February 11, 2022 14:0 WSPC/INSTRUCTION FILE plgrec

International Journal of Algebra and Computation
(© World Scientific Publishing Company

Rational, Recognizable, and Aperiodic Partially Lossy Queue
Languages

CHRIS KOCHER

Automata and Logics Group, Technische Universitat Ilmenau,
P.O. Box 10 05 65, 9868/ Ilmenau, Germany
chris.koecher@tu-ilmenau.de

Received (Day Month Year)
Accepted (Day Month Year)

Communicated by [editor]

Partially lossy queue monoids (or plq monoids) model the behavior of queues that can
non-deterministically forget specified parts of their content at any time. We call the
subsets of this monoid partially lossy queue languages (or plq languages). While many
decision problems on recognizable plq languages are decidable, most of them are unde-
cidable if the languages are rational. In particular, in this monoid the classes of rational
and recognizable languages do not coincide. This is due to the fact that the class of
recognizable plq languages is not closed under multiplication and iteration. However, we
can generate the recognizable plq languages using special rational expressions consisting
of the Boolean operations and restricted versions of multiplication and iteration. From
these special rational expressions we can also obtain an MSO logic describing the rec-
ognizable plq languages. Moreover, we provide similar results for the class of aperiodic
languages in the plq monoid.

Keywords: Partially Lossy Queues; Transformation Monoid; Rational Sets; Recognizable
Sets; Aperiodic Sets; MSO Logic.

Mathematics Subject Classification 2010: 03D05, 03D10, 68P05, 68Q45

1. Introduction

The study of different models of automata along with their expressiveness and
algorithmic properties is one of the most important areas in automata theory. Many
of these models differ in the mechanism to store their data, e.g., there are finite
memories, pushdowns, (blind) counters, and infinite Turing tapes. Another very
important mechanism is the so-called fifo queue (or channel), where data can be
written to one end and read from the other end of its contents. If we equip these
queues with a finite automaton we obtain a Turing powerful computation model
(cf. [3]), which results in the undecidability of all non-trivial decision problems on
these devices. A surprising result was the decidability of some decision problems
like reachability, fair termination, or control-state-maintainability if the fifo queue
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is allowed to forget any part of its content at any time [IJ59I22].

A possible approach to verify automata with one of these storage mechanisms
is to analyze their monoid of transformations. This is the monoid consisting of all
possible sequences of transformations on the storage together with the composition
of two such transformation sequences. For example consider a single blind counter.
This storage mechanism stores an integer which we can increase or decrease with
the help of transformations. Since increasing is the inverse operation of decreasing,
we can learn that a blind counter’s transformation monoid is (Z, +, 0). Similarly, we
can show that the transformation monoid of a single partially blind counter is the so-
called bicyclic semigroup (cf., e.g., [21]) and the one of a stack (or pushdown) is the
polycyclic semigroup [26]. A comprehensive survey about the connection between
storage mechanisms and monoids can be found in Zetzsche’s dissertation [35]. Some
basic results on the transformation monoid of reliable queues can be found in [I2].
Furthermore, in [I6] this author investigated the transformation monoid of lossy
queues. When studying the similarities and differences between those two monoids
in [I8] we found it convenient to join both, the reliable and lossy queues, respectively,
into one model: the so-called partially lossy queues (or plgs for short). Those are
given by two disjoint finite sets: a set F' of letters that can be forgotten at any
time and a set U of letters that are unforgettable. We denote the corresponding
transformation monoid by Q(F,U) and call it the partially lossy queue monoid
or, for short, plg monoid. We call the subsets of this monoid partially lossy queue
languages or plg languages (for short). Hence, with the help of plgs we can argue
about reliable and lossy queues at the same time, which results in the unification
of some proofs considering these two models.

Another main topic in the theory of automata and formal languages is the study
of regular languages. This revealed strong relations to logic, combinatorics, and al-
gebra. For example, we can generalize the notion of regularity from free monoids to
arbitrary monoids. This generalization results in two notions: the rational monoid
languages, which are a generalization of word languages that are described by reg-
ular expressions, and recognizable monoid languages, which are a generalization of
word languages accepted by finite automata (see, e.g., [2[28]). Kleene’s Theorem [15]
states that both notions are equivalent in the free monoid.

In Section ] we consider some algorithmic properties of the rational plq lan-
guages. Such properties encountered increased attention in recent years, e.g., [20]
provides a survey on the rational subset membership problem. Since the rational
languages in the polycyclic monoid (recall that this is the transformation monoid
of a pushdown) are exactly the homomorphic images of some very simple regular
languages according to [30], many decision problems like membership, intersection
emptiness, universality, inclusion, and recognizability are decidable for rational lan-
guages in the polycyclic monoid. In this paper we will see that the rational mem-
bership problem of the plq monoid is NL-complete, but the other aforementioned
problems are undecidable, which we can prove by reduction from their counterparts



February 11, 2022 14:0 WSPC/INSTRUCTION FILE plgrec

Partially Lossy Queue Languages 3

in the direct product of (N, +,0) and {a,b}* (cf. [I0J25]).

If the given plq languages are recognizable, all of the considered problems can be
decided using known constructions from automata theory. Hence, the rational plg
languages are not effectively recognizable. Especially, we will see that the class of
rational languages in the plq monoid is not closed under intersection implying that
the classes of rational and recognizable plq languages do not coincide. In contrast,
in polycyclic monoids the class of rational languages is closed under Boolean oper-
ations. However, the classes of rational and recognizable languages do not coincide
in these monoids since there are only two recognizable languages (the empty set
and the monoid itself). But since there are even more recognizable languages in
the plq monoid and since each recognizable plq language is rational as well due to
McKnight’s Theorem [23], it is a natural question to ask in which cases a rational
plq language is recognizable.

For trace monoids, Ochmanski could prove in [27] that it suffices to restrict
the usage of the Kleene star in an appropriate way to characterize the recogniz-
able trace languages. In Section [5] of this paper we will use a similar approach to
characterize the recognizable plq languages in terms of special rational languages
in the plq monoid. Concretely, we will define some special restrictions on the usage
of Kleene star and the concatenation and have to add the complement operation to
the rational expressions to finally reach this target.

Another famous characterization of the regular languages is the definability in
the monadic second-order logic MSO which was proven by Biichi in [4]. This result
gave us an even brighter understanding than rational expressions of the formaliza-
tion of the behavior of finite automata. Similar results about trace monoids can be
found in [7]. Hence, this motivates to find another MSO logic describing exactly
the recognizable languages in the plq monoid. In this paper we will give such a
description.

The last result in this paper regards the connection between the aperiodic lan-
guages, star-free languages, and first-order logic. Recall that a language is aperiodic
if it is accepted by a counter-free finite automaton and a language is star-free if it
can be generated from finite languages by application of Boolean operations and
concatenation, only. Schiitzenberger’s Theorem [31] states that both classes coin-
cide in the free monoid. This result gives a procedure to decide whether a given
regular language is star-free. Additionally, in [I1I] it was proven that these classes
also coincide in trace monoids. In contrast to these two cases this equality does not
hold in the plqg monoid. But we can characterize the aperiodic languages in Q(F,U)
with the help of the same restrictions to star-freeness as in our result regarding the
rational plq languages. Finally, we prove similar to the results from [7124] that the
aperiodic plq languages in the plq monoid can be described by first-order formulas.

Note that this is the full version of the conference contribution [17].
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2. Preliminaries

At first, we need some basic definitions. So, let A be an alphabet. A word v € A*
is a prefir of w € A* iff w € vA*. Similarly, v is a suffiz of w iff w € A*v and v is
an infiz of w iff w € A*vA*. f w=ay...ap with aq,...,a; € A we denote the infix
of w from positions i to j, where 1 <i < fand 0 <j <{byw[i,jl=a;...q;.In
particular, we have w[i, j] = ¢ if i > j. Furthermore, v is a subword of w (denoted
by v X w) iff there are £ € N and a4,...,ap € A such that v = a;...ap and
w € A*a1A%as ... A*ayA*. Note that < is a partial ordering on A*. Let S C A.
Then we define the projection wg: A* — S* on S by

ars(w) ifaes

mg(e) =e and wg(aw) =
s(e) s{aw) {ﬂ's(’w) otherwise

for each a € A and w € A*.

2.1. Rationality, recognizability, and aperiodicity

Let M be a monoid. An M-language is a subset L C M of M. An M-language L C M
is called rational in M if it can be constructed from the finite M-languages using
union, product, and Kleene iteration. We can see the rational M-languages as a
generalization of the languages declared by regular expressions in the free monoid.

An M-language L C M is recognizable in M if there are a finite monoid F and a
homomorphism ¢: M — I such that L = ¢~ (¢(L)) holds. In this case we say that
L is recognized by F via ¢p. We can see the finite monoid F as a (deterministic) finite
automaton accepting L: the set of states is F, the initial state is ¢(e) (where e is the
identity of M), and the set of accepting states is ¢(L). There is a transition from p
to ¢ labeled with m € M iff p- ¢(m) = ¢ holds in F. Then the accepted M-language
of this automaton is L.

Now, let . and M be two monoids and ¢: L. — M be a homomorphism. If
L C L is rational then ¢(L) also is rational. If M C M is recognizable then ¢~1(M)
is recognizable as well. Note that in general both facts are implications. However,
if ¢ is surjective, then recognizability of ¢~1(M) also implies the recognizability of
M (cf. e.g., [28]). Additionally, if ¢ is surjective and M C M is rational, there also
is a rational L-language L C L with ¢(L) = M. We also know that the class of
recognizable M-languages is closed under Boolean operations.

If the monoid M is finitely generated (i.e., M = F* for a finite M-language F),
then each recognizable M-language is rational by [23]. For example, this applies to
the partially lossy queue monoid Q(F,U), which we introduce in the succeeding
section. The converse direction is not true in general, e.g., in Theorem we prove
the existence of a rational Q(F,U)-language which is not recognizable. However, in
free monoids generated by an alphabet A a language L C A* is rational if, and only
if, it is recognizable by Kleene’s Theorem [I5]. In this situation, we call L regular.

A recognizable M-language L C M is called aperiodic in M if there is n € N such
that for each u, v, w € M we have uv™w € L iff uvv"™'w € L. By [24] in free monoids
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L C A* is aperiodic iff it is accepted by a counter-free finite automaton on A. It
is an easy exercise to prove that the class of aperiodic M-languages is closed under
Boolean operations and homomorphic preimages. By Schiitzenberger’s Theorem [31]
a language L C A* is aperiodic iff it is star-free. Note that an M-language L C M is
star-free in M if it can be constructed from finite M-languages using union, product,
and complementation.

2.2. Logic and languages

In this subsection we recall Biichi’s logics on words and their correspondence to
languages. Concretely, we model words over an alphabet A as linear orders on the
letter positions labeled with letters.

Let A be an alphabet. By FO we denote the set of first-order formulas built up
from the atomic formulas of the form

r=vy, x <y, and Ag(z) fora € A

where z and y are variables. To simplify notation we write Ag(x) instead of
V,es Aa(z) for any non-empty set S C A. Moreover, we write z < y instead of
r<yVz=y.

Now let w = ay...a, € A*. The word model of w is the relational structure

w = (dom(w), <", (A7 )aca)

where dom(w) := {1,...,n} is the set of letter positions of w, <™ is the natural
(strict) order on dom(w), and AY := {i € dom(w) | a; = a} is the set of positions
in w labeled with the letter a.

For a formula ¢ € FO with free variables z1,. .., z, we also write ¢(z1,...,zn).
For a formula ¢(z1,...,z,) € FO, a word w € A*, and positions p1,...,p, €
dom(w) we write (w,p1,...,pn) E ¢(z1,...,2,) (we say that “¢ is satisfied in
w”) if ¢ evaluates to true on interpretation of =, <, A, as equality, <*, and AY,
respectively, and on interpretation of the free variables as p1,...,pn.

A formula without free variables is called a sentence. Then the language defined
by the sentence ¢ € FO is L(¢) := {w € A* | w E ¢}. We say that a language
L C A* is FO-definable if there is ¢ € FO with L = L(¢).

By MSO (the monadic second-order logic) we denote the second-order extension
of FO where all second-order variables are unary. Again, we say that L C A* is
MSO-definable if there is ¢ € MSO with L = L(¢).

By [M] a language is regular iff it is MSO-definable. Moreover, a language is
star-free (and, hence, aperiodic) iff it is FO-definable according to [24]. For further
details on this word logic see, for example, [34].

3. Partially Lossy Queues

A (fifo-)queue is an abstract data type which is able to store entries from an alpha-
bet A. The content of such queue is a finite sequence of entries, i.e., a word from
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A*. We can modify the content of a queue with the help of two actions for each
letter a € A: we can write the letter a (denoted by a) into the queue by appending
this letter to the content. So, for a content w € A* the result of such write action
of a is wa. Additionally, we can read the letter a (denoted by @) from the queue
by removing this letter from the first position of the queue’s content. So, reading a
from the content aw € A* yields the new content w. Note that the queue blocks if
w does not start with the letter a (i.e., if w =¢ or w € bA* with b € A\ {a}).

A partially lossy queue (or plg, for short) is a queue which additionally has an
uncontrollable action: it can forget some of its entries at any time of its computation.
The entries which can be forgotten are specified by a so-called lossiness alphabet:

Definition 3.1. A lossiness alphabet is a tuple L = (F,U) where F and U are two
finite sets with FNU = (. We call F the set of forgettable queue entries and U
the set of unforgettable entries.

From a given lossiness alphabet £ = (F,U) we obtain the alphabet Ay := FUU
of all possible queue entries. By the alphabet X, := Ay U A, we denote the set

of all controllable queue actions, where Az = {@ | a € A} is a disjoint copy
of A, containing the read actions. For a word w = ajas...a, € A} we write
Wi=aia; ... .

To model the behavior of such partially lossy queue, we require the notion of
so-called L-subwords: A word v € A} is an L-subword of w € A} (denoted by
v <z w) if we have 7y (w) =< v < w holds, i.e., if v is a subword of w which still
contains all unforgettable letters from w. It is easy to see that =(r ) is the subword
relation and =y ¢y is the equality relation.

Next, we model the actions of a plq with the help of amap Az: A7 x X7 — 24z
where Az (w,t) contains the set of all possible queue entries after application of the
transformation sequence ¢: for w € A}, a € Az, and ¢t € X7 we define

o Ap(w,e):={veAl|v=,w}
o Ap(w,at) :={ve A | € Az(w,t): v =, w'a}, and
o Ap(w,at) :={ve A} |Jaw € Ag(w,t): v < w'}

Example 3.2. Let £ = ({a},{b}) be a lossiness alphabet. Then we have
Ag(aba, ) = {aba,ab,ba,b}, Ar(aba,a) = {ba,b}, and A, (aba,b) = {a,c}.

