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(De-)Motivation?

Lower bound

Source PE

Attention

Notes

3 MAIJORITY Pérez et al. 2019 none average-hard

> SuurFLE-Dyck-k  Bhattamishra et al. 2020a none softmax, future mask

2 SSCMs Bhattamishra et al. 2020a none softmax, future mask

3 Dvck-k Yao et al. 2021 i/n,i/n?, n  softmax & leftmost-hard

o P Pérez et al. 2021 i,1/i,1/i*  average-hard poly(n) steps
3 PariTy Chiang and Cholak 2022 i/n, (-1)"  softmax

2 FOC[MOD; +] Chiang et al. 2023 sinusoidal  softmax

2 FO[Mon] Barcel6 et al. 2024 arbitrary leftmost-hard

D LTL+C[Mon]  BarcelG et al. 2024 arbitrary average-hard

Upper bound Source Precision Attention Notes
# Parity, Dyck-1 ~ Hahn 2020 R leftmost-hard

# Parity, Dvck-2  Hahn 2020 R softmax, future mask &n > 0, vanishing KL
c AC® Hao et al. 2022 Q leftmost-hard

c1C’ Merrill et al. 2022 F average-hard

< FOC[MOD; +] Chiang et al. 2023 o(l) softmax

€ L-uniform TC®  Merrill and Sabharwal, 2023a O(log n) softmax

c FOM[BIT] Merrill and Sabharwal, 2023b  O(log n) softmax

€ L-uniform TC”  Strobl 2023 F average-hard

Equivalent Source PE Attention Notes
=RE Pérez et al. 2021 i,1/i,1/i*>  average-hard unbounded steps
=FO Angluin et al. 2023 none rightmost-hard, strict future mask

= FO[MOD] Angluin et al. 2023 sinusoidal  rightmost-hard, strict future mask

= FO[Mon] Angluin et al. 2023 arbitrary  rightmost-hard, strict future mask

=P Merrill and Sabharwal, 2024 none average-hard, future mask poly(n) steps

Source: [Strobl et al. 2024]
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e vall Mearrillat al_2029 h-) hard

c e ° °
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c FOM[BIT] Merrill and Sabharwal, 2023b  O(log n) softmax

€ L-uniform TC® ~ Strobl 2023 F average-hard
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= FO[MOD]
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Transformers: Scheme

input sequence | a | b | c | a | a | b | d | ¢ | $ word over finite alphabet X,
word embedding ends with arie:lg‘i:f,_?:g_:l;;::r syymbol $ ¢,
tia | i | U | tla | tia |ty |t | tc ﬁs|
positional encoding

L[5 [ 9 [ 35 ] s [90 [ ] 5 |

L layers
et It B Bt B e A Eu A et B it B at A Bu
output sequence | i | Vv | A | 4 | vt | vl | v | 4 | V4 |
i = .
acceptance criterion Vg [1] > 02

yes / no



Transformers: Scheme

inputsequence  [a[b[clalab]a]c]s]
word embedding < given: arbitrary function WE: S u {s} — Q¢ ‘
tia |ty | e | ha | ha | iy | dha | i1 | s |
positional encoding
[] 72 AR

L layers
et It B Bt B e A Eu A et B it B at A Bu
output sequence | i | Vv | A | 4 | AR | 4 | V4
i = .
acceptance criterion Vg [1] > 02

yes / no



Transformers: Scheme

input sequence |a|b|c|a|a|b|d|c|$|
word embedding
Ug | iy | e | tia | g | ip | g | tic ﬁsl given: arbitrary function PE:NxN - Q¢
eg,0,i,1,4,sini,...
positional encoding
compute for each position 1< i < [ws:
[P SO e ey ey gy R R S ) 7
|V1|V2|V3|V4|V5|V6|V7|V8|V9| Vi = tla, + PE(i,|ws|) € Q
L layers
output sequence | v | v | A | vy | A | A | A | A | A |
acceptance criterion 17|'Ws|[1] > 0?

