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Transformers?

Transformers are the basic model in machine learning used in recent LLMs
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Motivation

Sometimes today’s artificial “intelligence” is not very intelligent:

(Spoiler: “arbitrary” contains three “R”s)
Here: we analyze expressibility of transformers that take complex data (like pictures,
videos, voice, time series, . . . ) as input
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Unique Hard Attention Transformers (UHAT) on Data Sequences

u⃗1 u⃗2 u⃗3 u⃗4 u⃗5 u⃗6 u⃗7 u⃗8 u⃗9input sequence

⊗ PEpositional encoding

v⃗1 v⃗2 v⃗3 v⃗4 v⃗5 v⃗6 v⃗7 v⃗8 v⃗9

#

#

k layers

w⃗1 w⃗2 w⃗3 w⃗4 w⃗5 w⃗6 w⃗7 w⃗8 w⃗9output sequence

⟨w⃗1, z⃗⟩ > 0? z⃗

0 / 1

acceptance criterion

finite sequence over infinite alphabetQd

of arbitrary length n

given: arbitrary function PE∶N ×N→ Re

e.g., 0, i , 1i ,
i
n , sin i , . . .

compute for each position 1 ≤ i ≤ n:

v⃗i = (
u⃗i

PE(i , n)) ∈ R
d+e

Attention layer:
v⃗1 v⃗2 v⃗3 v⃗4 v⃗5 v⃗6 v⃗7 v⃗8 v⃗9

0 −2 π 1 42 21 42 e
√
2

↝ a⃗1 = v⃗1
↝ a⃗2 = v⃗5
↝ a⃗3 = v⃗3
↝ a⃗4 = v⃗9
↝ a⃗5 = v⃗7
↝ a⃗6 = v⃗4
↝ a⃗7 = v⃗3
↝ a⃗8 = v⃗8
↝ a⃗9 = v⃗5

v⃗1
v⃗1

v⃗2

v⃗2

v⃗3

v⃗3

v⃗4

v⃗4

v⃗5

v⃗5

v⃗6

v⃗6

v⃗7

v⃗7

v⃗8

v⃗8

v⃗9

v⃗9

s4,7

cell (i, j) contains
the attention score
si , j = S(v⃗i , v⃗ j)

with given S∶R2r → Rs

for each row i:
pick left-most vector
with maximum score
↝ attention vector a⃗i

v⃗′i = V(v⃗i , a⃗i)

v⃗′1 v⃗′2 v⃗′3 v⃗′4 v⃗′5 v⃗′6 v⃗′7 v⃗′8 v⃗′9

V ∶R2r → Rt is given

ReLU layer:
v⃗1 v⃗2 v⃗3 v⃗4 v⃗5 v⃗6 v⃗7 v⃗8 v⃗9

v⃗′i =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

v⃗i[1]
⋮

max{0, v⃗i[ j]}
⋮

v⃗i[t]

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

v⃗′1 v⃗′2 v⃗′3 v⃗′4 v⃗′5 v⃗′6 v⃗′7 v⃗′8 v⃗′9

vector z⃗ ∈ Rt is given
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Word vs. Data Languages

UHATs with finite alphabet UHATs with infinite alphabet
⊆ AC0 [Hao et al. 2022] ⊆ TC0,

Circuit complexity
≠ AC0 [Barceló et al. 2023] ⊈ AC0 ∗

Regularity = Star-Free ∗ [Angluin et al. 2023] ⊈ Regular ∗

= LTL ∗ [Angluin et al. 2023]
Logic

⊇ LTL(Mon) [Barceló et al. 2023]
⊇ LTLTL

Merci!

arXiv: 2405.16166

Languages accepted by a family of circuits of
constant depth,
polynomial size, and
Boolean gates with unbounded fan-in.

AC0 + majority gates

A data language is regular if it is accepted by a
symbolic, register, or data automaton.

LTL + monadic predicates Θ:
Let (θn)n∈N be a family of predicates θn∶ {1, . . . , n} → {0, 1}.

(v⃗1, . . . , v⃗n), i ⊧ Θ iff θn(i) = 1

Locally Testable LTL = LTL(Mon) + arithmetic constraints:
(v⃗1, . . . , v⃗n), i ⊧ ⟨a⃗, (x⃗1, . . . , x⃗k+1)⟩ > b iff i ≤ n − k and ⟨a⃗, (v⃗i , . . . , v⃗i+k)⟩ > b holds

∗without positional encoding, but with masking
5



Word vs. Data Languages

UHATs with finite alphabet UHATs with infinite alphabet
⊆ AC0 [Hao et al. 2022] ⊆ TC0,

Circuit complexity
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