Now, we want to define the transformation monoid of a partially lossy queue. To
this end, we say that two action sequences s,t € X behave equivalently (denoted by
s = t) if, and only if, we have Az (.,s) = Az(.,t). In other words, s and ¢ have the
same behavior iff they cannot be distinguished by any queue content. This equiva-
lence relation is even a congruence on the free monoid X'%. Then the transformation
monoid of a plq or the partially lossy queue monoid (or plg monoid, for short) is
the quotient monoid Q(L) := X% /=, . The natural epimorphism on this congruence
isne: Xp — Q(L): t — [t|=, where [t]=, := {s € X} | s =¢ t} is the equivalence
class of t wrt. =,. Since the equivalence classes of =, identify all action sequences
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t € X% having the same semantics Az(.,¢), we also call them transformations. In
the following we consider the rational, recognizable, and aperiodic Q(L£)-languages.
We also call these languages partially lossy queue languages (or plg languages, for
short).

We know from [I8] the following characterization of the behavioral equiva-
lence =:

Theorem 3.3 ([I8, Theorems 3.5 and 3.15]). Let £L = (F,U) be a lossiness
alphabet with |Ag| > 2. The relation =, is the least congruence on X} satisfying
the following equations for a,b € Ay and w € A%:

(i) ba=,abifa#b
(ii) aab = Gab
(#1) bwaa =, bwaa if b€ U U {a} |

Remark 3.4. Let £ = (F,U) be a lossiness alphabet with A, = {a}. Then a
partially lossy queue on this alphabet acts (independently of a € F or a € U) like
a partially blind counter: writing the letter a increases the number of a’s in the
queue’s content, reading decreases this number if the queue contains at least one a.
Hence, the corresponding transformation monoid is the bicyclic semigroup. Since
this monoid is already well-known we do not consider this case in this paper.

To handle the equivalence classes of =, we want to define a normal form on this
congruence. We do this by ordering the equations from Theorem from left to
right, which results in a semi-Thue system called R..

Since the rules of R, are length-preserving and move read actions to the left, it
is terminatin Moreover, it is locally conﬂuenlﬁ by [I8, Lemma 3.13] and hence
confluent. Therefore, for any word t € X% there is a unique, irreducible word nf £ (¢)
with ¢ —* nf,(t), the so-called normal form of t.

Example 3.5. Let £ = (F,U) be a lossiness alphabet with |Az| > 2, a,b € Ag
with a # b, and ¢t = aabbab. If a € F then we have

aabbab aababb aaabbb aaabbb aaabbb

and therefore nf(aabbab) = a@abbb. Otherwise, i.e., if a € U, we can extend this
derivation as follows:

atabbh T ozabvh D aabavh L zababh EL Ghaabbb

and, hence, we obtain nf; (aabbab) = abaabb.

From the definition of 9, we obtain that a word is in normal form if, and only
if, it starts with some read actions followed by a special shuffle of write and read

aA semi-Thue system is terminating (or noetherian) if it has no infinite derivations.

b A semi-Thue system over A is confluent if for each u,v,w € A* with u +* v —* w there is
r € A* with v —* & <* w. It is locally confluent if this conclusion holds at least for the case
U—v—w.
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actions where each read action @ appears directly right from a, and ends with some
write actions. At this juncture, the infixes a@ in these words are separated by words
from (F ~ {a})*, only. Formally, such shuffle of u € A} and v € A" is defined by

(u,7) := wiararwaa9a3 . . . weayay ,

where v = a1 ...ay, a1,...,ap € Az, u = wiay ... weay, and w; € (F \ {a;})* for
each 1 < ¢ < ¢. We can see that this special shuffle {(u,v) is defined only if v is a
special L-subword of u. Concretely, this shuffle is defined if u is a so-called reduced
L-superword of v: for v = ayas ... a, the set of all reduced L-superwords is

redsup, (v) := {wia1waag . . . wpay | V1 <i<n:w; € (F~{a;})*}.

Note that for each u € redsup,(v) we also have v <, u. However, in the general
case v <z u does not imply u € redsup,(v). For example, we have ¢ < a if a € F
but a ¢ redsup,(¢) = {e}. If F' = () holds, then each word v € A} has exactly one
reduced L-superword redsup,(v) = {v}.

The set of all normal forms is

NF. :={u{v,w)z | u,v,w,z € A}, v € redsup,(w)}

:TL* < U (F~ {a})*aa) A%

a€EA,

From this equation we can infer that nf.(t) = wi({ws, W3)wy is characterized
by three components: The first component is the projection to the write actions
wrt(t) := wowy = ma(t) (note that the transitions of PR, preserve the relative
ordering of the write operations). Similarly, the second one is the projection to the
read actions rd(t) := wyws (note that we suppress the overlines in this projection).
Finally, the third component is the overlap rds(t) := ws of t. From these three
components we also obtain the words rd; (¢) := w; (note that rd(¢) = rd; (¢)rda(t)),
wrty (t) 1= wa, and wrta(t) := wy (note that wrt(t) = wrty (¢)wrta(t)). We also know
wrty (t) € redsup,(rda(t)) by the argumentation above.

Example 3.6. Recall Example There, in case of a € F we have for t = aabbab:
wrt(t) = aabb, rd(t) = ab, rd;(t) = ¢, rda(t) = ab, wrt1(t) = aab, and wrta(t) = b.
Otherwise, if a € U we have rd;(t) = ab, rd2(t) = € = wrt;(¢), and wrta(t) = aabb.

While rd;(t) is defined using the semi-Thue system R, it also has a natural
meaning: rd; (¢) is the shortest queue content w € A% such that Az (w,t) # 0, ie.,
it is the shortest content where the plq is able to fully apply the actions in ¢.

The following connections between R, and nf;(w) are important for the proofs
in this paper:

Proposition 3.7 ([18, Theorem 3.15]). Let L = (F,U) be a lossiness alphabet
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with |Ag] > 2 and let v,w € X%. Then we have

v=rw <= nfz(v) =nfg(w)
< (wrt(v),rd(v),rda(v)) = (wrt(w), rd(w), rds(w)) .
O

With this main property in mind we can also apply wrt, wrt;, rd, and rd; to
equivalence classes of = (i.e., elements from Q(L)) instead of words from X7.

Another question is the description of the word uv for any u,v € A;. We have
wrt(u?) = u and rd(uv) = v. It remains to describe the overlap rds(uD):

Lemma 3.8 ([18, Lemma 3.19]). Let L = (F,U) be a lossiness alphabet with
|Az|l > 2 and u,v € A}. Then rdy(uT) is the longest suffiz ro of v such that there
is a prefiv wy of u satisfying wy € redsup,(ra). |

Since = is a congruence we can infer ¢t = rdy (¢) wrt(t) rda(t) for each t € X%
from Lemma 3.8

4. Algorithmic Properties of Rational PLQ Languages

This section studies decision problems concerning the rational partially lossy queue
languages. We will see that the classes of rational and recognizable plq languages
do not coincide. Especially, we prove that it is undecidable whether a given rational
plq language is recognizable. We also show that emptiness of intersections and the
unique decipherability in Q(L) are undecidable. Though, we will see first, that the
rational membership problem is NL-complete.

So, let t € X%. In our next lemma we want to construct an NFA accepting
the equivalence class [t]=,. In this NFA we map the most of its states to the left-
divisors of [t]=z,. The result is, that our NFA has approximately as many states
as [t]z, has left-divisors. So we should first count the number of left-divisors: to
this end, recall that [t]=, is fully described by the words wrt(t), rd(¢), and rda(t)
(cf. Proposition [3.7). Since all of these words have length O([t[), we also learn that
[t}=, has at most O(|t|?) many left-divisors. Therefore, the constructed NFA also
has O(|t|?) many states. We will also see in the following that our construction
requires only logarithmic temporary space for the construction of this NFA. Note
that the proof of this lemma is very close to the proof of [12, Lemma 8.1], which
states this result for reliable queues, only.

Lemma 4.1. Let £ = (F,U) be a lossiness alphabet. From t € X7, one can con-
struct an NFA accepting [t]=, using logarithmic space, only.

Proof. Let t = a; ..., and let 0 < 4,7,k < n be natural numbers. For the triple
p = (4,7, k) we define the words p1,p2,ps € A} as follows:

e py = wrt(t[1, k]) as well as
e po:=rd(¢[1,4]) and p3 :=rd(t[i + 1, J]).
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We say that a triple p = (i, 4, k) is good if, and only if,

(1) there is a preﬁlp’1 of py with p) € redsup,(ps3),

2) i=0or a; € Az and similarly j =0 or a; € Ag, and
j

(3) k=0orag € Ar.

We show first, that each good triple p describes an equivalence class [tp]=,
such that wrt(t,) = p1, rd(t,) = p2ps, and rda(t,) = ps holds. From the choice of
p1, P2, and p3 we learn that p; is a prefix of wrt(¢) and pops is a prefix of rd(¢).
Additionally, since p is good there is a prefix p| of p; with p} € redsup,(p3). Let py
be the complementary suffix of p; wrt. pj. Then we set ¢, := D2(p},P3)pa = nf £ (t,).

Next, we show that for each s € X% where wrt(s) and rd(s) are prefixes of
wrt(t) resp. rd(t) there is a good triple p with s = t,. To this end, recall rd(s) =
rdy (s)rda(s), i.e., rd(t) start with rdy(s)rda(s). So, if rdy(s) # € thereis 0 <i <n
with rd(¢[1,i]) = rdi(s) and «; € Ag. Otherwise we set i := 0. If rdy(s) # ¢
there is i < j < n with rd(t[i + 1,]) = rda(s) and o; € Az. Otherwise we also
set j := 0. Finally, if wrt(s) # ¢ there is 1 < k < n with wrt(¢[1,k]) = wrt(s)
and ay € Ap since wrt(s) is a prefix of wrt(t). Otherwise we set k := 0. Then
the tuple p := (i,7,k) is good since p| := wrty(s) is a prefix of p; = wrt(s) and
P} = wrti(s) € redsup,(rda(s)) = redsup,(p3). Additionally, we can see wrt(s) =
p1 = wrt(t,), rd(s) = paps = rd(t,), and rds(s) = p3 = rda(t,) implying s =, t,.

Now, the set of states of our NFA consists of all good triples p = (i,7,k) and a
unique error state 1. The only initial state of the NFA is ¢ := (0,0,0) (this ensures
t, = €). A state p = (4,4, k) is accepting if, and only if, ¢, = ¢ holds. Next, we
want to define the transitions of the automaton such that, after reading s € X7,
the automaton reaches a state p with t, =, s, provided that such state exists.
Furthermore, we want to make sure that such a state exists whenever [s]=, is a
left-divisor of [t]=,.

So, let p = (i, 4, k) be a state (i.e., p is good) and a € A,. To define the state
reached from p after writing a, let &’ > & be the minimal write-position in ¢ after k.
In other words, we have k' > k, apr € Ap, and t[k+ 1,k' — 1] € A" If there is no
such k' or if apr # a, then the NFA ends up in the error state 1. Otherwise, it moves
to ¢ := (4,4, k"), which is a good triple and, therefore, a state of the automaton,
again. Then we can see:

=c

ty-a =g vd(t[1,4]) wrt(t[1, k]) rd(t[i + 1,4]) - a (by Lemma |3.8))
=, vd(#[1,d]) wrt(¢[1, K))ard(¢fi + 1, j]) (by Lemma [3:8)
= rd(ef1, i) wrt (1, ) rd(tfi + 1, 5])
=rtg. (by Lemma [3.8)

Next, we define which state is reached from p after reading @. Let j' > j be the
minimal read-position in ¢ after j. In other words, we have j' > j, o € Ap, and
tlj+1,j —1] € A;. If there is no such j’ or if ;s # @, then the NFA ends up in the
error state L. So, assume, that such j’ exists and a;; = a. Additionally let ¢/ > i
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with i/ = 0 or a; € Az be minimal such that there is a prefix w; of wrt(¢[1,k])
with wy € redsup, (rd(¢[i’ + 1,7'])). Then ¢ := (¢, 5, k) is a good triple and, hence,
a valid state of the NFA. We add an @-edge from p to ¢ in this case. Then we get

ty - @ =g vd(t[1,4]) wrt(¢[1, k]) vd(t[i + 1,4]) - @ (by Lemma [3.8)
= xd(t[L,4]) wrt(¢[1, K]) rd(t[i + 1,5'])
WL, P w1, K) AT 17 (by Lomma
=ctg. (by Lemma

This finishes the construction of the NFA.

Now let s € X7. If there is an s-labeled path from ¢ = (0,0,0) to a non-error
state ¢, we obtain s =, t, by induction on |s| from the above calculations. In
particular, if ¢ is an accepting state of our NFA, we know t, = ¢ implying s € [t]=,.

Now let [s]=, be a left-divisor of [t]=.. Then wrt(s) and rd(s) are prefixes
of wrt(t) and rd(t), respectively, since wrt and rd are homomorphisms. Then by
induction on |s| we obtain an s-labeled path from ¢ to a state p with s =, ¢,. In
particular, if s € [t|l=,, then t, =, s =, t, i.e., p is accepting. Thus, the NFA
accepts [t]=,.

By the construction of the NFA, it is clear that a Turing-machine with ¢ on
its input tape can, using logarithmic space on its work tape, write the list of all
transitions on its one-way output tape. O

Note that the NFA we have constructed in the proof of Lemma [4.1] is actually
deterministic. However, we do not require determinism for the following statement.
This theorem states that the rational membership problem is decidable in the plq
monoid:

Theorem 4.2. The following rational membership problem for plg monoids is NL-
complete:

Input: A lossiness alphabet L = (F,U), an action sequence t € X7, and an
NFA 2 over X,
Question: Is there an action sequence s € L(A) with s =, t?

Proof. Let t € X} and let 2 be an NFA over Y. Let B be the NFA accepting
[t]=, from Lemma that can be constructed using only logarithmic additional
space.

Then there exists s € L() with s = ¢ if, and only if, L(A) N [t]=, # 0 if, and
only if, L(A)NL(B) # (. Using an on-the-fly construction of 9B, this can be decided
non-deterministically in logarithmic space. Hence, the problem is in NL.