yes / no



Transformers: Scheme

input sequence

Attention layer:

word embedding Vs ‘ V4 ‘ Vs ‘ V6 ‘ V7 ‘ Vs ‘ Vo

V2

Vi Va V3 Vg Vs Ve V7 Vg Vo

positional encoding

|9 293 [ 9a | 95 | 96| 9 [ s [ o] | W

L layers

output sequence

acceptance criterion ‘ V| 7 ‘ A ‘ A ‘ A ‘ A ‘ A ‘ Vg | vh




Transformers: Scheme

input sequence

word embedding

positional encoding

L layers

output sequence

acceptance criterion

Attention layer:

73 [ 74 | 95 | 6 | 97 | 98 | 90

‘ua‘ﬁb‘uc aa‘ﬁa‘ﬁb‘ﬁd‘ac ﬁs‘ Vi V2 V3 Vg Vs V6 V7 Vs Vo

i
.

V2

|9 293 [ 9a | 95 | 96| 9 [ s [ o] | W
Vy S47
Vs 2 4

cell (i, j) ¢

V6 the attention score
s = (K(), QGH))
_ with K, Q:Q" - Q°
V8| given affine transformations
Vo (key and query map)




Transformers: Scheme

input sequence

word embedding

Attention layer:

@‘h‘ﬁs‘ﬁé‘%‘is‘

=i
5

V2

W

Vo V3 Vg Vs V6 V7 Vg Vo

positional encoding

2| 7| 1|42|21|42| e [\/2

L layers

output sequence

acceptance criterion

i

A
Vo

Py A Iy A W A T B BT T A
VZ‘VS‘V4‘V5‘V6‘V7‘V8

for each row i:

compute the
attention vector

~ d;




Transformers: Scheme

input sequence

word embedding

positional encoding

L layers

output sequence

acceptance criterion

Attention layer:

91 [ 92 95 [ 74 [ 95 [ s [ 57 | 98 ] 7o |
Vi Vp V3 Vg Vs Vg V7 Vg Vg
W ~ d
Vp ~
‘171‘172‘173“74‘175‘176‘177“78‘179‘ 73 ~ d3
V4 ~ Gy
Vs ~ ds
Vs ~ dg
V7 ~r dy
173 =2 aS
179 4 ﬁ9

V:Q* — Q' is given
affine transformation

K

Py A Iy A W A T B BT T A
VZ‘VS‘V4‘V5‘V6‘V7‘V8

7
% |




Transformers: Scheme

input sequence

word embedding

positional encoding

L layers

output sequence

acceptance criterion

[a]vfclafafo]afc]:]

iy | il | iy | ha

ﬁC

[ia ]

Positionwise layer:

3‘1’4‘1’5‘1/6‘1/7‘1’8‘1/9‘

fO-Q
is an affine transformation
or the ReLU function

Py A Iy Byl A Iyl B ey B Iy A Ryt
ARRERERERA




Transformers: Attention Mechanisms

Unique Hard Attention Transformers (UHAT)

—

Vi Vo V3 V4 V5 Ve V7 Vg Vo

—

vilo|2|m|1 21(42| e |\/2| ~d;="Vs

Average Hard Attention Transformers (AHAT)

—

Vi Vo V3 V4 Vs Ve V7 Vg Vo

ANEIE: le v I

Softmax Attention Transformers with temperature scaling 7 > 0 (7-SMAT)

VI V2 V3 V4 Vs Ve V7 Vg Vg
L bwsl
Vi ~adj = Z:|ws;| sk il T 'Vj

j=1



Transformers: Attention Mechanisms

Unique Hard Attention Transformers (UHAT)

—

Vi Vo V3 V4 V5 Ve V7 Vg Vo

—

vilo|2|m 1.21 42| e \/2| ~ad;=7s

take the left-most or right-most vector

I, with maximal attention score
Vi V2 V3 V4 V5 V v v VY

ANEIE: le v I

Average Hard Attention Transform

Softmax Attention Transformers with temperature scaling 7 > 0 (7-SMAT)

VI V2 V3 V4 Vs Ve V7 Vg Vg
L bwsl
Vi ~adj = Z:|ws;| sk il T 'Vj

j=1



Transformers: Attention Mechanisms

Unique Hard Attention Transformers (UHAT)

