1 + Kb)
5. By downward closure (Lemma 3) on e) and j) using m — f < m — f; and m — f < m — f,
we get,
(m — f,w)) € [A(o7)]w
(m — f,wh) € [(1ist [on]® 7)%],
. (m — f,cons(w},wh)) € [(List[on +1]7% 7)%],
A; O T Fser 7| Ry A;®;T kg ey (List [n]* ! 7)5 | ko AP lE=a>0

Case cons2
A; ;T kg cons(ey, e3) : (List [n+1]* 7)% | k1 + Ko
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Assume that (m,0) € G[oT'] and = 0.
TS: (m,0 cons(er,e2)”) € [(1ist[on+ 1]7 T)S]];’(’”*“?).
Following the definition of [-]., assume that:

LOTer) 4 Th, f1 (+)  LOTe) 4 1o, f2 (1) v =V(T5)
cons(L(67e1 ™), L(07ex ™)) | (cons(v1, v2), cons(T1,T2)) f1 + f2 + ceons()s
where f = f1 + fo + ceons() <m

By IH on e, we get (m,07e; ") € [or]2%*. Unrolling its definition using premise (+) with

cons

f1 < f<m, we get

) (T1,07e1 ™y ~wi, 1Y, ¢}

) R(0Ter™) 417, f1

c) v1 =L(wy) A V(T{) = v; = R(w})
)
)

By IH on ez, we get (m,07ex”) € [(1ist [on]”® 7)]2%2. Unrolling its definition using premise
() with fo < f < m, we get

f) (12,07 ex™) ~ wh, Ty, ch

g) R(07ex") I T, f

h) vy = L(wy) A V(T3) = v5 = R(wp)
i) ¢y < oka

j)

j) (m = fo,wh) € [(List [on]” " 7)%],

1. Using a), f), ¢) and h)
(T1,07e1 ") ~w), 17, ¢ (T5,07ex ) ~ wh, Ty, ¢y V(T}) =

r-consl
({_,cons(Ty,Ts)),0 cons(e1, e2)”) ~ cons(w, wh), (cons(v], v5), cons(T7,Ts)), | + ¢

2. Using b) and g)
RO eNIT, /i RO V(T =
cons(R(07e17), L(087e27)) 4 (coms(vy, vh), cons(T1, T3)), f1 + f3 + ceons()

3. Using ¢) and h), cons(vy, v2) = L(cons(w},w))) A cons(v], v5) = R(cons(w}, w}))

cons

4. By using d) and i), ¢} + ¢ < o(k1 + Kf)
5. By downward closure (Lemma 3) on e) and j) using m — f < m — fi and m — f < m — fo,
we get
(m— f,w)) € [oT],
(m — f,wh) € [(1ist [on]”* ! 7)5],
‘. (m — f,cons(wh,wh)) € [(List[on +1]7* 7)5],
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A;®:Thser:7 | ki A;®;Thger: (List[n]* ' 7)C | ke  Adl=a>0
Case cons2
A; ;T kg cons(ey, e3) : (1ist [n+1]* 7)C | k1 + Ko

Assume that (m,0) € G[oI'] and |= 0®.
TS: (m,0 cons(ey,e2)”) € [(1ist[on+ 1]7 T)C}]Z(*“*”Q).
Following the definition of [-]., assume that:
L(6Ter ) 4 Th, f1 ()  L(6Te2) U T, f2 (1) vi =V(T5)
cons(L(07e1 ), L(07e2 ")) | (cons(v1, v2), cons(T1,T2)), fi + f2 + ceons()
where f = fi + fo + ceons() <m
By IH on ej, we get (m,07e; ") € [or]2% . Unrolling its definition using premise (») with

cons

f1 < f<m, we get

) (Th,07e1y ~wi, 17, ¢}

) R(6Ter™) 417, f1

c) v1 =L(wy) A V(T}) = v; = R(w})
)
)

oca—1

By IH on ey, we get (m,07e2 ) € [(1list [on] 7)€]2%2. Unrolling its definition using

premise (1) with fo < f < m, we get

f) (T2,07ex™) ~ wh, Ty, ch
g) R(67e2") I T3, f3
h) vy = L(wy) A V(T3) = v5 = R(wp)
i) ¢y < oky
j)

j) (m— fo,wh) € [(List [on]”* " 7)C,

Then, there are two cases for j)

subcase 1: w) = new(vo, vh) s.t. (m — fo,new(vy,vy)) € [(1ist [on]”* ' 7)),

Then we can conclude with:

1. Using a), f), ¢) and h)

(T1,07e1 ™y W), TY, ¢} (T, 07es ™) ~ new(va, vh), cth, ch V(T)) = !
r-cons2

({cons(v1, v2), cons(Ty,T»)), 0 cons(e1, e2)”) ~ new(cons(vy, v2), cons(ve, vh))
(cons(v], vy), cons(T7,T3)), | + cy
2. Using b) and g)
R(0Ter) 4T, fi RO IT5fy VI =1
cons(R(07e1 ™), L(07ex ™)) | (cons (v}, vh), cons(T1,T5)), f1 + f + ceons()
3. Using c¢) and h), cons(vy, vy) = L(new(cons(L(w}), v2), cons(R(w}), v4))) A cons(v], v}) =
R(new(cons(L(w)), v2), cons(R(w}), v5)))

cons

36



4. By using d) and i), ¢} + ¢ < o(k1 + K))
5. By downward closure (Lemma 3) on e) and j) using m— f < m— fi and m— f < m— fs,
we get
(m— f,wy) € [o7]o
(m — f,neu(v, vh)) € [(List [on]”* ' 7)C],
. (m — f,new(cons(L(w}), v2), cons(R(w}), v}))) € [(1ist[on +1]7* )%,

subcase 2: (m — fo, wh) € [list [on]”* " 7], C [(1ist [on]7* " 7)C],
Then we can conclude with

1. Using a), f), ¢) and h)
<T17 er€11> N Wll) Tlla Cll <T25 e|—62—|> Y W/Q’ Té? 0/2 WIQ 7& neW(f7 7)

r-consl
((_,cons(T1,Ts)),0 cons(e, e2) )
cons(wy, wy), (cons(vy, vh), cons(Ty, Ty)), ¢} + cf
2. Using b) and g)
R(OTe NI TT, fi R(0Tex") 4 T, fy
cons

cons(R(07e1 "), L(07ex™)) | (cons(v], vh), cons(T,T5)), f1 + f + ceons()
3. Using ¢) and h), cons(vi, v2) = L(cons(w),w))) A cons(v], vh) = R(cons(w}, w}))
4. By using d) and i), ¢} + ¢, < o(k1 + Kb)
5. By downward closure (Lemma 3) on e) and j) using m— f < m— fy and m— f < m— fo,
we get
(m— f,w)) € [or]o
(m — f,wh) € [list [on al®
. (m — f,cons(w),wh)) € [list[on +1]°* 7], C [(1ist [on + 1]7* )],

]Ja—l

A;®:Thge: (list[n]* 7)° | ke A;dPAn=0ANa=0;TkFse;:7 | ¥
it A PAN =i+ 1Aa<izh:O(),tl: (1ist[i|* )5, Tkses: 7 | &
i::L,,B::L7A;(I>/\7”Lii+1/\ﬁ§i/\aiﬁ+l;h:T,tl:(liSt[i]'BT)S,Fl—geg:T/ | K
H:HB—FKJ

Case caseL
A;®;T Fg caser e of nil — ey | cons(h,tl) — ex: 7' | K

Assume that (m,0) € G[oT'] and = c® and A; ® T’ wf.
TS: (m,0" (caser, e of nil — e; | cons(h,tl) — e2)7) € [o7']7".

Urolling the definition of [[-]., we have two cases:

subcase 1: Assume that
LOeNIT, fe (+) nil=V(T) L@ e )T, fi () wv=V(T)

case-nil
L(0"caser e of nil — e; | cons(h,tl) — ex) |

<Ulv Casenil(Ta T1)>7 f + fl + CcaseL(Ca 7)
where f = fe + fl + CcaseL((Cv_) <m
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By IH 1 one, (m,07e") € [(1ist[on]’® 7)5]2%e
Unrolling the definition using the premise (») with fo < f < m we get

Note that ¢) forces w' = nil and then e) forces on =0 and oo = 0.
Hence, by IH 1 on ey, we get (m,07e;”) € [o7']2"% . Unrolling this with the premise
marked (++) and definition f; < f < m, we get

Then, we can show

1. By a) and f)
(T,00e7) Anil, T ¢ (Ty,00er™) A wl Thd, v} =V(T])

r-case-nil
((_,caseni1(T,T1)),0 caser e of nil — e1 | cons(h,tl) — ey )
w), (v}, caseni1 (T7,T1)),c + ¢}
2. By b), ¢) and g)
REC)IT,f  WT)=nil REVITLA o =vT)
case-nil

R(0"caser, e of nil — e1 | cons(h,tl) — e2") ||
(v1, casens1 (T, 1)) f' + f1 + Ceaser.(C, )
3. is immediate from h)
4. By d) and i), d + ¢, <o(k+«')
5. By downward-closure (Lemma 3) on j) using m — fo — f1 — Ceaser.(C, ) < m — f1, we
get (m — fe— f1 — Ceaser,(C, ), w)) = (m — f,w)) € [o7']s

L(07e™) | cons(vp, vy), Tf (+) L(0" e N[y /by vy [t |} va, To fo (++)
subcase 2: case-cons
L(0"caser e of nil — e; | cons(h,tl) — ex) |
<1)27 Casecons(Ta T2)>f + fl + ccaseL((Ca _)
where ] = f + f2 + CcaseL(Caf) <m
By IH 1 on e, (m,07e”) € [(1ist [on]”® 7)S]2".
Unrolling the definition with (+) and the definition f < m, we get

a) (T,07e") ~nw', T, ¢
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¢) cons(vp, vy) = L(w') A v =R(w)

(m — f,%') € [(1ist [on]"* 7)%],
If on = 0 then w' = nil. However, this is impossible as it contradicts c).
If on =1 + 1 then w' = cons(wj}, w};) for some w} and w};,. By c), vy, = L(w},) and
vy = L(w},). Let v, = R(w},) and vy, = R(w},).
Now, (m — f, cons(w},w};)) € [(List [ + 1]°* 07)%], may hold in one of two ways:
case 1. (m — f,w}) € [O(o7)], and (m — f,w},) € [(1ist [I]°* o7)5],
case 2. (m — f,w},) € [or], and (m — f,w}) € [(1ist[I]7*"" o7)5],
We analyze these cases separately:
case 1. (m — f,w}) € [O(c7)]y and (m — f,w},) € [(1ist [I]°® o7)%],
By IH 1 on es (the third premise of the typing rule) using
e oli— I| € D[i::,A] and ofi — I|e = S since ¢ € F'V (e).
e Foli— I(PANn=i+1Aa<i)since on =1+ 1 by e) and ca <I by Lemma 10.
o (m— f,0[h— w),tl— w}]) € Glo[i — I)(T,h: O(7),tl : (1ist [i]* 7)%)], which holds
because
x (m—f,0) € Glo[i — IT'] = G[oI'] by Lemma 3 using (m, 0) € G[I'] and m— f < m,
and noting that ¢ ¢ F'V(I)
* (m— f,w}) € [O(cfi — I]7)]y by the assumption of e) and noting that i ¢ FV (1)

* (m—f,w}) € [(list [I](U[i'_’]])o‘ (o[i — I])7)%], by the assumption of e) and noting
that i ¢ FV (7, )
Then, we get (m,0[w), /h, W /t]]"es) € [o7']2", by noting that i, & FV (1, ).
Unrolling this definition with the premise marked (++) and the definition fo < m — f, we
get

f) (Ty,07ex "Wy}, /b, wy, /) ~ wh, Ty, ch

g) R(0"ex"[wy, /h,wy, /tl]) I T3, f5 or, alternatively, R(67ea™)[v}, /h, v}, /tl] I T3, f5 since
by €) R(w},) = v}, and R(w};) = v},

h) vy = L(wy) A V(T3) = v = R(w))

i) ¢ <or

B (m—f—f2,wy) € [or']y

1. By a), e) and f)

IA

(T, 07 ey ~ cons(w},w}y), T, c

(T, 0% ey [wh, /By wiy /Hl]) ~wy, Ty ¢y V(Ty) = vy

r-case-cons
((_,casecons(T,T1)),0 caser € of nil — e | cons(h,tl) — e’y

wh, (vh, casecons (T, T5)), ¢ +
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2. By b) and g)
R(07e) Y T, f/
V(T') = cons(vy,, vy)  R(8Tex[vp/hyvy /U] U Ty, 5 V(T3) = vj

case-cons
R(0"caser, e of nil — e; | cons(h,tl) — ex") |

(vh, casecons(T', 19)), ' + f5 + ceaser.(C, )
3. is immediate from h)
4. By d) and i) ¢ + ¢, < o(k + k)
5. By downward-closure (Lemma 3) on j) using m — f — fo — Ceaser,(C, ) <m — f — fo,
we get (m — f — fo — ceaser.(C, ), wh) = (m — f,wh) € [o'],
case 2. (m — f,w},) € [o7]y and (m — f,w}) € [(List[[]°*"" o7)%],
By IH 1 on eg (the fourth premise of the typing rule) using
e oli—I,f—a—1]€Di:e, [, A
o Fofi—I,f—a—-1)(PAn=i+1ANa=F+1AF<i)sincen=1+1 by e)and
ca<I+1 by Lemma 9.
o (m— f,0[h — W), tl = w)) € Gloli — I,5 — a—1)(T,h:7tl: (1ist[i]’ 7)5)],
which holds because
x (m— f,0) € Glo[i = I, +— a—1]I'] = G[oI'] by Lemma 3 using (m,0) € G[I']
and m — f < 'm, and noting that ¢, 5 & FV(I)
* (m— f,w},) € [oli = I,B — a—1|7], by the assumption of e) and noting that
i,0& FV (1)
« (m— fowy) € [Qist [ hPmer el (5l o 18 5 a — 1))7)%], by the as-

sumption of e) and noting that i, 5 & FV (7, )
Then, we get (m, 8w}, /h,w},/t]"es) € [o7]2%, by noting that i, 8 & FV (7', &').

Unrolling its definition the premise marked and the definition jo = fo < m — f, we get
£) (T2, 0% ea[w), /b, wyy /H]) ~ wy, T, ¢
g) R(0"ex"wy, /h,w), /tl]) | T3, f5 or, alternatively, R(67es ™) (v}, /h, v}, /tl] | T, f5 since
R(w}) = v, and R(w}) = v} by o)
L(wy) A V(T3) = vy = R(wy)

oK'

h) vy
D) &
3 (m = f = fa,wy) € [o7']y

1. By a), e) and f)

IN

(T,07 ey AT, ¢
V(T') = cons(wy, wy)  (T2,0"eg [wy,/h, wyy/tl]) ~wy, Tp,cy V(T) = 1h

r-case-cons
((_,casecons(T,T1)),0 caser, e of nil — e; | cons(h,tl) — e2)

wh, (vh, casecons (T, T5)), ¢ + )
2. By b) and g)
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R(O7eT) L T, f'
V(T') = cons(vy,, vy)  R(07ex)[vp/hyvp/tl] Y v, Tofy  V(T3) = vj
R(0"caser, € of nil — e; | cons(h,tl) — e2") |
(vy, casecons(T", T3)), f' + f3 + cease(C, )

3. follows immediately from h)

case-cons

4. By d) and i) ¢ + ¢, < o(k+ )
5. By downward-closure (Lemma 3) on j) using m — f — fo — Ceaser,(C, ) <m — f — fo,

we get (m — f — f2 - CcaseL((C7f)Wl2) € [[JTIHU

A;®;Thse:m | K
Case inl
A;®;Thginl e: (1 +7)° | &

Assume that (m,0) € G[oI'] and = o®.

TS: (m,07inl e7) € [(o7 + om2)]".

Following the definition of [-]., assume that
LO"eNVT, f(+) VT)=v

L(07inl e7) || (inl v, inl T), f + ci()

where f + cini() <m

By IHon e, (m,07e™) € [om]2".

Unrolling this, using the premise marked » with the definition f < m, we get

inl

) (T,07e™y nw', T, ¢

) R(07e) 417, f

c) v=L() A V(T') =v =R(w)
)
)

Now, we can show:

1. By a),

(T,07e™) ~w, T, ¢ V(T =
r-inl

((_,inl T),07inl €7) ~ inl w, (inl ¢/, inl T"),¢
2. By b),
R(67e™) 4 T, f v(T') =
R(07inl €7) | (inl ¢, inl T"), f’ + cini()
3. By ¢), inl v = L(inl w') A inl v’ = R(inl w’)

inl

4. By d)

5. TS: (m — f — cin(),inl w') € [(o71 + 072)]s.
By unrolling the definition, STS: (m — f — ¢;u(),w') € [om1],. This follows by Lemma 3

using e) and m — f — ¢ () <m — f.
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5(x) S
A f:(m —>n),x:n,Fse:m | k
Case f(n 2) 1 2 | fixl

A; QT g fix f(x).e: (11 LN )50

Assume that (m,0) € G[oI'] and |= 0®.
TS: (m,0 fix f(x).e7) € [(om o), o12)5]2.
STS: (m,0 fix f(x).e") € [(om o), 072)%]y by Lemma 5. Let F = 0" fix f(z).e”.

There are two cases.

subcase 1: § =S
We prove the more general statement

VE <m. (k,07fix f(z).e") € [(om Stor), 072)%]» by subinduction on k.

subsubcase 1: k = 0 is vacuous from the definition [-], at the function type.

subsubcase 2: £k +1<m

Assume, by the sub-IH, that (k, F') € [(o7 Stor), 019)%]y ()

STS: (k+1,F) € [(or1 27 61)9],

Following the definition, pick j < k + 1.

Assume that (j,w) € [om1],. Then, STS: (j,07e[F/f,w/x]) € [om]?" (++).

Instantiate the IH 1 on the premise of the typing rule using:

(4,0[f = Foe—w|) eGlo@,z:m, f: (1 Stor), 79)%)], which holds because:
x (j,0) € G[oI'] by Lemma 3 using (m,0) € G[I'] and j < m,
x (j,w) € [or]s
x (j,F) € [(om S, 072)%]y by Lemma 3 on (+) and j < k

We immediately get (j,0[f — F,z +— w|"e?) € [o12]?", which is same as (++).

subcase 2: § =C
Remember that F' = 0"fix f(z).e.

o STS 1: Vk. (k,L(F)) € (ori %% o)y A (k,R(F)) € (o1 7% o).

Proof proceeds by sub-induction on k.
i. case k = 0 is vacuous from the definition of [-], at the function type with C' body.

ii. case k+1
Assume by sub-IH that

(b, L(F)) € (011 =% g (1) and (k, R(F)) € (or1 7% oro)o(t1) hold.

STS: (k+ 1,L(F)) € (o7 Llow), o)y and (k 4+ 1,R(F)) € (on Llow), o)y
Pick j <k+1s.t. (j,v) € (o71)u(i11). Then,

STSI: (j, LOe)L(F)/f,0/a]) € (o7)2"(#)

STS2: (j, RO C)R(F)/f, 0/2]) € (om)2"(Ah)

We first show the first one.
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Case

Instantiate the IH 2 on the premise of the typing rule using 6 = C and (j,L(0)"e[f —
L(F),x —v])€G(ol,z:0m,f:(on Llow), o79)%), which holds because:

x (4,L(0)) € G(oI') by instantiating Lemma 2 with j using (m,0) € G[oI'],

* (J,v) € (o7)o by (1)

x (4,L(F)) € [(om Llow), 072)%]w by Lemma 3 on (1) using j < k

We immediately get (7, L(0)[f — L(F),z — v]L("e™)) € (o72)?", which is same as
(W)

Instantiate the TH 2 on the premise of the typing rule using § = C and (5, R(0)"e[f —
R(F),z—v]) € Glol,x :0m, f: (o7 Llow), o79)%), which holds because:

x (4,R(0)) € G(oI') by instantiating Lemma 2 with j using (m, 0) € G[oI'],

« (.)€ fomby by (1)

x (4,R(F)) € [(om Llor), 072)%]y by Lemma 3 on (11) using j < k

We immediately get (7, R(0)[f — R(F),z — v]R("e™)) € (o72)?", which is same
as (Me).

e STS 2: Vj <m.Vw. (j,w) € [ori], = (J,"e[F/f][w/x]) € [or]2"
Proof by sub-induction on m.
i. case m = 0 is vacuous since there exists no positive j < 0.

ii. casem=m'+1

STS: Vj <m/ + 1. Vw. (j,w) € [or1]y = (J,07e[F/f][w/z]) € [om=]7".
There are two possible cases.
—j<m
Then, by sub-IH, we know that Vj < m/.Vw. (j,w) € [on1]y, = (J,07e[F/f]lw/z]) €

[2]2%. Since j < m’ < m'/ + 1, we can immediately conclude.

—j= m/
Since j =m/ < m’ + 1, we assume that (m',w) € [o71],(¢).
STS: (m/,0"e[F/ f][w/x]) € [om2]Z"(c0)

£

By TH 3 on the premise of the typing rule using (m/,07e™[f — F,z — w]) €

GloT,z :om, f: (o1 m O'TQ)S]], which holds because:

x (m/,0) € G[oI'] by instantiating Lemma 3 with m’ < m and (m,0) € G[oT]

x (m/,w) € [on], by (¢)

x (m',F) € [(on Llow), 072)5], since as shown in (STS 1) above, Vk. (k, F) € (o7 N
o7a))y and by sub-IH, Vj < m/. Vw. (j,w) € [ri], = (4,07 [F/f][w/z]) €
[ra]Z.

We immediately get (m/,0[f — F,z +— w|"e") € [om2]2", which is same as (¢0).
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A;@;Fkgel:(ﬁm)m)“]m A; ;T Fsgea: | Ko
AP Epdm A;® = (elp) <o K=k +r1+r+ (L) =C)?copple,p) = 0)
A;O;Tkse; eg:m | K

app

Assume that (m,0) € G[ol'] and = o®.
TS: (m,07e1 ex) € [om]2".
Following the definition of [-]., assume that
L(67e ) I Tu, f1 (#) fix f(x).e =V(T1)
L(0Tex™) Y Tn, f2 (++) w2 =V(T2)  elva/x, (fix f(x).e)/fIL T fr (or) v =V(T7)
L(67e1 e2) I (vr,app(11, T2, T7)), f1 + f2 + fr + Capp(C, S)
where f = fi + fo+ fr + capp(C,S) <m
By IH on e, we get (m,07e; ) € [(on o), o T )25

app

Unrolling its definition using the premise marked (+) and the definition f; < f < m, we get

a) (T1,07e1 "y ~wi, Ty, ¢}

b) R(07e1™) | 171, fi

c) fix f(z).e = L(w}) A V(T}) = v} = R(w})
d)

)

(&

c < oK1

i(o
m— f1,w}) € [(om M o12)"]y

By IH on ey , we get (m,07ex) € [ori]7"2
Unrolling its definition, using the premise (++) and the definition fo < f < m, we get

)
) R
h) vy = L(wy) A V(T3) = vy = R(w))
)
)

(m = fa,w3) € [ori],
There are three cases for e).

subcase 1: y=Sand § =S
By e), we have (m — f1,fix f(x).ee) € [(om1 Stow), 072)%] (1) for some ee, such that by
c), v] = fix f(x).€ for some ¢’ = R(ee).
Next, we unroll (1) with (m — fi — fa — copp(C,S), wh) € [o7i]y (downward-closure with
Lemma 3 on j) since m — f1 — fa — ¢qpp(C,S) < m — f2) using
m — f1 — fa — capp(C,S) < m — fi1, we get
(m — fi = f2 = capp(C,S), ee[(fix f(x). ee)/f, wh/a]) € [oT2].
Unrolling its definition with the premise (+++), noting that

L(ee[(fix f(x).ee)/f,wh/x]) = e[ve/x, (fix f(z).e)/f] from c) and h), and
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fr <m — fi — fo— fr — capp(C,S) since j < m, we get
k) (Tr,ee[(fix f(z).ee)/f, wy/a]) ~ wy, T7,

) ¢

) R(es[(fix f(x).ee)/f,wy/a] = €'[(fix f(z).€')/f,vo/x]) U T}, f;
m) vy = L(w,) A V(T}) = v, = R(w,)

)

)

m — fl f2 fr - CGPP(C’S)’WIT) € [[UTQHU
1. By a), f) and k)
(T1,07e1 ) ~ fix f(z).ee, T,
<T2) 9F62‘|> ~ WIQ’T2/7 0/2 <TT7 ee[(fix f(x) )/fv W2/x]> ~ Wr? rv Cr U;’ = V(T;)

r-appl
((_,app(T1, T2, T7)), 07e1 e2™) ~ wy., (v, app(Ty, T3, 1)), ¢y + ¢y + ¢
2. By b), g) and 1)
R(OTe) 77,/ fix f(z).¢ = V(T))
R(O7ex) U T3, f  vo=V(T3)  €[(fix f(z).€¢)/f,0p/al VT f; v, =V(T)) app

R(erel 62—‘) U <U;'7 app(Tll, Tév T;)>, f{ + fé + f?lﬂ + capp(cv S)

3. follows immediately from m)

4. By d), i), n) ¢c1 + c2 + ¢ < o(k1 + k2 + K)

5. Since j = f1 + fa2 + fr + capp(C,S), by o), we get (m — j,w,.) € [o72],, noting that
m—j=m~— fi — fa— fr — capp(C,S).

Then, we conclude this subcase by showing

subcase 2: y=Sand § =C
The proof of this case is similar to the case where u = ¢ = S, but we will show it for clarity.
By e), we know that (m — f1,fix f(z).ee) € [(om Llor), o 79)5]w(1).
By j), we know that (m — fo,wh) € [o7i].(i7).
Unrolling the second part of (1) with (m — fi — fo — capp(C,S), wh) € [ori], (obtained
by Lemma 3 on (1) using m — fi — fo — capp(C,S) < m — fa), we get
(m — fi = fo = capp(C, S), ee[(£ix f(x). )/, wh/x]) € [ora] 2.
Unrolling its definition with the premise (+++), noting that
L(ee[(fix f(x).ee)/f,wh/x]) = e[va/x, (fix f(z).e)/f] from c) and h), and

fr <m — fi — fo — capp(C,S) since f < m, we get
p) (Tr,ee((fix f().ee)/f, wy/a]) ~ w;, T},

) ¢

q) R(ee[(fix f(2). )/ f,wy/x] = €[(fix f(x).€')/f,v5/a]) 4 T}
) v = (W’r) A V(T7) = v, = R(wy)
) ¢
)

-

n
S
|/\

t) (m— fl f2 - fr - Capp((C,S),W'r) € [0'7—2]]1)

1. By a), f) and k)
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subcase 3:

(T1,07e1™) ~ fix f(z).ee, 11, ¢y
<T2) 9F62‘|> ~ W/Z’Tév 0/2 <T7" ee[(fix f(x) )/fv W2/.’L‘]> ~ Wr’ rv Cr U;, = V(T;)

r-appl
((_ app(Ty, T2, T1)), 07er €27) ~ wy, (v, app(T1, T3, 1)), ¢ + ¢4 + )
2. By b), g) and 1)
R(07e:™) 4 171, fi fix f(z).e' = V(T1)
RO7ex) 4 Ty, fs o =V(T3)  €[(fix f(z).€)/fvo/al Y T f; vy =V(T]) app

R(erel 62—‘) U <U;7 app(T{, T2/v T;»: f{ + fé + f1/4 + capp((c’ S)

3. follows immediately from m)

4. By d), i), n) ¢1 + co + ¢ < o(k1 + k2 + K)

5. Since f = fi + fa + fr + capp(C,S), by o), we get (m — f,w,) € [o72]y, noting that
m—f=m—fi— fa— fr — capp(C,S).

pw=Cand 0 =C
By e), we have (m — f1,w}) € [(o7 Llor), o12)o.
There are two cases.
e (m— fi,new(fix f(x).e,fix f(z).€")) € [(om M )%
By unrolling the first part of the definition, we have
k. (k,fix f(z).¢) € (om % o)y (6) A (K fix f(z).¢) € (om

o)y (00).