Since the free monoid A} embeds into Q(L) and since the rational membership
problem for A% is NL-hard [I3], we also get NL-hardness for Q(L). |

Now we will prove some negative algorithmic results on rational plq languages.
Concretely, we show that unique decipherability, intersection emptiness, universal-
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ity, and recognizability are undecidable for rational languages in the plq monoid.
Huschenbett et al. inferred in [I2] Section 8] similar results for reliable queues from
an embedding {«, 8}* x {v,0}* into Q(,U) for any at least binary alphabet U.
Unfortunately, this does not work in arbitrary plq monoids since this direct product
does not embed into Q({a, b}, ) by [I8, Theorem 6.14]. Though, we can prove all
the undecidability results considered in [I2] for any plq monoid.

Some of these results are based on an embedding of the monoid {a}* x {8,~}*
into Q(L). Unfortunately, this does not help for unique decipherability and inter-
section emptiness since their counterparts in {a}* x {8,v}* are decidable. Hence,
we have to prove them directly.

The first considered decision problem is the unique decipherability problem in
Q(L), i.e., the question whether a given finite language T freely generates T*. In
this context, in a monoid M a set T" C M freely generates T* if for each m,n € N
and S1,...,8m,t1,...,tn €T with s7...5,, =t1...t, we have m =n and s; = t;
for each 1 < ¢ < m = n. We prove that the unique decipherability problem in
Q(L) is undecidable. To this end, we will use the undecidability of this problem in
{a, B} x {~,d}*. So, let S be a finite language. We obtain a finite plq language
T C Q(L) with the help of a special encoding of the elements in .S and by addition
of another transformation. Finally, we can show that S* is freely generated by S iff
this similarly holds for 7T'.

Theorem 4.3. Let L = (F,U) be a lossiness alphabet with |Az| > 2. The unique
decipherability problem in Q(L) is undecidable:

Input: A finite set T C Q(L)
Question: Is T* freely generated by T ?

Proof. We prove this undecidability by reduction of this question for the monoid
{a, B}* x {~,6}*, which is undecidable by [6l Theorem 3.1]. So, let a,b € Az be
distinct letters and

S = {(m17y1>7 ey (xkvyk:)} g {O‘vﬁ}* X {'776}* .
Define the embeddings f: {a, 5}* — A} and g: {7,d}* — A} by f(a) =g(y) = aa

and f(5) = g(d) = ab. Set to := [bbbbb]=,, t; := [f(zi)g(yi)]=, for any 1 < i <k,
and

T:={t;|0<i<k}CQUL).

We show now that S* is freely generated by S if, and only if, 7™ is freely generated
by T.

First we assume that S* is not freely generated by S. Then there are indices
(i1y-+yim) # (J1,- -, Jn) Where m,n > 0 such that

($i1 ...il'im7y7;1 y’bm) = ({Ejl ...xjn7yj1 y]n)
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Let £ := |f(xs, ...x;,)|- Set p = 5, ...t
simple exercise to prove nf.(t§) = 5[ <<b2€ ,ﬁ». Additionally, by the choice of the
two sequences of indices we have
Wrt(til . tim) = f(.’l?ll N .’I,‘im) = f(l‘Jl . J}j") = WI‘t(tjl e tj") and
rd(tiy - ti) = 9Wir - Yin) = 9W5y - Y5,) = 1d(lyy - t5,) -

thand q == t;,...t;, - th. It is a

(4.1)

Now, we consider the overlap rdy of the concatenation of ¢;, ...¢;,, (resp., tj, ...¢;,)
with [#]E .- To this end, we utilize Lemma So, we have to determine
rdo(tiy ... ti,, - [#]Eﬁ) and rda(t;, ... t;, - [BZ]EC). Since |wrt(t;, ... t;,, )|p < £ holds
(by the choice of ¢ and f) we obtain a number 0 < k < ¢ where b* is the
longest suffix of rda(t;, ...t;,, ) - b® such that there is a prefix w; of wrt(t;, ...t;, )
with w; € redsup,(b¥). By k < ¢ this is even a suffix of b’ and therefore of
rda(t), ...t;,) - bt Hence, we learn

rda(ts, o ts, B )ey) = b5 = 1da(ty, .. t;, - [b=,)- (4.2)
Finally, we infer the following computation:
p= :mwrwil ot 1oty i) - B (82 W»] _ (yLem PR
- :rdl(til ot rda(te, -ty R Pwrt(t, .ty )8 - <<b2@7b7>>LL (by Eq. (£2))
- :rdl(tjl L rda(t -t Ottt ..t )b <<b%,bﬁ>>} _ (by Bq. (@)
- :mwrt@ﬁ oty )rda(ty, ) D <<b2f,w>>] _ (b Eq @)
=q. (by Lem. [3.8)

Consequently, T is not freely generated by T.

Now let T* be not freely generated by T. If [¢]=z, € T and hence (g,¢) € S
holds, S* is trivially not freely generated by S. So, we assume that [e]=, ¢ T holds
and, hence, (¢,e) ¢ S. Then there are indices (i1,...,%4m) # (J1,...,Jn) Where
m,n > 0 such that ¢;, ...¢;,, =t; ...t;, . Let (iy,...,4 ), (41,...7,,) be the above
sequences after deletion of all 0’s. Since ¢ is the only element in T adding bb into the
projections of write and read actions, ¢y does not commute with ¢; for any 1 <1i < k.
Hence, we still have (i, ... i5,) # (1, --Jpr)s Wrt(tyy ..ty ) = wrt(ty ...t ),

»'m/

and rd(ty .. .ti:'L/) = rd(ty; .. 'tjfu)' Then we have:

im

By injectivity of f and g we infer that
(.T,L/l . .TZ‘;”/ 5 yl,l e yi;”,) = (.’I/‘Ji . .’L‘j;, 5 yji . ijlﬂ) s

i.e., S* is not freely generated by S. O
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The next problem to consider is the emptiness of intersections of rational plq
languages. Given two recognizable plq languages, this problem is decidable since the
class of recognizable languages is effectively closed under intersection. However, we
will prove that this decidability does not hold for arbitrary rational plq languages.
As a corollary we can infer that the class of rational plq languages is not effectively
closed under intersection. Afterwards we will prove the existence of two rational plq
languages whose intersection is not rational. In other words, the classes of rational
and recognizable plq languages do not coincide. Nevertheless, each recognizable
language in Q(L) is rational due to [23] since the plg monoid is finitely generated.

Theorem 4.4. Let L = (F,U) be a lossiness alphabet with |Az| > 2. Then the
rational intersection emptiness problem in Q(L) is undecidable:

Input: Two rational plg languages S, T C Q(L)
Question: Does SNT = () hold?

Proof. We prove this by reduction of Post’s Correspondence Problem (PCP),
which is undecidable by [29]. So, let a,b € A, be distinct letters and I =
((z1,91), - -+, (®k, yx)) be an instance of the PCP with z;,y; € A.. For 1 <i <k we
define the transformations s; := [a'bT;|=, and t; := [a’b¥y;]=,. Then we can define
rational plq languages as follows:

Spi={s;|1<i<k}*[ab]=, and Ty:={t;|1<i<k}[ab]=,.

Now we have to show that S; NT; # 0 iff T has a solution. First, let t € S; N T7.
Then by definition of S; and T there are ¢ € N and indices i1, . .., i, and ji, ..., iy
with m,n > 0 such that s;, ...s; [EBZ]EE =t=tj; ...t [EBZ]EE holds. Then, we

m

have z;, ...x;, ab® = 1d(t) = y;, ...y;,ab’ implying x;, ... 2, = y;, ...y;,. By

m

ab...a'b = wrt(t) = a’b...a’"b we can infer (i1,...,%m) = (j1,-..,Jjn) Which
is a solution of I.

For the converse implication we assume that I has a solution (i1,...,%,) with
n > 0. Set s’ := s;,...8, and t' := t;, ...t;, and set s := §'[ab"tl=, € Sy

and t := t'[ab"*tl]=,. € T;. Then we have wrt(s) = wrt(¢) and rd(s) = rd(?).
Furthermore, by Proposition [3.7] we have

s= [rdl(s/)wrt(s)rdg (s)- ab"“} and t= [rdl(t’)wrt(t)rdg(t’) -abntl

=c =c

Now, we want to utilize Lemma to determine rds(wrt(s)rda(s’) - ab™*t1) and
rds (wrt(t)rda(t') - ab?+1). Note that we have |wrt(s)|, = |wrt(t)|, = n. Hence, there
is a number 0 < k < n such that b* is the longest suffix of rdy(s’)ab”*! such that
there is a prefix w; of wrt(s') = wrt(s) with w; € redsup,(b*). By k < n + 1 the
word b¥ is even a proper suffix of ab"*! and, therefore, also of rdy(#')ab™+!. In other
words, we have

rdy (wrt(s)rdy(s")abn 1) = b* = rdy(wrt(t)rdy(t)abn+1) . (4.3)
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This finally implies

s= {rdl(s’)wrt(s)rdg(s’) . ab”“} _. (by Lemma [3.8)
- [ml(sf)rd2(sf)abnﬂ—kwrt(s)z’“ _ (by Equation (£3))
_ [rdl(tf)rdg (t’)ab”“*kwrt(t)gk} _ (by wrt(s) = wat(t) and rd(s') = rd(+")
- [rdl(t/)wrt(t)rdz(tf) .abn+1} _ (by Equation (3))
=t (by Lemma

We learn s =t € S; NT; # (. Hence, we reduced PCP to the rational intersection
emptiness problem of Q(L) which is therefore undecidable. |

Let £ = (F,U) be a lossiness alphabet with |Az| > 2. To prove that the rational
plq languages are not closed under intersection and to prove the undecidability of
the next problems we use an embedding of {a}* x {8,v}* into the plq monoid
Q(L). Such an embedding is ¢: {a}* x {B,v}* — Q(L) with ¥(«a, &) = [a]=,,

(e, B) = [ab]=,, and (e,v) = [abb]=, where a,b € A. are two distinct letters (cf.
[18, Lemma 6.17]). Note that there are some commutations in {a}* x {8,v}*:

(O[,E) ' (555) = (avﬂ) = (57ﬂ) ’ (OZ,FJ) and (OL,E) ’ (677) = (Oé,’}/) = (577) ! (O[,E) .
The map 1) preserves these commutations:

1/1(04a5) T/J(é‘,ﬂ) = [QEB}EL - [EBQ]Eg = 1/)(575) : LZJ(O(,(—,‘) and
¢(a75) : w(gv’)/) = [aa%]EL = [a%a’]EL = ¢(57’7) : 1/’(04»5)

according to the equations from Theorem [3.3

(4.4)

Theorem 4.5. Let L = (F,U) be a lossiness alphabet with |Ag| > 2. The class of
rational languages in Q(L) is not closed under intersection. In particular, there is
a rational plq language which is not recognizable.

Proof. Consider the following rational relations:
X ={(@™,bt"c")| mneN} and Y :={(a™ b"c™)|m,neN}.

Then ¢(X) and ¥ (Y) are rational in Q(L). Suppose that ¢(X) N (Y) is rational.
Then there is a regular language L C X7 with ng(L) = (X) Ny(Y). Since 1 is
injective we have

PX)NPY) =p(XNY) =p({(a”,b"c") [n € N}).

Hence, by definition of ¢ we have rd(L) = {(ab)™(abb)”™ | n € N} which would be
regular since rd is a homomorphism. But this is a contradiction to the Pumping
Lemma.
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Towards the second statement, recall that Q(L) is finitely generated. Then from
[23] we know that each recognizable plq language is rational. From the first state-
ment and from the fact that the class of recognizable languages is closed under
intersection, we infer that ¢(X) and ¥ (Y) are rational but not recognizable. O

From the previous theorem we also infer that the class of rational plq languages
is not closed under complement. Otherwise closure under complement and union
would also imply closure under intersection, contradicting our theorem above.

By I C Q(L) we denote the image of v, i.e., 1 is an isomorphism from
{a}* x {B,7}* onto . It is easy to see that I = {[a]=,, [ab]=,, [abb]=, }* holds.
In the following lemma we prove that recognizability in this submonoid implies
recognizability in the whole plq monoid.

Lemma 4.6. Let L = (F,U) be a lossiness alphabet with |Ag| > 2 and T C Iz be
recognizable in Iz. Then T is recognizable in Q(L).

Proof. Let T C I be recognizable in I;. Then ¢y~ 1(T) C {a}* x {B,7}* is recog-
nizable in {a}* x {8,7}*. Due to Mezei’s Theorem [2] Theorem III.1.5] there are
regular languages V; C {a}* and W; C {8, v}* with

D) = | Vix Wi
1<i<k
Now we define homomorphisms g: {a}* — A} by g(a) = a = ¥(o,e) and
h: {B,v}* — AL by h(B) = ab = 9¥(e,B) and h(y) = abb = ¢(e,7). Then
g(Vi),h(W;) C A% are regular as well. Hence, wrt~'(g(V;)) and rd ™' (h(W;)) are
recognizable in Q(L) and therefore

also is recognizable. Finally, we have to prove that this plq language equals T

First, let ¢ € T C Iz. Then there is a tuple (v,w) € {a}* x {B,~v}* with
Y(v,w) = t. Since (v,w) € P~(t) C ™ HT) there is 1 < i < k with v € V; and
w € W;. Then we have

t=p(v,w) = P(v,e)y(e, w) = [g(v)h(w))=, (by Equation ({.4))
€ wrt 1 (g(v)) Nrd ™' (h(w)) C wrt~(g(V;)) Nrd~  (R(W;)) .

Conversely, let 1 < i < k and t € wrt~(g(V;)) Nnrd™*(h(W;)). Then there are
v € Vyand w € W; with wrt(¢) = g(v) and rd(t) = h(w). From the definition of g and
h we infer wrt(t) € a* and rd(t) € {e}UA}b. Since a # b holds, we learn that ¢ is the
only suffix 5 of rd(¢) having a prefix w; of wrt(t) which is a reduced L-superword of
r5. Hence, we have rdy(t) = € and, therefore, t = [h(w)g(v)]=, = ¥ (v, w). Finally,
from v € V; and w € W; we learn (v,w) € ¥~ 1(T) implying t = ¥ (v,w) € T.

All in all, we have seen that T' is recognizable in Q(L). O
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To prove the undecidability of the rational universality and recognizability prob-
lem we use the embedding 1 and the results from Gibbons and Rytter [10] which
state that their counterparts in {a}* x {8,v}* are undecidable. Note that rational
universality can be reduced to rational inclusion and equality. Hence, these two
problems also are undecidable in the plq monoid.