—

Vi Vo V3 V4 V5 Ve V7 Vg Vo

—

vilo|2|m|1 21(42| e |\/2| ~d;="Vs

Average Hard Attention Transformers (AHAT)

—

Vi Vo V3 V4 Vs Ve V7 Vg Vo

ANEIE: le v I

Softmax Attention Transformers with temj] take the average of the vectors

e %~ ~ + + - . | with maximal attention score
Vi Va2 V3 V4 V5 Ve V7 Vg

N |W$| &S ilT
Vi ~ aj = Z:|ws;| sk il T Vi

j=1



Transformers: Attention Mechanisms

Unique Hard Attention Transformers (UHAT)

—

Vi Vo V3 V4 V5 Ve V7 Vg Vo

—

vilo|2|m|1 21(42| e |\/2| ~d;="Vs

Average Hard Attention Transformers (AHAT)

—

Vi Vo V3 V4 Vs Ve V7 Vg Vo

vi|0|-2|m |1 e (V2| ~di=1vs+1v;

) ) take a weigthed sum
Softmax Attention Transformers with temperature of all vectors
VI V2 V3 Vi Vs Ve V7 Vg Vo
. . |W$| ] ilT
Vi ~ ;= W . Vj

j=1



Transformers: Languages

m accepted language of a transformer T: L.(7) = {w € Z* | T(ws) = yes}.
m AHAT / 7-SMAT: all languages accepted by an AHAT / 7-SMAT

m NoPE-C: all languages accepted by a C-transformer without positional encoding (i.e.,
PE(i,n) = 0)

m C[U]|/C[UT]: all languages accepted by a C-transformer such that each layer is
uniform / uniform or tieless.

m A layer is uniform if the key and query maps K and Q are constant.
m A layer is tieless if for each input sequences and all positions there is exactly one position
with maximal attention.

m C[<L]: all languages accepted by a C-transformer with at most L attention layers.



Overview

NoPE-AHAT o Tco
NoPE-AHAT[<1] =
= ¢ |NoPE-AHAT[U]| ¢ |AHAT[UT] < | AHAT

QFPA =
SemiAlg € |7-SMAT

Let X = {aj,a,..., a4} be an alphabet. The Parikh map is defined as

Y3 > Nw o (Wl Wlags - o5 [W]ay)

where |w|,, is the number of occurrences of a; in the word w.



Overview

NoF

L c X" issemi-algebraic (in SemiAlg) if there are
polynomials py, pa, ..., px € Z[X] such that L = L, U

where Ly, = {w € Z* | p;(¥(w)) > 0}.

QFPA =
\

— SemiAlg

—

L c 2" is semilinear (in QFPA) if it is semi-algebraic

l such that all polynomials are linear (i.e., have degree < 1).

§

L is described by a Presburger formula.

0
ULy, & TC
HAT
C |7-SMAT
fined as

Y3 > Nw o (Wl Wlags - o5 [W]ay)

where |w|,, is the number of occurrences of a; in the word w.



Overview

7 NoPE-AHAT o TCO

NoPE-A trivial 1

N

A e

= NoPE-AHAT[U] ? AHAT[UT] AHAT
QFPA 4& - /
SemiAlg 7-SMAT

N

e \J




Overview

% NoPE-AHAT ¢ | 1o
NoPE-AHAT[<1]y” .
_ & \NoPE-AHAT[U])|® |AHATUT]| ¢ | AHAT

= ) !
e & SemiAlg / 7-SMAT

N

N

e \J




NoPE-AHAT c SemiAlg (1)

[alvjajalb]s)
A\
iy | iy | ila | g | iy | i |
Ua
Uy,
Ua J All a-columns (resp. a-rows)
U, ﬁ are the same.
Uy,
Us
A\
Vo | U | Va | Va | ¥ | s |




NoPE-AHAT c SemiAlg (1)

[2a]pjajajb]s|
A\
iy | iy | ila | g | iy | i |
Us
Uiy,
- If one b-position has maximal score,
u .
a then all b-positions attend.
Ua
Uy,
N
A\
Vo | B | P | B | B | Vs |




NoPE-AHAT c SemiAlg (1)