C(or’)

By Lemma 2 on (m — f2,w)) € [om1], obtained by j), we get

vt. (t,L(wy)) € (omi)o (1) A (£, R(wy)) € (om)y (11).

Next, we instantiate (¢¢) with step index ok’ + 2, and (1) with step index ox’ + 2 to
get the cost f] as follows:

Unroll (oK' +2,fix f(z).€) € (om Llor), o))y with (oK’ +1,R(wh)) € (o71)y since
ok’ +1 <ok +2,toget (or' +1,€¢[fix f(x).€'/f,R(wh)/x]) € (o))"

Next, we unroll the definition of (). using ox’ < ok’ 4+ 1 to obtain:

¢leix f(a). ¢/ f,R(wh)/] I TV, f. (A) and v, = V(T}).

The statement (¢¢) will be re-instantiated again to get the full proof.
We proceed to the remaining statements to show:
1. By a), f) and (#)
(Ty,07e1y ~mnew(_,fix f(x).€), T}, <}
(T0,07e,) ~wh, T, cy  ffix fla)./f,R(wh)/a] UTLFL v = V(T))
<<UT7app(T17T2> )> 07 er 62—|> ~

neW(UT’ﬂ Ur) <Ur7 app(Tl, T27 Tl)>7 1 + 62 + fr + Capp(Sv C)

2. By b), g) and (A)

r-app2
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R(OTer )V T0, fi fix f(2).¢ =V(T])  R(07ex") I T3, £
UQ = V(T2) € [(le f(l‘) 6/)/f7 ’Ué/ﬂ?] U’ Trv r UT = V(TT{)
R(erel 621) U <Uqlﬂa app(T{,Té,T;)), f{ + fé + f; + Capp((ca S)

app

3. follows immediately: v, = L(new(v,,v,.)) and v]. = R(new(v;,v]))

The statements 4. and 5. will be shown below.

We first show statement 5:

TS:(m — j,new(v,,v..)) € [o2]e.

By using the premise = C < 73 of the typing judgment, 7 = (A)€

STS: Vk. (k,vr) € (om)y A (k,v)) € (oT2)0.

Pick some ox’, then

STS1: (oK, v,) € (oT2)y(MM).

STS2: (ok',v.) € (oT2),(MM®).

We first show the first one.

Next, we instantiate (¢) with ok’ + f, +2 and (f) with ok’ + f, + 1.

Then, we unroll (ok’ + f, +2,fix f(z).e) € (om Llow), oTa), with

(oK' + fr +1,L(wh)) € (o71)y since ok’ + fr +1 < ok’ + f + 2 and we get:

(or" + fr + Le[fix f(z).e/f, L(wy)/z]) € (oT2)I"

Unrolling the definition of (). using ok’ < ox’ + f, + 1, we obtain:

u) e[fix f(x).e/f,L(we)/x] | T}, fr and v, = V(T},)

v) (o' +1,v,) € (o)

w) fr <o

Next, we instantiate (oo) with ox’ + f/ + 2 and ({1) with ok’ 4+ f/ + 1. Note that at
this point, we know what f is.

Then, we unroll (ok’ + f| + 2,fix f(z).€') € (o Llor), oTa))y with

(ok' + fl +1,R(wh)) € (o71), since ok’ + f. +1 < ok’ + f. + 2, we get:

(or'+ fi + 1 €'[fix f(z).€'/f,R(wy)/z]) € (oT2)Z"

Unrolling the definition of (). with ok’ < ox’ + f] + 1, we obtain:

x) €'[fix f(z).€¢'/f,R(w2)/x] | T}, f} and v = V(T))

y) (o' +1,0)) € (o)

z) [l <ok

Now, we can conclude the statement 5. by instantiating downward closure (Lemma 3)
on q), t) and ok’ < k4 ok’ to obtain (dd) and (hd®).

The statement 4. follows by d), i) and z), ¢1 + 2 + fr + Capp(S, C) < o(k1 + k2 + &) +
Capp (S, C).

o (m— f1,w)) € [or M o12]v.
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Proof of this subcase is same as the proof of the subcase with y =S and § = C.

t S, A0 Thkse:7| K
Case 5 VI
A;®;ThsAe: (vt = 8. 7)° |0
Assume that (m,0) € G[oI'] and |= 0®.
TS: (m,0"A.e™) € [(Vt " s, o1)5]°.
(oK
STS: (m,0"A.e™) € [Vt () S. 07], by Lemma 5.

There are two cases:

subcase 1: § =S

Assume that -1 = S.

STS: (m,07e") € [or{I/e}]2"!/"

This follows from the IH 1 instantiated with the substitution o[t — I| € D[t :: S, A] where
oft — I16 =S since t ¢ FV(§) and § = S. Note that = o[t — I]® is same as = o since
t ¢ FV(9;T).

subcase 2: § =C

o STSI: VE. (5, LOAcT)) € (v &7 5 ar)%), A (kRO7A.T) € ((V¢

S. o7)5),

Pick some k and assume that - I :: S, then
STS1: (k,L(07e7)) € (or[I/)2"/" (o)
STS2: (k,R(07e7)) € (or[I/)I1 (00).
We first show the first one.

(C(‘otn)

By IH 2 on the premise of the typing rule, instantiated with
— o[t — I € D[t :: S, A]
— (k,L(0)) € G(I') obtained by instantiating Lemma 2 on (m,0) € G[I'] with k. We
get (k,L(0)(e)) € (ot — I]T[)g['HI]N which is same as (¢) since L("e™) = e
By IH 2 on the premise of the typing rule, instantiated with
— ot 11 €D[t::S,A]
— (k,R(0)) € G(I') obtained by instantiating Lemma 2 on (m,0) € G[I'] with k. We
get (k,R(0)(e)) € (ot — I]TD?UHHH which is same as (¢¢) since R("e™) = e
o STS2: VI. F1:8 = (m,07A.e7) € [r[I/4]]5/"
Assume that - I == S, then STS: (m,ee) € [[T[I/t]]]?[l/t].
This follows from the IH 3 instantiated with the substitution o[t — I| € D[t :: S, A] .

A;@;Fl—ge:(Vt(s(ﬁ/)S. T | Ke AFT:S A;® = pdr{I/t}

MGl (Um <6 m= ket K {I/E+ (€ Up) = C) ? copplesss) : 0)
Case VE
A; O T Fgel] - 7{I/t} | K
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Assume that (m,0) € G[ol'] and = o®.
TS: (m,07e]]") € [or{al/t}]2"

Following the definition of [-]., assume that

LO ) UT,fo (1) A =V(T) & UTofr () v =V(T})

L(©"e[]") ¥ (vr, iApp(T, T})), fe + fr + CiApp((Caf)

where f = fe + fr + ciapp(C, ) <m

S(ok")

By TH on e, (m,07¢T) € [(v "% 8. or)e]ere.
Unrolling this, using the premise marked » with the definition f. < f < m, we get

(T,07e™y ~nw', T, ¢
R(07e™) 4 17, f'
A =L(w) A V(T') =+ =R(w)

By Lemma 1, ol = S (}).

There are 3 cases for e).

subcase 1:

subcase 2:

0=Sand p=S

Then we have, (m — fe, A.ee) € [(Vt S((:T:Hl)

Unrolling (¢) with F oI = S (1), we get (m — fe,ee) € [[JT{UI/t}]]g”/{UI/t}.
Unrolling this with the premise marked (++) and defining f, < m — f., we get

S. 07)%], () for some ee.

(Ty,ee) ~w., T/, ch
R(ee) I T7, f7

)
)
h) v = L(w) A V(T}) = ol = R(w))
)
)

8

1. By a) and f)

(T,07e™y ~ Nee, T', ¢ (T, ey ~w., T, cl. V(T)) = v..
(. 14pp(T, T,)), 07ee[|") ~ ), (o], 1App(T", T), ¢ + ¢,

2. By b) and g)

R(07e™) | A", T f " VT, fl V(T)) = v,
iApp

R(07e[]") 4 (v, iApp(T", 7)), f + fr + ciapp(C, )

3. follows immediately from h)

4. By d) and i), ¢ + ¢, < ok + ok'{cl/t})

r-Appl

5. By Lemma 3 using j)

0=Cand p=S

The proof of this case is very similar to the above case, we will show it for clarity.
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C(or’
Then we have, (m — fe, A.ee) € [(Vt (': ) S. 07)%], (o) for some ee.
Unrolling second part of (¢) with - ol = S (1), we get (m — fe, ee) € [[UT{UI/t}]]g“l{U[/t}-

Unrolling this with the premise marked (++) and defining f, < m — f, we get

k) (T, ee) ~w,, T}, c;
1) R(ee) 4 T7., f7
m) vy = L(w,) A V(T}) = v, = R(w,)
) . <or'{cl/t}
) (m = fe— fr.wy) € [or{ol/t}]y

1. By a) and f)
(T,07e") ~ Nee, T, ¢ (T, &) ~w.,T.,c V(T = .
(. 1hpp(T, T,)), 07ee[) ~ . (o1, 1App(T", T, ¢ + ¢,
2. By b) and g)
R(07e™) Y A", T'f " VT, fl V(T)) = v,
R(6%e[]™) I (v, iApp(T", T7)), f' + f} + ciapp(C, _

3. follows immediately from h)

n

O

r-Appl

iApp

4. By d) and i), ¢ + ¢ < ok + ok'{cl/t})

5. By Lemma 3 using j)

subcase 3: § =C and y=C
Then by e) we have, (m — f.,w') € [(Vt
There are two cases.
e (m— f,new(A.e,A.€e")) € [(Vt

By unrolling the definition, we have
k. (ko) e (v S S or)y (0) A (K A.e) € (vt
We first unroll (¢o).
Assume that k = ok’ + 1. Then, we have (ox’ + 1,A.€e") € (Vt S. o7))y.
Unrolling this with ol = S (1), we get (ok’ +1,€") € (om{cal/t})" Hol/t) (M).
By unrolling the definition of (#) using ox’ < ok’ + 1, we get
" L T7, f7 (1) and vy, = V(T}).
The statement (¢¢) will be unrolled again to get the full proof.

( H) S. O'T)C]]v

C((:y:’i) S. o7)%,.

(C(M)S o)y (00).

Clow)

Then, we can show:

1. By a) and (}7)
(T,07e™") ~new( ,A.¢"), T ¢ " VT, fl v, =V(T))
((or, 1ADD(T, Ty)), 671"} ~ mew(tr, ), (v}, 1ApB(T', TL)), € + 1 + Cigy(S, )
2. By b) and ({1)

r-App2
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Case

RO LT, f A =vT) € VTLf o =VT)
R(07e[]") U (vy, iApp(T", T7)), '+ f7 + ciapp(C, )

3. follows immediately: v, = L(new(v,,v,.)) and v]. = R(new(v,,v].))

App

The statements 4. and 5. will be shown below.

We first show statement 5.

TS: (m — fe — fr — ciapp(C, ), new(v,,v).)) € [or{ol/t}], where by the premise
= C < 7 of the typing judgment, o7{oI/t} = (A)C for some type A.

Then,

TS: Vk. (k,v.) € (A)y A (k,0.) € (A)y.

Pick some k, then STS: (k,v.) € (A)o(T17).

Next, we instantiate (o) with ox’ + f. + 1 and get:

0k + fL+1,A ¢ e (v F S a7,

Unrolling with (1), we get : (ox’ + fL + 1,¢") € (or{al/t})7"".
Unrolling the definition of (). with ox’ < ox’ + f] + 1, we obtain:

p) " LT, f;
Q) (or"+ L) € (A)y
r) fl <or

Now, we can conclude the statement 5. by instantiating downward closure (Lemma 3)
onl) and ok’ < k + ok’ to obtain (t17).
The statement 4. follows by d) and m), ¢ + f; + ciapp(S, C) < (ke + k) + ciapp(S, C).
(C /
o (m—f,Ae)c [Vt @) g o7

Proof of this subcase is similar to the proof of the subcase with 6 = C and u = S.

A; ;T kse: (11 + 1) | ke A;®: Tz bayper:7 |k

A; ;T y:mobayea:7 | K Eudr k=rke+ K + ((11=C)? cease(S, 1) : 0)
case

A;®;T kg case(e,z.e1,y.e2) : T | K
Assume that (m,0) € G[oI'] and = o®.
TS: (m, 0" case(e,x.e1,y.e2)™) € [oT]2"
Following the definition of [-]., there are two cases. We will only show the case where guard

evaluates to inl v, the other case is symmetric.

Assume that:

L(0Te™) U T, fe(+) inl v =V(T) L(0Tey N[v/x] U T, fr(++) v =V(T})
L(0"case(e,x.e1,y.€2)") | (v, casein1 (T, T})), fe + fr + Cease(C, )

where f = fo + fr + cease(C, ) <m

By IHon e, (m,07e™) € [(om1 + om2)H]2"e.

Unrolling this, using the premise marked » with the definition f, < f < m, we get

r-case-inl
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(m — fe,w') € [(o71 + o12)"]s

There are two cases for e).

subcase 1:

subcase 2:

w=-_S
Then, we have (m — f.,inl w) € [or; + 072], and v' = inl v” for some v".
By unrolling the definition, we get (m — fe,w) € [o7mi]y (¢). Next, we instantiate the IH
1 on the premise A;®;T,x : 71 Fayy €1 : 7 | K using eU pp =S and (m — fe,0[x — w]) €
GloT', x : o], which holds because

x (m — fe,0) € G[oT'] by Lemma 3 using (m,0) € G[ocT'] and m — f. < m,

* by e)
We get, (m — fe,8[z — w|"e; ™) € [o7]2% (00).
Then, by unrolling (¢¢) with (++) where L(0[z — w|"e; ") = L(67e; [v/z]) ( by c),
v=L(w)) and f, <m — fe, we get

f) (Th,0[x — w| ey ~w., T/, ¢,

)
g) R(B[z — w|"e™) =R(0"e1 [v"/2]) Y T, f;
h) v, = L(w') A V(T)) =v. =R(w')
)
)

m— fe— fr,w )G[[UT]]”U

Then, we conclude this subcase by showing

1. By a), f) and h)
(T1,07e™y ~ inl w,T", ¢ (T,,07e1 [w/x]y ~w., T, c

T T 7’ .
r-case-inll

((_,casein1(T,T})),0 case(e, xz.e1,y.€2)) ~ w,, (v]., casein (T",T})),c + .
2. By b), g) and h)
RO 4 T, f inl v" = V(T") R(07 ey )" /x| U T, £ v = V(T))
R(07case(e, z.e1,y.e2)7) | (v], casein1 (T, T.)), f + fl + Cease(C, )

r-case-inl

3. follows immediately from h)

4. By d) and i) and noting that u =S, ¢ + ¢, < (ke + ')

5. Since j = f+ fr + Cease(C, ), we get (m— f,w)) € [o1], by downward closure (Lemma
3) on j) and m — fe — fr — Cease(C, ) < m— fe — fr.

w==C

Then, we have (m — fo,w') € [(o11 4+ 072) s
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There are three cases.

subsubcase 1: w' = new(inl v, inr v") s.t. Vk. (k,inr v) € (o711 +072), and (k,inr v”) € (o114 072)y.
By unrolling their definition, we have Vk. (k,v) € (om), (¢) and (k,v") € (o72)y (W).
First we instantiate the IH 2 on the premise A; ®; T,y : 79 Fayy €2 0 7 | £ (00) using
eUp=Cand (or +1,R(0)[y — v"]) € G(oT,y : 072), which holds because
x (or'+1,R(0)) € G(I') by instantiating Vk.(k,R(0)) € G(I') (obtained by Lemma 2
on (m,0) € G[I']) with o’ + 1.
* (ok' +1,v") € (o7m2), obtained by instantiating (¢) with or’ + 1
Then, we get (ox’ + 1, R(8)[y — v"]e2) € (o))"
By unrolling the definition of (). using ox’ < ox’ 4+ 1, we get R(0)[y — v"]ea | T}, f/
and v, = V(TY) (11).
The statement (¢¢) will be re-instantiated with IH2 again to get the full proof.

We proceed to the remaining statements to show:

1. By a) and (1),
(T,07e™) ~ new(inl v, inr v"),T", ¢ R(07ex [V /y] I T), f] v, =V(T))

T T .
r-case-inr2

(v, casein1 (T, T})),0 case(e, z.e1,y.e2) ") N
new(v,,v.), (v]., casein (T", 1)), + f) + Cease(S, C)
2. By b) and (t)
R(O7¢™) b inr o', T R(Oex o /u] b ol TLf!
R(0"case(e, z.e1,y.€2)7) | (v., casein1 (T, T))), f + f-+ cease(C, )

3. follows immediately: v, = L(new(v,,v.)) and v]. = R(new(v;,v.))

r-inr

The statements 4. and 5. will be shown below.

We first show statement 5.

TS: (m — fe — fr — Cease(S, C),new(vy,v).)) € [o7]y.

By using the premise = C < 7 of the typing judgment, we know that 7 = (A),
STS: Vk. (k,v,) € (o7])y and (k,v).) € (o7)y.

Pick ok’ as k, then

STS1: (ok',v) € (oT)y

STS2: (oK' ,v).) € (o7)y.

For the first, we instantiate the IH 2 on the premise (¢) with step index o’ + f + 1 to
obtain (o’ + fr + 1, L(8)[y — v]ez) € (o))"

By unrolling the definition of (). using or’ < ok’ + f. + 1, we get: (o' +1,v,) € (07)y-

By instantiating downward closure (Lemma 3) with o’ < ok’+1, we get (o', v,) € (07)s.

Next, we re-instantiate the TH 2 on the premise (¢¢) with step index ok’ 4+ f. + 1 to
obtain (o’ + f + 1, R(8)[y — v"]ea) € (o))"
By unrolling the definition of (). with ox’ < ok’ + f| + 1, we get:
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K fL<on
) (ok' +1,0.) € (o7)y
Hence we conclude the statement 5. by instantiating downward closure (Lemma 3) on
1) using or’ < ox’ + 1.
The statement 4. follows by d) and k), ¢ + f] + ccase(S,C) < 0ke + oK' + Cease(S, C)
subsubcase 2: (m — fe,inl w) € [or; + o72], and v/ = inl v” for some v”.
By unrolling the definition, we get (m — fe,w) € [om], (¢). Next, we instantiate the
IH 3 on the premise A;®; T,z : 7 bayy €1 : 7 | £ using e U p = C and (m — fe, 0[z —
w|) € G[ol', x : o71], which holds because
* (m — fe,0) € G[oT'] by Lemma 3 using (m,0) € G[oT'] and m — f. < m,
x by (0)
we have (m — fe,0[z — w|"e; ") € [or]2¥ (00).
The rest of the proof follows the structure of the subcase where u = S.
subsubcase 3: w = new(inl v, inl v")

The proof of this case is symmetric to the case where we have w’ = new(inl v, inr v”).

AT Fge:m{I/t} | AFT:=S
A;®;T g pack e: (Ft:5. 7)° |
Assume that (m,0) € G[ol'] and = o®.

TS: (m, 0 pack e7) € [(3t::S. o)5]2".

Following the definition of [-]., assume that

Case

LOC) T, () v=V(T)
L(0"pack e") || (pack v,pack T'), fe + cpack()

pack
where f = fe + cpack() <m
By Lemma 1, - ol = S (}).

By IH 1 on the first premise, we get (m,07e?) € [or{cl/t}]2" .
By unfolding its definition using () with the definition f. < f < m, we get

)
) (9r 1) L7, f’
c) v= L(W’) A V(T =o' =R(w)
) ¢
)

m— f67 w') € [or{cl/t}],
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Then, we can conclude as follows:

1. By a)

(T,07ey ~w', T, V(T =7
r-pack

({_,pack T),0 pack ¢) ~ pack w', (pack v/, pack T"), ¢
2. By b)
R(07e™) 4 T, f V(T =7
R(0"pack e7) | (pack v', pack T"), f' + cpack()
3. By ¢), we can conclude that pack v = L(pack w') A pack v' = R(pack w’)

pack

4. follows by d)
5. TS: (m — f — cpack(), pack w') € [(3t::S. o7),.
We know (1). RTS: (m — f — cpaek(), w') € [o7{c1/t}],. This follows by applying Lemma 3

to e) using m — f — cpack() <m — f.

A;®:T kg e (S 7)F | ke tu: S, A0z, D, e o7 | K

Eudr tg FV(®;T, 7,k k=rfe+ K + (((eUp) =C)? cunpack(€, 1) = 0)
Case JE
A;®;T Fsunpack e as x in € : 7 | K

Assume that (m,0) € G[oT'] and = 0.

TS: (m,0 unpack e as z in ¢'u™) € [7']2".

Following the definition of [-]., assume that

LE ) UT, ()  V(T)=packv  LOC[o/a) b T fu() V(T =,
L(0 unpack e as x in €'7) |} (v,,unpack(T, z,T})), fe + fr + Cunpack(C,S)

where f = fe + fr + Cunpack(C,S) < m By IH 1 on the first premise, we get

(m,07e™) € [(Ft::S. or)H]T"e.

By unfolding its definition using () with the definition f. < f < m, we get

unpack

a) (T,07e") nw/, T, ¢

b) R(6Te) 4 17, f'

c) v=L) AN V(T') =v =R(w)
d) d <ok

e) (m— fe,w) € [(3t:S. o1)"],

There are two cases:

subcase 1: =S
We have (m — f.,pack w”) € [(3t::S. o7)],.
By unrolling its definition, we get - I :: S (f) and (m — fe,w") € lor{1/t}]o (1)

By IH 1 on the second premise using

o glt > I] € D[t :: S, A] using (1)
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o (m— fe,0[z— w"]), € Glo[t — I](T,z : 7)], which holds because
x (m—fe,0) € Glo[t — IT] = G[oI'] by Lemma 3 using (m,0) € G[I'] and m — f <
m, and noting that ¢ ¢ FV(I)
* (m— fe,w") € [oft = I]r] by (i1)
we get (m — fe,0[x — w'|"e'7) € [oft — I]T’]]g[tHI]H/ = [o7']?"" = since
tg FV(®;T, 7, K').
By unrolling its definition using (++) with f, < m — f, we get

f) (T,0[x — w"]"e"y ~wl, T/, ¢

TYTTrYYT

T

)
)

h) v = L(w) A V() = vl = R(w))
)
)

m— fe - fmwlr) € HUT/]]U
We can conclude

1. By a) and f)

(T,07e™") ~ pack w', T', ¢ (T, 07w /z]) ~wl,T.,c, V(T)) = ).
r-unpackl

({_,unpack(T,x,T,)),0 unpack e¢ as z in €'y ~ W/,
(v].,unpack(T’, x,T.)),c + .
2. By b) and g)
R(O7e) LT, f'(+)  V(T')=packv”  R(OT"/2]) YT fi(++)  V(TY) =y
R(0"unpack e as z in €'u7) | vy, (v, unpack(T”,z, T,)) f + ) + cunpack(C, S) o
pack

3. follows by h)

4. By d) and c), we get ¢ + ¢, < o(k + )
5. By Lemma 3 on j), we get (m — fe,w.) € [o7]s
subcase 2: ¢ =C
We have (m — fo,w') € [(3t:S. o7)%,.
There are two cases for w’
e w = pack w" s.t. (m — f.,pack w”’) € [(3t::S. a7)],.
By unrolling its definition, we get = I :: S (1) and (m — fe,w') € [or{I/t}]., (1)
By IH 1 on the second premise using
— o[t — I € D[t :: S, A] using ()
— (m — fe,0]x — Ww']), € G[o[t — I|(T',x : 7)], which holds because
x (m — fe,0) € G[o[t — IIT] = G[oI'] by Lemma 3 using (m,0) € G[I'] and
m — fo < m, and noting that t ¢ FV (T")
* (m— fe,w') € [oft = I]r], by (11)
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Case

we get (m — fe,0[x — w]"e7) € [oft— I]T/]]g[tHI]”, = [o7']7"" = since
t¢ FV(®;T, 7', k).
By unrolling its definition using (++) with f, <m — f., we get

k) (T,0[x — w7y ~wl, T/ ¢

) R(lz = w]"e) L T0, f7
m) v, = L(w;) A V(T7) = v, = R(w;)

n) d <or

o) (m—fe— fr,w) € [o7]y
We can conclude
1. By a) and f)

(T,07e™") ~ pack w', 1", ¢ (T,,07e W /]y ~w,, T),c.  V(T.) =,

- r-unpackl

({_,unpack(T,x,T,)),0 unpack e as z in €'y ~ W/,
(v].,unpack(T’, z,T.)),c + c.
2. By b) and g)
R(07e™) || pack v, T'f(+) R(07e v/z)) | vy, Ty fr- (%)
R(0 unpack e as x in €'u”) |} v, unpack(T,z, T, )v,. f + fr + 1
3. follows by h)

unpack

4. By d) and c), we get ¢ + ¢, < o(k + )
5. By Lemma 3 on j), we get (m — j,w,) € [o7'],

e w' = new(_,pack v')

This proof case is also similar to the rules like case, app etc.