Theorem 4.7. Let L = (F,U) be a lossiness alphabet with |Az| > 2. Then the
following statements hold:

(1) The rational universality problem in Q(L) is undecidable:

Input: A rational plq language T C Q(L)
Question: Does T = Q(L) hold?

Consequently, the rational inclusion problem and the rational equality prob-
lem in Q(L) are undecidable.
(2) The rational recognizability problem in Q(L) is undecidable:

Input: A rational plq language T C Q(L)
Question: Is T recognizable in Q(L)?

Proof.

Let T C {a}* x {B,7}* be rational. Then ¢(T) is rational in Q(L). Due to
Lemma [1.6] the language I, is recognizable in Q(L). Therefore, Q(£) \ I
is recognizable and, hence, rational in Q(L) since this monoid is finitely
generated. Consequently, ¥(T) U (Q(L) \ 1) is rational as well. This plq
languages equals Q(L) iff (T') = I, ie., T = {a}* x {B,7}*. But this
latter question is undecidable by [10, Theorem 2(Q4)].

Let T C {a}* x {8,7}* be rational. Then #(T) is rational. By Lemma [4.6]
¥ (T) is recognizable in Q(L) iff it is recognizable in 1. This is the case iff
T is recognizable in {a}* x {3,v}*. But this latter question is undecidable
by [10, Theorem 2(Q6)]. |

5. Characterizations of the Recognizable PLQ Languages

We have already seen that it is undecidable whether a given rational plq language is
recognizable (cf. Theorem. However, we want to characterize in which cases a
rational plq language is recognizable. Concretely, we want to give some rational-like
expressions which are fully describing the recognizable plq languages. To this end,
we have to introduce some special restrictions to the concatenation and iteration
of recognizable languages. Additionally, we have to add a non-monotonic operation
to our expressions: the complement operation. We call languages constructed via
these restricted operations the g¢-rational plq languages (the definition of this no-
tion can be found on page . With the help of this definition we will obtain a
characterization in the manner of Kleene’s Theorem [I5].
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Additionally, we want to translate Biichi’s Theorem [4] to the plq monoid. We
do this with the help of special modifications of Biichi’s word logic MSO (recall that
their definition can be found in subsection. Concretely, our new logic MSOy still
identifies an action sequence w € X7 as a set of positions labeled with letters from
Xr. But in contrast to the word logic we have to restrict comparisons between write
and read actions to ensure that our logic only describes recognizable plq languages.
The full definition of this logic can be found at page

Now, we state our main theorem. As mentioned before we will give the concrete
definitions of g-rational languages and the logic MSOyq later in this section.

Theorem 5.1 (Main Theorem). Let £ = (F,U) be a lossiness alphabet with
|Azl > 2 and T C Q(L). Then the following statements are (effectively) equivalent:

(A) T is recognizable.
(B) T is g-rational.
(C) T is MSOq-definable.

We prove these equivalences with the help of three implications in Propositions|[5.23]

B0} and 33

5.1. Some helpful characterizations

Before diving into the proof of Theorem [5.1]we prove two further characterizations of
the recognizable plq languages which turned out to be convenient for simplification
of our proof. We already know these characterizations from Huschenbett et al.
[12] which were given there for the transformation monoid Q(@,U) of a reliable
queue. Here, we generalize these equivalences to plq monoids Q(L£) with arbitrary
underlying lossiness alphabet £ = (F,U).

Concretely, we prove the correspondence of recognizability in the plq monoid
Q(L) to regularity in the underlying free monoid X7%. We also describe the recog-
nizable plq languages in terms of Boolean combinations of plq languages wrt~(R),
rd ™! (R), and some special languages 2, C Q(£L) for regular word languages R C A%
and numbers ¢ € N:

Definition 5.2. Let £ = (F,U) be a lossiness alphabet and t € Q(L). Then the
overlap’s bounded width of t is

obw(t) := inf{ [rda(s)]

s € Q(L), wrt(s) = wrt(t),rd(s) = rd(t),}
[rda(s)[ > [rda(t)] '

Similarly, for w € X} we may define obw(w) := obw([w]=,). Furthermore, for
{eN set

2 :={t e Q(L) | obw(t) > ¢}.

The overlap’s bounded width specifies the minimal length of the overlap of a
transformation having the same projections and a longer overlap. If no such sequence
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exists then we set this value to co. In particular, we have t € {2, for a transformation
t € Q(L) and a number ¢ € N if, and only if, any transformation s € Q(£) having
the same projections (i.e., wrt(s) = wrt(¢) and rd(s) = rd(¢)) and a longer overlap
(i.e., |rda(s)| > |rda(t)|) also satisfies |rda(s)| > ¢.

Example 5.3. Let £ = (0, {a,b}) and t = [ababaabbabab)=,. Then there are two

words with the same projections and longer overlaps:
s1 = [abaabbaabbab)= - and 59 = [aabbaabbaabb]= .-

We have |rda(s1)| = 4 and |rd2(s2)| = 6. Therefore, we have obw(t) = 4, obw(s;) =
6, and obw(s2) = co. Hence, t € 23 \ {24 holds.

From [I2] Observation 9.1] we know that the reliable queue languages {t €
Q(0,U) | |rda(t)| > £} are not recognizable for any ¢ € N. This also means, there
is no non-trivial property of the overlap’s width |rdy(¢)| which is recognizable in
the reliable queue monoid Q(M,U). An appropriate alternative for the generators
of the Boolean algebra of recognizable plq languages has been found in such kind
of “over-approximation” of the overlap’s width (note that obw(t) > |rda(¢)| holds).
Additionally, the following two lemmas provide more motivation of this notion.
First, we show that the transformations ¢ € Q(L) are fully described by wrt(t),
rd(t), and obw(¢).

Lemma 5.4. Let L= (F,U) be a lossiness alphabet with |Az| > 2 and s,t € Q(L).
Then we have wrt(s) = wrt(t), rd(s) = rd(t), and obw(s) = obw(t) if, and only if,
s =1 holds.

Proof. The implication “<” is obvious. So, we only have to prove the converse
implication. Let s,t € Q(L) be two transformations with wrt(s) = wrt(¢), rd(s) =
rd(¢), and obw(s) = obw(t). Due to Proposition it suffices to show rda(s) =
I‘dg (t)

By definition of obw(.) we know the following inequation:

u € Q(L), wrt(u) = wrt(t), }
rd(u) = rd(¢), [rda(u)] > |rd2(¢)|[]

Recall that wrt(s) = wrt(¢) and rd(s) = rd(¢) holds. Then |rda(s)| > |rda(¢)| would
imply obw(t) < |rda(s)| < obw(s) = obw(t), which is impossible. Hence, we have
[rds(s)| < |rd2(t)]. By symmetry we also obtain |rds(t)| < |rda(s)|. In other words,
rda(s) and rda(t) are suffixes of rd(s) = rd(¢) having the same length, i.e., we have
rda(s) = rda(t). This finally implies s = ¢ according to Proposition |

[rda(s)] < obw(s) = obw(t) = inf{|rd2(u)|

In other words, we could extend Proposition by another equivalence stating
that the triple (wrt(t),rd(¢),obw(t)) is (similar to (wrt(t),rd(t),rd2(t))) a charac-
terization of the transformation t € Q(L).

The following statement proves that from a transformation t € Q(£) with a
small overlap’s bounded width we obtain another transformation s € Q(L£) which
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has an overlap rda(s) of this bounded width. This knowledge is very helpful to prove
Theorem [5.1] and the succeeding Theorem

Lemma 5.5. Let L = (F,U) be a lossiness alphabet with |Ag| > 2, £ € N, and
t € Q(L). Then obw(t) < £ if, and only if, there is ro € AEZ with rd(t) € A%ry and
wy € redsup,(r2) for a prefiz wy of wrt(t) such that |rda(t)| < |ra.

Proof. We first suppose obw(t) > ¢. Let ro € A%e such that rd(¢) € Ajry and
wy € redsup,(r2) for a prefix wq of wrt(t). Furthermore, let ry € A} with rd(t) =
rire. Set s := [Fywrt(t)72]=,. Then we have wrt(s) = wrt(¢), rd(s) = rd(t), and
[rda(s)] < |ra| < L. Since wy € redsup,(r2) and w; is a prefix of wrt(t) = wrt(s),
we have rdy(s) = ry according to Lemma [3.8] Since |rds(t)| < |rds(s)| would imply
obw(t) < |rda(s)| < ¢, we have |[rda(¢)| > [rda(s)| = |ra].

Now, assume obw(t) < £. Then there is s € Q(L£) with wrt(s) = wrt(t), rd(s) =
rd(t), and |rda(t)] < |rda(s)] < €. Consider ro := rda(s). Then we have |ro| =
[rda(s)] < ¢, rd(t) = rd(s) € ALra, and wy € redsup,(ra) for a prefix wy € A} of
wrt(s) = wrt(t). O

With the help of the overlap’s bounded width and the knowledge from the
previous two statements we are able to state the following equivalences:

Theorem 5.6. Let £ = (F,U) be a lossiness alphabet with |Az| > 2 and T C Q(L).
Then the following statements are (effectively) equivalent:

(1) T is recognizable.

(2) n:"(T) QTL*AZE* is reqular.

(8) T is a Boolean combination of plg languages of the form wrt~'(R), rd ' (R),
and 2 for reqular languages R C A}, and numbers £ € N.

Note that nzl(T) C X% is the union of the equivalence classes of the behavioral
equivalence =, in T'. From Lemma (3.8 we also know that each such equivalence class
contains a word from Az AZTL*. Consequently, the language nZl(T) OE*AZT[;*
contains at least one representative from each equivalence class of the behavioral
equivalence =, in T'.

Remark 5.7. Let £ = ((,U) be a lossiness alphabet with |U| > 2 (i.e., we consider
a reliable queue). Huschenbett et al. proved in [12] that we can extend Theorem
by the following item:

(4) nzY(T) N ALAL" A% is regular.

However, this theorem cannot be expanded by the statement “7721 (T)NL is regular”
where L is either E*AZ, AZE*7 or the union of both languages.

Moreover, this fourth item is not equivalent for other lossiness alphabet. So, let
L = (F,U) be alossiness alphabet with F' # () and |Az| > 2. For two distinct letters
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a,b € Az with a € F the language T := {[a"a™bb]=, | n € N} is not recognizable
since

nz ' (T) = {@"a"bb | n € N}
is no regular language. However, the language n,*(7) N AZE*AZ = {bb} is finite
and, therefore, regular.

5.1.1. The implication {(I}=[(2)” in Theorem

The first implication in Theorem [5.6] that we want to prove is very simple:

Proposition 5.8. Let L = (F,U) be a lossiness alphabet and T C Q(L) be recog-
nizable. Then n;"(T) OE*AZTL* is reqular.

Proof. Since T is recognizable, the set nzl(T ) is recognizable and hence regular.
Since the class of regular languages is closed under intersection, 7721 (T)Q/TL* AZTL*
is regular. O

5.1.2. The implication {(2J={(3)" in Theorem

Towards the proof of the second implication in Theorem we fix an arbitrary
lossiness £ = (F,U) with |Az| > 2. Let T C Q(L) be a plq language such that
nzl(T) NAz AZTE* is regular. We will partition 7" into two plq languages: T'N {2,
and TN Q(L)\ {2 for an appropriate natural number ¢ € N. We will show then that
both plq languages satisfy property of Theorem This means, both languages
are Boolean combinations of plq languages of the form wrt~'(R), rd~'(R), and 2}
for regular languages R C A} and numbers & € N. To prove this result, we first
show that any transformation t € £2;, with k € N having at least k read actions has
the same behavior as one ending with k read actions.

Lemma 5.9. Lett € Q(L) and r1,r2 € A} with rd(t) = rire and |rd2(t)| < |ra] <
obw(t). Then we have t = [Fywrt(t)72]=, .

Proof. If obw(t) < oo holds, this number is the length of the shortest suffix s € A}
of rd(t) which is longer than rds(t) and satisfies p € redsup,(s) for a prefix p of
wrt(t). By minimality of obw(t) we obtain rdy(wrt(t)73) = rda(wrt(t)rdy(t)) =
rda(t) for each suffix ro of rd(t) with |rd2(t)| < |r2] < obw(t). Hence, application of
Lemma [3.§] yields

t = [rdy (t)wrt(t)rde(t)]=, = [Frwrt(t)T2]=,

where 71 is the complementary prefix of rd(t) wrt. 7.

If otherwise obw(t) = 0o, we know w; ¢ redsup,(rq) for each prefix wy € A% of
wrt(t) and for any suffix ro € A} of rd(¢) which is longer than rds(¢). This implies
rds (wrt(t)72) = rda(t) in this case. Hence, utilization of Lemma [3.8| results in

t = [rdy ())wrt(t)rda(t)]=, = [Frwrt(t)T3]=,
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where r; is the complementary prefix of rd(t) wrt. 7. O

Now, we prove that the aforementioned partitions of ' C Q(L) coincide with
Boolean combinations of plq languages of the form wrt=!(R), rd ' (R), and 2
for regular languages R C A} and numbers k € N. Note that the proof of this
result essentially generalizes the proofs of [12, Lemmas 9.9-9.11] which these authors
considered only reliable queues.

Lemma 5.10. Let{ € N and T C Q(L) such that ;" (T) QTL*AZE* is recognized
by a monoid with £ elements. Then the following two plq languages satisfy property

[(3) of Theorem [5.6)

(Z) TN 2.
(ii) TN QL) ~ 2.

Proof. Let F be a finite monoid with |F| = ¢ recognizing L := n; " (T) QTL*AZTK*
via the homomorphism ¢: X7 — F. Furthermore, define u,7t: A7 — F such that
p(w) = (w) and Fi(w) = ¢().

First, we show the statement by establishing the following equation

Tne= |J  rd'ET o)) nwetT (pTH(B) N2
TQGA[L,OL,HG]FS
aBTi(r2) €4(L)
U U rd ) nwrt T (wm(B)) N 12

TQEAZZ,BE]F:
Br(r2)€d(L)

We denote the left and right hand side of this equation by Y and Z, respectively.
Clearly, Y, Z C (2. Hence, it suffices to show, given t € (2, that t e Y iff t € Z
holds. Towards this equivalence we first have to prove the following statement:

Claim 5.11. Let t € (2, ro € A} be the longest suffiz of rd(t) with |ra| < ¢, and
r1 € A} be the complementary prefiz of rd(t) wrt. ro. Then we have t € T if, and
only if, [Frwrt(t)rz|=, € T.