[2fbfajalbfs)
Y
|l | i | tha | s | iy | s |
Ua
iy
Ua _ = attention corresponds to choosinga I € > U {s}
Ua = < 2*/"! many choices for each attention vector
ip
s
Y
- —~ N N N — 2 .
| Va | Vp | Va | Va | Vb | Vg | = < 217D many different outcomes




NoPE-AHAT c SemiAlg (1)

[2fbfajalbfs)

Ua

f = < 2 many different outcomes per letter

Y

| | | | | | = < 2" many different outcomes

= < o(Pr many different outcomes after L layers



NoPE-AHAT c SemiAlg (2)

m For each of the 2(1Z1*D)*L many choices construct a conjunction of polynomial
inequalities that verify:

the choices maximize the attention scores
the resulting vector 17§L) satisfies the accepting condition

m Choice of maximal score can be done via equations of the form
(K(Va), QVp)) 2 (K(¥y), Q(Vp))
m New values can be expressed via

17‘,X[l:| _ Zﬁel"xﬁ ' 1713[1]
Zﬁel" X

m Finally, take a disjunction over all 202> L conjunctions. ]
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m For each of the 2(1Z1*D)*L many choices construct a conjunction of polynomial
inequalities that verify:

the choices maximize the attention scores
the resulting vector 17§L) satisfies the accepting condition

m Choice of maximal score can be done via equations of the form

(K(Va), Q(vg)) 2 (K(vy), Q(vp))

m New values can K are Q are affine transformations
= polynomials il

Vali] = Zﬁel" xp

m Finally, take a disjunction over all 202> L conjunctions. ]



NoPE-AHAT c SemiAlg (2)

m For each of the 2(1Z1*D)*L many choices construct a conjunction of polynomial
inequalities that verify:

the choices maximize the attention scores
the resulting vector 17§L) satisfies the accepting condition

m Choice of maximal score can be done via equations of the form

(K( Equivalently:
17¢Ix[i] : Zﬁel" xg = Zﬂef Xg - 17[3[1]

m New values can be expressed v

17‘,X[l:| _ Zﬁel"xﬁ ' 1713[1]
Zﬁel" X

m Finally, take a disjunction over all 202> L conjunctions. ]



Overview

7 NoPE-AHAT ¢ | TCO
NoPE-AHAT[<1]y” .
= ¢ W\NoPE-AHAT[U] %/AHAT[UT] AHAT

= ) !
e & SemiAlg / 7-SMAT

N

Inl

e \J




Monomials into AHAT

Lemma

Let p € Z[x] be a monomial of degree d. Then
Ly={weZ" | p(¥(w)) >0} € NoPE-AHAT[<d, U].

B Word embedding: map each letter a € U {$} to unit vector &, € N*V{s}
Compute frequencies: compute |X| + 1 many new components holding values ﬁ;‘;'

m One uniform attention layer = attention vector d; = ¥ yexu(s} % “€q = (%)aez%&

m Append the attention vector

B Multiply: compute T Vi for some « € X U {$} and a component y;
m Let u, € {0,1} be the value in component a.

m Compute u, - y; via positionwise layers:
g+ yi = ReLU(yi = (1-uq)) € {0, y;}

m Accumulate the u, - y; to |" y‘ in a uniform attention layer.

|P (% |3 by iterated multiplication. O

B lterate: compute




Monomials into AHAT

Lemma

Let p € Z[x] be a monomial of degree d. Then
Ly={weZ" | p(¥(w)) >0} € NoPE-AHAT[<d, U].

B Word embedding: map each letter a € U {$} to unit vector &, € N*V{s}

Compute frequencies: compute |Z| + 1 many new components holding values =

[ws]

m One uniform attention layer = attention vector d; = ¥ yexu(s} % “€q = (%)aez%&
m Append the attention vector

Multiply: compute % - yi for some a € X U {$} and a component y;
m Let u, € {0,1} be the value in component a.

m Compute u, - y; via positionwise layers:
g - yi = ReLU(yi = (1-uq)) € {0, i}




Parallelize Uniform NoPE-AHATS

SO =TT imnnnns
m z :
LT 1T CITT[TT] CITTTT]
f h @) G
0 ~ a4 0 ~ 0 ~(3)