A EC A;ONC;Thse:T | K
A;®;THge: (C&1)° | K

Assume that (m,0) € G[oT'] and = 0.
TS: (m,07e7) € [(0C & oT)°]7".
Following the definition of [-]., assume that
LOTe) Y T, f(+) and f <m
D =oC (1).
By main assumption = 0® and using the premise A; ® = C, combined with Assumption 12,
we obtain = o (® A C) (7).
By IH 1 on the second premise using (1), we get (m,07e™) € [o7]2".

c-andI

By unfolding its definition using (+) and f < m, we get

a) (T,07e")y ~nw' T, ¢
b) R(67e™) 4 V(T) =/, T'f’
c) v=L(w) A v =R(w)
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d) d <ok

e) (m—f,w) € o],
Then, we can conclude as follows:

1. follows immediately from a)

follows immediately from b)

follows immediately from c)

follows immediately from d)

TS: (m — f') € [(C & 7).,

This follows by = oC (obtained by (1)), and e).

AT T o

A;®;Thse:7| K Veel A;OANC ET(x) COM(2)) AON-CER <k
Case r-split
AT Fse:T | K

Assume that (m,0) € G[oT'] and = 0.
TS: (m,0"e™) € Jor]2".
Instead, we first show soundness of the following more general rule split and then derive r-split

rule using nochange and split rules.

A ONCThse:T | K A;ON-CiThse: 7|k
A;O;Thse:T |k

split

There are two cases:

subcase 1: Fo0® A C
Follows immediately by IH on the first premise.

subcase 2: = o0® A -C

Follows immediately by TH on the second premise.

Next, we derive the r-split rule: assuming (+), (¢) and (f), we obtain I' Fg e : 7 | k.

Since the contexts A; ® stay same across derivations, we omit them for brevity.
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Tkse:7|K(+)
CiTkse:7| K

constr-weak  Vz € dom(I') C |=T(z) T O(I'(x))(0)

nochange
C;Tkse:0O() |0

Ciltse:7| kK
Ikse:7| K ()
-C;Tkse:7| K

-C;Tkse:7| kK

C

weak -C E & < k()

C

split
Fse:7| kK

A;®;Thse: 7| K Veel A;® E=T(x) COIN(x)) k=((e=S70: K))
Case nochange
A;®; T T Fse:0O(7) | &

Assume that (m,0) € G[oT',oI"] and | 0®. Note that e =S, then ox = 0.
Let © = 0; U 02 where (m,01) € G[oI'] and (m,02) € G[oI"].

TS: (m,07e™) € [O(o7)]2

STS: (m,017e7) € [O(o7)]? since e doesn’t have any free variables from I”.
Unrolling the definition of [-]., assume that L(07e™) | v,Tf (+) where f < m.
By IH on premise with 01, we get (m,0,"e™) € [oT]2".

Unrolling this definition with (+), we get

)
)
c) v=L) AN V(T') =v =R(w)
)
)

1. follows immediately from a)
2. follows immediately from b)
3. follows immediately from c)
4. ¢ =0 as shown in 5.
5. TS: (m — f,w') € [O(o7)]s-
Using e) and Lemma 8 , STS: stable(w’).

From Lemma 7 and the premises of the typing rule, we get stable(6;"e”). Using Lemma 6

and a), we get stable(w’) and ¢ = 0.
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YC)=C:(Bi-Bpy) B A®;Thge: (B)" | ke,
n
pr e Upn =p K= (Z’{Gi) +%l+cpTim(Svnnulv"' a/‘n)
i=1
A;®;T s ¢ (e1---en) : (B | K

Assume that (m,0) € G[oT'] and |= 0.

TS: (m,07C e1---e,") € [B]Z"

Assume that

primApp

(e'_ez )u,—rufz (% :V(E) Z(Uzvn) = (fT’)UT) .
- primapp

CL(O(e1--en) ) U (vy, primhpp(Ty - - T, C)), (3 fi) + fr + cprim(Cym, S, -+ ,S)
i=1

Assume f = (3211 fi) + fr + cprim(C,n, S, -+, S) <m

By IH on €e;, We get (m, el‘ei‘l) c [[(Bi)ui]]g’{ei.

Unrolling each of these with the corresponding premise (+;) and noting that f; < f < m, we

get
a) (1;,07e;, "y ~nw,, T/, ¢,
b) R(07e™) 4 77, f'
c) v=L(w) A V(T]) =o' = R(w)
d) ¢} < ok,
e) (m— fi,w;) € [(Bi)"]o

There are two cases depending on whether stable(07C ej ---e,") or not.

subcase 1: stable(07C e;---e,")

stable(0"C e;---e,")
1. r-prim-s

((vr, primApp(T’, ()),07C €1+ -en") ~ T, 7, (vp, primApp(T, (), 0
2. Since stable(07¢ e;---e,") , we also have stable(07e;"). So, L(07e;7) = R(07¢; 7).
Hence, from the evaluation judgment for L(07C ¢;), we get:

R(07e;,) UL Ty, f vi=v<T-) Clvi -+ vn) = (frovr)

R(07¢ e7) | (vp, primApp(T,()), Zfl + fr + cprim(C,n, S, -+ | S)
=1

3. v, =L("v,") A v, =R("v,") by definition of ™.
4. 0< (X, fi) + fr + corim(Con, S, - - -, S), trivially.

5. TS: (m = f,"v.) € [(B)]o (1)-
From Assumption 17, using (m — fi;,w}) € [(B;)"], obtained by e), we derive that

primapp

(m— fi,merge(v,,vy)) € [(B)*],. Then, by instantiating Lemma 3 with m— f < m— f;,
we get (1).

subcase 2: —stable(07( e;---e,")
From Assumption 17 using ¢ : (B --- Bp) ~y B and (m — fi,w,) € [(B)"i], obtained by
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e), we derive that

£) CR(W)) = (f],0})
g) (m— fi,merge(vr,v;)) € [(B)"]o
h) fr <k

1. By ¢) and f),

<Tl?e el—l> mWsz/7 G V(Tz/) ( r?vr) = E(’U’ZU:I) .
r-prim
((vr, prlmApp(T, (), 07¢Ce) ~
n
merge(v,,v.), (v.,primApp(T”,¢)), Zc + f1 + ¢prim(S,n,C---C)
i=1

2. By using b), ¢) and f)

ROOTe; ) U TL, f, oi=v(T])  C(v)--vl) = (fl,0)) .
7 primapp

R(07¢ ) | (v, primApp(T”, ()), Z + '+ cprim(C, 0, S, - - ,S)

3. follows immediately: v, = L(merge vr,v).)) and v). = R(merge(v,,v).))

4. From d) and h), (327, &) + f) + cprim(S,n,C--- C) < 0ke + K + Cprim (S, m, po1, - -+ 5 fin)
where pq L - - - Uy = C. So, the LHS and RHS cost functions will have the same
5. From g) we get (m — fi,merge(vr, ) € [(B)*]y = [(B) L.
Then, by instantiating Lemma 3 with m— f < m— f;, we get (m— f, merge(v,,v}.)) € [(B)"].
A;®;Trse: 7 | K ErCr K <k
Case C
A;O:Thkse:7 | Kk
Assume that (m,0) € G[oT'] and |= 0.
TS: (m,0"e™) € [or]2"
Following the definition of [-]., assume that L(67e™) | T\, f (+) where f < m.
By IH on premise, we get (m,07e”) € [o7/]7" .

Unrolling this and using the assumption marked (+), we get

—

T,00ey ~nw/, T, ¢
(©7en) 417, f
L(w') A V(T") =" = R(w')

o

— ~— ~— ~— ~~—
s 3
Il

1. follows immediately from a)
2. follows immediately from b)

3. follows immediately from c)
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4. Applying Assumption 12 to A;® | k < £’ and the assumptions = o® and o € D[A], we

get ok < ok’. Therefore, using d), ¢ < ok < ok’.

5. Applying Lemma 11 using A;® =7 C 7/ and e), we get (m — f,w') € [o7], C [o7']0.

A;@; f - O((m 2, )5,z :m,TFse:m | K Veel A;®E=T(z) CO[(x))
Case fix2

A;®; T, T g fix f(z).e: O((n M Tz)g) | 0

Assume that (m,0) € G[oT'] and = 0.
Let 6 = 07 U 02 where (m,01) € G[oI'] and (m,02) € G[oI].

TS: (m,0 fix f(x).e7) € [O((om o), or2)$)]L.

STS: (m, 0, fix f(z).e") € [O((or 2% 675)8)], by Lemma 5 and ¥z € I, z ¢ FV (e).
Let FF =0,"fix f(z).e™.

There are two cases.

subcase 1: § =S
We prove the more general statement Yk < m. (k,07fix f(z).e7) € [O((om ow),

079)%)], by subinduction on k.

subsubcase 1: £ =0
Unfolding the definition of [-], at box type, and unrolling the definition of [-], at the
function type, we only need to show that stable(F'). This follows from Lemma 7 and
the assumption Vy € I'. A; @ =T'(y) C O(T'(y)).
subsubcase 2: £ +1<m
Assume, by the sub-IH, that (k, F)) € [O(om Stor), o12)]v, ie. (k,F) € [om Ston),
oTo)ly(+) and stable(F) (++).
STS: (k+1,F) € [O(on 27 om)],
STS: (k+1,F) € [Jon Stor), o079]l, and stable(F).
By (++), stable(F).
Following the definition [-],, pick j < k + 1.
Assume that (j,w) € [o11]y. Then, STS: (5,017 [F/f,w/z]) € [or2]?" (++*).
Instantiate the IH 1 on the premise of the typing rule using:
(7,01[f = Foe = w]) € Glo(T,z -y, f : O(ny S, 72))], which holds because:
x (7,01) € G[oT'] by Lemma 3 using (m,01) € G[I'] and j < m,

* (J,w) € [omo
x (4, F) € [on Stor), o72]y by Lemma 3 on () and j < k
We immediately get (j,01[f — F,z +— w]"e) € [om2]?", which is same as (+++).
subcase 2: § =C
By unrolling the definition, TS: (m, 0, fix f(z).e7) € [on L), o72]y and stable(F).
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C(ok)

o STS1: Vk. (5, L(F)) € (or1 —2% om)y and (k,R(F)) € (ori =7 o), and
stable(F).

Proof proceeds by sub-induction on k.

i.

ii.

case k=0

Unrolling the definition of [-], at the function type, we only need to show that
stable(F'). This follows from Lemma 7 and the assumption Vy € T'. A;® |
I'(y) E0OT(y))-

case k+ 1

Assume by sub-TH that (k, L(F)) € (o1 =7 gra), (1) and (k, R(F)) € (or1 =22
oT2)y (1) and stable(F) (HT)

STSIL: (k+ 1,L(F)) € (o7 Llow), o72))y-

STS2: (k+ 1, R(F)) € (or1 7% o).

stable(F) is immediately shown by (111).

We first show the first statement.

Pick j < k+1s.t. (4,v) € (o7i)y. Then, STS: (j,L(6"e[L(F)/f,v/x]) € (m=)Z*(t11)
Instantiate the TH 2 on the premise of the typing rule using § = C and (5, L(01) e [f —

C(ok)

L(F),z—v])eG(l,z:m,f:(on Llow), 072)%), which holds because:

x (4,L(01)) € G(oT) by instantiating Lemma 2 with j using (m, 0;) € G[I'],

x (7,v) € (o7

x (4,L(F)) € [(om Llor), 072)%]w by Lemma 3 on (1) using j < k

We immediately get (7, L(0)[f — L(F),xz — v]L("e™)) € (om)?"”

Next, we show the second statement.

Pick j < k+1s.t. (j,v) € (o71)v. Then, STS: (j,R(67e")[R(F)/f,v/z]) € (r)Z%(1171)
Instantiate the IH 2 on the premise of the typing rule using 6 = C and (j, R(01)"e[f —
R(F),x —v]) e G,z : 1, f: (on Llow), 072)5), which holds because:

x (4,R(01)) € G(oT') by instantiating Lemma 2 with j using (m,01) € G[I'],

x (j,v) € (o71)w

x (7,R(F)) € [(om Lo, 07)%], by Lemma 3 on (1) using j < k

We immediately get (4, R(0)[f — R(F),z — v]R("e™)) € (om)2”

e STS 2: Vj <m.Vw. (j,w) € [11], = (J,"e[F/f][w/z]) € [=]f and stable(F)

Proof by sub-induction on m.

i.

ii.

case m = 0 Since there exists no positive j < 0, we only need to show stable(f),
which follows from Lemma 7 and the assumption Vy € I'. A; @ =T'(y) C O(I'(y)).
case m=m'+1

STS:Vj <m/+1.Vw. (j,w) € [11]lo = (j, 07 [F/f][w/z]) € [2]F and stable(F).

There are two possible cases.
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—j<m

Then, by sub-TH, we know that Vj < m'.Vw. (j,w) € [r1], = (j,07e[F/f][w/z]) €
[72]% and stable(F). Since j < m’ < m’+ 1, we can immediately conclude.
j=m'

Since j = m/ < m’ 4+ 1, we assume that (m/,w) € [11],(¢).

STS: (!, 07 (F f][w/a]) € [m2](c0)

By IH 3 on the premise of the typing rule using (m/,0,"e”[f — F,z — w]) €

GloT,z: 71, f:O(om Llow), o72)], which holds because:

x (m/,01) € G[oT'] by instantiating Lemma 3 with m’ < m and (m, 01) € G[oT]
x (m/,w) € [ori], by (©)
x (m',F) e [O(om Clon), o72)]» which is obtained as shown in (STS 1) above

We immediately get (m/,01[f — F,z — w|"e”) € [or2]2", which is same as (00).

Proof of statement (2):
Assume that o € D[A].

Case var
ATz Thec 7 | cpar()
Assume that (m,U) € G(oT',x : o7)) and | o®. Note that e = C.
TS: (m,U(x)) € (or)er?.
By Value Lemma (Lemma 5) and cost weakening, STS: (m,U(x)) € (o7),.
This follows from the definition of (m,U) € G(oT, x : o7]).

Case real
A;®:Ther: (real)S | ¢reat()

Assume that (m,U) € G(oT') and | 0®. Note that e = C.
TS: (m,U(x)) € ((real)S)ce=V.

Assume that ¢peq() < m. By unrolling the definition, we can immediately show:

1. r
r ll <I‘, I‘>, Creal()

2. (m—=creat(), ) € [[(real)g]]v

3. Creal() < Creal()

Case nil
A;®;T Fenil: (1ist 0] 7)° | cuinl)

Assume that (m,U) € G(oI') and = 0®.

Assume that ¢,;() < m. By unrolling the definition, we can immediately show:
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Case

1. nil
nil |} (nil,nil), c,i()

2. (k — ¢pi(),nil) € [(1ist [0]° 07)],

3. Cnil() < Cnil()

A;®;Theer :0O(7) | ke A;®;T Feeg: (List[n]® 7)" | ke

cons
A;®;T F¢ cons(er, e2) : (list [n+ 1] 7)* | k1 + K2 + Ceons()

Assume that (m,U) € G(oI') and = 0®.

TS: (m,U(cons(ei, €2))) € ((1ist [on + 1]7® 7)n)2F1Fr2)Feeons()
Following the definition of ()., assume that o(k1 + K2) + Ceons() < m. STS:

1. U(cons(eq, e2)) I (vr, D), fr
2. (m— fryvr) € ((1ist[on + 17 7)H),

3. fr < O—(Kll + 52) + Ccons()-

By IH 2 on e;, we get (m,U(e1)) € (O(o7))2%. Unrolling its definition using ok; < m, we get

a) U(er) I (v1,D1), f1
b) (m— fi,v1) € (B(o7))o
c) fi <ok

By IH 2 on eq, we get (m,U(ez2)) € ((list[on]’® 7)H)7%2. Unrolling its definition using

£

oko < M, we get

d) U(ez) I (v2, D2), fo
e) (m— fa,v2) € ((1ist[on]”® 7)H),
f) fo < oko.

Then, we can conclude

1. Using a) and ¢) and T; = (v;, D;)
Ule) VT, [ Ule2) 4 T, fo
U(cons(eq, e2)) I} (cons(vy, va), cons(T1,T2)), f1 + f2 + Ceons()
2. Next, we apply Lemma 3 to b) and e) respectively, and obtain: (m—(f1+ fa+ceons()),v1) € (7)o
and (m— (f1+ fa+ ceons()),v2) € ((List [on]”® 7)H), since m — (f1+ fa+ ceons()) < m— fi.
Combining these two, we get (m—(f1+ fa+ceons()), cons(vi, v2)) € ((1ist[on + 1]7% 7)H),.

cons

3. By combining c) and f), we obtain f1 + fa + ceons() < 0k1 + 0k2 + Ceons()-
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A;®:Thcer:7 | K A;®;T ke (List [n]* !t 7)% | ko AidEa>0
Case cons2
A;®;T k. cons(eq, e3) : (List [n+1]* 7)° | k1 4+ Ko + 1

Proof of this case is very similar to the case consl since the unary relation doesn’t take the

modes and number of allowed changes « into account.

A;®;T Fee: (List [n]™ 7)* | ke APAR=0Aa=0;TFce :7 | K
PN O AR =0+ 1k 0(7), ¢ list[i]* 7,T ke ey : 7' | K
B::L,i::L,A;@Anii+lAai6+1;h:T,tl:list[i]ﬁ 7, Thces:7 | K
K= He—i-/i/—i-ccaseL((C,u)

Case caseL
A;®;T ¢ caser e of nil — ey | cons(h,tl) — ex: 7 | K

Assume that (m,U) € G(oT') and = o0®.

TS: (m,U(caser e of nil — e | cons(h,tl) — e2)) € (o7)2".

Unrolling the definition of ()., assume that o(ke + £’) 4 ceaser,(C, u) < m, STS:
1. U(caser, e of nil — e; | cons(h,tl) — e2) | (v, Dp), fr

2. (m—f,v) € (]UT,Dv

3. f'r‘ < O'(Re + fi/) + CcaseL((C7 ,U,)

By IH 2 on e and unrolling its definition with k. < m, we get
a) U(e) ¥ (v, D), f

b) (m — fe,v) € (list[on]’® 7)),
c) f<oke

There are two cases for a)

subcase 1: We have
d) U(e) { (nil, D), f
e) (m— fe,nil) € (1ist[0]7% o7),
Then, by IH 2 on e; using
e 0P Aon=0Aoca=0 obtained by combining = ¢® with = on =0 and | ca =0
by e)
e (m,U) € G(oT)
and showing that ox’ < m, we get
f) U(er) 4 (v1, Dv), fr

g) (m— fr,v1) € (o7
h) fi <or
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Then, we can conclude by showing

1. By d) and f)
L{(e) VT, f V(T) =nil L{(el) U711, f1 V(Tl) =1

case-nil
U(caser € of nil — e | cons(h,tl) — e2) ||

(v1, casens1 (T, 11)), f + f1 + ceaser(C,S)
2. By applying Lemma 3 to g), we get (m — (f + fi + Ceaser(C,S)),v1) € (o7'), since
m — (f + f1 + ccaser(C,S)) <m — fi.
3. By combining ¢) and h), we also obtain f + f1 + ceaser,(C,S) < 0ke + 0Kk + ceaser. (C, ).

subcase 2: We have

a) U(e) § (cons(vy, v2), cons(11,T»)), f
b) (m — fe,cons(vy, v2)) € (list [l + 1]7% o7y
c) f<oke

There are two cases, bu since unary relation doesn’t take variations into account, we only
show one of these cases:
by IH 2 on ey using

e oli— 1] €DJi:, A

e =o[i— I|(® An =i+ 1) obtained by combining |= o® with = on =1+ 1 by b)

o (m — fe,U[h — vi,tl — v2]) € Goli — I](I',h: 7,tl — list [i]~ 7)) by expanding b)

and assuming that ox’ < m, we get

d) U(ez)[v1/h,va/tl] | (vy, Dy), fo
e) (m— fe— fo,v) € (o7)s
f) fo<ow

Then, we can conclude by
1. By a) and c)
U(e) || (cons(vy, va), cons(T1,T»)), f U(e2)[v1/h,va/tl] | T, fo vy = V(T),
U(caser, e of nil — e; | cons(h,tl) — e2) | v,

(vr, casecons(cons(11,12),17)), f + f2 + ceaser.(C, S)
2. By d) we get (m —fe—fa— CcaseL(CaS)a'Ur) S (]UT,DU-

case-cons

3. By combining b) and d), we also obtain f. + fo + ceaser.(C,S) < 0ke + 0K + Ceaser, (C, ).

AT Fece:T| K Veel A;® E=T(x) CO(x))
Case nochange
NS T, T Fee:O(7) | &

Assume that (m,U) € G(oT',ol”) and = o ®.
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Let U = Uy UUy where (m,U;) € G(oT') and (m,Usz) € G(oI).

TS: (m,Ue) € (O(oT))2"

STS: (m,Ure) € (D(o7))?" since e doesn’t have any free variables from I".
Assume that ok < m

By IH 2 on the premise using this assumption, we get

a) Uel (v, D), f
b) (m — f,v) € (o7
c) f<ok

Then we can conclude
1. By a)

2. By b), we get (m — f,v) € (O(o7))y = (o7)s

3. f<ok.

5(x) S
A:d: f:(m —> )z, Fse:mn | k
Case f(n 2) 1 9 | fixl

A;O;T F¢ fix f(z).e: (7 M) 7'2)S | cfiz()

Assume that (m,U) € G[oI'] and |= o®.
TS: (m,fix f(z).Ue) € ((o7 dor), UTQ)SD?”O.
By unrolling the definition, assume that cy;,() <m

We can immediately show 1% and 27¢:

1. fix f(x).Ue |} (fix f(x).Ue,fix f(x).Ue), cyip() with fix evaluation rule

2. Cfm() < Cfi:v()
STS: (m — cpia(), £ix f(z).Ue) € (071 27 1)),
Let F =fix f(z).Ue.

There are two cases.

subcase 1: § =S

S
By definition, any function is in ((o7 Ston), o12)5).-

subcase 2: § = C

We prove the more general statement

VE <m —cpiz(). (k,fix f(z).Ue) € ((o71 Llow), o7)%), by subinduction on k.

subsubcase 1: k = 0 is vacuous from the definition (-), at the function type.
subsubcase 2: k+1 <m — cfiz()
Assume, by the sub-IH, that (k, F') € ((o71 Llow), o12)%)w ()
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Case

STS: (k+1,F) € ((on Llow), o12)%)y
Following the definition, pick j < k + cfiz().
Assume that (j,v) € (o71)y. Then, STS: (j,Ue[F/f,w/x]) € (o12)2% (++).
Instantiate the IH 2 on the premise of the typing rule using:
(JU[f = Fx—w]) € Glo(T,z: 7, f: (1 Llor), 79)%)), which holds because:
x (j,U) € G(oT) by Lemma 3 using (m,U) € G(T') and j < m,
x (7,v) € (oT1)o
x (j,F) € ((om N 07)%), by Lemma 3 on (+) and j < k

We immediately get (j,U[f — F,z — wle) € (om2)2", which is same as (++).

C !
A; ;T kcer:(m ﬂ>7‘2)“ | K1
A; ;T Feex: | ke A;D = p <D k=K + K1+ K2+ capp(C, 1)
A;@;Fl—cel €9 I T2 ‘ K

app

Assume that (m,U) € G(oT') and = o®.

TS: (m,U(e1 e2)) € (m2)2".

Note that in the proof of this subcase, p’s value doesn’t matter since ((A)*), = (A4)y.
Assume that o(k' + k1 + K2) + Capp(C, 1) <m

STS:

1. Uey Uey || (v, D), f
2. (m— f,v;) € (oT2)y
3. f < U(Hl + K1+ K'Q) + capp((cwu’)'

By IH on e, we get (m,Uey) € ((om m oTo)H)Z".

Unrolling its definition using ok < m, we get

a) R(Uer) | (v1,D1), fr ,
b) (m— fi,tix f(z).¢) € ((or -2 oro)H),

c) fi <ok

TK2

By IH on ey, we get (m,Ues) € (oT1))?

Unrolling its definition using oke < m, we get

d) R(Z’{eQ) J <U27D2>7f2
e) (m— f2,v2) € (oT1)
f) fo <oks

Next, we unfold the definition of b) with m — f1 — fo — ¢4pp(C,S) < m — f; and
(m — fa — f1 — capp(C,S),v2) € (o71)y (obtained by applying Lemma 3 to e) with

69



m — fi — fa — capp(C,S) < m — fo), and we get

(m— f1 — fa — capp(C,S), e[fix f(z).e/f,v/x]) € (oT2)soK .

To unroll its definition, we first need to show that ox’ < m — fi — fa — capp(C,S) .

Or, ok’ + f1 + fa + capp(C,S) <m

Since o (k' 4+ k1 + K2) + Capp(C, 1) < m (by main assumption)

STS : ok’ + fi + fo+ capp(C,S) < (k' + k1 + K2) + capp(C, ) This can be obtained by c¢) and
f), f1 + fo < oK1 + oke. Hence, we get

g) e[tix f(x).e/f,v/x] I (v, Dr), fr
h) (m - fl - f2 - fr - Capp(C>S)>vT) € (]JT2DU
i) fr<owr

We can conclude the proof by
1. By a), d) and g)
Uer I T, fL fix f(x).e =V(T)
Ues || T, fo v = V(T2) elva/x, (fix f(x).e)/f1 I T», fr v = V(T))

uel ueQ U’ <U7‘7 app(T17T27T7‘)>7 fl + f2 + fr + Capp((c7S)
2. By h) and noting that m — f =m — f1 — fa — fr — copp(C,S), we get (m — f,v.) € (o72)0.

app

3. From c), f) and i), fi + fa + fr + capp(C,S) < 0(k1 + k2 + K') + capp(C, 1)/
Note that capp(C,S) <= capp(C, 1)

A; ;T Fee: (10 + 1) | ke A®;T,z:mbce 7| K
A;®;T,y:mobces:7| K Ao E=pdr K= ke + K + Cease(C, 1)
Case case
A;®;T ¢ case(e,xz.e1,y.€2) : T | K
Assume that (m,U) € G(oI') and = 0.
TS: (m,U(case(e,z.e1,y.€2))) € (oT)2"

Following the definition of ()., assume that o(ke + £’) + cease(C, ) < m. STS:

1. U(case(e,z.e1,y.€2)) | (vp, DL), f
2. (m— f,v.) € (o7)y
3. f<ok

By IH on e, (m,Ue) € ((o11 + or2)H)2%e.