Proof of Claim If |rd(¢)| < ¢ holds, we have 7 = rd(¢) and r; = €. Since
obw(t) > ¢ > |rd(t)| holds, we have obw(t) = oo in this case. Then from Lemma 5.9
we learn t = [wrt(¢)rd(t)]=, = [Fiwrt(¢)72]=, and we are done. So, from now on we
assume [rd(t)| > £. Then we have r € A%. From obw(t) > ¢ and Lemma we
obtain words z,y,z € A} with t = [Tyzrz]=, (note that r; = zz and wrt(t) =y
holds). Moreover, due to |F| = £ there is yo € A%e with ¢(yo) = ¢(y). Then from
lyo| < € = |ro| we obtain Tygzrs =, TzyoTo according to Lemma Then we see
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the following:

teT < o¢(Tyzrs) € ¢(L) (since t = [TyzTa]=,)
= ¢(TyozT2) € H(L) (since ¢(y) = d(yo))
— [Tyozrzl=, €T
— [Tzyorz)=, €T (since TyoZTs = TZYoT2)
= ¢(TZyor2) € H(L)
— ¢(TZYT3) € $(L) (since ¢(y) = ¢ (yo))

<~ [Frwrt(t) )=, €T.

This finally finishes the proof of Claim [5.11} O

Now, we resume the proof of the first statement in Lemma let t € 2y, 15 €
A% be the longest suffix of rd(¢) with |ra] < ¢, and 71 € A} be the complementary
prefix of rd(¢) wrt. ro. Then we have:

teY < teT
— [Frwrt(t) /)=, €T (by Claim [5.11))

> o(rrwrt(t)72) € (L)

= [i(r1) p(wrt(t)) fir2) € ¢(L)

<— te /.

Now, we prove the second statement by establishing the following equation:

TNO(L)N {2, = U U rd_l(ﬁfl(a)rg)ﬂwrtfl(ufl(,@))ﬂﬂk\()kﬂ .
0<k<lrycAf, o BeF:
app(r2)€d(L)
We denote the left- and right-hand side of this equation by Y and Z. From Q(L) =
2028 D2 D ... we obtain that 25 ~ 211 C 29~ 2y = Q(L) ~ 2 holds for
each 0 < k < £. Hence, we have Y, Z C Q(L) \ 2. Then it suffices to show, given
t € Q(L) \ 2 that t € Y holds if, and only if, t € Z holds.
From ¢ ¢ 2, we obtain obw(¢) < £. Then there is 0 < k < £ with k+ 1 = obw(¢)
(i.e., we have t € 2 \ 2;41). By Lemma we obtain t = [Ffwrz|=, where
wrt(t) = w, rd(t) = rire, and |ra] = k. Then we learn:

teyY = o(rwr) € ¢(L) < n(r1) p(w) a(r:) € (L) < te 2.

Finally, we infer the implication {(2){(3)]" in Theorem

Proposition 5.12. Let £ = (F,U) be a lossiness alphabet with |Ag| > 2 and T C
Q(L) such that nzl(T)ﬂTE*AZE* is reqular. Then T is a Boolean combination of
plg languages of the form wrt='(R), rd~(R), and £2; for regular languages R C AL
and numbers ¢ € N.



February 11, 2022 14:0 WSPC/INSTRUCTION FILE plgrec

24 Chris Kocher

Proof. Let 1 (T)NA; A%AL" be recognized by a finite monoid with ¢ elements.
By set theory we have T = (T N 2,) U (T N Q(L) ~ §2;). Due to Lemma the
right-hand side of this equation is a finite union of plq languages satisfying property
of Theorem [5.6 O

5.1.3. The implication M” m Theorem

Again, we fix a lossiness alphabet £ = (F,U) with |Az| > 2. We have to prove now
that T'C Q(L) is recognizable if it is a Boolean combination of plq languages of the
form wrt~*(R), rd "' (R), and 2, for regular langauges R C A% and numbers £ € N.
Since the projections wrt and rd are homomorphisms, we obtain recognizability of
wrt ' (R) and rd ! (R) for any regular word language R C A%. Hence, we only have
to show that (2, is recognizable for any number ¢ € N. To this end, we prove that
nzl(Qg) is FO-definable and therefore - due to McNaughton and Papert’s Theorem
[24] - even aperiodic.

We first define two FO-formulas embed, and overlap, for natural numbers ¢ €
N which describe the following properties: The word model w of a queue action
sequence w € X% satisfies embed, if, and only if, there is a suffix 7o of rd(w) of
length ¢ and a prefix w; of wrt(w) such that w; is a reduced L-superword of r3. In
other words, there exists an action sequence v € X7 with the same projections and
an overlap of length /.

The formula overlap, strengthens this as follows: w satisfies overlap, if, and only
if, there is such action sequence v € X} with the same projections and overlap of
length ¢ (i.e., w satisfies embed,) and the overlap of w is at least of length .

We do this by assigning the last ¢ read actions to variables z1,...,z, (where z;
is the position of the right-most read action in w and z is the £ last read action)
and the corresponding write actions to variables y1, ..., ye.

So, let £ € N and x1,...,%¢, Y1, --,Yye be variables. Then we define the following
formulas:

(1) ¢1:=wp <xp1 < -+ <2y AYp < Yo—1 < -+ < y1 - This formula guarantees
that the x;’s are mutually distinct and in descending order and the same holds
for the y;’s.

(2) ¢ = /\f=1 Vaea, (Aa(zi) A Aa(yi)) - This formula ensures that z; reads the
same letter from the queue as y; writes into it.

(3) ¢3 := Vz: ((l‘g <z A Ax(2) = \/f=1 x; = z) - Satisfaction of this formula
requires the z;’s to be the last £ read actions in w.

=1

(4) ¢)4 = /\1'21 /\aeAﬁ Vz: ((yi+1 <z <y N\ Aa(yi)) — AEU(F\{@})(Z)) and ¢5 =
Naea, V21 (2 <ye AN Aa(ye)) = Azzypqay)(2)) - These formulas assure that
the infix wly;11 + 1,y; — 1] contains neither the same letter as y; nor any
unforgettable letter. Hence, together with the formulas above, these ones enforce
the last ¢ read actions to be an L-subword of a prefix of the write actions.

(5) ¢ = /\f:1 y; < x; - This formula guarantees that each x; appears right from y;.
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By conjuction of the formulas above we obtain the announced formulas:

embedl = Elxla"'vxfayla"'ayf: ¢1 /\¢2/\¢3/\¢)4/\¢53
overlape =A%, T YLy Y DL A D2 A D3 APy N D5 A dg -

Example 5.13. Let w = abbaaba. If U = {a} then we have w € L(overlap;) and
w € L(overlaps), but w ¢ L(overlap,) since each assignment of y2 to b violates
¢5 because of the leading a in w. If U = {b} then we have w € L(overlap,), but
w ¢ L(overlapy) and w ¢ L(overlaps) since each assignment of y; to a violates ¢q4
because of the b at the third position in w.

Now let w’ = abaabba. Then w' € L(embed,) if, and only if, w € L(embed,) for
any ¢ € N. But w’ € L(overlap,) and w’ ¢ L(overlap,) for any ¢ > 0.

In the following lemma we describe the words satisfying the formulas embed,
and overlap, for any ¢ € N. As announced before, in the first case these are the
words where the last ¢ read actions are an L-subword of a prefix of their write
actions. Furthermore, the words satisfying overlap, also satisfy embed, and have an
overlap of at least ¢ symbols.

Lemma 5.14. Let £ € N and w € X}.. Then the following statements hold:

1) w € L(embed,) if, and only if, there is o € A% with rd(w) € A%ry and wy €
c L
redsup,(r2) for a prefiz wy of wrt(w).
2) w € L(overlap,) if, and only if, there is ro € A% with rdy(w) € A%ry and
¢ L L
wy € redsup,(r2) for a prefiz wy of wrt(w).

Proof.

First, let w € L(embedy). Then there are letters ay,...,as,b1,...,bp € X
contained in w such that their positions p1,...,pe, q1,-..,q € dom(w)
satisfy ¢1-¢5. By ¢2 we have ay...a; = by...b;. Due to ¢; and ¢35 we
have rd(w) € ALbe...by and by...by = wrt(w). From ¢4 A ¢5 we infer that
wy € redsup,(be . .. b1) holds for the prefix wy := wrt(w[1, q1]) of wrt(w).

For the converse implication, let ro = by...b1 € Agﬁ and wy, €
redsup(rz) for a prefix wy of wrt(w). Since there is no restriction to the

order of z; and y; in embedy, the language L(embed,) contains a word if,
and only if, it contains all words having the same projections. Hence, we
can assume that w € NF, and rdz(w) = r2 hold. Let py,...,p, € dom(w)
be the positions of the last ¢ read actions in w (in descending order) and
let by,...,by € Az be the letters on these positions. Then by definition of
nf . (w) the positions p; — 1,...,p; — 1 are labeled with b1,...,bs. Then it
is easy to see, that

(vah"'7p€7p1_1a"'7p€_1) F ¢1A¢2/\¢3/\¢4/\¢5($17-"7x€7y17"'ay€)

holds, i.e., we have w € L(embedy).
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Let w € L(overlap,). Then by there is 7o = by...by € A% such that
rd(w) € Afre and wy € redsup,(r2) for a prefix wy of wrt(w). By satisfac-
tion of ¢g we obtain that each b; is left of b;. By Proposition we finally
obtain rds(w) € A%rs.

Conversely, let o = by...b; € A% such that rds(w) € Afire and wy €
redsup . (r2) for a prefix w; of wrt(w). Then by [(1)] we have w € L(embedy).
Hence, we only have to check the satisfaction of ¢g. We prove this by
induction on the minimal length n of a derivation w —g, nfz(w) where
R, is the semi-Thue system we obtain by ordering the equations from
Theorem [3.3] from left to right.

If n = 0 then we have w = nfz(w). Set k := |rda(w)| > L. Let
P1,---, Pk € dom(w) be the positions of the last k read actions (in descend-
ing order) in w and let by, ..., b, € Az be the letters on these positions. Due
to wrty(w) € redsup,(rda(w)) = redsup, (b ... b1) there is a factorization
VEbRVE—1bk—1 . . . v1b1vg = wrt(w) with v; € (F ~ {b;})* for any 1 <1i <k
and vy = wrte(w) € Af. Then, by w = nf;(w) the positions ¢; := p; — 1
are labeled with b; and, hence, we have wrt(w[g;+1 + 1, ¢;]) = v;b; for each
1 < i <k (where gr+1 = 0). Since we also have w; € redsup,(be...by) for
a prefix wq of wrt(w) there is another factorization vjby . .. vibiv} = wrt(w)
with v} € (F ~ {b;})* for any 1 < i </ and v{, € A}. Let ¢, ...,q; be the
positions of by, ..., by with wrt(wlg,, + 1,¢j]) = vjb; for each 1 < i < £
(where ¢;,, = 0). Hence, by £ < k we can infer ¢; < ¢; = p; —1 < p; for
each 1 < i < /. This finally implies

(w;pla"'vpfaqllv"qu) ':¢1A¢2/\¢3/\¢4/\¢5/\¢6(‘r17‘",$l7yla"'7y2)7

i.e., we learn w € L(overlap,).

Now, assume n > 0. Then there is v’ € X} with w —an, o’ %&;1
nf,(w). By induction hypothesis we know w’ € L(overlap,) and we have
to show w € L(overlap,). We know that w’ satisfies embed,. Since the
application of any rule of R, transposes only one write action with another
read action, we also have w € L(embed,).

Let p1,...,pe,q1,--.,q¢ € dom(w’) = dom(w) be the positions in w’
satisfying ¢1-¢g. The transposition of the write and read action has two
effects: the position of one read action increases by one, i.e., at most one p;
increases. Additionally, the position of one write action decreases by one,
i.e., at most one ¢; decreases. This yields new positions p} ..., p},q1,...,q; €
dom(w) satisfying ¢1-¢5 in w and we have p, € {p;,p; + 1} and ¢} €
{qi,q; — 1} for each 1 < i < ¢. However, we also have

a4 < qi < pi <pj

for each 1 < i < /. In other words, the chosen positions satisfy ¢g and,
hence, we have w € L(overlap,).
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O

From this lemma we also obtain another characterization of the equivalence
classes of the behavioral equivalence =,. So, let w € X7 and £ € N be maximal
such that w € L(overlap,). Moreover, let k := obw(w) < co. Then we know that
w € L(embedy A—overlap,) holds. This implies, that a word v € X satisfies v =, w
whenever the last ¢ read actions of v appear right of their corresponding write
actions and at least one of the last k read actions appears left of its corresponding
write action. We will use this observation multiple times in the proof of our Main
Theorem We can also infer the recognizability of the plq languages (2, from
this observation:

Lemma 5.15. Let £ € N. Then §2; is aperiodic and, hence, recognizable.

Proof. Since 7. is surjective, it suffices to show that 7721(95) is aperiodic in X}.

By Lemmas and we have
¢
T]Zl(.Qg) = L(/\ (embed;, — overlapk)) .
k=1

Then by [24] 1" (£2,) is aperiodic since the given formula is contained in FO. O

Finally, from this lemma we obtain the implication 4(3)={(1)] in Theorem
which finishes the proof of Theorem

Proposition 5.16. Let £ = (F,U) be a lossiness alphabet with |Ag| > 2 and T C
Q(L) be a Boolean combination of plg languages of the form wrt='(R), rd"*(R),
and §2; for regular languages R C A} and numbers £ € N. Then T is recognizable.

Proof. Since the sets wrt~(R) and rd~*(R) are recognizable for any regular lan-
guage R C A7 and since {2, is recognizable for any ¢ € N due to Lemma m
the plq language T is recognizable by closure properties of the class of recognizable
languages in Q(L). |

5.2. From recognizability to g-rationality

Now, we are able to prove the equivalences from our main theorem (Theorem [5.1).
In this subsection we prove the first of three implications. Concretely, we show that
each recognizable plq language is g-rational. To this end, we first have to define this
notion which is a restriction to the classical rational expressions. We need this re-
striction since the classes of rational and recognizable plq languages do not coincide
(cf. Theorem . Note that this is in contrast to the situation in free monoids,
where a word language is rational if, and only if, it is recognizable [I5]. Though
we can use Ochmariski’s approach from [27] to generate the recognizable languages.
Concretely, we restrict the iteration and the concatenation in the plq monoid in an
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appropriate way. Unfortunately, we still cannot generate all recognizable plq lan-
guages by union, restricted product, and restricted iteration (we will see an example
later in this subsection). Hence, we have to add another, non—monotoni operation
to our expressions: the complement operation. We call the plq languages generated
by those operations g-rational and prove that these are exactly the recognizable
languages in the plq monoid.