Parallelize Uniform NoPE-AHATS

ST T[] T TTTT] () |:|:|:(:|):|:|
. : "
mnnnnni SRR
! 5 GREN®
0 ~ dl‘ A;le both attention layers in parallel 0 ~ (3

CILITT] EEEEEN CIIIT1]




Polynomials into AHAT
Let p € Z[X] be a polynomial of degree d. Then

L,={wez* | p(¥(w)) >0} e NoOPE-AHAT[<d, U].

m We may assume that p is homogeneous, i.e. all monomials of p have degree d:

=N L d
p(x0,%) = x5 p(3,.. ., 5m)

mp(X)>0 — p'(Lx)>0
m We will represent x, via the end marker $.
m Construct AHATS for each layer, parallelize them, and compute the sum in a
positionwise layer. ]




Semi-Algebraic Sets into AHAT

Proposition

SemiAlg € NoPE-AHAT[U]

m Let L € SemiAlg and py, ..., px € Z[%] be polynomials with L = L, U---U Ly,

m Compute AHATs for all L,,, parallelize them, and compute the maximum of their
outputs in positionwise layers.

m Note: max{x, y} = max{0,x — y} + y =ReLU(x — y) + y o




Overview

% NoPE-AHAT ¢ | Tc0
NoPE-AHAT[<1]V -

= ¢ W\NoPE-AHAT[U] %/AHAT[UT]
QFPA

N

AHAT

\

Inl

\/& Sem:iAIg / 7-SMAT




Overview

NoPE-AHAT ¢ | T

NoPE-AHAT[<1] =
- ¢ NoPE-AHAT[U] ¢ |AHAT[UT]

QFPA =
SemiAlg \/

N

AHAT

Inl

7-SMAT




Related Results

PARITY = {w € {a,b}*:|w|, is even} ¢ NoPE-AHAT
Proj(NoPE-AHAT) = REn P!

Theorem
Proj(NoPE—AHAT[SZ, U]) = RENPI

Corollary

NoPE-AHAT[<2, U] can express languages not recognized by higher-order recursion schemes
(HORS), Petri nets, simplified multi-counter machines, or LTL with counting.



Related Results
recursively enumerable languages
PARITL , E-AHAT

| J =S

Proj(NoPE-AHAT) = REn PI < permutation-invariant languages
g

—

languages (L) for L € NoPE-AHAT
and projections 7: X - I'U {e}

Corollary

NoPE-AHAT[<2, U] can express languages not recognized by higher-order recursion schemes
(HORS), Petri nets, simplified multi-counter machines, or LTL with counting.




RE n Pl c Proj(NoPE-AHAT[<2, U])

Fact (MRDP Theorem)

L c ¥* isin RE n Pl iff there is a polynomial p € Z[x, ..., x,, ] and a projection m: I'* — X*
with L =z({w e I'* | p(¥(w)) = 0}).

Lemma

For each polynomial p € Z[xy, ..., Xp | there are quadratic polynomials
qi>--->qt € L[X1, .. s Xy | such that for all X € N™:

%) =0 <> thereis y € N with g;(%,7) >0 forall1<i<t.
p Y qilx,y

Idea

m Consider a monomial x; x;,---X;

n

m Introduce new variables y;, ..., y, and set y; = x;;, yj = Xi;Yj-1 foreachl< j<mn



Overview

NoPE-AHAT g | Tco
NoPE-AHAT[<1] =
- ¢ INoPE-AHAT[U] ¢ |AHAT[UT]| c | AHAT
QFPA ? =
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similar to SemiAlg € NoPE-AHAT[U]
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NoPE-AHAT[<1] ¢ QFPA

o= f(n(a))foralla e Zu{s}
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NoPE-AHAT[<1] c QFPA

n'=fon

ESESIAENESIA

~ g

Computations here have no impact on the result.
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NoPE-AHAT[<1] ¢ QFPA
Let I' € X be the set of letters with maximal attention score for $.