Unrolling this using ok, < m, we get

a) Ue | <'Ue7De>7fe
b) (m — fe,ve) € ((o11 + oT2)H)y
C) Je < oke
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Case

There are two cases for a). We only show the first case, v = inl v, as the other one is similar.
Then, by c), we get (m — fe,v) € (071)y(+). By IH on ey using (m — fo,U[x — v]) € G(oT, z :
o71), which holds because

x (m— fe,U) € G(oT) by Lemma 3 using (m,U) € G(oT)) and m — f. < m,

* by (+)

hence we get (m — fo,U[z — v]e1) € (o).
To unroll its definition we need to show ok’ < m — f.
We know that by b) f < or’

hence we get ok + fe < 0K’ 4+ ke < Oke + ke + Cease(C, S) < m. Hence we can unroll and get
d) U[QZ = U}el N/ <U7”)D’f‘>7 fe
e) (m— fe— fr,vr) € (o7
f) fr <or

Then, we conclude by showing

1. By a) and d)
Ue | Tg, fe inl v = V(7)) Ueilv/z] | T, fr vy = V(T})

Z/I(case(e, x.€1, y'62)) N8 <UT7 caseinl (T€7 Tr)>a Je+ fr+ Ccase(c7 S)

r-case-inl

2. By Lemma 3 using e) and m — f = m — fo — fr — Cease(C,S) < m — fe — fr, we get
(m -/ Ur) € (]UTDU

3. ¢) and f) we get fe + fr + Cease(C,S) < 0ke + 0Kk + cease(C, )

YC)=C:(Bi--By) B A& Thce: (B)" | re,

n
p e Uiy = K= (Z’%ei)+’€/+Cprim((c7naﬂl7"' s Hn)
=1

primApp
AT e (e1--ep): (B | K
Assume that (m,U) € G(oT') and = 0®.
TS: (m,U(C (e1---en))) € (B)Z"
Following the definition of (), assume that (37, oke,) + K + cprim(C,n, i, -+, ) < m.

STS:

1. U(C (61”‘671)) l} <U,D>,f
2. (m—=f,v) € (o)

3. f<ok

By IH on each premise e; we get (m,Ue;) € (](Bi)“i[)gm".

By unrolling each with ok, < m, we get
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a) Ue; | (vi, Dy), fi
b) (m — fi,vi) € ((Bi)" )
C) fi < OKe;

Then using assumption 18, we get

~

d) C(vr---vn) = (fr,vr)
e) (m,v;) € ((B)")y
f) fr < K

Now we can conclude

1. Using a) and d)
Uei VT fi vi=V(T)  C(or--vn) = (frovr)
¢ (Z/[el e 'Z/[@n) I (vr,primApp(Tl Ty, C)>7 (Z fZ) + fr + Cprim(c7nasa ce aS)
i=1
2. By Lemma 3 using €) and m — f =m — (32, fi) — fr — cprim(C, 1, S, -+ |S) < m, we get

(m— f.vr) € (B
3. By C) and f) (Z?:l fl) +f7'+cp7“’im(c> n, S7 e 7S) é (Zznzl a-'%ei) +’%,+Cp7‘im(c7 o, 1y -t Hun)

primapp

Proof of statement (3):

Case

Assume that o € D[A].

5(k) S

AN f i (nn —> 7)1, [kse:m | Kk

)

; fix1
A; ;T b tix f(z).e:(n == 1)° | ¢pia()

Assume that (m,0) € G[oI'] and |= 0®.

TS: (m,0 fix f(x).e7) € ((om ow), O'TQ)SDgfm().

By unfolding the definition using fix evaluation rule which takes cf;;() step,
STS: (m — cjin(),07ix f(z).e7) € [(or1 22D 075)8],. Let F = 0 fix f(z).e™.

There are two cases.

subcase 1: § =S

We prove the more general statement

Vk <m —cpiz(). (k,07fix f(z).€7) € [(om Stor), 072)°]» by subinduction on k.

subsubcase 1: k = 0 is vacuous from the definition [-], at the function type.

subsubcase 2: k41 <m — cpiz()

Assume, by the sub-IH, that (k, F') € [(omy Slow), o1)%]y ()

STS: (k+1,F) € [(orm Stow, o72)5],

Following the definition, pick j < k + 1.
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Assume that (j,w) € [om1],. Then, STS: (j,0"e'[F/f,w/x]) € [om]?" (++).
Instantiate the IH 1 on the premise of the typing rule using:
(7,0[f = F,e—w|) € Glo(T,z: 1, f: (1 Slor), 79)%)], which holds because:
x (j,0) € G[oI'] by Lemma 3 using (m,0) € G[I'] and j < m,
x (4,w) € [ori]w
x (7, F) € [(om S, 079)%], by Lemma 3 on (+) and j < k
We immediately get (4,0[f — F,z — w|"e?) € [om]2", which is same as (++).
subcase 2: § =C

Proof of this case is very similar to the one in the S typing judgment.

Theorem 20 (Fundamental theorem for bi-values and bi-expressions)
The following hold.

1. HA;®;T e w>> 7and o € D[A] and (m,0) € G[oT'] and = o®, then (m,0(w)) € [o7],

2. fA;®; T w>> rand o € D[A] and (k,U) € G(oI') and = 0@, then (k,U(L(w))) € (o7)s
and (k,U(R(w))) € (oT)w.

3. fA;®;T' ks ee > 7| kand 0 € D[A] and (m, 0) € G[oT'] and |= 0@, then (m,0(ee)) € [or]2".

4. fA;®;T'Fcee> 7| kand o € D[A] and (k,U) € G(oI') and = 0@, then (k,U(L(ee))) € (oT)2"
and (k,U(R(ee))) € (oT)2".

5. IfA;®;T ¢ ee > 7| kand 0 € D[A] and (m, 0) € G[oT'] and |= o®, then (m,0(ee)) € [o7]2".

Proof. All the statements are proved by simultaneous induction on bi-value and bi-expression
typing. We show select cases of the proofs. In these proofs, the numbers 1-5 represent the
corresponding clauses in the definition of [7]%.

Proof of statement (1):
Assume that ¢ € D[A] and = 0.

Case keep-r
A; ®;T F, keep(r) > (real)®

TS: (m, 0 keep(r)) € [(real)],.
This follows from the definition of [(real)®],.

A;®;-Fev:iT | K AN FRE R ECJdr
Case new
A;®:T ¢ new(v,v') > 7
TS: (m, 0 new(v,v")) € [o7]..
Since = C < 7 and v, v’ are values, STS: Vk.(k,v) € (o7)u(+) A (k,v') € (o7)p(+#).

Pick k as max(ok,ork’) + 1.

We know that (max(ok,ok’) +1,0) € G().
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By the (Fundamental) Theorem 19 (2"¢ clause) on the first premise, we get
(max(ok,ok') + 1,v) € (oT)E.

By unfolding its definition using ox < max(ok,or’) + 1, we get

a) v (v,v),0
b) (max(ok,ok’) +1,v) € (o7)y

274 clause) on the second premise, we get

Similarly, by Theorem 19 (
(max(k, k") +1,v') € (oT)%.

By unfolding its definition using ok’ < max(ok,ok’) + 1, we get

c) vV I (v/,v'),0
d) (max(ok,or’) +1,V') € (o7)y

b) and d) complete the proof.

)
A; Oz T, f (1 ﬁ>TQ)S,I‘ Fsee>m | K
Case fix1

A; & T F fix f(z). ee > (7 20, 72)°
Assume that (m,0) € G[oI'] and = 0.

TS: (m, 0(£ix f( )@)€ [(om 27 679)],.
Let F = 0(£ix f(z). ).

There are two cases.

subcase 1: § =S
We prove the more general statement

VE <m. (k,fix f(x).0(ee)) € [(om o), 072)°]» by subinduction on k.

subsubcase 1: k = 0 is vacuous from the definition [-], at the function type.
subsubcase 2: k+1<m
Assume, by the sub-IH, that (k, F') € [(omy Slow), o1)%]y ()
STS: (k+1,F) € [(or1 29 or)],
Following the definition, pick j < k + 1.
Assume that (j,w) € [om1],. Then, STS: (j,0(ee)[F/f,w/x]) € [om2]?" (++).
Instantiate the IH 2 on the premise of the typing rule using § = S and
(g.8lf = Foe—w)eGlo@,xz:m,f: (1 ), 79)%)], which holds because:
x (4,0) € G[oT'] by Lemma 3 using (m,0) € G[I'] and j < m,
v Gow e [onl,
x (4,F) € [(om S, 072)%]y by Lemma 3 on (+) and j < k

We immediately get (4,0[f — F,x +— wlee) € [om2]?", which is same as (++).
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subcase 2: 0§ =C
There are two cases.
e STS: Vv,j <m.(j,w) € [or]y = (J,0ee[F/f,w/x]) € (om2)I"
Proof by sub-induction on m.
i. case m = ( is vacuous since there exists no positive j < 0.
ii. casem=m'+1
STS: Vj <m/ + 1. Vw. (j,w) € [or1]y = (4, 0ee[F/f][w/x]) € [om2]2".
There are two possible cases.
—j<m
Then, by sub-TH, we know that Vj < m'.Vw. (j,w) € [or1], = (J,0ee[F/f]lw/z]) €
[r2]2%. Since j < m’ < m' + 1, we can immediately conclude.
—j= m’
Since j = m/ < m’ + 1, we assume that (m',w) € [o7], ().
STS: (m/, 0ee[F/ f][w/x]) € [or2]2" (o)
By IH 5 on the premise of the typing rule using (m/,0ee[f — F,z — w]) €
Glol,x : o1, f: (o7 Llor), 079)%], which holds because:
x (m’,0) € G[oI'] by instantiating Lemma 3 with m’ < m and (m, 0) € G[oT]
x (m/,w) € [ori], by (©)
x (m/,F) € [(on Llow), 079)%], since as shown in (STS 1) above, Vk. (k, F) € (o7 Llow),
oTa))y and by sub-IH, Vj < m/. Vw. (j,w) € [11], = (4, 0ee[F/f][w/x]) € [r2]~.
We immediately get (m/,0[f — F,z — wlee) € [om2]2", which is same as (¢©).
e STS : Vk. (k,L(F)) € (om Llor), 0Ta)), and
(&, RF)) € (or 27 o).
Proof proceeds by sub-induction on k.
i. case k = 0 is vacuous from the definition of [-], at the function type with C' body.
ii. case k+1
Assume by sub-IH that (k,L(F)) € (om Llow), om)u(t) A (k,R(F)) € (on1 Llow),
ora)u(f1).
STS: (k+ 1,L(F)) € (o7 Clor), on)y AN (k+1,R(F)) € (on1 Clow), o)y
Pick j < k+1s.t. (j,v) € (o71))y. Then,
STS1: (4, L(Bee)[L(F)/ f,v/x]) € (m2)"(o)
STS2: (j, R(0e)[R(F)/f,v/]) € ()% (o0)
We first show the first one.
Instantiate the IH 4 on the premise of the typing rule using 6 = C and (j, L(0)ee[f —
L(F),z—v])eG(l,z:m,f:(on Llow), 072)%), which holds because:
x (7,L(0)) € G(oT') by instantiating Lemma 2 with j using (m,0) € G[I'],

x (j,v) € (oT1)w
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Case

Case

x (J,L(F)) € [(om Llor), 072)°]» by Lemma 3 on () using j < k

We immediately get (j,L(0)[f — L(F),z + v]R(ee)) € (o72)?", which is same as
(©)-

Instantiate the IH 4 on the premise of the typing rule using § = C and (j, R(0)ee[f —
R(F),z—wv]) e Gl z:m,f:(on Llow), 072)°), which holds because:

x (4,R(0)) € G(oI') by instantiating Lemma 2 with j using (m,0) € G[I'],

x (7,v) € (o7

x (J,R(F)) € [(on Clor), 072)%]» by Lemma 3 on (1) using j < k

We immediately get (7, R(0)[f — R(F),z — v]R(ee)) € (o72)?", which is same as

(00).

A;O:THew>>T Vzel. A;@ E=T(z) COT(2)) stable(w)
AT, T e w s O(7)

nochange

Assume that o0 € D[A] and (m,0) € G[oT',0c1’] and | c®.

Let 6 = 01 U 02 where (m,01) € G[oI'] and (m, 02) € G[oI].

TS: (m,0(w)) € [O(o7)]y-

STS: (m,01(w)) € [o7], and stable(0;(w)), since w doesn’t have any free variables from I".
By Lemma 7 on stable(w) and Vz € I'. A; @ =1'(2) C O(I'(z)), we get stable(0;(w)).

By IH on w, we get (m,01(w)) € [o7]y.

AT w>T Ao ETCT
AT Fow> T
Assume that o € D[A] and (m, 0) € G[oI'] and |= o®.
TS: (m,0w) € [o7'].
By IH on the premise, (m,0(w)) € [o7T],.
By Lemma 11 (m,0(w)) € [o7],.

Proof of statement (2):

Case

Case

Assume that o € D[A].

keep-r
A; ®;T k-, keep(r) > (real)®

Assume that (m,U) € G(oT') and = oc®.

TS1: (m,U L(keep(r))) ((real)s),.

TS2: (m,U R(keep(r))) € ((real)s),.

These follow from the definition of ((real)S),.

A;®;-Fev:iT | K A;®;- eV T | K A;dE=CQar
A;®;T ¢ new(v,v') > 7

new
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Assume that (m,U) € G(oT') and = o®.

TS: (m,U L(new(v,v"))) € (o7), and (m,U R(new(v,v’))) € (o).

STS1: (m,v) € (o7)o(+).

STS2: (m,v') € (o7)v(0).

By (Fundamental) Theorem 19 on the first and second premises with

(m +max(ok,ok’) +1,0) € G(-), we get

(m +max(ck,ok') + 1,v) € (o7)2% and (m +max(ok,ok’) + 1,7') € (o7)2~.

Since ok < m + max(ok,ok’) + 1, we get

a) v (v,v),0
b) (m +max(ok,0k’) +1—0,v) € (oT),

c) 0<ok
Since ok’ < m + max(ok,ok’) + 1.

d) ' | (v, v"),0
e) (m+max(ok,or’) +1—0,v) € (o)
f) 0 <or

(+) and (o) follow by Lemma 3 on b) and e) with m < m + max(ok,or’) + 1.

Ay @7, f (7 m>7'2)S,I‘ Fsee>m | k
Case 5 fix1
A;®;T F, fix f(z).ee > (1] —2 ™)°
Assume that (m,U) € G(oI') and = o®.
TS: (m,UR(Eix f(z). ) € ((or ~Z2 or)6),.
STS: (m,U(R(fix f(z).ee))) € (o7 o), oT9)y-
Let FF =U(R(fix f(x).ee)).

There are two cases.

subcase 1: § =S

S(k
By definition, any function is in (o1 L> o)y
subcase 2: ¢ =C
C
We show the more general statement Vk. (k, F) € (o7 Clow), o).

Proof proceeds by sub-induction on k.

i. case k = 0 is vacuous from the definition of -], at the function type with C' body.

ii. case k+1

Assume by sub-IH that (k, F) € (om Clor), o)y (T)-

STS: (k+ 1,F) € (on Llor), o)y

Pick j < k+1s.t. (4,v) € (o71)y. Then, STS: (j,U((R(ee))[F/f,v/x]) € (m)7*(iT)
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Instantiate the IH 4 on the premise of the typing rule using 6 = C and (j,U(R(ee))[f —
Fox—v)eGl,z:m,f:(om Llow), 072)%), which holds because:

* (j,U) € G(oT') by Lemma 3 on (m,0) € G[I'] using j < k,

x (4,v) € (o71)e

x (j,F) € [(on Llor), 072)°]» by Lemma 3 on (1) using j < k

We immediately get (j,U[f — F,z +— v]R(ee)) € (o72)?", which is same as (T1).

AT w>T Ao ETCT
AT ow>1
Assume that o € D[A] and (m,U) € G(oT)) and = o®.
TS: (m,UR(w))) € (o7')w.
By IH 2 on the premise, (m,U(R(w))) € (o7)y.
By Lemma 11 (m,U(R(w))) € (o7')y.

Case

Proof of statement 3:
There is only one case:

A;®:Thsw; > AN @7, T kse: 7| K
Case exp

A;®;THS Telw; /o] > T
Assume that o € D[A] and (m,0) € G[oT'] and = o®.
TS: (m,07e[0(w;)/z;]) € [or]2% (*).
By IH(1) on premise A; ®;T kg w; > 7, we get (m,0(w;)) € [o7i]e.

By (Fundamental) Theorem 19. on premise A; ®;7; = 7;, ' Fs e : 7 | k using
o € D[A],
(m, 0[z; — 0(w;)]) € G[x; : 073,01 (since (m,0(w;)) € [o7:], and (m,0) € G[oT']) and
- oo,

we get (m, 0[z; — 0(w;)]ee) € [o7]?" which is the same as ().

Proof of statement 4:
There is only one case:

A;O: T ke w; > 7 AN;O:z T, Dhkce: 7| K
Case exp

Ay QT HE Telw; /o] > 7
Assume that o € D[A] and (m,U) € G(oT)) and = o®.
TS1: (m,UL("e)[U(L(w;))/xi]) € (oT)2% ().
TS2: (m, UR(e )R /ai]) € (o7)2 ().
We first show the first statement.
By IH(1) on premise A; ®;I" Fc w; > 75, we get (m,U(L(w;))) € (o7)y.

By (Fundamental) Theorem 19. on premise A; ®;7; 7 7;, ' Fc e : 7 | k using
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o € D[A],
(m,0[x; — U(L(w;))]) € G(x; : o7, 0L) (since (m,U(L(w;))) € (om), and (m,U) € G(oI'))

and
= od,
we get (m,U[x; — U(L(w;))]e) € (o7)?" which is the same as (+).

By IH(1) on premise A; ®;I" F¢ w; > 7, we get (m,U(R(w;))) € (o7i)w.

By (Fundamental) Theorem 19. on premise A; ®;7; 7 7;, ' Fc e : 7 | Kk using

o € D[A],

(m,0[z; — UR(w;))]) € Glx; : or,ol) (since (m,U(R(w;))) € (o), and (m,U) €
G(oT)) and

E=od,

we get (m,U[z; — U(R(w;))]e) € (o7)?" which is the same as (++).

Proof of statement 4:

Case

There is only one case:

A;O: T ke w; > 7 AN;O;T T, Dhkce: 7 | K

exp

AN;O;THE Telwg /o] > 7
Assume that o € D[A] and (m,U) € G(oT)) and = o®.
TS1: (m, UL ) L) o)) € (o7)2" ().
TS2: (m,UR("eN[UR(w;))/zi]) € (o) (++).
We first show the first statement.
By IH(1) on premise A; ®;T" ¢ w; > 73, we get (m,U(L(w;))) € (o7i)w.

By (Fundamental) Theorem 19. on premise A; ®;7; 7 7;, ' Fc e : 7 | K using

o € D[A],

(m,0[x; — U(L(w;))]) € G(x; : o, o) (since (m,U(L(w;))) € (om), and (m,U) € G(oI'))

and
E=od,
we get (m,U[x; — U(L(w;))]e) € (o7)?" which is the same as (+).

By IH(1) on premise A; ®;T" F¢ w; > 7, we get (m,U(R(w;))) € (o7i)w.

By (Fundamental) Theorem 19. on premise A; ®;7; = 7;, ' Fc e : 7 | k using

o € D[A],

(m,0[z; — UR(w;))]) € Glz; : oy, 0l) (since (m,U(R(w;))) € (o7, and (m,U) €
G(ol')) and
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Eod,
we get (m,U[x; — UR(w;))]e) € (o7)Z" which is the same as (++).

Proof of statement 5:
There is only one case:

A;O: T e w; > 7 AN;O:;T T, Dhkce: 7 | K
Case exp

A; O T HE Telwg /o] > 7
Assume that o € D[A] and (m,0) € G[oT'] and |= 0®.
TS: (m,0"e[0(w;)/zi]) € [or]2% (*).
By IH(1) on premise A; ®; T ¢ w; > 73, we get (m,0(w;)) € [o7]-

By (Fundamental) Theorem 19. on premise A; ®;7Z; 7 7;, ' Fc e : 7 | k using

o € D[A],
(m,B[x; — 0(w;)]) € G[x; : o7, 01 (since (m,0(w;)) € [or;], and (m,0) € G[oT']) and
- oo,

we get (m, 0[z; — 0(w;)]ee) € [o7]?" which is the same as ().

Corollary 21 (Type soundness for from-scratch execution)
Suppose that

x:Thce: T | K
Fecv:iT|—
Then the following hold for some v’, D and f:
I: elv/z] I (v, D), f
2: f <k,

Proof. Immediate from the fundamental theorem (Theorem 45) statement (2), choosing any
step index m greater than f. O

Corollary 22 (Type soundness for change propagation)
Suppose:

x:Thse:T | K
Fsw> T
elL(w)/z] 4 T, f
Then, there exist T”, ¢ and w’ such that
L (T, e w/z]) nw', T, ¢

2: e[R(w)/x] | T', f' and V(T") = R(w')
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3 <k

Proof. Immediate from the fundamental theorem (Theorem 45) statement (1), choosing any
step index m greater than f. O

Types 7 = real |int |unit |7+ 72|71 X 7o | reflist 7|7 — 72 | ref 7

Figure 23: Target Types

Target expressions e, f = z|r | ()| L
| (e1,e2) | fst e | snd e
| 0 | succ e | casey e of 0 — e; | succ(z) — €3
| inl e | inr e | case(e, z.y, €1.€2)
| nil | cons(ey, e2) | (caser e of [| — e | cons(h, tl) — e2)
| fix f(z).e| e1 ea| letz = e;jines | Ce
|l | refelle
| read(ey, z. e2)

Figure 24: Target Language
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/
€, o, 2(:1 ‘U’Eﬁ v, 0, t27 c

€1, O, tl U%g l7 U/a t27 C1
l, = freshy(o') a(l)y= (v, e ea[v'/z), o'[ln — O, ta+1 l}%gg‘) v, 0" t3, c2
read(ey, x. €3), 0, 11 Ui,g ln, "l (v, (In, Az €2, ta, t3) 2 €), ln— (v, ], t3+1, c1 +ca+1

er, o, 1 i g1, o', ta, 1 a(l)y= (v, e esv'/x], o, tg—&—ll}(gfg”) v, 0", t3, ¢

read(ey, . e2), 0, t1 U(E%") v, o[l (v, (In, Ax. €2, ta, t3)::€)], t3+1, c1 +ca+1

reads

readc

e1, o, t1 U%B fix f(z).e, o', ta, 1
€2, t?? OJ ‘U’i,/j ’U/, 0-,/7 t3a C2 €[€/f][’l)//.'1,'], O-Ha t3 “Uz,ﬁ v, O-/Na t47 C3

app
"
€1 €2, O, tl ‘U’TLHB v, o, t47 c1+ e +C3 + 1

S ! ! S "

€1, O, tl ‘UL,,B v, 0, t27 C1 €2, 0, t2 ‘UL,ﬁ v3, 0, t37 ClpaiI‘
7
(61362)7 o, 11 llz,ﬁ (’Ul,’Ug), o', t3, a1t
/ S / /

e, 0, t1 47 5 (v1, v2), 0, ta2, e, o, t1 v, 0, ta, l = freshy (o)

fst
fste, o, t1 |7 5 v, o', ty, c+1 ref e, o, t; U’SLﬁ l, o'l =], ta, c+1

e, o, tillp 51, o', ta, ¢ d(B(1) = (v, _)
le, o, t1 I, g v, o', ta, c+1

refs

S ’
€, o, tl ‘U’L,B v, 0, t25 c

refc deref

C(
ref e, o, t i}L(ﬁ) v, 0/, ta, c+1
S / / "
er, o, t1 g g1, o, t2, & ea[vi/x], o', ta U g va, 0", t3, c2

let
letz = ejin ey, o, t1 I} 45 v, o, ta, c1+ea+1

S ’
€, o, tl ‘U’Lﬁ v, 0, tQa c inl

inle, o, t; ||} g inl v, o', ta, c

S . / / / / T "
e, o, 1 lLL,B inl v, o, t2, &1 61[1} /1’], g, to ‘UL,B v, 0, t3, 2

- = case
case(e, z.e1,y.e2), 0, t1 | gv, 0", ta, 1 +eca+1

Figure 25: Subset of the evaluation semantics

(A = ref |[Alla

18()]] = I~

[3s. ol = il

IC D = I~

1C & 7| = |~

|lint| A = int

71 + 72[[a = |[|7) + [

71 % 72][a = nll x|l

|list [n]* 7||a = reflist ||| + |7
(k) _

m—=mla = Inl ==l

Vi W s, Tlla = unit — |7l

|lunit| 4 = unit

Figure 26: Translation of types

Definition 1 (Partial application)
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A;@;Fl—ﬁe:T\m%'—e—"

A;@;F,m:T}—Sx:T|O<—>xvarS

var
ATz :7hcx: 7| Cpar() <= read(x, x. x) ©

A;OFT wf k=(=C?ceal) : 0)
A;®:T k. 7: (real)® | k < ref r

real
A; DT ke 7 | Ky Teg”
A;D:Thoes:mo| Ky Tey’ k=K1 + Ko+ (€=C?cpeir(): 0

AT F (e1,e2) : (11 x 72)° | k> ref (Ter™,Tex?)

pair

A;O: T e: (1 xm)S | K el k=K +crsi(e,S) fst
S

A;O:TH fste:m | kK fst IMe” s

A; ;T Fee: (11 X 7'2)S | K — el k=K + csna(€,S) q
sn
A;®; Tk snde:m | K< snd!le’ s

A;O: T e: (1 x7)¢ | K el

k=K +cy(e,C) FCan
A;O;TH fste:m | k< read(Te’, z. fst )

A;(I>;I‘|—€e:(7'1><7'2)C | K/ — el

fSt(C
k=r+ Cs7Ld(€7C) ': Cdn

Sl’ld(c
A;®;T'F.snde: 7y | k> read("e”, z. snd )

AT, f (1 MTQ)S,.’EZTl Fse:ma | K — el k= (e=C7cpiz(): 0)

fix1
ik
A;®; T, fix f(x).e: (7 LGN 79)% | Kk < ref (fix f(x).7e?)
§(k'
A;‘I’;F }—6 el : (Tl M TQ)S | I d I_61—|
A;O:Thoen:m | Ky Teg? e<é k=K + K1+ K2+ Capp(e, S)
a
A; DT cepea:m | k= 1Tep ey PPs

A;(I);FI—E eq: (Tl —)) 7-2)([: | K1 — rel—‘
A;D:Thces:m | ko= Tex’ ECdmn k=K + K1+ K2+ cappl€, C)
a
A; ;T Foerea:m |k letf = Teg'in letz = Tey 'in read(f, f. f z) Ppc
AN;®;Thee:m | K — e

k=K +(=C7?cim(): 0)

inl
A;®:T k. inl e: (11 4+ 7)° | k< ref (1nl Fe™)
AP T e | kel K=k +(e=C7?cpn(): 0),
inr
A;®:T k. inr e: (11 4+ 7)° | k < ref (1nr e’

A;®; T e (1 +7)° | ke Tel
Ao T z:mbeer 7| = Ter’ A& T,y:mbees: 7| K — Tey”
A;®;T F, case(e,xz.e1,y.e2) : 7 | kK — case(!"e,x.Ne; ,y.Tex )

A;O:Thoe: (14 m) | ke sTe? AT, z:mbce 7|k < e’
AT y:mabcer: 7| K < Mey ECA7T  Kk=ke+ K + Ceasel€, C)
casec
A;O;T b, case(e,z.e1,y.62) : 7 | kK — read("e”, w. case(w,x.e1,y.e2))
k=(e=C7?cerol) : 0)
- zero
A;®;T . 0: (nat[0])® | K — ref 0
A;®: Tk, e: (nat[n])s | k' < Te?
k=K 4+ (6 =C7? csucc() : 0)
< succ
A; @;T b, succ e : (nat[n + 1])° | K — ref (succ e?)
A;®;T F, e (natn])® | ke = Te” A;®An=0;TFc e : (nat[n))® | K < Tey’
;® AN =i+ 1;T,z:nat[i] . e; : (nat[n]) | & < Te? k=rke+ K +(e=C?7?ceasen() : 0)

caseN
A;P;T k. casey e of 0 — e | succ(x) = ex:7 | k> casey!"e’ of 0 = ey | succ(z) — ey
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K= Ke + K + Cease(€,S)

caseg

A

Figure 27: Translation rules



A;O;T ke 7| Ii‘ expression e has type 7 with dynamic stability k. The context Y

carrying types of primitive functions is omitted from all rules.