At first, we prove that the class of recognizable plq languages is neither closed
under iteration nor it is closed under concatenation:

Lemma 5.17. Let £ = (F,U) be a lossiness alphabet with |Ag| > 2. Then the
following statements hold:

(1) There is a recognizable language T C Q(L) such that T* is not recognizable in
Q(L).

(2) There are recognizable languages S, T C Q(L) such that S-T is not recognizable
in Q(L).

Proof. Let a € A, be a letter.
Towards the former statement set T' := {[ad]=,} which is recognizable since

nzl(T ) is finite. Using the equation of Theorem we learn
nyH(T*)Na*a* = {a"a" | n € N}.

This language is not regular and, hence, by closure properties of the class of regular
languages 7, ' (T*) is not regular. Thus, 7* is not recognizable.

Towards the latter statement set S := {[a]=,.}* and T := {[a]=,}*. Since
nz'(S) = a* and ;' (T) = @* holds, both plq languages are recognizable in Q(L).
According to equation of Theorem [3.3| we obtain

nz'(S-T)Naa*a* = {@a™a" | m,n € Nym < n}.

This language is not regular and, hence, S - T is not recognizable. O

Note that Lemma [5.17(1)|is a very similar situation as in trace monoids. Here,
Ochmanski proved in [27] that there are recognizable trace languages such that
their iteration is not recognizable anymore. However, the iteration of connected,
recognizable trace languages always is recognizable. Hence, this led to the definition
of the so-called c-rational expressions.

In the plq monoid, we additionally have to restrict concatenation due to
Lemma [5.17(2)l According to these restrictions we will define now the so-called
g-rational languages in the plq monoid. Afterwards we prove that this is a suitable
modification of rationality to describe exactly the recognizable plq languages.

Let £ = (F,U) be a lossiness alphabet. At first, we say that a Q(£)-language is
q"-rational if it can be obtained by the following rules:

°Let < be a partial ordering on a set S. A function f: S — S is monotonic if for all z,y € S with
z <y we also have f(z) < f(y).
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(1) wrt=1(e), wrt=1(0) = 0, and wrt~!(a) are q*-rational for any a € A.
(27) if S, T C Q(L) are q"-rational then SUT, S- T, and S* are q-rational.

Similarly, we obtain the class of ¢~ -rational languages in Q(L) by replacing wrt—!
by rd™! in the rules above.

Observation 5.18. Let T C Q(L). Then the following statements hold:

(1) T is q"-rational if, and only if, there is a regular word language R C A% with

T = wrt™1(R).
(2) T is q~ -{ational if, and only if, there is a regular word language R C A} with
T =rd " (R).

Proof idea. Both equivalences hold since wrt=1,rd ™! : 24" — 22(£) are homomor-
phisms wrt. union, product, and iteration operations. O

Finally, a Q(L)-language is g-rational if it can be constructed by the following
rules:

(1) if T C Q(L) is q*- or g~ -rational it also is g-rational.

(2) if S,T C Q(L) are g-rational then SUT and Q(L) \ S are g-rational.

(3) if S C Q(L) is qT-rational and T" C Q(L) is q~ -rational such that rd(T) is
finite (i.e., T is obtained without usage of the *-operator) then S - Q(L) - T is
g-rational

Remark 5.19. Recall the classical definition of rational languages. The class of
these languages is the closure of the finite languages under union, concatenation, and
iteration. All of these operations are monotonic. For g-rationality we additionally
need the closure under complement which is not monotonic. Until now it is still
an open question whether there is another characterization of the recognizable plq
languages using monotonic operations, only.

Example 5.20. Let T = {t € Q(L) | wrt(t) € (ab)*,rd(t) = b}. Then T is g-
rational since we have

T =rd ' (b) N (wrt™(a) - wrt =1 (b))*.

Note that the class of g-rational languages also is closed under intersection due to
Rule i.e., this class is a Boolean algebra.

At first sight, the choice of Rule seems to be some kind of random. The
following example shows that we can remove neither the factor “Q(L)”, which
appears as separator in this product, nor the finiteness of rd(7T). Additionally, we
cannot simply remove this rule since the recognizable plq language {[a@]=,} cannot

be built by application of the Rules and only.

Remark 5.21. Let a,b € A, be distinct letters. Then the language wrt~*((ab)*a)-
rd " () is not recognizable, since 1, ' (wrt ™ ((ab)*a)rd " (¢)) N (ab)*(ab)* contains
exactly those words (ab)™(ab)™ with m > n, which is not regular.
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Now let a,b,c € Ay be distinct letters with a,c € U. Then the language
wrt ™ aA%ke) - Q(L) - rd™H(aA%c)
is not recognizable since
L=zt (wrt ™ (aA%c) - Q(L) - rd ™ (aAfc)) Nab*cab*c

contains exactly those words ab™cab™c satisfying m #nifbe U orm >nifbe F
holds. In both cases L is not regular.

Now we can prove the implication (A)={(B)] in Theorem To do this, we
utilize Theorem Concretely, we understand a recognizable plq language as

a Boolean combination of languages of the form wrt~'(R), rd ' (R), and 2, for
regular languages R C A} and numbers { € N. Then we prove g-rationality by
induction on the syntax tree of such expression. The most complicated case in this
proof is to show that (2, is g-rational. For this proof we need the following lemma:

Lemma 5.22. Let L € N, t € Q(L), and ro = ay ...ap with ay,...,ap € Ar. Then
we have rda(t) € ALry and wy € redsup,(r2) for a prefix wy of wrt(t) if, and only
if,
‘
t€wrt™? (H F*ai> -Q(L) -rd (1) .
i=1

Proof. First, assume rds(t) € A%re and wy € redsup,(r2) for a prefix wq of wrt(¢).
From Lemmawe know ¢ = [rd; (¢t)wrt(¢)rd2(t)]=, . Then by assumption we obtain

L

t= [rdl(t)wrt(t)rdg(t)]z € Wrt_1<H Fa> QL) - rd ™ (ry) .

i=1

Now assume ¢t € wrt~! (Hle F*ai> - Q(L) - rd"!(ry). Then we have w; €
redsup,(r2) for a prefix wy of wrt(t) and rd(t) € Ajre. Furthermore, there are

wi, w2, ws € X% with ¢ = [wiwews]|=,, wrt(w,) € Hle F*a;, and rd(ws) = ra.
Then the letters ai,...,a; appear to the right of ai,...,ar in wiwows, i.e.,
wiwaws € L(overlap,). Hence, by Lemma [5.14(2)] we obtain rds(wiwows) € Alra,
i.e., rda(t) € A%ry holds. O

Finally, we can state the following implication:

Proposition 5.23. Let £ = (F,U) be a lossiness alphabet with |Az| > 2 and
T C Q(L) be recognizable. Then T is g-rational.

Proof. By TheoremT is a Boolean combination of plq languages of the form
wrt~'(R), rd "' (R), and £ for regular languages R C A% and numbers ¢ € N. We
prove the claim by induction on the syntax tree.
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At first, assume T = wrt~!(R) for a regular language R C A%. Then, T is q*-
rational by Observation and, hence, ¢-rational. Similarly, T = rd™'(R) is
q~-rational and hence g-rational for any regular language R C A7..

Next, suppose T' = (2 for a number ¢ € N. Then by the Lemmas [5.5] and [5.22]

we have
2 = ﬂ (Q(E)\ (wrt ™ (W, AL ) Nrd ™ (Afr) ) Uwrt (W, )-Q(ﬁ)-rdfl(rz)) 7
TzEAIS:K

where W,., = Hle F*a; with 7o = aj ... ak. Since the plq languages wrt =1 (W, A%),
I‘dil(AZTg), wrt~*(W,,), and rd " (1) are q-rational by the first case of this proof,
{2, is g-rational due to Rules and

Finally, assume T'= S1 U Sy, T = 51 NS, or T = Q(L) ~\. S1. Then by induction
hypothesis S; and S5 are g-rational. Hence, using Rule T is g-rational as well]

5.3. From g-rationality to logical definability

The second implication from Theorem [5.1] states that each g-rational plq language
is definable in a special monadic second-order logic which we call MSOg. So, the aim
of this subsection is to derive a signature from Biichi’s word-logic and corresponding
structures S(w) for each word w € X} such that we have the following properties:

(1) For two action sequences v, w € X% we have S(v) = S(w) if, and only if, v =, w
holds (i.e., iff v and w induce the same transformation [v]=, = [w]=,).

(2) The monadic second-order logic on these structures describes exactly the rec-
ognizable properties in the plq monoid. For this purpose, we have to exhibit the
knowledge from the preceding subsections.

To this end, we have to revisit the rules from the semi-Thue system R, which arises
from ordering the equations in Theorem from left to right. First, we can observe
that the application of any rule of R, to the word w does not change the projections
wrt(w) and rd(w). For example, if the i*® read action in w is right of the ;" read
action (i.e., 7 < j), then this also holds for any action sequence satisfying v =, w.
In particular, the " read action in w agrees with the i*" read action in v in this
case.

So, similar to the word models w, the universe of our new structure S(w) is the
set of positions dom(w) in w. Additionally, we need a partial ordering < satisfying
the following property: p < ¢ if, and only if: (1) p is the position of the i*" write or
read action, (2) ¢ is the position of the j** write or read action, and (3) for each
v =¢ w the i*" write / read action in v appears to the left of the j'* write / read
action in v. Unfortunately, monadic second-order formulas over these structures are
able to describe non-recognizable properties as the following remark shows:

Remark 5.24. Consider the first-order formula ¢ := Ju: A4, (2) AVy: Az (y) —
x <y, ie., [w]=, satisfies ¢ if, and only if, for each v =, w there is a write action
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appearing to the left of all read actions. In other words, this is the language of all
words w € X} with rd; (w) = . Then we can see

{we X7 | S(w) E ¢} Nna*a*a* = {a™a" | m > n}

which is no regular language. Hence, the language of all transformations ¢t € Q(L)
satisfying ¢ is not recognizable.

Due to this remark we have to weaken our structures S(w). A possible approach
is to split < into the following relations: <, which is the restriction of < to the
positions of write actions, <_ which is the restriction of < to the positions of read
actions, and <, which is the restriction of < to pairs (p, q) where p is the position
of a read action and ¢ is the position of a write action. In other words, we remove

those pairs (p, ¢) from < where p is the position of a write action and ¢ is one of a
read action. Unfortunately, those weakened structures are still too expressive:

Remark 5.25. Consider the first-order formula

— Ty Aag(x) AVz: (Aap(2) = 2 <4 @) A
¢ =3,y Ag () AVz: (Mg (2) 2y < 2) Ay Sew )

ie., [w]=, satisfies ¢ if, and only if, there is v =, w in which the first read action

appears to the right of the last write action. Then we have
{we X5 | S(w) £ ¢} Naa*a* = {@a‘a™ | m > ¢}.

Since the right-hand side of the equation above is not regular, the language of all
transformations ¢t € Q(L) satisfying ¢ is not recognizable either.

Another way to weaken the expressiveness of these structures is the following: we
further split <,, into relations <,y ¢ where £ > 0 is a positive integer. This relation
<,w, contains exactly those tuples (p,q) from <, where p is the position of the
01 last read action. Note that we have

<iw = U Srw,@ .
>0

We can see that for a given word w € X} and a number ¢ > 0 all tuples in the
relation <,y ¢ agree in their first component. Hence, we are able to project these
relations to their second component yielding the sets P, := {¢ € dom(w) | Ip €
dom(w): p <;w.r q}

All in all, we can define the plg model of a word w = ajas...q, with
a1, Q,...,q, € X as the following (infinite) relational structure:

w = (dom(w)a <$a <1—Ua (Pew)€>03 (A;U)aeﬂg)

where dom(w) = {1,...,n} is the set of positions in w, AY = {i € dom(w) |
a; = a} are the labelings of the positions, <!/ and < are the natural orderings on
4e = Uaea, Aa and A%, respectively, and

Py = {pec A4, |Vvi,v2 € ¥}, w =¢ vive, wrt(vi) = wrt(w(1, p]) = [rd(v2)| < £} .
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In other words, we have p € P} if, and only if, o, € Az and the £t last read
action in w is left of o, in any equivalently behaving action sequence v =, w. This
is conform to the approaches known from [47] since the relations <%, <%, and P}’
specify which letter have to appear to the left of another one in any word equivalent
to w.

Before we show that the monadic second-order formulas on the plq models de-
scribe exactly the recognizable plq languages, we first show several basic properties
of the plg model w of an action sequence w € X7. First, we show that w identifies

the equivalence class [w]=,:

Lemma 5.26. Let v,w € X}.. Then we have v = w if, and only if, v = w.

Proof. At first, we assume v =, w. Then by Proposition [3.7] there is a permutation
o of dom(v) = dom(w) such that o is compatible with <., <_, and A, for any
«a € Y. Additionally, by definition o is compatible with P, for any ¢ > 0. Hence,
o is an isomorphism from v into w, i.e., v = w.

Now assume v Z, w. If wrt(v) # wrt(w) or rd(v) # rd(w) then we know
wrt(v) 2 wrt(w) or rd(v) 2 rd(w). Note that these word models are sub-structures
of the plq models v resp. w. Hence, any possible bijection from dom(v) into dom(w)
(if there is any) cannot be compatible with <, , <_, and A, at the same time. This
implies v 2 w in this case. So, we can assume wrt(v) = wrt(w) and rd(v) = rd(w)
from now on. Let o be the uniquely determined permutation of dom(v) = dom(w)
which is compatible with <., <_, and A, for any o € X

By Proposition [3.7] we infer from v #, w that rda(v) # rds(w) holds. Since both
words are suffixes of rd(v) = rd(w) we may assume that rds(w) is a proper suffix
of rda(v), i.e., |rda(v)| > |rda(w)|. Note that we have wrt(v) = wrt(w) # €, since
otherwise we would have rds(v) = rdz(w) = & by definition of redsup,.