o[i] = SaerOanliD) _ SaerGan' @) |

Yaer Ya Yaer Ya

n'=fon ﬁ

Zocel“yoc : ﬁ$[i] = Zocel’(ytx . ’1,(0‘)[1])
AR

wsli] = 5 Ali, jlds[j]+ 5, Alid + ]’ ()[j] + bi]
v {a ig_(@a.)ﬂi_(ﬁm)_:
S (On] > 0 AZ i) =W [1]) v (s[] < 0 A Zs[1] = 0)) A A Fs[f] = s ]

o ig_(ﬂa.):_A‘X’zx"'_B:

R’ Ni%s[i] = £ Ali, jliws[j] + B[]

Accepting condition: Xs[1] > 0

Verify I': Ager max(a) A Ages<r -max(a) with

max(@) = Ages y5 > 0 > (K(1'()), Q' () = (K(n'(B)), Q' (5)))




NoPE-AHAT[<1] ¢ QFPA
Let I' € X be the set of letters with maximal attention score for $.

o[i] = SaerOanliD) _ SaerGan' @) |

Yaer Ya Yaer Ya

n'=fon ﬁ

o Not linear!
Yaer Yo ds[i] = LaerYa -1 (aj1]

ESENIAENESIA

wsli] = 5 Ali, jlds[j]+ 5, Alid + ]’ ()[j] + bi]
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NoPE-AHAT[<1] ¢ QFPA
Let I' € X be the set of letters with maximal attention score for $.

o[i] = SaerOanliD) _ SaerGan' @) |

Yaer Ya Yaer Ya

n'=fon ﬁ

Zocel“yoc : a:Ii[i] = Zocel’(ytx . ’1,(“)[1])
AR

i wsi] = £ ALi, jlas[] + 25 Al d + 10 ($)[ 7] + 0[]

: Za if (W) = ReLU;(wy): Constant!

S (O[] > 0nE[i] = s [d]) v ([ s ooy = 0)) A Ajes Es[] = s ]
vasif () = AW + b

AR Ni%s[i] = £ Ali, jliws[j] + B[]

Accepting condition: Xs[1] > 0

Verify I': Ager max(a) A Ages<r -max(a) with

max(a) = Agex yp > 0 = {K(n'()), QU ($))) = (K(1(B)), Q('(5)))
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NoPE-AHAT[<1] c QFPA
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~ dy
~ dy,
~ dy
~ dy
~ dy,

~ dg

Let I' € X be the set of letters with maximal attention score for $.

o[i] = SaerOanliD) _ SaerGan' @) |

Yaer Ya Yaer Ya

Zocel“yoc : ﬁ$[i = Zocel’(ytx : ’1,(0‘)[1])

weli] = Ali, jla. ]+ X Alid + jln' (s)[j] + Bi]

ig_(@a.)ﬂi_(ﬁm)_:
((ws[i]> 0 A Z[i] = ws[i]) v (ws[i] < 0 A Z[i] = 0)) A Ajui Zs[] = W]

Ni E[i] = ;5 ALi, jlws[ ] + bli]
Accepting condition: Xs[1] > 0

Verify I': Ager max(a) A Ages<r -max(a) with
max(a) = Ages yp > 0~ (K(1'(a)), Q(%'(s))) > (K(#'(B)), Q(n'(s)))
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NoPE-AHAT][<

v,

[2[e[=]=]v]¢]

EAESENEA

n'=fon

[ ] s

1] < QFPA

~ dy
~ dy,
~ dy
~ dy
~ dy,

~ dg

Let I' € X be the set of letters with maximal attention score for $.
as[i] = ZaerYaVali]) _ Zaer (o’ (@)[i]) ]

Yaer Ya Yaer Ya

i
Zcxel“yoc a$[ ] Zocel’(ytx (0()[1])

ws[i] = 3, AL, j) BeerQe @D 4 550 ATi, d + ]’ ()] + B[]

ael" Ya

if g(Wa) = : - :
~—%— Canbet dintoal tion. S -
((Ws[l] S IR ) - /... 7. [/] = #[/]

Ni%s[i] = Z, (i, ] ws[ ]+ bi]
Accepting condition: Xs[1] > 0

Verify I': Ager max(a) A Ages<r -max(a) with

max(a) = Ages g > 0 = (K(n'(«)), Q(n'(s))) 2 (K(n'(B)), Q(n'(s)))
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NoPE-AHAT[<1] c QFPA