YC)=C:(Bi...B)) "5 B ATk e;: (B

Ke;, = 7€

pr U U, =S /{:(Zf{ei)—k(E:C?/{/ 2 0) + cprim (e, m, 1, ooy fn)
i=1

— rimA
A;<I>;l"|—6§el...en:(B)S|,'<a;>ref(!relj...!renj P pps

YO =C:(Bi...B) "5 B ATk ei: (B

Hei°—>|—€ij ull_l~~L|un:(C

T={x |p=C} = (i =C7?ax;: lz;) ,%:(Zmei)—&——i—ﬁ/+cprim(e,n,ul,...,un)
i=1

A;®:TH.Cey...en: (B | ke letx; = Te;inread(, #. ¢ o) ...2))

At S;®TH,e:7| K —=Te' K =(=C7?c¢fun(): 0)

primAppc

7 VI
A; ;T Ae: (Wt ") s, )5 | k< ref A().Te”
5(k'
A; DT ge: (Vi (::)S. )5 | ke = Te? AFT:=S €< k= ke + K {I/t} + ciapp(€,S) VE
A;®;Thsgef]:7{I/t} | k= 1"e? () °
C(x’
A; ;T e (Wt (:: ) S. 7)C | ke = T
AFT=S ECAT{I/t}  k=ke+ & {I/t}+ ciap(e,C) VB
A;O:Theel] - 7{I/t} | k = read("e?, f. f () c
N Thce:m{I/t} |k —=Te?  AFI=zS  k=k+cpack() -
A;®;T F, pack e : (3t::S. 7)° | k < ref Te?
A;®:T ke (3t:S. 7)5 | ke < Tl
At ST z:mh e 7 | K — e k= ke + K + Cunpack (€,S) -
A;®:T . unpack eas v ine : 7/ | k — letz = !"e'in e s
A;®:T e (3t:S. 7)° | ke = Te”

At S;®T,xz:Thce 7 | K < e k= ke + K + Cunpack (€, C) Er<cC B
A;®:T . unpack eas v ine' : 7/ | k — lety = "e'in read(y, y. letz = yin Te'7) c
A®;Thse:7| K —=Te’  APACER<kK Vel A;dA-CET(z) CO[(2)) it

A;O:Thse:7| ke SPH
A;®O;Thee: 7 | K < Te Ao ETCT A;(I)):IQISKE
A;O:ThHee:7 | k—Tel -
A;®;Thee:7 |k —=Tel  Vzel, A;®ET(x) CO([(x)) k=(=C?r :0)
nochange

AT T Fee:0(7) | ke

A;o;T, f - 0((n —>6(N/) )i bse:m | K < Tel
Veel, A;® EET(z) E0O(x)) k= (e=C7cpiz() : 0)

A; QT b, fix f(z).e: O((m LIGON 7)%) | k < ref (fix f(x)."e?)

fix2

Figure 28: Translation rules, part 2
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A;@;Fl—ﬁe:T\m%'—e—"

A;O;Theoer:m | k= Tey?
A;O:T T bees:mo| Ky Teg’ k=k1+ra+(e=C7?cel): 0) Lot
e

A;O;T'F . letx = eginey: 7o | k= letz = Tep 'in Meg!
k=(e=C7?cunit() : 0)
A;®: T, () : (unit)’ | k < ref ()

unit

A;OAC;THee:7| K — e K=k +(e=C?cimp(): 0)
S c-impl
A;®TFee: (CDOT)° | k> ref Te

A;®;T e e: (COT)5 | K el AP EC k=K +cion(€,S) . E
c-im
A;O;ThHee:7| k= Ie” pEs

A;®;T . e: (CoOT)° | K el A EC k=K +cior(e,C)
c-impE¢
A;®;Th.e:7| k—read(Te’, x. x)

A;O;Thce:7| ke A0 EC k=#k 4+ (e6=C?cunal) : 0) dI
c-an
A;®: T e: (C&T)°| K < ref Te

A;O:T k. eq: (C’&Tl)S | k<= Teq™
AN OANC; T,z beeg:mo | ke Teg” k=K + cletas(€,S)

c-andEg

A;®; T letx = eyines: 7o | k<> clet I"e; Tasx in Tey”
A;®;T e (C&m)b | ke Tey
A;ONC;T,x:mbces:mo | k< Teg” k=K + cleras(e,C) 4E
c-andE¢
A;®;T . letx = ejines: 7o | Kk > read(Ter, z. Tex™)

AL k=(e=C?chu() : 0) .
contra NS nil
AP Thce:T| k= L A;®;T Fonil: (1ist[0] 7)° | k < ref nil
A;®:TFeer :O(7) | k1= Ter !
A;®;T b eg: (List[n]® 7)* | ko — Tey” K=~K1+ka+ (e =C7 ceons() : 0) 1
cons

A; ®;T k. cons(ey, e3) : (1ist [n+1]" 7)* | k < ref (cons(inl "e;, Tex™))
A;O:Theer:7| k= Teq”
Ai®:T ke (List[n]* ' 7)% | ko < Tey” AP Ea>0 k=K1 + Ko+ (e=C7?ceons() : 0)
A; ®;T k. cons(ey, e3) : (1ist [n+1]" 7)* | k = ref (cons(inr "e; ™, Tex ™))
A;®: Tk e: (list[n]® 7)° | ke = Te” A;®OAn=0;TFcer:7 | K <= e
Avizu®An =i+ LT, h:0(7),t: (List[i]* 7)Feea: 7' | K < Teg,”
Az, Buu®An=i+t1Aa=8+1T,h:rtl:Qist[i]’ ) Fces: 7 | K < Tey ™
K = Ke + H/ + CcaseL(ev S)
caseLg
caser I"e™ of

cons2

A;®;T k. casey e of nil — e1 | cons(h,tl) — ex:7 | K< | nil — Tey?
| cons(h,tl) — case(h,h."ey, ", h.Tes, ™)
A;®;TFoe: (List[n]* 1) | ke = Te? A;®@AN=0;Tkce 7 | K < Tey”
Avizu;®An=i+1;0,h:0(7),tl: (List[i]* 7)°Feeg: 7' | K < Tey,”
AicuBuu®An=i+1lAa=8+LTh:7tl:(List[i]’ 1) Fces: 7 | K < ey,
EC<7T  Kk=ke+K + ceaser(e,C)
- ; caseL¢
A;®:T' k. caser e of nil — ey | cons(h,tl) — ex: 7' | k = read("e?, z. f)

where f = caser x of nil — Te; | cons(h,tl) — case(h,h."es, ,h.Tea )

Figure 29: Translation rules, part 3
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Let g C S1 — Sy be a partial bijection. We define the following.

_J x ifz & dom(B)
B<"’”)‘{y it (2, y) € 6

Definition 2 (Heap well-formedness)

wf o l & dom(o) V1" € FL(v), I’ € dom(0)

vt & Wt ol (v, ]

Definition 3 (Heap reachability)

LAl Ryl L) (o= 1)V (31 €FLW), Ro(l, 1u))
Rofimsw, s, la) Roftosw, s, la)

Ro(S)={1|31eS. Ro(l', 1)}

Definition 4 (Heap extension)

oo Joy = (Vl€dom(oy),l € dom(oz)) A B B
(VI € dom(oy), o1(l) = (v, €) = 3¢, o2(l) = (v, € + €))

Definition 5 (Heap edges)

edges(9) = 0
edges(a[l — (v, (g, f, t1, t2) 2 €)]) = (s, lg, f, t1, t2) Uedges(o[l — (v, €)])
edges(a(l = (v, [))]) = edges(0)

Definition 6 (Path)

(l57 ld7 f’ t17 t2) € S ls S R\/ld €ER (lS7 la f7 t17 t2) € S path(R7 Sa ls)
path(R, S, ) path(R, S, )

Definition 7 (Graph definitions)

trg(() = 0
vrg({(ls, la, f, —, )}US) = {la} Utrg(S)
src([]) =0
src((ls, lg, f_, _)US) = {ls} Usrc(S)
locs(]]) =0
locs((ls, la, f_, _)US) = FL(f)Ulocs(S)
FL([]) =0
FL((ls, lg, f_, _)US) = FL(f)UFL(S)

locs(S) = trg(S)Usrc(S)
Definition 8 (Dependency graph)

D(Sa R) = [(llsa l157 fla tlp tle)v"'a (lnsa lnd7 fn, tnia tne)]

such that ¢1, <--- <t,,, all elements are unique, and (Is, lg, f, t1, t2) € D(S R) if and only
if (Is, lg, f, t1, t2) € S and path(R, S, I5) and there is no (I}, 1, f’, t}, t5) € S such that
path(R, S, I)) and t} < t1, t2 < th.
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Definition 9 (Heap target reachability (shallow))

ls #1 7€(a, r) (s, 1a)
Roims(w, ), B)(lss la)
lqg & trg(edges(o)) V —path(R, edges(o), Iy) (31 € FL(v), 7%(07 r (I, la))

Rioosi(o, ), r)(lss la)
lq € trg(edges(o)) path(R, edges(o), Iy)

Rolias (o, ), 1) (las 1a)

R sy(=){ 1|3V €S Rip. in(, )}

Definition 10 (Change Propagation)

sto
[]7 Of, Oc, B~ o, Bv 0 P

o(l)=(v, ) I, =freshr,(o;Wo.) e[v/a], oy wocll, = O, t1 47 ") v, opWal, ta, c
! /

D, oy, 0}[l§l+—> (v, )], B® I, l—)l;wa}', 8, c

eval
(Is, la, f) = D, o5, 0c, B~ 0}, B, c+c +1

Lemma 23 (Reachable set containment)
Assume that wf o. The following hold.

1. If Ry(l, ') then I’ € dom(o)

2. Ry(S) C dom(o)

3. If S C dom(c) then S C R,(S)
Proof of (1). By induction on wf o and case analysis on the reachability derivation.
Proof of (2). 1t follows directly from the definition and (1).

Lemma 24 (Reachability under store extension)
Assume that wf o and wf ¢’. The following hold.

1. If o/ J o and R, (I, I') then Ry (1, ')

2. If S C o and ¢’ Jo then R,/ (S) =Ry (S)
Proof of (1). By induction on wf o and case analysis on the reachability derivation.
Proof of (2). Tt follows directly from the definition and (1).

Lemma 25 (Path facts)
The following hold.

1. If path(R, S, I) then path(R, SUJS’, I).

2. If path(R, S, ) then path(RU R/, S, 1).
3. If path(RU R/, S, [) and for all [ € R’, path(R, S, [) then path(R, S, I).
4. If path(R, S1USs, 1), 1 € trg(S); and for all locs(S1)Ntrg(Sz) = 0, then path(R, S, 1).

5. If for all I’ € R’, path(R, S1, '), then if path(RU R/, Sy, ) then path(R, S; U Sy, 1)
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World = ((L; W Lg) — Target Value x [Edge]) x (L; — L2) x Step index
V(7), Va(r) C Source Value x Target Value x World
E(7)" C Source Expression x Target Expression x World

(0,8, j)> (o, B jy=wtfo ANodcd" N B=p5 Nj<j

V((A)") ={ (vs, B(), (o, B, k) | (vi, o(l), (o, B, k)) € Va(A) }
V(O(r)) = V()
Va(lunit) ={0, 0, W) [T}
Va(real) ={(r,r, W)| T}
Va(r X 72 ={ ((vs1,vs2), (ve1,v2), W) | (vs1, ve1, W) € V(1) A (vs2, ve2, W) € V(m2) }
Va(list [n]* 7) = { (nil, nil, (o, 8, k)) | En=0}
Va(list [n]® 7) = { (cons(vs, vss), cons(inl vy, vs), W) |
(vs, vi, W) € V(1) A (vss, vsy, W) e V(list[n—1]" 1) AEO<n } U
{ (cons(vs, vss), cons(inr vy, vsy), W) |
(vs, ve, W) €V(r) A (vss, vsy, W) e V(list[n—1]" 7) AEO<n }
Va(Ft:S. 1) ={ (packvs, vy, W) | 3L S, FI1=S A (vs, v, W) e V(r[I/t]) }
Va(C D7) ={ (vs, vy, W) | = EC V (vs, v, W) e V() }
Va(C & 7) ={ (vs, ve, W) | EC A (vs, v, W)€ V(7] }
Va(r + 72 = { (inl vs, inl vy, W) | (vs, vy, W) € V(1) } U
{ (inr vg, inr v, W) | (vs, vy, W) € V(m2) }
Valr 25 7o) = { (£ix f(2). e5, £ix f(z).e0, W) | T }
Valr = ) = { (£ix f(2).e5, tix f(z).er, W) |

V (03, B, m) > W vs vy (vs, v, (04, B, m)) € V(1) A oi(l) =fix f(x). e =
([x = vs, f = £ix f(x). esles, [ vy, [ ler, (04, B, m)) € E(m)” }

Valvt S ) = [ (Aes, Aver, W) | T}
Va(vt g )={ (Aes, Aes, W) VIS, F1:8= (es, e;, W)€ E(r[I/t])/1}
E(r)" ={ (es, e, (0, B, k)) |

(Vo' 8" t1 Lr, (¢, B, k) > (0, B, k) A (¥, 7 =C(l,) = ol(l,) =0) =

Fus v o' tg c.

(1). esdvsA

(2). e, o', il g, 0", t2, ¢ A

(3). ¢c<KA

(4). r=S=(vs, v, (", B, k—c)) € V(1)

(5). Vln, 7=C(ln) = (vs, ln, (0"[ln = ve, B, k—c)) € V(7)) }

Figure 30: Unary step-indexed inter%rgtation of types (Concrete semantics)



World = (Loc; — Target Value) x (Loca — Target Value) x (Loc; — Loci) X Step index x Step index
V[7],Valr] C Source Value x Source Value x Target Value x World x Step index
E[r]" C Source Expression x Source Expression X Target Expression x World x Step index

inv(o, B, v) =Vl R, l € 7@(07 8)(FL(v)) = € trg(D(edges(o), R))

(oiy 0cy, B) > (O’:, oL, B') =wto; ANuf oc Aoy Do, Ao Do, Adom(B)\dom(B") C dom(c;)\dom(c?}) A dom’(8)\dom'(5’) C
dom(o) \ dom(ol,)

(0is 0c, B, §) > (07, o¢, B, 5') = (0, ¢, B) 2 (07, 0¢, B') N j <4’
(O-i7 Oc, 59 ]) 2 (027 J/cy Blz ]l) = (U’iv Oc, ﬁ) 2 (0-/7 «l: B/) A ] <jl

)

VI(A)] ={ (vi, ve, L, (0, o', B, k)) | L & dom(B) A (vs, ve, o(l), (0, o', B, k)) € Va[A] }
VO] = { (v, ve, I, (04, 0c, B, k) | Ro; {1}) Ndom(B) =0 A (vs, ve, I, (04, oc, B, k)) € V[r] }
VI(A)] ={ (vi, ve, L, (o, o', B, k)) |

I & dom(B) = (vi, ve, o(l), (o, o/, B, k)) € Va[A] A

l €dom(B) = (Vm, (vi, I, (o, 0, m)) € Va(A)) A (ve, B(), (cWa', B, m)) € Va(A)) }
V(AT =V((A)%)
V4 [unit] =

(0, 0, 0 W) T}
((vi1,vi2), (Ve1,ve2), (ver,ve2), W) | (vit, ver, ver, W) € V[m] A (vi2, ve2, vi2, W) € V[r2] }
(nil, nil, nil, W) | En=0A0=a}
(cons(v;, vs;), cons(ve, vsc), cons(inl v, vst), W) |
(vi, ve, ve, W) € V[O(T)] A (vss, vse, vsg, W)€ V[listln—1]* 7] Al=0<n } U
{ (cons(v;, vs;), cons(ve, vsc), cons(inl v¢, vst), W) |
(i, ve, v, W) € V1] A (vsi, vse, vse, W) € V[list[n—1]*"' 7] AEO0<nAO<a }U
{ (cons(v;, vs;), cons(ve, vsc), cons(inr v¢, vsy), W) |
(vi, ve, ve, W) € V[7] A (vss, vse, vse, W) € V[list[n— 1] 7] AEO0<nAO<a}

{
Valr x 2] =
Vallist [n]® 7] =1
Vallist [n]® 7] ={

Val3t:S. 7] = { (pack v;, pack ve, ve, W) | 3T, FI1:8 A (v, ve, v¢e, W) € V[r[I/t]] }
VA(]C ) TD = Viy Ve, Ut, W) | - ': c v (vi’ Ve, Ut, W) € VIITH }
VA(]C & TD = Vi, Ve, Ut, W) | ': C A (Ui7 Ve, Vt, W) S leT]] }

{(

{(

{(
Valint] ={(n,n,n, W) | T}
Valr + 2] = { (inl v;, inl ve, inl v¢, W) | (viy ve, vi, W) € V][] } U

{ (inr v;, inr ve, inr vy, W) | (vi, ve, ve, W) € V[72] }

= { (fix f(x).e;, fix f(x).ec, fix f(x).er, W) |
Yvi, ve, vt l (04, 0c, B, k) > W, (vi, Ve, vt, (04, 0c, B, m)) € V[r1] A o:(l) = fix f(x). et =

([x = vi, f = fix f(x). eiles, [2 = ve, f— fix f(x).eclee, [z v, f— Uer, (04, oc, B, m)) € E[m2]" }

Valm m 2] = Valn S—(i>—> 2] N

{ (fix f(x).e;, fix f(z).ec, fix f(x).et, (04, oc, B, k)) |

Vm, (fix f(z).ei, fix f(x).et, (04, 0, k)) € Va(r1 &)72[) A
(fix f(x).ec, fix f(x).et, (03 Woe, B, m)) € Va(r1 MTQ[)

Valvt " 8 7] = { (Aei, Aee, Ay, W) | VI, F 158 (er e, er, W) € E[FI/]5/1 }

Vavt 8 s ) = vagve 0 5. 1)

el = { (ei, ec, et, (04, a¢, B, m)) |
Yv; j o ol B' 00 Bo ¢ t1 7, (0}, oL, B, j) > (0i, 0c, B, m) A stamps(edges(o})) <t1 A inv(o}, Bo, et)
ei Y vi,j A D(edges(o}), dom(Bo))7 o}, 0o, Bo ol B, A
Vi, 7= (C(ln) al(ln) = A lp & dom(B)) =
e v (of, 0%, B') 2 (0}, o é B') t2 ¢,

(1). eclve A

(2). e, o}, 11 UTLl,Q) vt, 0, ta, _ A (r=S=inv(oy, Bo, vt)) A (r=C(l) = inv(of[l = vt], Bo, 1))
(3). D(edges(oy), dom(Bs)), of, 0o, Bo wcr’f, 8", ¢ A

(4). e—=c <k A

(5). r=8= (vi, ve, vt, (0y, 0’}, 8", m—j)) e V][]

(6). Vin, r=C(ln) = (vi, ve, In, (oflln = ve], 0%, B, m—j)) € V[r] }

. . . . 89, .. .
Figure 31: Binary step-indexed interpretation of types (Concrete semantics)



Proof. This fact has been proved using the Coq proof assistant. O

Lemma 26 (Dependency graph union (I))
If —path(R, S; U S, lg) and trg(Se) = {lg} then D(S; U Sy, R) =D(S1, R).

Proof. Since the two lists have unique elements and they are sorted it suffices to show that the
two lists have exactly the same sets of elements. This fact has been proved using the Coq proof
assistant. O

Lemma 27 (Dependency graph union (IT))
Assume that the following hold for the graphs S1, Se and {(ls, lg, f, ti, te)} -

1. path(S1, R, l5)
2. For all (Is, lg, f, t1, ta) € So, t; < t1 < ta <te
3. For all (Is, lg, f, t1, ta) € S1, t1 < to < t; < te,
4. For all (Is, lg, f, t1, t2) € S1, (1L, U}, f', th, t5) € So, t) < th <t1 <ty
5. locs(S7) Ntrg(Se) =0
Then D(S1 U S2 U{(ls, la, [, ti, te)}, R) =D(S1, R)+ {(s, la, f, L, te)}

Proof. Since the lists have unique elements, they are sorted and for all (s, lg, f, t;, t2) € S1,
(O, U, f, t, ty) € Sz, t1 < ta <t} < t), it suffices to show that the two lists have exactly the
same sets of elements. This fact has been formalized using the Coq proof assistant. O

Lemma 28 (Determinism of evaluation)
If
e, o, t1 {5 v, o', ta, c

and
I8 / " / /
€, o, 1 U’Lﬁ v, 0, t27 c

then v/ = v, 0" =o', to =t} and ¢ = c.
Proof. By induction on the evaluation derivation. O

Lemma 29 (Evaluation invariants)
Let wf o and
e, o, t1 {5 v, o', ta, c

o=014Ho09
o = O‘i ) aé
then the following hold:
1. 0y J oy and o), J oy
2. if L = L; then o = 09
3. if L = Ly then o} = 0
4. if L = L then for all o J o9, e, 01 Woh, t1 V7 5 v, oy Wal, te, ¢

5. if L = Ly then for all of J o1, e, 0f Woz, t1 I} 5 v, o Wy, ta, ¢
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if FL(e) C dom(o) then wf ¢’ and FL(v) C dom(o”)

do
do

N

m(o) then R,/ (FL(v)) € R,(FL(e)) U (dom(c”) \ dom(o))

® N>

(
if FL(e)
(

if FL(e)

N

N

m(o) then src(edges(o’) \ edges(c)) C R,(FL(e)) U (dom(c”) \ dom(o))
)

9. if FL(e
( m(o) then FL(edges(o’) \ edges(0)) C R, (FL(e)) U (dom(c’) \ dom(0))

) C do
) C do

10. if FL(e
11. if o(1) = O then | ¢ src(edges(o’) \ edges(0))
12. /() =01iff o(1) =0O

13. For all (Is, lg, f, t;, te) € edges(c’) \ edges(0), t1 < t; < te < t3

(
(
dom(c) then trg(edges(o’)\edges(o)) C (dom(o”)\dom(c))U(r = C(1) ? {1} : 0)
(
(

14. For all (Is, 14, f, t1, t2) € edges(o’)\edges(o), (1L, lg, [/, ], ty) € edges(c’)\ edges(o)

then t) <t <ty <thort; <t) <th<ty

15. For all (Is, lg, f, t1, t2) € edges(o’)\edges(o), (I, U, f', t], t) € edges(c’)\ edges(0)

then t] # t1 and tg # t}
Proof. By induction on the evaluation derivation.

Lemma 30 (Change propagation invariants)
If

Da Of, Oc, ﬂWO'}, ﬁv c
then the following hold:

1. O'} o,
2.4/ 38
3. if wf o, wf oy, and FL(D) C oy then wf 0}

4. 1 € trg(D) if and only if [ € dom(S’) \ dom(5)

Proof. The result follows by induction on change propagation derivation using lemma 29.

Lemma 31 (Change propagation is deterministic)
If
D7 Ocy, Of, BWO'}, 5/7 c

and
! /! /
Dv Ocy, Of, 6W0'f, 6 , C

then 03{ = a}, B"=p and c=¢.