Let p € dom(v) be the position of the last write action in v. From Lemma
we know v =, rd; (v)wrt(v)rde(v) and, hence, p ¢ 13|1;d2(v)|. Now, let wy,wy € X%
with w =g wywy and wrt(wy) = wrt(w(l,0(p)]) = wrt(w) (note that o(p) is the
position of the last write action in w). Suppose |rd(wz)| > |rd2(v)|. Then we have
wiwy € L(overlapy,q,(,)) (note that = € redsup,(rdz(v)) holds for a prefix x of
wrt(w) = wrt(v)) implying |rde(w)| = |rde(wiws)| > |rd2(v)| by Lemma
- contradicting to our assumption |rds(w)| < |rda(v)|. Hence, we infer |rd(ws)| <

rd2(v)[. Then we have o(p) € P - Thus, ¢ is no isomorphism from v into w.

Since ¢ is unique, we have v 2 w. O

Due to Lemm we are able to define the plg model of a transformation
t € Q(L) by t :=nf,(t).

By definition the signature of our plq models w is infinite. However, we can
represent these structures finitely, since we can split N \ {0} into at most three
intervals Iy, I, and I3 such that the sets P} and P’ coincide if, and only if, ¢
and k belong to the same interval I;. These intervals are closely related to wrt(w),
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rd(w), and obw(w): if [wrt(w)| = 0 we have w € Az and, hence, P = () for each
£ > 0. The case |wrt(w)| > 0 is considered in the following lemma:

Lemma 5.27. Let w € X} with |wrt(w)| > 0. Then the following statements hold:

(1) For each 1 < ¢ < min{obw(w), |rd(w)| + 1} we have P} = (.
(2) For each obw(w) < ¢ < [rd(w)| we have P;* = Py .\ # 0.
(8) For each £ > |rd(w)| we have Py = A .

Proof.

Since ¢ < obw(w) holds, we have [w]=, € 2. Let r1,ry € A% with rd(w) =
rirg and |rg| = £. Then by Lemma there is v € X} such that w =, vF3
holds. Consequently, any write action in w can be followed by > ¢ read
actions, i.e., P’ = 0.

First, we show p := maxAy, € Py ., # 0 (ie., the last write po-
sition in w is in this set). Let vi,vs € X} with w =, vivy and
wrt(vy) = wrt(w[l,p]) = wrt(w). We show [rd(ve)| < obw(w). Since we
have |rda(w)| < obw(w) < [rd(w)| we obtain w € L(embedqpy () and w ¢
L(overlappy(u))- From Lemma w =g v1vz, and w ¢ L(overlap,pu(u))
we also obtain v1v ¢ L(overlapopy (. )- Hence, the satisfaction of ¢ implies
that |rdz(vz)| < obw(w) and, therefore, p € P (-

Next, we prove P’ = P;’{)W( w)* By definition, the inclusion “27” is trivial.

We prove the converse inclusion “C” by induction on £. If £ = obw(w), we

are done. So, assume ¢ > obw(w). Let p € A%~ P2y = A3 NPy,

Then there are vy, vy € X} with w =, viv2, wrt(v1) = wrt(w[l, p]), and

[rd(vg)| > ¢ — 1. We are done, if [rd(vs)| > ¢. Hence, we assume |rd(vs)| =

¢ —1 from now on.

Let r1,ry € A} with rd(w) = rire and |re| =€ —1, i.e., rd(v1) = r1 and
rd(ve) = rp. Additionally, let r; = rja with a € Az and let v} € X} be the
word which arises from v; by removing the rightmost a.

Suppose w; ¢ redsup,(ary) for any prefix w; of wrt(w). Using the
rules from the semi-Thue system $R., we can move the letter @ in vivs to
the right-hand side of the write action on position p in w. Then we have
viave =p v1ve =, w (since rda(v]ave) = rda(vivs)). Additionally, we know
wrt(v)) = wrt(vy) = wrt(w[1,p]), and |rd(Gvy)| = ¢. This finally implies
pe A P

Now, assume w; € redsup,(ars) for a prefix w; of wrt(w). We know

[rda(viv2)| = |rde(w)| < obw(w) < £.

By definition of obw(w), there is u € Azbw(w) with rd(viv2) = rd(w) € Au,
w) € redsup,(u) for a prefix w] of wrt(w), and |rda(vive)| < |u| =
obw(w). Let ro = by_q1...by where by,...,by—1 € A, are letters and
P1s- - Pobw(w) € dom(w) = dom(vivz) be the positions of bi,..., bobw (w)
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in vyvy. Additionally, let g1, ..., gobw(w) € dom(w) be the positions of the
corresponding write actions b; in viv, i.e., wrt(vivz|giv1 + 1,¢; — 1]) €
(F' ~ {b;})* holds for each 1 < i < obw(w) (where gopw(w)+1 = 0). By
Lemma there is 1 < ¢ < obw(w) such that ¢; > p;.

Consider the positions pi,...,p;, € dom(w) of the ¢ right-most read
actions (in descending order) and their corresponding write positions
qi,---,q; € dom(w) in vyvs. Then we have ¢; > ¢; > p; = p; implying,
by application of Lemma[5.14] [rds(vi@vs)| < € = |ars|. Hence, we can infer
rde(v1v2) = rda(viave). But this finally implies w =, vive =, vjavy and,
therefore, p € A}~ Pj.

Since w contains < ¢ read actions, no write action can ever be followed by
¢ read actions. Consequently, we have P}’ = A% . O

Now, we are able to define our logics: by FO, we denote the set of all first-order
formulas build up from the atomic formulas of the form

r=y, x<iy, x<_y, DPz)forl{>0,and A,(x)foraecX,

where = and y are variables. Additionally, by MSO4 we denote the monadic second-
order extension of FOq.

Let ¢ € MSOq be a sentence. The language of transformations defined by ¢
is T(¢) := {t € Q(L) | t = ¢}. We say that T C Q(L) is MSOq-definable (FOq-
definable) if there is a sentence ¢ € MSOq (¢ € FOq, respectively) with T' = T'(¢).

Remark 5.28. The sets P’ are also conform with the special product in the
definition of g-rational plq languages. In particular, we have

T(3z: ~Py(z) A Aa,(2)) = wrt™ (Af) - Q(L) -rd_l(AZL) .

In the proof of implication {(B)=(C)[" in Theorem we need the following
notion of restricted quantification: Let ¢(Z),&(z, ) € MSOq. Then the restriction

ble of ¢ to £ is defined by

o(Z) if ¢(Z) is atomic

V]e(Z,9) V xle(Z,9) if ¢(2) = (@) v x(2)
Ple(Z,9) == { ~|e(&, 7) if ¢(%) = —p(Z)

Jo: (Y]e(x, 7, %) NE(w, 7)) if ¢(7) = Jz: Y(z, 7)

X (Y]e(X,Z,9) AVe: X(z) = &(z, 7)) if (&) =3X: (X, %) .

In other words, we restrict the quantifiers in ¢ to the values satisfying £. Obviously,
we have ¢|¢ € FOq if ¢, & € FOq holds.
Finally, we can state the following implication:

Proposition 5.29. Let £ = (F,U) be a lossiness alphabet with |Ag| > 2 and
T C Q(L) be g-rational. Then T is MSOq-definable.
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Proof. We prove this by induction on the syntax tree of a g-rational expression
generating the plq language T

If T is q-rational, then we have T' = wrt~*(R) for a regular language R C A%
by Observation [5.18] By [4] there is an MSO-sentence ¢ with L(¢) = R. Then by
replacing of all occurrences of < in ¢ by <4 we obtain an MSOq-sentence ¢’ with
T(¢/|AAL (a:)) = Wrtil(L(gb)) =T.

Similarly, we can prove that T' is MSOq-definable if T is q~-rational (here, we
replace < by <_ and restrict the quantifiers to AE)'

IfT =5 USyor T = Q(L)\ S1, where Sy, S are g-rational, there are ¢1, ¢2 €
MSOq with T'(¢1) = S1 and T(¢2) = Sz by induction hypothesis. Then we have
T =T(¢1V ¢2) and T = T(—¢1), respectively.

Finally, let T = wrt~*(R;) - Q(L) - rd~'(Ry) where R; C A% is regular and
Ry C A% is finite. W.lo.g. we can assume that Ry = {w} holds. Then there are
MSO,-sentences ¢; and ¢ defining wrt~!(R;) and rd ! (Ry), respectively. Set

¢ = 3w1, 22 P1]a< oy A P2lea< o APy (21) .
Then we have T' = T'(¢). O

5.4. From logical definability to recognizability

Finally, we have to prove that each MSOq-definable plq language is recognizable.
Concretely, we do this by translation of a formula ¢ € MSOq to a formula ¢ € MSO
such that ;' (T(¢)) = L(¥) holds. In this case, the right-hand side of this equation
is regular by [4] implying that T'(¢) is recognizable in Q(L) since 7). is surjective.

The most complicated case in our construction is the translation of the atomic
formula Py(z) since write and read actions are commutative in certain contexts (cf.
Theorem [3.3)). For this translation we will utilize the connection between F;° and
obw(w) as described in Lemma

So, let w € X% be a word, p € dom(w) be a position in w (which will be
represented by « in our formula), and £ > 0. Then we express p € P;* as follows:

By definition we have P;* C A% . Consequently, we have (w,p) | Aa,(z).
Additionally, from Lemma we can infer two cases: if |rd(w)| < £ then we are
done. This property can be expressed with the help of an appropriate FO-formula
short, satisfying L(shorty) = nzl(rdfl(Azz)). So, we can assume |rd(w)| > ¢ from
now on. Then, by Lemma we have obw(w) < ¢, ie., [wl=, € Q(L) \ 2.
By Lemma, the plq language (2, is aperiodic implying the existence of an FO-
formula Omega, satisfying n,'(£2¢) = L(Omega,).

Next, we want to determine the values k := obw(w) and m := |rda(w)| as well
as the positions of the last k resp. m read actions and their corresponding write
actions in w. To this end, we utilize Lemma with some small modifications to
the formulas embed; and overlap;:

embed;(f, g) = gf)l N ¢2 A qf)g N ¢4 A ¢5
overlap;(Z,9) := ¢1 A 2 A d3 A da A s A fg -
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Then (w,p,q) & embed;(,7) if, and only if, there is 72 € A% with rd(w) € A*ra,
wy € redsup,(re) for a prefix wy of wrt(w), where py,...,p; are the positions of
the last ¢ read actions in w (in descending order) and ¢, ..., ¢; are the positions of
their corresponding write actions in w. Moreover, we have (w, p, §) = overlap,(Z, %)
if, and only if, in addition to the conditions above, we have rda(w) € A%ry. Hence,
we can express “k = obw(w)” as follows:

k—1

obwy (7, ) := embed} (¥, %) A ~overlap},(Z, i) A /\ embed; — overlap; .

i=1
Additionally, the property “m = |rda(w)| < k” can be expressed by the following
FO-formula:

k

shuffle,, x(Z, Z) := overlap,, (7, 2) A /\ —overlap, .
i=m-+1

We should note here, that the property “m = |rda(w)|” cannot be expressed by
an MSO-formula since this property is not recognizable according to [12] Observa-
tion 9.1] (at least in the case F' = )). In contrast, satisfaction of shuffle,, x(Z, 2)
by w requires further assumptions on the overlap’s bounded width: we require that
k = obw(w) < oo is a fixed upper bound of |rds(w)].

Now, let 9, ¢, § € dom(w)* be positions in w with (w, p,§) = shuffle,, (7, %) and
(w, P, 8) | obwg (&, 7). It is easy to see, that ¢; < s; holds for each 1 < i < m.
In particular, if ¢; = s; holds, then we have ¢; = s; for each 1 < j < 4. So, let
1 <i < m be minimal such that ¢;+1 < s;4+1 holds (where ¢,,+1 := 0). This value
can be determined with the help of the following formula:

i
dl'['-l:l(:lj7 5) = /\ Yi =25 ANYit1 < Zit1,
j=1

” means “true”. Then, by utilization of the equations from

where “Ym41 < Zm1
Theorem we can move the read actions on positions p;y1,...,pr in w to the
direct left-hand side of the write action on position s;+1. But it is impossible to
transpose the read action on position p;41 with its corresponding write action on
position s;11. In other words, we have P}’ = P’ = {p’ € A}, | si11 <p'}.

All in all, we set:

Py(x) := (Aa, (x) A shorty) V (AAL () A ~Omega, A
VE, 5.7\ (shufflen (. ) A obwi(Z, 2) A diffi(7,2)) = zie1 < :r)
0<i<m<k<t
The next two lemmas prove the correctness and completeness of this formula
Pe(z):

Lemma 5.30. Let £ >0, w € X}, and p € dom(w) with (w,p) ¥ Pe(x). Then we
have p ¢ P}".
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Fig. 1. Visualization of a possible movement of read and write actions. In both words, we have
qg; <pj forall 1 <j<mand s;4+1 > p;41. Hence, both words have an overlap of length m. The
write actions on the left-hand side of the bold line are contained in P;*, the ones on the right-hand
side are not contained in P;".

Proof. If we have p ¢ A%C we are done since P}’ C A%E. So, we can assume
p € A}, from now on. Then, we have w [= shorty, i.e., [rd(w)| > .

If w = Omega,, we have obw(w) > ¢ and, hence, P’ = () by Lemma In
this case, we are done. Now, we assume w = ~Omega,, i.e., obw(w) < £. Then there
are p, ¢, 5 € dom(w)® and 0 < i < m < k < £ such that

e (w,p,q,S) [ shuffle,, ,(Z, ) A obwy (Z, 2) A diff;(¢, Z) and

L4 (wapvg) Fé Zi4+1 S Z.

As we have argued above we have m = |rdz(w)| and k = obw(w). Additionally, we
have:

® p1,...,p are the positions of the last k read actions in w (in descending
order),

® q1,...,Qny, are the write positions corresponding to pi,...,DPm, and

e similarly, si,..., S, are the write positions corresponding to p1,. .., pk-

By definition of diff; the number ¢ is the minimal index such that g; 11 < s;41
holds (where ¢pm41 := 0). We have to prove that p < s;4; implies p ¢ P;*. To
this end, let 71,79, w1, we € A} such that rd(w) = ri7a, |ra| = 4, wrt(w) = wiw,,
and wy = wrt(w[l, ;41 — 1]). We first show w =, wiTrweT3. By Proposition it
suffices to prove |rda(w)| = |rda(wiTrwe73)|. We have:

e the last i read actions are on the right-hand side of each write action and,
hence, on the right-hand side of their corresponding write actions and

e the read actions on positions p;41,...,pr are on the right-hand side of
their corresponding write actions since g;+1 < S;+1, i.e., the write actions
on positions ¢;11, ..., ¢, in w are contained in wy which is on the left-hand
side of all read actions.