EAESENEA

n'=fon

[ ] s

~ dy
~ dy,
~ dy
~ dy
~ dy,

~ dg

Let I' € X be the set of letters with maximal attention score for $.

o[i] = SaerOanliD) _ SaerGan' @) |

Yaer Ya aer Ve

§

Zcxel“yoc : ﬁ$[i] = Zocef(ytx : ”,(a)[i])

a[i] - Iterate this step in case of multiple positionwise layers.
$[i] =

el 7w

ig_(ﬂa.)ﬂi_(ﬁm)_:
((ws[i]> 0 A Z[i] = ws[i]) v (ws[i] < 0 A Z[i] = 0)) A Ajui Zs[] = W]

Nixs[i] = X A[i, jlws[j] + b[i]
Accepting condition: Xs[1] > 0

Verify I': Ager max(a) A Ages<r -max(a) with
max(a) = Ages yp > 0~ (K(n'(a)), Q(%'(s))) > (K(#'(B)), Q(n'(s)))
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NoPE-AHAT[<1

[2[e[=]=]v]¢]

h

n'=fon

A

CALA
g

~ i
~ iy
~ iy
~ g
~

~ dg

] < QFPA

Let I' € X be the set of letters with maximal attention score for $.

as[i] = Zaer(aValil) _ TaerQan'(0[i])

Yaer Ya Yaer Ya

8
Yacr Va - s[i] = Laer (ya - n'(@)[i])

ws[i] = 3, AL, j) BeerQe @D 4 550 ATi, d + ]’ ()] + B[]

ael" Ya

ig_(@a.)ﬂi_(ﬁm)_:
((Ws[i] >0 /\J?s[i] =ws[i]) v (ws[i] 0 A X[i] = 0)) A Ajui %s[5] = W]

Ni%s[i] = Z, [ir]] ] s[i1+0[1]

Accepti d .
CCePHNE N Contains only constants = can be replaced by T/L

Verify I't Ager max(a) A Agesr ~max(a) wich
max(a) = Ages yg >0 = (K(1'(a)), Q(1'(s))) = (K(1'()), Q7' (s)))
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Emptiness Problem
Corollary

The emptiness problem is
decidable for NoPE-AHAT[<1].
undecidable for NoPE-AHAT [<2].

Theorem

The following two problems are inter-reducible:
The emptiness problem for AHAT without positional encoding and without end marker

The solvability problem of Diophantine equations over rationals



Emptiness Problem
Since Presburger arithmetic is decidable
[Presburger 1929]

decidable for NoPE-AHAT[<1].
undecidable for NoPE-AHAT [<2].

[ since Pri(NePE-AHATI<2) - e ! |

The following two problems are inter-reducible:

The emptiness problem for AHAT without positional encoding and without end marker
The solvability problem of Di;[\)hantine equations over rationals

(Un-)decidability of this problem is still open!
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NoPE-AHAT
NoPE-AHAT[<1] \/ =
= ¢ |NoPE-AHAT[U] < |AHAT[UT] < | AHAT
QFPA _
\/ PariTY € AHAT[UT] \ NoPE-AHAT
[Barceld, Kozachinskiy, Lin, Podolskii 2024]

°A)
H
—
@)
o

Il

7-SMAT

m Open Problems:
m Are AHAT[UT] c AHAT and AHAT ¢ 7-SMAT proper inclusions?
m Is NoPE-AHAT[<L, U] equal to semi-algebraic sets with polynomials of degree < L?

Thank you!
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\/ SemlAIg\/ < 7-SMAT

cf. [Yang, Strobl, Chiang, Angluin 2024]
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Overview

TCO

\ H o)

\/ NoPE-_AHAT \/ \/

¢ INoPE-AHAT[U] < | There are “more” functions f: " — {0,1}
= in TC? than computable by AHATS.
\/ SemiAlg \/

NoPE-AHAT[<1]

QFPA

|

|

|

|

|

m Open Problems:
m Are AHAT[UT] c AHAT and AHAT ¢ 7-SMAT proper inclusions?

m Is NoPE-AHAT[<L, U] equal to semi-algebraic sets with polynomials of degree < L?

Thank you!
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