Proof. The result follows by induction on change propagation derivation using lemma 28.

Lemma 32 (Change propagation under store extension)
If

D: Ocy, Of, BWUZU 6/7 c
and then for all 03! Joy

D7 UC’ U/f{? IBWU/JC’ /B,’ c

Proof. The result follows by induction on change propagation derivation using lemma 29.
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Lemma 33 (Change propagation composition)

! Dy, o, oy, ﬁwa}, B, e (1)
Dy, o}, oy, B'~af, B”, ca
then
Dy + Do, oc, 05, B~ 0%, B, c1 + ¢
Proof. The result follows by induction on the change propagation derivation of eq. (1). O

Lemma 34 (No free locations)
Assume that
A; O TkHee:7| k= Tel

Then FL("e™) =0 .
Proof. Tt follows induction on the typing derivation. O

Theorem 35 (Translation is type preserving)
IfA;&;TFee:7| k= Te then ||| F e : ||| |

Proof. 1t follows by induction on the typing derivation. O

Lemma 36 (World extension closure)
The following hold:

1. If (vs, v, € Va(A) and W’ > W, then (vs, v, W) € Va(A).

2. If V(r) and W' > W, then (vs, vy, W') € V(7).

( w)
(US, Ut, )
(es, er, W) € E(r)" and W' > W, then (es, e;, W) € E(r)".
( W)

95, 915, S g(]FD and W’ > W, then ((95, Ht, W’) S g(] D

5. If (v;, ve, W) € Va[A] and W’ > W then (v;, v, vy, W) € V4[A].
W) € V[r] and W' > W, then (v;, ve, vy, W') € V[1].

(
(viv Ve,
7. 1f (

v, W)

v, W)
€i, €c, e, W) € E[r]" and W' > W, then (e;, e, e, W') € E[7]".
8. It (6:, 0o, 0, W) € G[T] and W’ > W', then (6, 6., 6;, W') € G[TT].

Proof. First we prove statements (1), (2) and (3) simultaneously. Statements (1) and (2) are

proved by mutual induction on A and 7. Similarly, we prove statements (5), (6) and (7).
Finally, we can prove statement (4) (resp. (8)) by induction on the length of the environment

and using statement (2) (resp. (6)). O

Lemma 37 (Value relation projection)
The following hold.

1. If (viv Ve, Ut, (0'7;, Oc, 57 .7)) S V[[T]] thean, (Uia Ut, (07 ®7 .])) € V(]TD ande, (vm Ut, (in
R m)) € V(]TD

2. If (vi, ve, ve, (04, 0c, By J)) € Va[A] then ¥V m, (vi, v, (0, 0, j)) € Va(A) and
Vm, (UC, Vg, (0-in67 Bv m)) € VA(]AD
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Proof. We prove the two statements simultaneously by mutual induction on 7 and A. O

Lemma 38 (Value relation injection)
The following hold.

1. If
v m, (Ui7 l? (Ui7 ®7 .7)) € V(]TD
Vom, (ve, I, (0iWae, B, m)) € V(r)
and
FECJdr
then (vi, ve, I, (03, oc, B, m)) € V()
Proof. 1t follows by case analysis on the type 7 and the definition of the value relation. O

Lemma 39 (Stable type lemma)
The following hold.

1. (es, €1, W) € E(r)" if and only if (es, e;, W) € E(O(7))"

2. It R, ({{})Ndom(B) = D and (e;, e, I, (04, 0c, B, m)) € E[7]" then (e;, e, I, (0i, o¢c, 5, m)) €
0P

Proof of statement 1. The result follows easily by the definition of the expression relation. Note
that V() = V(d(71)). O

Proof of statement 2. Let (e;, ec, 1, (04, 0c, B, m)) € E[7]" and Ry, ({l}) Ndom(B) = 0. We
pick arbitrary v;, ji, 0i, 0c, B, 0o, Bo, €, to and r such that

D(edges(o-l)7 dom(ﬂo))7 O"l/’ 007 /80 WO‘C? /87 C, (1)

(Jia Oc, 67 ]l) > w
Oi(e1 e2) I v; (2)

and
r=C()=o0;(1)=0 A I &don(8)

We instantiate the hypothesis with v)i, j1, 0, o¢, 5, (note that (o;, oc, B, j1) = W), 0o, Bo,
d, S, tg, eq. (1) and eq. (2) and we obtain v, v,(o1, o}, f1) > (04, oc, B), t1, ¢1 such that:

ecd) ve (A1)
ec, 0y to b g v, o1, t1, (A2)
(r=S=inv(o1, Bo, 1)) A (r=C(l) = inv(o[l = v¢], Bo, 1)) (A3)
D(edges(o;), o1)dom(B), o, 01, B~ 0, P1, 1 (A4)
C1<K (A5)
r=S= (v, ve, v, (01, 0, B1, m—7Ji)) € V[7] (A6)
and
r=C(l) = (vi, ve, I, (o1[l = vi], o, Br, m—ji)) € V[7] (AT)

Goals 1-2 result from eq. (A1), eq. (A2) and eq. (A3). From lemma 29 we derive that locs(edges(o1)\
edges(o;)) C (dom(oq) \ dom(o;)) U Ry, (FL(er)) U ((m = C(I) ? {I} : 0)) We know that
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[ ¢ dom(5), dom(8) C om(al) and R, (FL(e;)) N dom(5) = (. From this we can easily de-
rive that D(edges(o1), dom(f,)) = D(edges(o;), dom(S,)). Thus we derive goal 3

D(edges(o1), dom(f3,)), Tiy Toy Po ~ 0y B, (A3)

For goal 4 we trivially derive that ¢; — ¢; < 0. For goal 5 we assume that » = S. From eq. (A6)
we know that
(Vi Ve, v, (01, 0, B, m—ji)) € V[7]

Using lemma lemma 29 we derive that Ry, (FL(v¢)) C (01\0:)URy, (). Since (o1\o;)Ndom(3) =
§ and Ry, (et) Ndom(3) = 0 we derive that R, (FL(v¢)) N dom(3) = () which proves that

(U’iv Ve, Ut, <017 Oc, 67 m — ]1)) € V[[D(T)]]
For goal 6 we assume that » = C(l). As above we can derive that

(Uia Ve, l, (Ul[l Hvt]v Uia 6’ m_jl)) € V[[D(T)]]

U
Lemma 40 (Value interpretation containment)
The following hold:
1. If (vs, vy, W) € Va(A) then (vs, ref v, W) € E((A)H)*.
2. If (vi, ve, vy, W) € Va[A] then (v;, ve, ref vy, W) € E[(A)*]°.
3. If (vs, vy, W) € V(1) then (vs, vy, W) € E(7)°.
4. TIf (vi, ve, vy, W) € V[7] then (v;, ve, vy, W) € E[]°.
Proof. All of the statements follow easily from the definition of the expression relation. O
Lemma 41 (Unary interpretation unfolding)
Assume that:
Vm, (ec, e, (o, B))m € &(r)" (4)

Then for all ¢, r, such that » = C(I) — o(I) = O, there exist v, v, 0
1. e; | v
2. ec, o, t1 | gut, o, ta, cl
3. Fc<k
4. r=S= Vm, (v, v, (o/, 8, m)) € V(7)
5. r=C(l) = VYm, (v, I, (¢l = v, B, m)) € V(r)
Proof. We instantiate eq. (A) with step index x + 1 and obtain v., ¢’, t9, ¢ such that
ecd ve

T /
€c, O, tl UL,IB V¢, O t27 c

and



Assume that » = S. We pick an arbitrary m. We instantiate eq. (A) with m + x + 1. Using
the fact that the evaluation relation is deterministic in the source and k < m + k + 1 we can
obtain v}, o, t, and ¢ such that

S / "oy
€c, O, tl ‘U’L,ﬁ vt? g, t2) &

and
(viy v, (0", B, m+r+1—c))eV(r)

Using lemma lemma 28 we can we can show that v; = v; and ¢” = ¢/, thus
(vi, vg, (0, B, m+Kk+1—c)) € V(r)
Using lemma 36 and the fact that = ¢ < k we can show that
(viy ve, (0!, m)) € V(r)

Finally, assume that » = C(l). We pick an arbitrary m. We instantiate eq. (A) with m+r+1.
Using the fact that the evaluation relation is deterministic in the source and Kk < m + x + 1 we
can obtain vy, o, ¢, and ¢ such that

C{l) "o
607 U) tl llL’/j Uta g 9 t27 &

and
(viy 1, (@"[l=>y], B, m+K+1—c)) e V(r)

Using lemma lemma 28 we can we can show that v; = v; and ¢” = ¢/, thus
(vi, 1, (@[l =], B, m+Kk+1—2c)) €V(r)
Using lemma 36 and the fact that |= ¢ < k we can show that

(viy 1, (']l = vg], m)) € V(7)

Theorem 42 (Subtyping Soundness - Unary interpretation)
The following hold.

1. If A;® = A C A ¢ € DIA], E 9P and (vs, v, (03, B, m)) € Va(pA') then
(Usa V¢, (Uiv 57 m)) € V(]SDAD
2. :[fA7(D ): T/ E T, € DIIAﬂv ): SOQ and ('U57 Ut, (aiv /87 m)) S V(]SDT/D then (v87 Ut, (Ui7 /87 m)) S
Vier)
3. UA;® =7 C7, peD[A], E ¢ and (es, e, (0i, B, m)) € E(p’)* and ¢k < ¢px’ then
(65, €t, (O-iv 67 m)) € E(ISOTDH
Proof. We prove the above statements simultaneously. Statement 3 follows by the definition
of the expression relation and the inductive hypothesis of statement 2. Statements 1 and

2 are proved by induction on the subtyping derivation. The cases follow easily. Note that
V(r) = V(O(7)) and that for all a, 8, V(1ist [n]* 7) = V(1list [n])® 7). O

Theorem 43 (Subtyping Soundness - Binary interpretation)
The following hold.
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LIAG E A C A e DAL E ¢® and (v, ver v, (00 00r B, m) € ValpAT] then
(Ui7 Ve, Ut, (Ui7 Oc, 57 m)) € VA[[SDA]]

2. If A,(I) ): o C T, P € D[[A]]7 ’: Spq) and (Ui, Ve, U, (Uia Oc, ﬁ’ m)) € V[[()OT/]] then
(Ui, Ve, Vt, (Uiv Oc; 67 m)) € V[[SDTH

.U A ® =7 C 7, ¢ e DIA], E ¢P and (e, e, e, (0i, 0c, B, m)) € E[p7']" and
ok < @K’ then (e;, e., e, (04, 0c, B, m)) € 5[[g07']]“/

Proof. We prove the above statements simultaneously.

Proof of statement 3. Let ¢ € D[A], = ¢® and
(€i, €c, ety (0i, 0c, B, m)) € E[PA]" (A)
We pick arbitrary v;, 7;, 0i, 0¢, B, 0o, Bo, ¢, tg and r such that
D(edges(0;), dom(Bo)), 0i, 0o, o~ 0c, B, ¢ (1)

(Jia Oc, ﬁ? ]l) > w
Oi(e1 e2) I v; (2)

and
r=C()=o0;(1)=0 A [ ¢ dom(B)

We instantiate the hypothesis with v)i, ji, 0;, o, 8, (note that (o;, oc, B, j1) = W), 0o, Bo,
d, S, tg, eq. (1) and eq. (2) and we obtain v, v,(01, o, f1) > (04, oc, B), t1, ¢1 such that:

ec I ve (A1)
et, 0i, todp g v, o1, 1, (A2)
D(edges(0;), o1)dom(B), o¢, o1, B~ 0y, Bi, c1 (A4)
(r =S = inv(o1, Bo, v1)) A (r=C(l) = inv(o1[l = v¢], Bo, 1)) (A3)
D(edges(0;), o1)dom(B), o¢, o1, B~ o1, B1, ¢ (A4)
c<pK (A5)
m=S= (v, ve, vy, (01, 07, B1, m—ji)) € V[p7] (A6)
and
m=C(l) = (vs, ve, I, (o1[l = 4], o1, B1, m —75;)) € V[pr'] (A7)

Goals 1-3 follow by eq. (A1), eq. (A2), eq. (A3) and eq. (A4). We can use eq. (A5) and the fact
that pr <@k’ to prove that ¢; < ¢x'. Finally from the induction hypothesis of statement 2 we

derive that
m =S = (vi, ve, vy, (01, 07, B1, m—c)) € V[e1]

and
m = (C(l) = (Ui7 Ve, l7 (Jl[l = vt]v 0/17 /817 m — C)) € V[[()OT]]

O]

Proof of statement 1. For each of the following cases we pick ¢ such that ¢ € D[A] and |= ¢®.
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Case

Case

Case

real

A;® =R (real)® C O((real)”)
Let

(r1, r2, 1, (04, 0c, B, m)) € V[(real)’]

From the definition of the relation we derive that o;(l) =7, [ € 5 and that 1 = rq = r.

We need to show that

(Ta r, l7 (Uia Oc, 57 m)) € V[[D((real)“)]]
It suffices to show that
(ry ry, 7, (04, Oc, B, m)) € Va[real]

which follows from the definition of the relation, and that R,,({l}) N dom(8) = (. The latter
follows from the facts that R, ({l}) = {I{} and | ¢ dom(p)

5 5 —
A O 2 m)n) © @(r) 2% O(r))®
Let
(Wir ver 1, (05, e, B, m)) € V[O((pr1 ~% ory)m] (A)

From this we derive that R, ({l}) Ndom(B8) = 0, o(l) = fix f(z).e; v; = fix f(z).e;, ve =
fix f(z).e. and | ¢ dom(53). To show the goal we pick arbitrary W' = (o}, oL, 5, m') >

(04, 0¢y B, m)and (v}, v, I', W) € V[O(p71)]. From this we obtain that R,/ ({I'})Ndom(5) =

i

0 and (v}, v, I, W') € V[pr1]. We instantiate eq. (A) with (v}, v, I, W') € V[O(p71)] and

79

we derive

(v — v, f e fix f(x). eile;, o vl f— fix f(x).edee, [z U f — £fix f(x). e e, W)

€ 8[[(,07‘2]]90'{

We can easily show that R,/ (FL([z — U, f = fix f(z).eides)) Ndom(B') = (). From lemma 39
and statement 3 for = 0 < ¢k, we derive that

(x— v, f fix f(2). eiles, ool f— fix f(x).edee, [z v), f— £ix f(x).ec]er, W)

€ £[O(pry)]*"
which proves the goal.

10

A;® = O((List [n]* 7)H) C (1ist [n]* O(7))°
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We will show that for all o, n if

(Ui7 Ve, 1, (Uiy o, B, m)) € V[[D<(1iSt [n]a T)M”]
then

(v3s Ve, 1, (03, 0, B, m)) € V[(Aist [n]* O(7))°]

From the premise we derive that o(l) = v, Ry, ({l}) Ndom(3) = 0, | & dom(53) and
(viy Ve, vty (045 0, B, m)) € Va[list [n]* 7]u (A)

. We proceed by subinduction on v;.

e v, =nil
From eq. (A) we derive that v, = nil, v; = nil and =n = 0 and = a = 0. From the

definition of the relation we show that

(nil, nil, nil, (oy, o, B, m)) € V[list[n]” O(p7)]

e v; = cons(v}, vs;)
From eq. (A) we derive that v. = cons(v}, vs;), vy = cons(inr v}, vs;) or v; = cons(inr v}, vs;)
We consider the two cases separately.
— s /
— v; = cons(inl vy, vs;)

From eq. (A) we derive

(vis vy vis (04, 0, B, m)) € V[O(p7)] (B)
and
(vsi, vSe, vSt, (04, 0c, B, m)) € V[list[n —1]% 7]
En>0
or

(vsi, VSe, vSt, (03, 0c, B, m)) € V[1list[n—1]*"1 1]
En>0A Fa>0
In the first case we can use the sub-induction hypothesis to derive that
(vsi, VSe, V8¢, (04 e, B, m)) € V[Llist [n —1]* O(p7)] (O)
We can combine eq. (B) and eq. (C) in order to derive
(cons(v}, vs;), cons(v), vs.), cons(inl v;, vs;), (0, o¢, B, m)) € V[1list [n]* O(p7)]

The other case is similar.
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Case

— vy = cons(inr v}, vs;)

From eq. (A) we derive

(/U’Zﬂ UC? /Ul/f7 (0-17 UC? IB’ m)) e VI]ZSOT:[I

and
(USi, VSc, VS, (Uia Oc, 67 m)) S V[[l]‘St [n - 1]04_1 D(QOT)]]

En>0A EFa>0
We can use the sub-induction hypothesis to derive that
(vss, VSe, VS, (03, 0c, B, m)) € V[1ist [n — 1! O(pr")]
Also, we can show that R, (v;) Ndom(3) = ), and thus
(vis Ve, Vg, (0, 0c, B, m)) € V[O(p7)]
We can combine the two statements above in order to derive
(cons(v}, vs;), cons(v), vs.), cons(inr v;, vsy), (04, o¢, B, m)) € V[1list [n]* O(p7)]

d

Proof of statement 2. For each of the following cases we pick ¢ such that ¢ € D[A] and = ¢®.

AdETCT A® T Ak <K

o §(K'
A; D I:A Bl —>(K) n —>(K) 5

—1

Let

(Uia Ve, Ut (O-ia Oc, 67 m)) € V[[Tl MTQ]} (A)

From this we derive that v; = fix f(x).e;, v. = fix f(x).e. and v, = fix f(x).e;. To show the
goal we pick arbitrary W’ > (0, 0., 8, m) and (v}, v., vi, W') € V[e7{]. From the induction
hypothesis we derive that (v}, v, vj, W) € V[e7s]. We instantiate eq. (A) with this fact and

%) c)

we derive

(x = v, f fix f(2). eiles, oL, f— fix f(x).edee, [z v}, f— £ix f(x).ec)er, W)

e& [[(pT 2]]30H
From statement 3, we derive

(v}, f > fix f(2).eiles, w0, f— fix f(2).edee, [x— ), f— fix f(z).ec)er, W)

€ Elpri]e™
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AdEa=0
Case 12%*
A;® =2 1ist [n]® 7 C 1ist [n)* O(7)

Let
(via Ve, Uty (U’i7 O¢, ﬁ? m)) € V[[llst [(pn]sm SDT]] (A)

Note that from the premise = pa = 0. We will prove that for all n, if (v, v, v¢, (04, o, B, m)) €
V[1list [n|*® ¢7] then (vi, ve, vg, (04, 0cy B, m)) € V[list[n]?® O(p7)]. We proceed by

subinduction on v;.

e v, =nil
From eq. (A) we derive that v. = nil, v; = nil and = ¢n = 0. From the definition of the

relation we show that
(nil, nil, nil, (o4, o¢ B, m)) € V[list [n]?* O(p7)]

e v; = cons(v}, vs;)

From eq. (A) we derive that v. = cons(v}, vs;), vy = cons(v}, vs;) and, since = ¢a = 0,
we also derive that v}’ = inl vj,
(vis ves vy, (04, 0c, B, m)) € V[O(pr)] (B)

and

(vsi, vSe, vSt, (04, 0c, B, m)) € V[list[n — 1]¥* 7]
FOo<n
From the induction hypothesis we get
(vsi, VSe, vSy, (04, 0c, B, m)) € V[1list [n — 1]7" O(e1)] (O)
We can combine eq. (B) and eq. (C) facts to derive that

(cons(v;, vs;), cons(ve, vs.), cons(inl vy, vsy), (0;, 0c, B, m)) € V[list [n]”” O(p7)] (A)

A;® =n=n A;d=a<d <n AdETCT
Case ; 11
A;® ER List [n]® 7 C 1ist [0/]Y 7/

Let
(via Ve, Uty (0i7 O¢, ﬁ? m)) € V[[llst [gpn]wa SDT]]

Since | pn = pn’ we derive

(U’Zv Ve, Vg, (Uia Oc¢, /67 m)) € V[[llSt [@n/]wa SOT]] (A)
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We will prove that for all «, 8,n such that = « < 8 < n, if (v;, v., v, (04, 0c, B, m)) €
V[1ist [a]" ¢7] then (v, ve, v, (04, 0c, B, m)) € V[1ist [B]" ¢7'].

We proceed by subinduction on v;.

e v, =nil
From eq. (A) we derive that v, = nil, v; = nil and = n = 0, | a = 0, and since

Ea < p <n, =0 From the definition of the relation we show that
(nil, nil, nil, (oi, oo, B, m)) € V[1ist[n]® or']

e v, = cons(v}, vs;)
From eq. (A) we derive that v, = cons(v}, vs;), vy = cons(inr v}, vs;) or v, = cons(inr v}, vs;)
We consider the two cases separately.

— v; = cons(inl v, vst)

From eq. (A) we derive
(vis Ves v, (03, 0c, B, m)) € V[O(pr)]

and
(/Us’ia UVS¢, VS, (Uia Oc, Ba m)) € V[[IISt [ni 1]04 D(QOT)]]

En>0

or

(Usi’ USe, VUSt, (Ui7 Oc, 57 m)) € V[[list [(’pn— 1]500‘_1 (’07-]]
En>0A Ea>0

In the first case we can use the induction hypothesis on the premise of the rule to
derive that
(Vi ve, vp, (04, 0c, B, m)) € V[O(pr')]

and the sub-induction hypothesis (note that (note that Fa—1<pg—-1<n-—1) to
derive that

(086, VS, vsy, (03, 0, B, m)) € V[List[n—1]°"" ']
We can combine the two statements above in order to derive
(cons(vi, vs;), cons(ve, vse), cons(inl vy, vsy), (04, 0e, B, m)) € V[1list [n]” or']

The other case is similar.
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— vy = cons(inr v}, vs;)

From eq. (A) we derive

(U,Z, Ve /Uz/fv (Uiu Oc, /85 m)) € V[[SOT]]
and
(U$i7 VSc, VS, (Uia Oc, 67 m)) S V[[l]‘St [n - 1]a_1 D(QOT)]]

En>0A EFa>0

We can use the induction hypothesis on the premise of the rule to derive that
(i, Ve, V5, (0, 0c, B, m)) € V[pr']
and the sub-induction hypothesis to derive that (note that Fa—-1<p—-1<n—1)
(vsi, VSe, VS, (04, Ocy B, m)) € V[list[n — 1]B_1 ot']
We can combine the two statements above in order to derive

(cons(vi, vs;), cons(ve, vse), cons(inl vy, vs), (04, oe, B, m)) € V[1list [n]® o7']

Theorem 44 (Fundamental theorem - Unary interpretation)
Assume that the following hold:

A;O;Tbce:7| ke
¢ € D[A]
(987 Qt, (07 Ba m)) € g(](prl)
= o®

wf o

Then
(Ose, 0:7e7, (o, B, m)) € E(pT)

Proof. We proceed by induction on the typing derivation of e. For each of the following cases
we pick ¢, 0, 0; and W = (0;, B, m) such that:

o ¢ € D[A]
° = p®
o (05, 0, W) € G(el)

e dom(3) C dom(o;) A dom'(3) C dom(c)
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o wf o; ANwf 0. ANFL(6;) C o

We show the most important cases bellow. The proof of introduction and elimination rules are
largely similar, so we will only show few of them.

var
AT x:The 7T | cpar() — read(z, z. x) ©

We need to show
(05, read(bix, x. x), W) € E((pn1 M @TQ)SDCUM()

We pick arbitrary v;, 0, 5, to, [ such that (o;, B, cyar()) > W and o;(1) = O. From the definition
of G() we derive that (0sz, Oz, (0i, B, m)) € G(p7). Thus, Oz = Iy and o;(8(l)) = (v, €) for
some [y, v and €. We can show the goals. We distinguish two cases

e r=39S
1. We can easily derive that
Osx | O
2. From the definition of the evaluation relation we derive
O:x, o;, to U%B ln, O’i[lt — (1), (l, Ax.zx, tg, to+ 1) i g)][ln — (’U, [])], to+2, 1

3. It trivially follows that
E1<1

4. From the definition of the relation and lemma 36 (note that l,, ¢ dom(o;) and o;[l; —
(v, (I, Ax.z, to, to+1)::&)][ln — (v, [])] 2 0i) we can derive that

(Osz, bn, (il = (v, (I, Az, to, to+1) = €)], B, m—1)) € V(er)

5. Assume that » = C(l). From the definition of the relation and lemma 36 (note that
oills = (v, (I, Ax.zx, to, to+1) = €)][l — (v, [])] D ;) we can derive that

(Osx, 1, (o3[l — (v, (I, Az.z, to, to+ 1) E)|[l = (v, )], B, m—1)) € V(eT)
o r=C(I)

1. We can easily derive that
Osx | Osx

2. From the definition of the evaluation relation we derive
bz, o1, to 455 bn, oille = (v, (I, Az, to, to+1) = Olln = (v, [)], to+2, 1

3. It trivially follows that
EF1<1

4. From the definition of the relation and lemma 36 (note that o;(l) = O and o;[l; —
(v, (I, Ax.z, to, to+1) 2 @)][l — (v, [])] 2 i) we can derive that

(Osz, 1, (oi[ly — (v, (I, Az.z, to, to+ 1) E)][l = (v, [])], B, m—1)) € V(eT)
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5 !
A;‘I’;F FE el : (T1 ﬂ) TQ)S ‘ S g '—61_'

A;O;Thceg:m | ke = Tey” e<é k=K + K1+ Ko+ Capp(€,S)

a
A; ;T keepeg:mo | k= 1Tep ! Tey pPs
By the induction hypothesis applied on the premises we get:
(Oser, 07 e, W) € E((pr1 —2 oS (IH1)
(Ose2, Orea, W) € E(pi)?"? (IH2)

We pick arbitrary v;, o3, 8, to, 7 such that
(05, By K1+ Ko + K3+ capp(C, S,)) > W

and
r=C(l,) = oi(l,) =0

We instantiate eq. (IH1) with oy, 8, tp and S and we derive (note that k1 < m)

9561 U Vsl (Al)
etrel—la (o tO ‘U’%,ﬁ Uty 01, t17 C1 (A2)
e < k1 (A3)

i C(ok'
(i, U, (o1, By m—j1)) € V{(er 222 om)9)

From the last statement we derive that v;; = fix f(x).e;, 01(8(lf)) = (fix f(x). e, €) and

(fix f(x).e;, fix f(x). e, (01, B, m —c1)) € Valpn M ©T3)) (A4)