Hence, we have w TrwoT3 = overlap,, implying |rda(w)| = m < |rda(wiTrweT3)|.
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However, we have w;TiwsT3 [~ overlap, since the read action on position p;iq
in w (which is the last letter in 77) is on the left-hand side of its correspond-
ing write action on position s;y; (which is the first letter in wsy). Hence, we
have |rda(wiTrwaT3)| < k = obw(w). By minimality of obw(w) we can infer that
[rds(w)| > |rda(wiTTwaT3)| holds. Therefore, we have w =, wiFwaT3.

By p < s;41 we can split wiFTwseT2 as follows: let vi,ve € A} with vy =
wrt(w(1, p), i.e., v1 is a prefix of wy, and v9 is the complementary suffix of w 71w,
wrt. v1. Then, we have w =, wTwsT3 = v1v2 and |rd(ve)| = [rd(w)| > £ implying
p & Py |

Lemma 5.31. Let { >0, w € X}, and p € dom(w) \ P}’. Then we have (w, p) f=
Pg(x),

Proof. If we have p ¢ A% we have obviously (w,p) = P¢(z). So, from now on, we
assume p € AY .

By p € dom(w) \ P}’ there are v1,v2 € X} with w =, vive, wrt(v1) =
wrt(w[l, p]), and |rd(ve)| > ¢. Hence, we have |rd(w)| > |rd(v2)| > ¢ implying
w £ shorty.

Next, we consider the value of obw(w). If obw(w) > ¢, we have [w]=, € {2
implying w = Omega,. Hence, we are done in this case. Now, assume obw(w) < /.
Then there are 0 < m < k < £ with obw(w) = k and |rd2(w)| = m. Let p,q,5 €
dom(w)* be the following positions in w:

® p1,...,pr are the positions of the last k read actions in w (in descending
order),

® q1,...,qn are the write positions corresponding to p1,...,pm, and

e similarly, sq,..., s, are the write positions corresponding to p1, ..., pk.

Since we have ¢; < s; for each 1 < i < m, there is a minimal 0 < ¢ < m such that
gi+1 < Sit1 holds (where g, 11 := 0). Then we have

(w, 7, . 5) |= shuffley, (7, ) A obwy. (T, 2) A diff; (7, Z) .

Now we prove, that (w,p,3) £ ziy1 < z, ie., we prove s;41 > p. Towards a
contradiction, suppose that s;11 < p holds.

Recall that v, v € X7 are defined such that w =, vivg, wrt(vi) = wrt(w[L, p)),
and |rd(vg)| > ¢. Consider the positions in vivs of the letters on positions p, P,
d, and §. To this end, let o be the (uniquely defined) isomorphism mapping the
positions in w to the ones in vivy (note that o is a permutation of dom(w)). Then
we have o(g;) < o(p;) for each 1 < j < m since rde(w) = rda(vi1v2) and, therefore,
v1v2 = overlap,,, holds.

By wrt(v1) = wrt(w[1, p]) we have o(p) < |v1] and, by |rd(ve)| > £ > k we have
|vi| < o(p;) for each 1 < j < k. From w =, vivy we know that wrt(w) = wrt(vivs)
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and rd(w) = rd(v1v2) hold implying

o(sk) < -+ <o(si+1) (since sp <4 -+ <4 Sit1)

< U(p) (Since Si+1 < D, Sit+1,P € AZ{L7 and, hence7 Si+1 §+ p)
< v (since wrt(v1) = wrt(w[1, p))
<o(pr) <---<o(p1). (since [rd(vs)| >k and pp <_ --- <_ p1)

Recall that we also have o(s;) = o(g;) < o(p;) for each 1 < j < ¢ by the minimality
of i and due to vivy |= overlap,,. Then we also obtain o(s;) < o(p;) for each
1<j <k, ie., viv2 = overlap,. From Lemmawe infer that |rda(vive2)| > k >
m = |rda(w)| holds. This is a contradiction to rds(vivs) = rda(w) by w =¢ vyvg
according to Proposition Hence, we have p < s;41 implying (w, p) i Pe(x). O

Finally, with the help of the formula P, we can prove the last implication of
Theorem [5.1k

Proposition 5.32. Let £ = (F,U) be a lossiness alphabet with |Az| > 2 and
T C Q(L) be MSOq-definable. Then T is recognizable.

Proof. Let T' C Q(L) be MSOgq-definable. Then there is ¢ € MSOq with T' = T'(¢).
We construct ¢’ € MSO such that for each w € X} we have w |= ¢ if, and only if,

w = ¢

The formula ¢’ is inductively defined as follows:

r=y if ¢ =(z=y)
x<yANAa(z)ANAs(y) fop=x<4y
r<yANAz(x)NAx(y) fop=a<_y
Pe(x) if ¢ = Py()
;) Aa(z) if ¢ = Aq(z)
v = X(x) if ¢ = X ()
v ifop=1¢ V¢
—! if ¢ =
Ja: o if¢p=23z: ¢
X o if = 3X:

Then by Lemmas and we have w |= ¢ if, and only if, w = ¢’ for any
w € X}. Hence, by Biichi’s Theorem [4] nZl(T) is regular. Since 7, is surjective
this implies recognizability of T' = T'(¢). ]

5.5. The complexity of the constructions in Theorems and

Finally, we want to analyze the complexities of the constructions in this section.
Recall that we have seen the following circular chain of implications: ‘|(A) =

@)= [B) = [B) = [C) = [AT"-
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Towards the first implication, let T C Q(L) be recognized by a finite monoid F
via the homomorphism ¢: Q(£) — F. Then ;' (T) C X* is regular and recognized
via 1z o ¢ (recall that we can understand F as a DFA accepting 7' (T)). We can
obtain another finite monoid G recognizing ;' (T)N Az A% A, in polynomial time
by application of the cross-product construction known from automata theory. Note
that |G| € O(|F|) holds in this case.

Now, consider the second implication. So, let n; }(T)N Az A% Az be recognized
by a finite monoid F. By the proof of Lemma the set T is a union of O(2F)
many languages which can be expressed by a constant number of plq languages of the
form wrt~!(R), rd "' (R), and §2 for regular word languages R C A% and numbers
¢ € N. In other words, the constructed Boolean combination has exponential size.

Next, let T' C Q(L) be given by a Boolean combination as in property of
Theorem If a set wrt~'(R) or rd " (R) is given by a finite automaton accepting
R C A}, then a g-rational expression describing such language has exponential size
[8]. Otherwise if such plq language is given by a regular expression, an equivalent
g-rational expression has linear size. Additionally, the plq language (2, is equivalent
to a g-rational expression of size exponential in the number ¢ (cf. Lemma .

Towards the implication {(B)={(C)’, let T' C Q(L) be given by a g-rational ex-
pression. The translation of q*- and g~ -rational expressions into an MSOq-formula
is similar to the translation of a regular expression into an MSO-formula. This is
possible in polynomial time when translating the given regular expression into an
NFA (this uses the efficient closure properties of regular languages) and then into an
MSO-formula as described (e.g.) in [T9, Theorem 7.21]. Finally, formulas for unions,
complements, and products can be constructed in polynomial time. All in all, we
obtain an MSOq4-formula from a g-rational expression in polynomial time.

Finally, let T C Q(L) be given by an MSOgq-formula. In Proposition we
translated this formula into an MSO-formula. The most complicated case is the
atomic formula Py(z). Its translation P,(x) can be obtained from Py(x) in time
exponential in the number ¢. The remaining translations are possible in linear time.
Finally, the translation of an MSO-formula into a DFA has non-elementary com-
plexity [32].

6. Characterizations of the Aperiodic PLQ Languages

In the previous section we have seen Kleene- and Biichi-type characterizations of
the recognizable languages in the plq monoid. Another more involved task is to
describe the aperiodic plq languages. Schiitzenberger has proven in [3I] that the
aperiodic word languages are exactly the star-free languages. This result gives us
a decision procedure to decide whether a given regular language is star-free. There
are also some further characterizations of the aperiodic languages: (1) these are the
languages having an aperiodic syntactic monoidﬂ (2) these languages are accepted

dA finite monoid F is aperiodic iff there is n € N with ™ = 2"t for all z € F.
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by so-called counter-free finite automata (these are NFAs which are unable to count
modulo any positive integer) [24], (3) these languages are described by the first-order
fragment of Biichi’s logic on words [24], and (4) these languages are definable in
linear temporal logic [I4]. Similarly, we know that in the trace monoid a trace
language is aperiodic if, and only if, it is star-free [I1] if, and only if, it is definable
in a special first-order logic [7]. Unfortunately, we cannot translate Schiitzenberger’s
Theorem to plq monoids since the class of aperiodic plq languages is not closed under
product. For example, the two plq languages {[a]=,}* and {[a]=,}* are aperiodic,
but their product is not even recognizable (cf. Lemma [5.12)). Though, we will
see that the monoid’s product can be restricted such that we can describe exactly
the aperiodic languages in the plq monoid. Additionally, we will show that the
first-order fragment FO4 of our special monadic second-order logic MSOq describes
exactly the aperiodic plq languages.

Before we start to prove the aforementioned equivalences we have to define our
restriction of star-freeness: to this end, let £ = (F,U) be a lossiness alphabet. We
say that a Q(L)-language is ¢ -star-free if it can be constructed by the following
rules:

(1F) wrt~!(e) and wrt~!(a) for any a € A, are q*-star-free.
(27) if S, T C Q(L) are q*-star-free then SUT, S-T, and Q(L)\. S are q"-star-free.

Similarly, by replacing wrt—! by rd ™" in the rules above, we define the class of ¢~ -
star-free plq languages. Finally, a Q(L)-language is g-star-free if it can be obtained
by the following rules:

(1) if T C Q(L) is q*- or q~ -star-free it also is g-star-free.

(2) it S, T C Q(L) are g-star-free then SUT and Q(L) \ S are g-star-free.

(3) if S C Q(L) is qT-star-free and T' C Q(L) is q -star-free such that rd(T) is
finite (i.e., T' is obtained without usage of the \-operator) then S - Q(L) - T is
g-star-free.

Hence, the only difference of the rules above in comparison to the rules con-
structing the g-rational plq languages is the missing iteration. Therefore, T C Q(L)
is qt-star-free (q~-star-free) if, and only if, there is an aperiodic word language
R C A% with T = wrt~*(R) (T = rd'(R), respectively).

Similarly, to Theorems [5.1] and [5.6] we can state the following result:

Theorem 6.1. Let £ = (F,U) be a lossiness alphabet with |Az| > 2 and T C Q(L).
Then the following are equivalent:

(A) T is aperiodic.

(B) nz1(T) OE*AZE* is aperiodic.

(C) T is a Boolean combination of plq languages of the form wrt—'(R), rd™*(R),
and {2, for aperiodic languages R C A} and numbers ¢ € N.

(D) T is g-star-free.
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(E) T is FOq-definable.

Proof. To prove this theorem we revisit the proofs of Theorems and

At first we show the implication {(A)R={(B)’. So, let T C Q(L) be aperiodic.
Then nzl(T) is aperiodic. Since E*AZE* is aperiodic and the class of aperiodic
languages is closed under intersection we can infer that nzl(T) n TE*AZTE* also
is aperiodic.

Next we prove {(B)J2{(C)]". We recall the proof of Lemma[5.10] and assume that
the recognizing monoid F is aperiodic. All of the arguments of the inverse projections
wrt~! or rd~! are either single words, u~' (), i~ !(a) for any a € F, or products
of those languages. Anyway these plq languages are aperiodic since aperiodicity
is preserved under inverse homomorphisms (note that the class of aperiodic word
languages is closed under product according to Schiitzenberger’s Theorem [31]).
Consequently, T is a Boolean combination of plq languages of the form wrt~!(R),
rd "' (R), and §2 for aperiodic languages R C A% and numbers £ € N.

In the proof of Proposition [5.23] we see that (2, is even g-star-free and hence the
implication {(C)={(D)]’ holds.

In the construction of the proof of Proposition each of the used formulas
can be expressed in first-order logic. Therefore, we have {(D)={(E)[ .

Finally we have to prove ". Each translation of an FO4-formula as seen
in Proposition [5.32]results in a formula in FO. Therefore, by [24] each FOq-definable
plqg language is aperiodic. O

7. Conclusion and Open Problems

In this paper we investigated some generalizations of famous results from automata
theory concerning rational, recognizable, star-free, and aperiodic languages. Con-
cretely, we considered these classes in the so-called partially lossy queue monoid (plg
monoid for short). This monoid models the behavior of a partially lossy queue and
was first introduced in [I8]. Its subsets are called partially lossy queue languages
(or plq languages, for short).

First, we proved that, in contrast to Kleene’s theorem [I5], the classes of rational
and recognizable languages in the plq monoid do not coincide. Hence, we defined
some restrictions to concatenations and iterations of languages in the plq monoid.
Then by closure of the Boolean operations and the aforementioned restricted op-
erations we obtain the so-called g-rational plq languages. We proved in this paper
that a plq language is recognizable if, and only if, it is g-rational. Additionally, we
defined a modification of Biichi’s MSO logic (cf. [4]) called MSO4 which describes
exactly the recognizable languages in the plq monoid.

Similarly, we introduced so-called g-star-free expressions generating the aperi-
odic plq languages (similar to Schiitzenberger’s theorem [31]) and proved that the
first-order fragment of our logic MSOq describes the aperiodic languages (similar to
McNaughton-Papert’s theorem [24]).
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There are some open questions relating to the languages in the plq monoid. So,
we do not know a rational-like characterization of the recognizable plq languages
using monotonic operations, only (note that the complement and intersection op-
erations are not monotonic). Additionally, possibly one finds a characterization of
the recognizable or aperiodic plq languages in terms of a temporal logic similar to
Kamp’s Theorem [I4] stating that the logic LTL describes exactly the aperiodic
word languages.

One may also consider the aperiodicity problem of rational or recognizable plq
languages, i.e., the question whether a given rational (or recognizable, resp.) lan-
guage in the plq monoid is aperiodic.

Moreover, one could study some sub-classes of the star-free and aperiodic plq
languages. For example, maybe there is a simple generalization of the dot-depth
hierarchy or the Straubing-Thérien hierarchy such that the n'" level of this hierar-
chy corresponds to the BY,-fragment of the MSOq logic and the (n — 1/2)™ level
corresponds to the X, -fragment of MSOq (similar to Thomas’ result in [33]).
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