NoPE: The Counting Power of Transformers
with No Positional Encoding

Highlights of Games, Logic, and Automata 2025, Saarbriicken

Chris Kécher!  Alexander Kozachinskiy? ~ Anthony Widjaja Lin"?
Marco Silzer®  Georg Zetzsche!

! Max Planck Institute for Software Systems, Kaiserslautern, Germany
2 Centro Nacional de Inteligencia Artificial, Santiago, Chile
3 Rheinland-Pfilzische Technische Universitit, Kaiserslautern & Landau, Germany

September 4, 2025



Transformers?

TOKENIZES MULTI-HEAD
TEXT ATTENTION

POSITIONAL

X v

m Transformers are the basic model in machine learning used in recent LLMs
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m Artificial intelligence is often not intelligent:
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Source: Facebook, “15 most powerful passports in the world”
m We try to understand what transformers actually can do.
3 m A first step: study expressibility



Transformers: Scheme

input sequence | a | b | c | a | a | b | d | c | $ word over finite alphabet X,
. ends with an end-of-sequence symbol s ¢ X,
word embedding length is arbitrary

positional encoding

L layers
! o o o o o o ! o
output sequence |V1|V2|V3|V4|V5|V6|V7|V8|V9|
i = .
acceptance criterion Vg [1] > 02

yes / no



Transformers: Scheme

input sequence |a|b|c|a|a|b|d|c|$|

word embedding < given: arbitrary function WE: S u {s} — Q¢ ‘

iia | iy | | ha | ha | iy | dla || g

positional encoding

i | v

L layers
! o o o o o o ! o
output sequence Vl|V2|V3|V4|V5|V6|V7|V8|V9|
acceptance criterion vl [1] > 0?
P |ws| :

yes / no



Transformers: Scheme

input sequence |a|b|c|a|a|b|d|c|$|
word embedding
iia [ | [ iha | | i | a1 [ | | given: arbitraroy function PE:N x N -
eg.,0,i,%, =, sini,...
positional encoding s o
_ compute for each position1< i < [ws:
U [ 72 [ 2 [ 9 [ 95 | 96 [ 97 [ s [ 95 | 3 = ilg, + PE(i, lws) € Q7

L layers
! o o o o o o ! o
output sequence | V! | V) | v, | v, | v | v | W, | v | W |
. . o
acceptance criterion Vlwsl[l] > 0?

yes / no



Transformers: Scheme

input sequence

word embedding

positional encoding

L layers

output sequence

acceptance criterion

Attention layer:

V2
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Transformers: Scheme

input sequence ‘a‘b‘c‘a‘a‘b‘d‘c‘ss‘
Attention layer:
word embedding Vi | ¥y | V3 ‘ V4 ‘ Vs ‘ Ve ‘ V7 ‘ Vg ‘ V9 ‘
EAESEAEAEAESEAEAEA W W2 s B Vs Bs V7 Ta s
- . Vi
positional encoding
V2
Vs
Vg S4,7
Vs

cell (i, j) contains

Ve the attention score

5, s =(K(), Q())
with K, Q: Q" — Q°

given affine transformations

Vo (key and query map)

L layers

output sequence

acceptance criterion




Transformers: Scheme

input sequence ‘a‘b‘c‘a‘a‘b‘d‘c‘ss‘
Attention layer:
word embedding Vi | V2 | V3 ‘ V4 ‘ Vs ‘ V6 ‘ vz ‘ Vg ‘ Vo ‘
it iy | iic i | iha | iy | i | i | s | VoV W V4 Ts e B7 Vg ¥
N ) W for each row i:
positional encoding [+] . i 1 compute the
Blo|—2[ 11 ]4a2alaellla ;
attention vector
‘V]‘Vz‘V3‘V4‘V5‘V6‘V7 Vg‘Vg V3 ~ dj

L layers

output sequence

acceptance criterion




Transformers: Scheme

input sequence

Attention layer:
word embedding AR ‘ A ‘ s ‘ Ve ‘ pA ‘ Vg ‘ o ‘
Vo V3 Vg Vs Ve V7 Vg Vg
. . n ~ dy
positional encoding
V2 ~ a4z
E 7 ~ @
Vs ~ ds
Ve ~ dg
L layers - _
V7 ~ az
Vg ~ dg
output sequence ‘ V:Q¥ - Qtis given
affine transformation
acceptance criterion S| s S| o
P ‘ ‘ ‘ ‘ 4 ‘ V5 | Y6 | Y7 | V8




Transformers: Scheme

input sequence

word embedding

positional encoding

L layers

output sequence

Positionwise layer:

3s [ 9 s | 9 | s | 9 | 90 |

fQ@-0Q
is an affine transformation or
ReLU(x) = max{0,x}

ol
[+

57 152 | 52 | a2 | 52 || 52
ARARRAEARENA

acceptance criterion




Transformers: Attention Mechanisms

B Unique Hard Attention Transformers (UHAT)

—

Vi V2 V3 V4 Vs Ve V7 Vg Vg

—

vilo|-2[1]1 21 42| 1 |41| ~d;=7s

Average Hard Attention Transformers (AHAT)

Vi Va V3 V4 V5 Ve V7 Vg Vo

—

v [o]=2]} 1% 41| ~ ;= L5+ 13

Softmax Attention Transformers with temperature scaling 7 > 0 (7-SMAT)

VI Vo V3 V4 Vs Vg V7 Vg Vg
N |W$| esi,j/r .
Vi ~ dj =

j=1 Zl:,sl ikl Vi
=1 2=



Transformers: Languages

m accepted language of a transformer T: L(T) = {w € Z* | T(ws) = yes}.
m AHAT / -SMAT / SMAT: all languages accepted by an AHAT / 7-SMAT / 1-SMAT

m NoPE-C: all languages accepted by a C-transformer without positional encoding (i.e.,
PE(i,n) = 0)

m C[U]: all languages accepted by a C-transformer such that each layer is uniform (i.e., if
the key and query maps K and Q are constant).

m C[<L]: all languages accepted by a C-transformer with at most L attention layers.



Results

¢ | TC°
NoPE-AHAT ¢ | AHAT
NoPE-AHAT[<1] = c
_ ¢ |NoPE-AHAT[U] -
QFPA = 7-SMAT
SemiAlg € | SMAT | <

Let X = {a,az,...,a4} be an alphabet. The Parilkh map is defined as
V25" = Nw o ([Wlays [Wlago - [Way)

where |w|,, is the number of occurrences of a; in the word w.


https://arxiv.org/abs/2505.11199

L ¢ X" is semi-algebraic (in SemiAlg) if there are rco
y polynomials py, pa, ..., py € Z[X] suchthat L = Ly u---UL
where L, = {w € Z* | p;(¥(w)) > 0}.

Pk

QFPA 7-SMAT

N

SemiAlg S | SMAT

L c X" is semilinear (in QFPA) if it is semi-algebraic

such that all polynomials are linear (i.e., have degree < 1).
1 ]

L is described by a Presburger formula. defined as

Y3 > Nw o (Wl [Wlags - o5 [W]ay)

where |w|,, is the number of occurrences of a; in the word w.


https://arxiv.org/abs/2505.11199

¢ | TC
NOPE-AHAT | ¢ | ApaT
NoPE-AHAT[<1] =
s ¢ INoPE-AHAT[U]

QFPA = r-SMAT
SemiAlg S | SMAT

[ Definition [ Corolary 1

LetZ={anaz - poi(NoPE-AHAT) = RE 1 PI R

Corollary =)

The emptiness problem is undecidable for
(NoPE-)AHAT with two (uniform) layers.

N

N

where |w|,, is the r



https://arxiv.org/abs/2505.11199

¢ | TC
NOPE-AHAT | ¢ | ApaT
NoPE-AHAT[<1] =
- ¢ INoPE-AHAT[U]

QFPA = r-SMAT
SemiAlg SMAT

recursively enumerable languages _

P/rij(NoPE—AHAT) =RENPI

languages (L) for L ¢ NoPE-AHAT _ lag)
wij | and projections > = T'U (€} is undecidable for

(NoPE- )AHAT with two (uniform) layers.

N

N
N

LetX = {al,az, e

permutation-invariant languages



https://arxiv.org/abs/2505.11199

¢ | TC
NOPE-AHAT | ¢ | ApaT
NoPE-AHAT[<1] =
s ¢ INoPE-AHAT[U]

QFPA = r-SMAT
SemiAlg S | SMAT

[ Definition [ Corolary 1

LetZ={anaz - poi(NoPE-AHAT[U, <2]) =REn Pl Nedas

Corollary =)

The emptiness problem is undecidable for
(NoPE-)AHAT with two (uniform) layers.

N

N

where |w|,, is the r



https://arxiv.org/abs/2505.11199

¢ | TC
NOPE-AHAT | ¢ | ApaT
NoPE-AHAT[<1] =
s ¢ INoPE-AHAT[U]

QFPA = r-SMAT
SemiAlg SMAT

N

N
N

m Open Problems:
m Are NoPE-AHAT < SMAT and AHAT, SMAT c 7-SMAT proper inclusions?
m Is NoPE-AHAT([<L, U] equal to semi-algebraic sets with polynomials E
of degree < L? A

Thank you!

7 arXiv: 2505.11199
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