We instantiate eq. (IH2) with oy, /3, top and S (note that o1 J 0; and k2 < m) and we derive

Ose1 | v, (B1)
0 ex”, o1, 11 U] 50, 02, ta, c (B2)
=2 < ko (B3)

(vy, vg, (02, B, m—c2)) € V(pT2)

Using lemma 36 we can derive
(Ug7 ’Uév (027 /Ba m—=cCc —C— 1)) S V(ISOTQD (B4)

We now instantiate eq. (A4) with (o2, 5, m —c1 — c2 — 2) and eq. (B4) and we obtain

(ela/a)lf/-- ] ella/ollf/-- ] (o2, B m—c1— ez —2)) € Elpra) ™ (©)
We instantiate eq. (C) with o3, 3, t2 and r (note that " < m — ¢; — ¢a — 2) to derive that
ez /vlf/. ] b vs (C1)
el /vllf/.. ], o2, ta Vp 5 ve, 03, t3, €3 (C2)
ey < K (C3)
T':S:>(’US, Ut (037 57 m70176270372)) EV(]SOTQD (C4)
r=C(l,) = (vs, ln, (o3[l — (v, [))], B, m—c1 —ca—c3—2)) € V(pT2) (C5)

We can now show the goals.
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1. From eq. (Al), eq. (B1) and eq. (C1) we derive
Os(e1 e2) I vs
2. From eq. (A2), eq. (B2) and eq. (C2) we derive
0i(le1 e2), o, to UL 5 ve, 03, t3, c1 +c2+c3+2
3. From eq. (A3), eq. (B3) and eq. (C3) we derive (note that cqp,(C,S) = 2)
Fertete3+2 < R+ R+ K+ capp(C,S)

4. From eq. (C4) it immediately follows that

r=S = (vs, vy, (03, B, m—c1 —cag—c3—2)) € V(pra)

5. It is the case that o3[l, — (v, [])] 2 o3 From eq. (C5) and lemma 36 it immediately
follows that

r=C(l,) = (vs, ln, (o3[l = (vg, [])], B, m—c1 —ca—c3—2)) € V()

(C !
A; ;T Feep: () ﬂ> TQ)(C | K1 <= Ter!
A;P:Thceg:m | ke = Tey” ECdm k=K 4 K1 + K2 + Capp(€, C)

A;®P:Thcep eg:mo | k= letf = Tep'in letx = Tey'in read(f, f. f x) appc
By the induction hypothesis applied on the premises we get:
o Cor') Cpprit
(Ose1, 6,7e1, W) € E((er1 — ¢12)7) (TH1)
(Ose2, Orea, W) € E(pm )™ (IH2)

We pick arbitrary v;, oy, B, tg, 7 such that
(0i, B, K1+ K2+ K3+ capp(C, S,)) >W

and

We instantiate eq. (IH1) with oy, 8, tp and S and we derive (note that k1 < m)

Ose1 I va1 (Al)
etl—el—la 03, tO ‘U’%,ﬁ V¢, 01, tl) C1 (A2)
e <k (A3)

. C(ow’
(vir, Uy, (o1, B, m— 1)) € Vi(prs “72 om))
From the last statement we derive that v;; = fix f(x).e;, 01(8(lf)) = (fix f(z). e, €) and

(fix f(2).ei, £ix f(z).cr, (o1, B, m— 1)) € Valpr 2 omy) (A4)

We instantiate eq. (IH2) with o1, /3, to and S (note that o1 J 0; and k2 < m) and we derive

fse1 | v (B1)
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0, ex”, a1, t U5 5], 09, ta, 2 (B2)
li (&) S K2 (B?))
(U;7 Ullt’ (0-27 57 m*CZ)) € V(]SDTQD
Using lemma 36 we can derive
(Uga ,Uga (027 /Ba m-—cCc —Cc— 4)) € V(]SOTQD (B4)

We now instantiate eq. (A4) with (o2, 5, m —c1 — ca —4) and eq. (B4) and we obtain

(ela/vl][f/- - ), eilx/villf/-- ], (o2, B, m—c1—ca —4)) € Efpra) ™ (C)
We instantiate eq. (C) with o3, 8, t2 and r (note that " < m — ¢; — ¢ — 42) to derive that
e Le/o)If ) ] b v, )
e;[x/vé][f/ . ']7 02, t2 ly[-,,/j vy, 03, 13, C3 (02)
ey <K (C3)
r=S= (vs, vi, (03, B, m—c1 —cag—c3—4)) € V(pma) (C4)
r=C(ln) = (vs, ln, (o3[l = (ve, ()], B, m—c1—ca—c3—4)) € V(pm) (C5)

We can now show the goals. We consider two cases.

e r=S

1. From eq. (Al), eq. (B1) and eq. (C1) we derive
Os(e1 e2) I vs
2. From eq. (A2), eq. (B2) and eq. (C2) we derive
0,("€7), 01, to U3 5 ln, oslly = < lln = (vr, )], ts, 1 +co+c3+4

where [; ¢ dom(03)
3. From eq. (A3), eq. (B3) and eq. (C3) we derive (note that cqp,(C,C) = 4)

Eci+ceo+es+4 <K+ ke + K + capp(C,C)

4. It is the case that I, & o3 and o3[ly — ---][l; = (vs, [])] 2 o3 From eq. (C4) and
lemma 36 it immediately follows that

(v, v, (o3[l = -]l = (v, [))], B, m—c1 —ca—c3—4)) € V(pm)

o r=C(l)

1. From eq. (Al), eq. (B1) and eq. (C1) we derive
93(61 62) U Vs
2. From eq. (A2), eq. (B2) and eq. (C2) we derive

0:"e, oy, tg U(E%) Uy, Jg[lf — }, ts, c1 +co+c3+4
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3. From eq. (A3), eq. (B3) and eq. (C3) we derive
o +ca+es+4<k1+ ke + K + cgpy(C,C)

4. It is the case that os[ly — ---][l — (v, [])] 2 o3 (note that o3(l) = 0). From
eq. (C5) and lemma 36 it immediately follows that

(vs, L, (o3[l = (v, D], By m—ec1 —ca—cg—4)) € V(pm)

Theorem 45 (Fundamental theorem - Binary interpretation)
Assume that the following hold

A;O;Thee:7| k—Tel
¢ € D[A]
(92'7 007 0t> (O-ia Oc, Ba m)) € g[g@rﬂ

= ¢®
dom(3) C dom(o;) A dom'() C dom(c)
wf o; Awf 0. AFL(6;) C oy

Then
(Oie, Oce, 0,7, (04, 0c, B, m)) € E[pT]?"

Proof. We proceed by induction on the typing derivation of e. For each of the following cases
we pick ¢, 0;, 0., 0; and W = (o, 0., 5, m) such that:

e v € D[A]
° ¢
i (eia Oc, 0Oy, W) S g[[@l“]]

dom(f3) C dom(o;) A dom'() C dom(o.)
e wf o; ANwf 0. ANFL(6;) C o

We show the most important cases bellow. The proofs of introduction and elimination rules are
largely similar, so we will only show few of them.

Case varg
Ao T x:T7hsx:7| 0=

We need to show
iz, Ocx, Oy, W) € E[]°

From the hypotheses and the definition of G[-] we know that
(02}'13, 9(3:1:7 th, W) € V[[T]]
The result follows from lemma 40.
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Case varc
AT x:Thez: 7 | eyar() = read(z, z. x)

We need to show
(i, Oz, read(fyx, x. ), W) € E[pr]cerl

We pick arbitrary v;, 7, 0i, 0¢, B, 0o, Bo, ¢, tg and r such that
D(edges(ai)u dom(ﬁo))v 0iy Oo, /60 ~* Oc, ﬁ) C/ (1)

(Uia Oc¢, ﬁ? ]’L) Z W
bi(e1 e2) | v;

and
r=C(l) = o;(1) =0 A | ¢ don(B)

By inversion of the evaluation relation we derive that v; = 6;x and that j; = 0. From the

hypotheses and the definition of G[-], we can derive using lemma 36 that
(aixa ecxa Htx7 (Uia Oc; 67 k)) € V[[T]]

From this we derive that 0,z = [ for an | € dom(o;). Let o;(I) = (v, €). We consider the

following cases.

e | € dom(f)
In this case we derive that 7 = (A)C, o.(8(1)) = (v/, ¢) and that

(Oiz, v, (04, 0, k)) € Va[A4] (A)

Vk, (Bex, V', (0;Waoe, B, k)) € Va[A] (B)

We consider the following cases.
—r=S
We can show the goals
1. 0.z 0.2
2. We can easily derive that

read(Ox, z. x), to, 0; U%hw ln, oi[l = (v, (In, Az.z, to, to+1) = €)][ln — (v, [])], to+2, _

Furthermore, we will show that inv(o;[l — (v, (ln, Az.z, to, to+ 1) 2 €)][ln —

(v, D Bos In)

Proof. Let [ € 7%(01.[1,_)_.”[”,_)(1,7 0, dom(ﬂo))(FL(Zn))' Since [ € dom(f3), we can also
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show that path(dom(5,), edges(o[l — ...][ln — (v, [])]), {n). We can derive
by the definition that [ = [,. Also, using lemma 29, we derive that there is no
(I, 15, f', 1}, t) € edges(o;[l — ...][l, = (v, [])]) such that path(dom(5,), o;[l —
ol = (v, )], 1) and ) <y, t2 < t5. We conclude that I, € trg(D(edges(o;[ly —
-l = (v, 1), dom(6,))) O

3. First we will show that D(edges(o;[l — (v, (ln, Az.z, to, to + 1) = €)][l, —
(v, [])]), dom(53,)) = D(edges(o;), dom(B,)) ++ [(I, ln, Ax.z, to, to+ 1)].

Proof. Note that
D(edges(o[l— ... ][ln — (v, [))]); Bo) =

D(edges(ai)u{(la lna )\ff ’Uyga ta, t3)}a Bo)

We know that | € dom(1) and consequently from lemma 30 we can derive that
| € D(edges(o;), dom(f3,)) and path(dom(f,), edges(a;), I). We can use lemma 27
(all the other preconditions follow from the hypotheses) to derive the result. [

Using lemma 33 and eq. (1) we derive

D(edges(ailli = ... [[ln = (v, D)), Bo), aill = -+ 2 &)][ln = (v, [, 00, o

od

oclly = (0, D], Blln = 1), & +1
4. We can easily derive that
1< Cvar()

5. Using the fact that o;[l — (v, (I, Az.z, to, to+1) :: €)] J 0; and that [,, € dom(o;)
we derive o;[l — (v, (In, A\x.z, to, to+ 1) :: €)][ln — v] J 0;. From the definition

of the relation and eq. (A), eq. (B) and lemma 36, we can show that

(911‘, O, ln, (Ul[l = .. ][ln = (Ua H)]? GC[Z;’L = (U/> H)]v ﬁ[ln = l;’L]’ k))
€ V[7]

—r=C(ly)
We can show the goals
1. 0.z || 0.2
2. We can derive that

read(fix, x. x), to, 0; l}gl”% v, oill = (v, (In, Az.x, to, to+1) = €)], to+2, _
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Furthermore, we will show that inv(o;[l — (v, (l,, Az.z, to, to+ 1) : €)|[l, —

(v, D Bos In)

Proof. Let 1 € ﬁ(oi[lH...}[lnH(v, 0], dom(80)) (FL(ln)). Since [ € dom(3), we can also
show that path(dom(5,), edges(o[l — ...][ln — (v, [])]), ln). We can derive
by the definition that | = [,. Also, using lemma 29, we derive that there is no
(L, 1), ', th, ty) € edges(o;[l — ...][l, = (v, [])]) such that path(dom(5,), o;[l —
ol = (v, )], 1) and £ < ¢y, t2 < t5. We conclude that I, € trg(D(edges(o;[ly —
ol = (v, [D]), dom(B,))) O

3. We can show that D(edges(o;[l — (v, (I, Ax.z, to, to+ 1) : €)]), dom(fB,)) =
D(edges(o;), dom(B,)) H [(I, ln, Az.x, to, to+1)].

Proof. Note that
D(edges(oi[li— ...][ln — (v, [))]), Bo) =

D(edges(0) U{(l, In, Af-f i, ta, t3)}, fo)

We know that | € dom(f) and consequently from lemma 30 we can derive that
| € D(edges(o;), dom(3,)) and path(dom(f,), edges(o;), [). We can use lemma 27
(all the other preconditions follow from the hypotheses) to derive the result. [

Then, using eq. (1), lemma 33 and lemma 32

D(edges(ailli = ... [[ln = (v, D)), Bo), aill = (v, (In, M., to, to+1) :: €)], 00, By

N

oclly, = (0, DI, Blln = 1], ¢ +1

4. We can easily derive that
1 <cyar ()

5. Using the fact that o;[l — (v, (ln, A\z.z, to, to+1) :: €)] 3 o; and that o;(l,,) = O
we derive o;[l — (v, (In, A\zx.z, to, to+ 1) :: €)][ln — v] J 0;. From the definition

of the relation and eq. (A), eq. (B) and lemma 36, we can show that

Oz, Oz, ln, (o[l = .. [ln = (v, )], oclll, = @5 D], Blln — 1], k))
e V[7]

e [ ¢ dom(3)
Let 7 = (A)*. We derive that

(9i$, QC:E? v, (Ji7 Oc 57 k)) € VA[[A]] (A)
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We consider the following cases.
—r=S
We can show the goals
1. 0.z || 6.2
2. We can easily derive that

read(bix, . x), to, 0; U%h@ ln, oill = (v, (In, Ax.z, to, to+1) :: €)][ln — (v, [])], to+2, _

Furthermore, we will show that inv(o;[l — (v, (ln, Az.z, to, to+ 1) 2 €)][ln —

(0, DI lns )

Proof. Let [ € ﬁ(gi[l,_)m][ln,_,(v, )], dom(Bo)) (FL(l,,)). Since [ ¢ dom(/3) we can derive
that —path(dom(5,), edges(c[l — ...][ln — (v, [])]), ln). By the definition, we
obtain that ﬁ(gi[l,_)...][ln,_)(v’ 0, dom(ﬁo))(FL(ln)) = 7@((”7 dom(go))(etflﬁ) and the result
follows from the hypothesis that inv(o;, B, 6:x) O

3. We can show that D(edges(o;[l — (v, (In, Ax.x, to, to+1) :: €)][l,, — v]), dom(5,)) =
D(edges(o;), dom(f,)).
Proof. O

Then from eq. (1) and lemma 32 we derive

D(edges(oi[l = ...][ln = v]), dom(Bo)), ol = ...][ln = v], 00, Bo

od

o, B,

4. We can easily derive that

d—-c < Cvar()

5. Using the fact that o;[l — (v, (I, Az.z, to, to+1) :: €)] J 0; and that [,, € dom(o;)
we derive o;[l — (v, (In, A\x.z, to, to+ 1) :: €)][ln — v] J 0;. From the definition

of the relation and eq. (A), lemma 36 we can show that
(Oix, Ocx, Ly, (oi[l = (v, (In, A\x. 2, to, to+1) 2 €)][ln — (v, [])], 0c, B, k)) € V[T]

—r=C(ly)
We can show the goals
1. 6.z 0.z
2. We can easily derive that

read(biz, . x), to, 0; llgl"% v, ol = (v, (ln, Az.x, to, to+1) = €)], to+2, _
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Proof. Letl € ﬁ(gi[lH_..}[lnH(v, 0], dom(8,)) (FL(ln)). Since I  dom(3), we can derive
that —path(dom(5,), edges(a[l — ...][ln — (v, [])]), {n). By the definition, we
obtain that ﬁ(ai[lH..,][lnH(v’ 0], dom(80)) (FL(In)) = 7@(% dom(B,)) (frz) and the result
follows from the hypothesis that inv(o;, B, 6:x) O

3. We can show that D(edges(o;[l — (v, (In, Ax.x, to, to+1) :: €)][l, — v]), dom(S,)) =
D(edges(o;), dom(f,)).

Proof. O

Then from eq. (1) and lemma 32 we derive
D(edges(oi[l — ...][ln = v]), dom(By)), aill = ...][ln — V], 00, Bo~ 0c, B,

4. We can easily derive that

d—d < Cvar()

5. Using the fact that o;[l — (v, (ln, A\z.z, to, to+1) :: €)] T o; and that o;(l,) = O
we derive o;[l — (v, (ln, Az.z, to, to+ 1) = €)][ln — v] J ;. Also note that
Iy & trg(oi[l = (v, (ln, Az.x, to, to+ 1) 2 €)][ln — (v, [])]) From the definition

of the relation, eq. (A) and lemma 36 we can show that
(O;x, Ocx, Ly, (oi[l — (v, (In, Ax.z, to, to+1) 2 €)][ln — (v, )], oc, B, k)) € V[7]

A;DFT wf k=(e=C?ceaul): 0)
Case real
A;®;T k.7 (real)® | k < ref 7

We need to show
(r, v, ref v, W) € E[(real)’]°

From lemma 40 it suffices to show that
(ry v, v, W) € V[real]

which follows from the definition of the relation.

A;B;T e (1 x )5 | K e el k=K 4 crst(€,S)
Case fstg
A; QT fste:m | Kk fst IMe?

By the induction hypothesis applied on the premises we get:

(Oie, Oce, 0,7e, W) € E[(pr1 X @TQ)S]]“"””/ (TH)
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We pick arbitrary v;, 7;, 0i, 0¢, B, 0o, Bo, ¢, tg and r such that
D(edges(ai), dom(ﬁo))v Tiy 0oy Bo~ 0c, f, d (1)

(Uia Oc, 67 ]z) > w
0;(fst e) | v;

and
r=C()=0;(I) =0 A [ &dom(5)

By inversion of the evaluation relation we derive the following:
tie I (vi1, viz), J1 (2)

and v; = v;1, j; = j1 + 1 for some v; and j;. We instantiate eq. (IH) with (v;1,vi2), j1, 04, O,
B, (note that (o;, oc, B, j1) = W), 00, Bo, ¢, S, to, eq. (1) and eq. (2) and we obtain v, I,
(o1, 01, B1) > (04, 0c, B), t1, c1 such that:

Oce1 ) ve (A1)

et’_el—lv O3, tO ‘lyi,l’@ la 01, t17 _ (A2)
(r=S=1inv(o1, Bo, vt)) A (r=C() = inv(o1[l = v¢], Bo, 1)) (A3)
D(edges(al)a dom(ﬁo))u 01, Oo, BO ~ O-ia 617 C1 (A4)

c1 —c < Ry (A5)

r=S= (v, ve, , (o1, o1, B1, m—j1)) € V[(p71 x <P7'2)S]]
r=S= (v, ve, I, (01, o, B1, m—j1)) € V[(p71 X cpTQ)S]]

r=C(l) = (vit, ve, I, (o1l = v, f, B1, m— 1)) € V[(pm1 x p72)°]

From the last statements we derive that v. = (ve1,vc2), 01(1) = (vi1,v42), | & dom(51) and
(vit, ver, v, (01, 01, B1, m—j1)) € V[pn] (A6)

(vit, vet, va, (o[l = (v, D], 01, B, m—j1)) € V[pr] (A7)
We can now show the goals.

1. From eq. (A1) we can derive that

O.(fst e) | v
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2. From eq. (A2) we can derive that
etl—ejv iy to ‘U’T[-,L(Z) Vt1, 01, tl) _

Assume r = S. Since | ¢ dom(31) we can show that —path(dom(f3,), o1, [) and 7%(017 3,)(FL(1)) =
ﬁ(g’ 8)(FL(v)). From eq. (A3) we obtain inv(oi, Bo, vi1)) Assume r = C(I). Since
[ ¢ dom(f1) we can show that —path(dom(B,), o1, !) and ﬁ(gl[l,_}(% 01, 80) (FL(1)) =

A

R(Ul[lH(Ut, 0, ﬁ)(FL(U)). From eq. (A3) we obtain il’lV(O’l[l — (’Ut, H)L 50, Uﬂ)).

3. From eq. (A4) we derive
D(edges(03)> ﬁ0)7 03, Oo, BOW aéa 637 C3

4. From eq. (A5) we can derive that

c1 — clggom’

5. Assume that r = S. From eq. (A6) we derive that
(vit, ver, vn, (01, 01, B1, m—ji;)) € V[pn]
6. Assume that r = C(1). From eq. (A7) we derive that

(vir, ver, L (oa[l = (v, D), o1, B, m = i) € V]pn]

A; 0T f (1 M}Tg)g,xi’fl Fse:my | K < el k=(e=C?cfip(): 0)
Case 507 fix1
A;®;T F, fix f(x).e: (11 —> 1)° | k — ref (fix f(z)."e”)

We need to show
(0i(£ix f(2).€), Ou(fix f(x).¢), et O(tix f(x).TeT), W) € E[(pr 220 pry)S]0
From lemma 40 it suffices to show that
(0;(fix f(x).e), O.(fix f(x).e), O(fix f(x).Te™), W) € V4[pn M o1
We will first show that
Wk > m, (0:(fix f(2). €), Oc(ix f(x).€), O(Eix f(x).7eT), (04, 0er B K)) € Valpr 2 o]
We proceed by induction on k.

e k=0
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This is vacuous from the definition of V[-]

o k=K +1

From the induction hypothesis we know

(0:;(fix f(z).€), O:(fix f(x).e), Ou(fix f(z).eT), (0i, 0c, B, k') € Valpr M ©19]

(IH)
We pick arbitrary W’ > (o, o, 8, k) and v;, v, vy [ such that (v;, ve, vy, W') € V[r]
and o;(l) = fix f(e).0;"e”. We can easily derive using lemma 36 and the definition of the

relation that

(Oilx — vy, f = £ix f(z).0ie], Oclr — ve, f = £ix f(x). Oce], Oz = vy, f = 1], W)

S(pk
€ Gl f = (pm1 & cpTg)S,x 71

We instantiate the outer induction hypothesis with the above and we derive

Oilx — vi, f = .. e, Oz = v, f = .. e, Qe v, f = ... ]Te, W/
(

€ Epr]*"
which proves the goal.
If 6 = C we also have to show that
(Bi(tix f(x).e), Oi(£ix f(x).7eT), (o3 0, m)) € Valors —22 omy) (1)

YV k, (0u(fix f(z).e), O,(£ix f(z).TeT), (giWae B, k) € Valor 2 o) (2)
To show eq. (1) we will show

VE > m, (0;(£ix f(z).e), Ou(ix f(z).TeT), (o5, 0, k) € Valer 2y om)

We proceed by induction on k.

e k=0
This case is vacuously true by the definition of V()

o k=K +1

From the induction hypothesis we know
(0:(2ix f(2).€), O,(2ix f(2).7eT), (o5, 0, ) € Valor -2 o) (1H)

We pick arbitrary W/ > (o;, 0, k') and v;, v I, such that (v;, v, W') € V(1) and

o(l) = fix f(x).0,"e?. We can easily derive using the definition of the relation lemma 36
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Case

that

(Oilx = v, f = £ix f(2). 0], Oz = v, f = 1], W)

) S

C(pk
€ Gel, f : (pn L o12)”, 1 1 T

We instantiate theorem 44 with the above and we derive
(Oilx — vy, f > £ix f(2).Oiele, Oz — vy, f > £ix f(2).1)7e”, W) € E(pma)?”

which proves the goal.
To show eq. (2) we pick arbitrary k, and we show

VE' >k, (Bu(fix f(2).€), Oi(fix f(x).7eT), (03 Woe B, k) € Valor 2 om)

following the same procedure as above.

A; 0T f - O((m LGON )z Fse: T | K el
Veel, A;®pERET(z) CO[I(2)) k=(e=C7?cpp(): 0)

A; 0T e fix f(x).e: O((m LGN )%) | k< ref (fix f(z).7e7)

fix2

We need to show

(0:(£ix f(2).¢), Oo(fix f(2).e), Tef Oy(fix f(z).7eT), W) € E[O((or 27 or)5)]°

We will first show that if
(0:(£ix f(2).¢), Ou(fix f(z).€), O (£ix f(z).7eT), W) € Valor ~Z% om]
then for all (o, o¢, 5, k) > W, [ such that o;(l) = fix f(z). e

(0:(£ix f(z).e), Ou(fix f(z).€), I, (05 00 B, k) € Va[O((or 9% om)8)]

Proof. Let W' = (04, 0., 3, k). We know that (6;, 0., 0;, W) € G[¢I'] Using theorem 43 and

lemma 36 we can derive that
(eia 9& 9t7 W/) € g[[D(¢F>H

From lemma 39, it suffices to show that R, (FL(0:(fix f(z)."e”)))Ndom(B) = 0. From lemma 34
we derive that FL(fix f(z)."e”) = (. Consequently, FL(0;(fix f(z)."e™)) = FL(#;). From
eq. (1) and the definition of the relations we can derive that FL(6;) N dom(3) = ) that proves

the goal.
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Using the above fact we can prove that
(0:(ix f(z).€), O(Eix f(z).e), Ou(fix f(z).Te), W) € Valors 2% om]

The proof is similar to the fix1l case. From this, the fact we proved above, and lemma 40 we

can derive
(0;(£ix f(x).e), O.(fix f(x).e), ref O6:(fix f(x).Te™), W) € E[O((¢m1 M) L,OTQ)S)]]O (2)

6 /
A; P T ke s (m —(H—)—> TQ)S | K1 = Ter!
A;D:Thceg:m | ke = Tey” e<$§ k=K + K1+ K2 + Capp(€,S)
Case apps
A;P:Thcepeg:mo | k= 1Tep ! Tey”

By the induction hypothesis applied on the premises we get:

(Bier, Ocer, 6:7e1, W) € E[(en m o2)S]P™ (IH1)
(Biea, Oeea, 0,7ex, W) € E[em 7™ (IH2)

We pick arbitrary v;, j;, 0i, 0c, B, 00, Bo, ¢, to and r such that
D(edges(ai), dom(50)>7 04y Oo, /30 ~ Oc, 67 C, (1)

(o3, 0y By Ji) =2 W
bi(e1 e2) | v;

and
r=C()=o;(l)=0 A 1 ¢ dom(B)

By inversion of the evaluation relation we derive the following:

Oier I £ix f(x). ei, 1 (2)
Oiez | v}, o (3)
ei[x/vl][f/fix f(x).ei] U vi, j3 (4)

and j; = ji + j2 + j3 for some e;, v}, j1, jo and js We instantiate eq. (IH1) with fix f(z).e;, j1,
oi, ey B, (note that (oy, oc, B, j1) = W), 00, Bo, ¢, S, to, eq. (1) and eq. (2) and we obtain
vet, lf, (01, 01, B1) > (04, oc, B), t1, 1 such that:

9061 U Vel (Al)
0i"e1, o4, to Uil,@ ly, o1, t1, _ (A2)
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inv(o1, Bo, ly) (A3)
D(edges(al), dom(/BO))v 01, Oo, BO WOJl? 617 C1 (A4)
¢ — < pky (A5)

and
S(or")

(fiX f(x)~€i7 Vcl, lfa (017 0,17 517 m_jl)> € V[[(QOTl EE— SOTQ)S]]
From the last statement we obtain that Iy ¢ trg(edges(o1)), o(ly) = fix f(x).e; ve =
fix f(z).e. and

d(or’)

(fiX f(m)'eia fix f(ac).ec, fix f(l') €t, (017 0/17 Bla m _]1)) S V[[(SDTI —_— SOTQ)S]] (A6)

We now instantiate eq. (IH2) with v}, jo, o1, o}, 81, (note that (o1, of, S1, j2) > W), 00, So,
c1 t1, S eq. (A4) and eq. (3) and we obtain v., v}, (02, 0%, B2) > (01, 01, B1), t2, ca such that:

fcea | v, (B1)

0 ex”, o1, t1 U], g vhs 02, ta, (B2)
inv(o2, Bo, v}) (B3)

D(edgeS(UQ)u dom(ﬁo))v 02, Oo, BO ~ Uéu 627 C2 (B4)
C2 — €1 < PR (B5)

and

(U£7 véa UZ) (027 0-;7 527 m_jZ)) € V[[QOTl]]

We apply lemma 36 at the last statement and we obtain
(U7,j7 Uéa U1/t7 (0-25 O-éa B2a m 7j1 7j2 - 1)) € V[[QDTl]] (B6)

We instantiate eq. (A6) with o9, 0b, B2, m —j1 —ja—1 (note that (o9, ob, B2, m—j1—ja—1) >
(o1, o}, 1, m—71)) by lemma 29 and lemma 30), and eq. (B6) and we derive

Elafolllf/- ), elefollf ) ), ela/villf/- ], (02 0h Bo m—jr—ia—1)) € Elpm]* (C)

We now instantiate eq. (C) with v;, j3, 02, 05, B2, 00, Bo, €2, t2, 7 (note that r = C(1) = o2(l) =
O from lemma 29), eq. (B4) and eq. (4) and we obtain v., v, (03, 05, B3) > (02, 05, B2), t3,
c3, such that:

el /vel[f/. -] U ve (C1)
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Case

exlz/vl[f/. -, o2, t2 Uy, g ves 03, 3,
(r=S = inv(os, Bo, vr)) A (r=C(l) = inv(o3[l — v¢], Bo, 1))
D(edges(03), Bo), 03, 0o, o~ 05, B3, 3
c3 < oK/
r=S8= (v, Ve, vt, (03, 05, B3, m—ji)) € V[er]

T:(C(l) = (Uia Ve, la (UB[ZH ('Uta [])]7 Uév B37 m_J’L)) GV[[<p71H

We can now show the goals.

1. From eq. (Al), eq. (B1) and eq. (C1) we can derive that
Oc(e1 e2)  ve
2. From eq. (A2), eq. (B2) and eq. (C2) we can derive that
0.7 €e?, o4, to U, g ves 03, t3,

Furthermore, from eq. (C3) we obtain

(r=S = inv(os, Bo, v1)) A (r=C(l) = inv(os[l — vi], Bo, 1))
3. From eq. (C4) we derive
D(edges(ag), /80)7 0—37 O—Ov BOW O—L‘,% /837 63

4. From eq. (A5), eq. (B5), and eq. (C5) we can derive that
cs—d<p(ki+ra+K +(e=C?2:0))

5. Assume that r = S. From eq. (C6) we derive that
(/Ui7 Ve, Ut, (037 Uéu 637 m_jl)) S V[[SOTQ]]
6. Assume that r = C(l). From eq. (C7) we derive that

(Ui7 Uc, l, (03[l = (Ut7 H)]? 02/37 /337 m_.jz)) € V[[SDTQ]]

A; ;T Feer: (n M TQ)C | K1 <= Tep!

A; DT Feeg:m | ke — Teg” ECdmn k=K + K1+ k2 + copple, C)

appc
A; ;T Feepea:m | k—letf = Teg'in letx = e 'in read(f, f. f z)
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By the induction hypothesis applied on the premises we get:

(9@61, Hcel, Ht’_el—', W) S SH(LpTl M gOTQ)C]]wﬂ (IHl)
(Oiea, Ocea, 07 ex, W) € E[pr 7" (IH2)

We pick arbitrary v;, 7;, 0i, 0¢, B, 0o, Bo, ¢, tg and r such that

D(edges(ai)a dom(ﬁo))v Tiy 0oy Bo~ 0c, f, d (1)

(Uia Oc, 67 ]z) > w
Oi(e1 e2) I v;

and
r=C()=o0;(1) =0 A I &don(8)

By inversion of the evaluation relation we derive the following:

Oier |} £ix f(z). ei, J1 (2)
0i€2 ‘U’ U£7j2 (3)
eilr/vi][f/Eix f(x). ] I vi, j3 (4)

and j; = j1 + jo + j3 for some e;, v}, j1, jo and j3 We instantiate eq. (IH1) with fix f(z).e;, j1,
Oiy Oc, Ba (nOte that (0i7 Oc, B? ]1) > W)7 0o, 60; C,a Sa lo, €q. (1) and €q. (2) and we obtain
Vel lfa (017 UII? /81) Z (Jiu Oc¢, /8>7 tl: C1 such that:

cer I va (A1)
0" e1, oi, to U%h@ ly, o1, t1, _ (A2)
inv(oi, Bo, ly) (A3)
D(edges(01), dom(fo)), 01, 00, Bo~ 01, B1, €1 (A4)
c1 —c < pkry (A5)
and
(fix f(x).ei, ver, ly, (o1, ol B, m—7j1)) € V[(em M@Tg)cﬂ (A6)

We now instantiate eq. (IH2) with v}, jo, o1, o}, 81, (note that (o1, o}, 51, j2) > W), 06, So,
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c1 t1, S eq. (A4) and eq. (3) and we obtain v., v}, (02, 0%, B2) > (01, 01, B1), t2, c2 such that:

0062 l} 'Ué

0" ex, o1, 11 lﬁl,@ vy, 02, ta,
inv(os, Bo, v})
D(edges(02), dom(B3,)), 02, 0o, By~ 0y, P2, 2
C2 — €1 < PR

and

(1)1/;7 Uéa ’U;, (027 Uéa 627 m_]Q)) € V[[SOTl]]

We apply lemma 36 and lemma 37 at the last statement and we obtain
(Ug) Uéa Ullh (027 Uéu ﬁQ? m _jl _j2 - 1)) € V[[SOTI]]
Vom, (v, v, (o2, 0, m)) € V(pti)
vV om, (v., vi, (oaWah, Ba, m)) € V(em)

We distinguish two cases.

o If & dom(f1)

(B1)
(B2)
(B3)
(B4)

(B5)

(B6.1)

(B6.2)

(B6.3)

From eq. (A6) we derive that o1(ly) = (fix f(z). e, €) and v, = fix f(z). e., for some e,

€, and e, and

S(ok’
(fix f(z).e;, fix f(z).ec, £ix f(x). e, (01, o), B1, m —c1)) € Valon u>c,072]]

(A6.1)

We instantiate eq. (A6.1) with o9, 05, B2, m — j1 — j2 — 1 (note that (o9, b, B2, m—j1 —

jo—1) > (o1, o1, B1, m — j1) by lemma 29), and eq. (B6.1) and we derive

(eila/oillf /- ], ecla/lLf /- ), ella/ollf/- - )s (o2, 0b, B2, m—ji—j2—1)) € E[pra]

We consider two cases.

—r=S

(©)

Let l,, = freshy, (02). We instantiate eq. (C) with v;, j3, o2[l, +— O], 05, B2, (note that

oo[l, — O] J oy and jzs <m — j1 — j2 — 1 and [,, & dom(f2) since dom(f2) C dom(o2))
00, Bo, C2, ta + 1, C(l,) eq. (B4) and eq. (4) and we obtain v., v, (03, 0%, f3) >
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(o2[ln, — O], b, B2), t3, c3, such that:

eclz/ve)[f/- -] ¥ ve (C1)

elz/v]lf/.- ], o2lln = 0], ta+1 U(Lj%”) v, 03, t3, _

and consequently

(£ix f(2)-e0) v}y oalla = O, t2 + 105050 0, o, 1y, (C2)
inv(os(ln = (v, ()], Bos In) (C3)
D(edges(03), Bo), 03, 0o, Bo~ 03, [3, C3 (C4)

5 — ca < oK (C5)

(vi, Ve, In, (03lla = (v, ), 03, B3, m —ji)) € V][] (C6)

We can now show the goals.

1. From eq. (Al), eq. (B1) and eq. (C1) we can derive that

Oc(e1 e2) | v,

2. From eq. (A2), eq. (B2) and eq. (C2) we can derive that
etl—eja 04, to U§/17® lnv 03[lf = (le f(x)‘etv (lTM )\ff’Ué, t27 t3) = é‘)][ln = (Uv H)]? t4+17 —

We will show that —path(dom(f,), o3[lf — ...]|[ln — (v, [])], If).

Proof. Assume that path(dom(f8,), o3[ly — ...][l, — (v, [])], ). Then from
lemma 25 we derive that path(dom(f3,), o1, If). It is the case that 7@(01, dom(80)) (Uf)
and using inv(oi, lf, ) we derive that [y € D(edges(oy), dom(5,)). Using
lemma 30 we derive that Iy € dom(f;) which is contradictory. O

We will also show that D(edges(o3[ly — (fix f(z).e, (In, Af. f vi, t2, t3) =
lln = (v, [)]); Bo) = D(edges(o3), 5o)

Proof. Since ly ¢ dom(f) we derive that Iy ¢ dom(B,). If Iy & trg(os[ly —
Alln = (v, [])]) U dom(5,) the result follows by the definition of dependency
graph. Assume that [y € trg(oslly — ...][l, — (v, [])]). Using lemma 29 we
derive that Iy € trg(o1) Since —path(dom(8,), o3[ly — ... ][l — (v, [])], l) the

result follows from lemma 26. O

Now, we can show that inv(os[ly — (fix f(z).et, (ln, Af-f vj, t2, t3) =
Ol = (v, DI, Bos In)
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Proof. We can easily show that ﬁ(dg[lfr—%..][lnH(U, 0l dom(Bo))(FL(ln)) = 7%(03’ dom(ﬁo))(FL(ln))'
Since D(edges(os[ly — ...][l, — (v, [])]), Bo) = D(edges(o3), fo) the result fol-
lows from eq. (C3) O

3. From the facts we proved above and using eq. (C4) we conclude that

D(edges(aslly = .. Jlln = (v, D); Bo)s aslly = .. ]lln = (v, D], 00, Bo

N

Ué? 53, C3
4. From eq. (A5), eq. (B5), and eq. (C5) we can derive that
c3 —c < (k1 + ko + K + capp(€,S))

5. Using the fact that o3[lf — (fix f(x). e, (In, Af. f vy, to, t3) :: €)] O 03 we derive
o3lly — (fix f(x).er, (In, Mf. f vy, to, t3) 2 @)|[ln = (v, [])] 3 o3[ln — (v, [])].
From eq. (C6) and lemma 36 we derive that

(Uiﬂ Ve, ln, (03[lf H][ln = (’U, [])L Uév B3, m_Jl))

€ V[pm]

—r=C(ly)
We instantiate eq. (C) with v;, js, 02, 05, B2, (note that js < m—j1—ja—1, 02(l,) =0
and [,, ¢ dom(f2) using the initial hypothesis and lemma 29, lemma 30) o,, f,, c2,
to+ 1, C(l,,) eq. (B4) and eq. (4) and we obtain v, v, (o3, 05, B3) > (02, 04, B2), ts,
c3, such that:

eclz/vel[f/- -] I ve (C1)

e /villf/.. ], o2 t2+ 147w, 03, b5, (C2)
inv(oslln = (v, ], Bo, ln) (C3)
D(edges(a3), fo)s 03, 0o, o~ 05, B3, 3 (C4)

5 — o < oK (C5)

(i, Ve; bns (o3[l = (v, )], 05, B3, m—ji)) € V[er] (C6)

We can now show the goals.

1. From eq. (Al), eq. (B1) and eq. (C1) we can derive that

90(61 62) U’ Ve
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2. From eq. (A2), eq. (B2) and eq. (C2) we can derive that
0:"e”, o4, to UES{"% v, aslly = (fix f(z).er, (In, Af. [ v, to, t3), (e, ta+1,

We will show that —path(dom(3,), o3[lf — ...], lf).

Proof. Assume that path(dom(3,), o3[lf — ...], If). Then from lemma 25 we
derive that path(dom(f,), o1, lf). It is the case that 7%(017 dom(8,)) () and using
inv(oy, Iy, ) we derive that [y € D(edges(o1), dom(f3,)). Using lemma 30 we
derive that Iy € dom(31) which is contradictory. O

We will also show that D(edges(o3[ly — (fix f(z).e, (In, Af. f v}, to, t3) =
)), Bo) = D(edges(as), fo)
Proof. Since ly ¢ dom(f) we derive that Iy ¢ dom(B3,). If Iy & trg(os[ly —
...]) Udom(f,) the result follows by the definition of dependency graph. Assume
that Iy € trg(os[ly — ...]). Using lemma 29 we derive that I; € trg(oi) Since
—path(dom(5,), o3[l — ...], If) the result follows from lemma 26. O

Now, we can show that inv(oz[ly — (fix f(z).e;, (ln, Af. f v}, t2, t3) =
ltn = (v, D], Boy In)
Proof. We ca show that R, [1,s... )it (v, )], don()) FL(V)) = Ry, don(sy)) (FL(V))

and since D(edges(o3[ly — ... |[ln — (v, [])]), Bo) = D(edges(0o3), B,) the result
follows from eq. (C3) O

3. From the facts we proved above and eq. (C4) we conclude that

D(edges(oslly — ...]), Bo), o3[y = ...][ln— (v, [))], 00, Bo

PSS
/
g3, /835 C3

—

4. Using the fact that o3[ly — (fix f(x). e, (In, Af. f v}, t2, t3), (e))] 2 o3 we derive

o3lly = (fix f(x). ey, (ln, Mf. f v}, ta, t3), (e))][ln = (v, [])] 3 os[ln — (v, [])].
From eq. (C6) and lemma 36 we derive that

(via Ve, ln? (03[lf = ()Hln = (U7 H)]’ Ui,’w /837 m*]Z))
€ V[pm]

e [ € dom(f)
From eq. (A6) we derive that o1 (1) = (fix f(x).eu, €), o1(81(1)) = (fix f(x).ew, ) and
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vl = fix f(z). e, for some e, e;1 and e, and

Vom, (fix f(x).e;, £fix f(x).en, (o1, 0, m)) € V(p7 Llor), ©T2)) (A5.2)
and
Vom, (fix f(z).ec, fix f(z). e, (o1 W), B, m)) € V(eri) (A5.3)

We can pick an arbitrary m and instantiate eq. (A5.2) with m + 1 and then eq. (B6.2)

(note that oo J 01, m < m + 1) in order to derive

Vom, (eilz/Vl[f/fix f(z)-eil, enle/vi][f/fix f(z).enl, (02, 0, m)) € ()™ (C)

We can pick an arbitrary m and instantiate eq. (A5.3) with m + 1 and then eq. (B6.3)
(note that (o2 Wb, B2, m) > (o1 Woi, B1, m+ 1)) in order to derive

Vom, (elw/vllf/£ix f(z). €], efo[z/vi][f/fix f(x).€lp], (03 W02, B2, m)) € Epma) "

Let I/, = freshy(o4). Using lemma 36 and the above equation we derive

Vom, (ec[z/vllf/fix f(z).ec], epolz/vi](f/Eix f(x). elo], (o2 W o3[l = O, B2, m)) € E(pma)?”

D)
We now instantiate lemma 41 with eq. (D) and we derive that
eclz/vl[f /fix f(z).ec] 4 ve (D1)
. C(
6;52 [.%'/’U;Hf/flx f(l‘) 6;2]7 oo W Ué[l;l = D] U’Li nﬂQ l2a oo W Uév _, C3
and consequently using lemma 29
(f oD[f/8ix f(@). o), o3 bll, > O, V50, o o3l s+l (D2)
We also derive
¢ < opn’ (D3)
and
v m, (Uc; l;w (03 W O'é[l;z = UQ]? 627 m)) € V(](PTQD (D4)

We consider the following cases.
—r=S8
Let [,, = freshy(o2). Using lemma 36 and eq. (C) we can derive that

Vom, (eilz/vil[f/fix f(x).e], enlz/v][f/fix f(2).en], (o2(ln = O, 0, m)) € E(pma)
(C.1)

We now instantiate lemma 41 with eq. (C.1) and we derive that

enla/vj)lf /fix f(2)-€jlen, oally = O, t2 + 1477 v1, 03, t3, _
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and consequently
(f v)lf/£ix (@) eh], oalln = O], ta+ 147" w1, 05, s, (C1)

We also derive using the fact that the evaluation relation in the source is deterministic
Vom, (vi, In, (03[ln = (vi, D], 0, m)) € V{er) (C2)

We can now show the goals.

1. From eq. (A1), eq. (B1) and eq. (D1) we can derive that

Oc(e1 e2) | v,

2. From eq. (A2), eq. (B2) and eq. (C1) we can derive that
th‘e] o, to ll%h@ ln, Ug[lf — (fiX f(l’) €¢1, (ln, )\f f’Ué, to, tg))Hln — Uﬂ, t3—|—1, o

Furthermore, we will show that inv(os[ly — (fix f(z). em, (In, Af. f v}, t2, t3))][ln —

Ul]a Bo, In)
Proof. Let [ € ’7A3(U£,’[lf,_>m][171,_)(1,7 0, dom(bijo))(FL(ln))‘ We know that [ € dom(31)

and consequently from lemma 30 we can derive that Iy € D(edges(o1), dom(f3,))

or ly € dom(b,). Thus, path(dom(5), edges(o1), lf). Using lemma 25 we can

derive that path(dom(f,), edges(os[ly — ...|[l, — (v, [])]), ln), and thus, by the

definition of 73(,7 3(+); that I = I,,. Also, using lemma 29, we derive that there is no
(I, Uy, f', 1, t5) € edges(os[ly — ...][l, — (v, [])]) such that path(dom(f,), o3[lf —

ol = (v, )], 1) and £ < tq, ta < t5. We conclude that I, € trg(D(edges(os[ls —
<l = (v, D)), dom(5,))) O

3. We can use eq. (D2) and the definition of change propagation to derive that
[(Lf, ny M- f vp, ta, t3)], 03, 0%, B2~ ol = (v2, )], Balln — 1], c3+2

We will also show that D(edges(os[ly — (fix f(x).eu, (In, Af. f v, ta, t3) =
é)][ln = (1), H)D? /60) :D(edges(02)7 BO)"H— [(lfa ln, )‘ff Q)7/t7 lo, t3)]

Proof. Note that
D(edges(as[ly — ... ][ln = (v, [])]), Bo) =

D(edges(o2) U (edges(o3) \ edges(o2)) U (Iy, ln, Af. f vy, to, t3), Bo)

We know that lf € dom(f;) and consequently from lemma 30 we can derive

that [y € D(edges(o1), dom(5,)) and path(dom(f3), edges(o1), If). We can use
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lemma 27 (all the other preconditions follow from lemma 29) to derive the re-
sult. O

From the above, lemma 33 and lemma 32 we derive

D(edges(a3[lf = .. ][ln = (1)7 H)])a 180)7 03[lf = Hln = (1}, [])]7 Oo, /Bo

lod

os(ly, = (va, [))], Bolln — 1], ca +c3+2

4. From eq. (Ab), eq. (B5) and eq. (D3) we can derive that
c2+e3+2—d <k + Rz + K + capple, C))

5. Using the fact that o3[ly — (fix f(x). e, (In, Af. f v}, t2, t3) 2 €)] J o3 we derive

oslly = (fix f(z). e, (In, Af-f vps b2, t3) 2 @)][ln = (v, [)] 2 o3[ln = (v, )]
From eq. (C2), eq. (D4), lemma 36 and the definition of the relation we derive
that

(Uiv Ve, l’m (03[lf = ][l;’b = (1)1, H)]’ O’é[l;l = (027 [])]7 52[171 = l%]? m_.jl))

€ V[pm]

— m=C(l)

We now instantiate lemma 41 with eq. (C.1) and we derive that
/ . C(ln)
enlz/villf/fix f(z). enle,, o2, ta+ 147 "y v, 03, T3,
and thus, we obtain
. C(ln
(f vl /tix f().en), 02, to+ 147" 01, 03, 1, (C1)

and
Vom, (vi, ln, (o3[ln — v1], 0, m)) € V(pTa) (C2)

We can now show the goals.

1. From eq. (Al), eq. (B1) and eq. (D1) we can derive that
Oc(e1 e2) I ve
2. From eq. (A2), eq. (B2) and eq. (C1) we can derive that
0™, 0i, to U7y o1, oslly o (Fix f(x) e, (o Affop, to, t))], ts+1, _
Furthermore, we will show that inv(o3[lf — (fix f(z).eu, (In, Af. f v}, ta2, t3))][ln —
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Ul]a /807 ln)

Proof. Let | € ﬁ(gg[lf,_)m”ln,_}(u 0], dom(8,)) (FL(In)). We know that Iy € dom(51)
and consequently from lemma 30 we can derive that Iy € D(edges(o1), dom(f3,))
or ly € dom(b,). Thus, path(dom(/), edges(o1), lf). Using lemma 25 we can
derive that path(dom(f,), edges(os[lf — ...][ln — (v, [])]), ln), and thus, by the
definition of 7%( y(+), that I = I,,. Also, using lemma 29, we derive that there is no

(I, 1, f', 1], t) € edges(as[ly — ...][ln — (v, [])]) such that path(dom(f,), o3[lf —
= (v, D], 1) and 8] <, ta < th. We conclude that I, € trg(D(edges (o3[l —

<l = (v, D)), dom(5,))) N

. We can use eq. (D2) and the definition of change propagation to derive that

[(lfa ln7 )‘ff ’Ugv t27 t3)]a g3, Jé? 62 ng[lfn = (U27 H)]’ ﬁQ[ln Hlfrz]a C3+2

We will also show that D(edges(os[ly — (fix f(x).eu, (In, Af. f v, ta, t3) =
é)])7 Bo) :D(edges(02)7 50)—H— [(lfv ln7 )‘ff Ué? ta, t3)]

Proof. Note that
D(edges(aslly = ... |[ln = (v, [D]), Bo) =

D(edges(0z) U (edges(os) \ edges(a2)) U (If, In, Af.f v}, t2, t3), Bo)

We know that Iy € dom(f;) and consequently from lemma 30 we can derive
that Iy € D(edges(o1), dom(f3,)) and path(dom(53), edges(o1), If). We can use
lemma 27 (all the other preconditions follow from lemma 29) to derive the re-
sult. O

From the above, lemma 33 and lemma 32 we derive

D(edges(os[ly — ...]), Bo), o3lly —...], 00, Bo

od

O-é[l;’l, = (ve, ()], Balln — l%]? c2+c3+2
. From eq. (A5), eq. (B5) and eq. (D3) we can derive that
co+c3+2— <p(k1+ Ko+ K + capple, C))

. Using the fact that o3[l; — (fix f(x). e, (In, Mf. f v}, t2, t3) 2 €)] J o3 we derive

o3lly — (fix f(z).er, (In, Mf. f vy, to, t3) 2 @)|[ln = (v, [])] 3 o3[ln = (v, [])].
From eq. (C2), eq. (D4), lemma 36 and the definition of the relation we derive
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that

(Uiv Ve, l’m (03[lf = ][ln = (Ulv H)]ﬂ Ué[l;l = (027 [])]7 52[171 = l%]? m _JZ))
€ V[pr]

A;®;Thee:7 | K — el Veel, A;®E=T(x)COT(x)) k=(e=C?x :0)
Case nochange

AT T Fee:0(1) | k—Tel

From the induction hypothesis we derive that (6;e, f.e, 6;"e, W) € G[r]x. We know that
(0i, Oc, 0, W) € G[¢I'; ¢I"] We can derive that there are valuations 6, 6, and 6. such that

(05, bc, 0, W) € GloI] (2)
Using theorem 43 we can also derive that (note that W = (o4, 0., B, m)

(9;7 927 92, (Ui7 oc, B, m)) € g[[D((bF)]] (3)

From the above, since FL(0;"e™) = FL(#;"e¢™) = FL("e™) we derive R, (FL(#; e™)) U dom(53) = 0.
We can now use lemma 39 to derive that (6;e, Oce, 6,7, W) e G[O7]o0.
A;®;Thse:7| K — e A;ONC ER <k Veel A;&AN-CET(x) COI(x))

Case split
A;O:Thse:7 | kel

We consider the following cases.

. EoC

Then we can derive that = ¢r’ < ¢r. From the induction hypothesis we derive that
(Bie, Oce, bre, W) € E[r]"
From lemma theorem 43 we show that

(91'6, 9667 97567 W) € 5[[7—]]){

o [ oC

Using theorem 43 we can derive that
(eiv 067 0t7 W) € gHD(¢F)]]

We can subsequently show that R, (FL(f;"e™)) N dom(3) = 0, since FL(6;"e") = FL(6;)

Then from lemma 39 we can show that
(Bie, Oce, Ore, W) € E[7]°
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and consequently
(9i67 9067 07567 W) € ‘5‘[[7—]]’i

A;d:Thee: 7 | K —Tel AdETCT AdER <k
C

A;O:Thee:7 | k= Tel

Case

From the induction hypothesis we know that
(Bie, Oce, 6,7¢7, W) € E[F']"
Using theorem 43 we derive that

(O;e, O.e, 6,7, W) e &E[7]"
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