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1 Language

1.1 Syntax

w= 1|B|N|a|7+7]|ref(7) | refe(7) | pom |V | 7 =7

o == 1|B|N|7+7]|ref(7) | ref:(7) | pa.o

e == ()|true|false |if ethenecelsee|n|e+e|z|recf(z)e|ee|Ae]e._
|  null | some(e) | case(e, null = ¢,some(z) = €) | inj; e | case(e,inj; x = ¢,inj, y = ¢)
| newe|efi|eli] := e| CAS(e[i],e,e) | £ | fork e

v == rec f(x).e|Ae]| ()| n|true|false ||z

a == new7® |v[i] | v[i] := v ]| CAS(v[i],v,v) | inj, v

r == -|Ta:7

A = A«

Q == AT

Note: recursive types are required to be productive: the type variable must appear under a
non-4 type constructor.

1.2 Type rules

QF(:1 QFtrue: B QF false : B QFn:N Qe:thao:7
QFe:B QFe:T O f: 7 =srx:7TkFe:T QFe: 7 =1 QFe 7
QFif ethene; else es : 7 QFrec f(x)e: 7 =7 QFee 7

QFe:ref(7)
QO F some(e) : ref7(T)

QF null : ref,(7)

QFe:ref:(T) QFep:T Qz:ref(T)Fey: T QFe:m
Q F case(e,null = e, some(z) = e3) : 7 QFinj,e:m + 7

QFe:m + 1 Qx:mikFe T Qatke:r QFe:Var

Q- case(e,inj; © = e1,inj, £ = e3) : T QF Ae:Var Qte_:7[r'/q]

QFe 7 QFe:ref(7) QFe:ref(T) Qe :mn

Q+ new () : ref(7) Qtefi]: 7 Qbeli] == ¢€:1

QF e:ref(7) Ti=0 QFe,:o QFe,:0o QFe:1 QFe: par

QF CAS(e[i], e0,e,) : B QFforke:1 QFe: tpa.t/a]

QFe: Tpa.t/a]

QFe:par



1.3 Operational semantics

K == []|if Kthenecelsee | K+e|v+K|Ke|vK
| inj, K | case(K,inj, z = e,inj, x = ¢) | some(K) | case(K,null = ¢,some(z) = ¢) | K _
|  new (7,K,e) | K[i] | K[i] := e]|v[i] := K | CAS(K]Ji],e,e) | CAS(v[i], K,e) | CAS(v[i], v, K)
T € ThreadPool 2 N ™ Exp
u == (0)|inj; v
h |l

Primitive reductions |h;e — h';¢

hin+m < hjk when k=n+m
h; €[i] — h;v; when h(¢) = ()
hil[i] == v — hll[i] =v];() when ¢ € dom(h)
h; CAS(€[i], vo, vpn) < h[L[i] = vy];true  when h(£)[i] = v,
h; CAS(L[i], vo,v,) < h;false when h(€)[i] # v,
h;case({,inj; © = e1,inj, © = e3) — h;e;[v/z] when h(¢) = inj; v
h;if true then ¢; else e; — h;e;
h;if false then e, else e, h;eq

(_>
hynull — h; ()
h;some({) — h;t
h; case((),null = e;,some(z) = e3) — h;ey
h; case({, null = e1,some(z) = e3) — h;eq[l/x]
h;rec f(z).ev < h;erec f(z).e/f,v/x]
hiinj; v < hW[¢— inj;, v]; £
h;Ae_ < hje
h;new () — hW[l— (D)];¢

Program reduction |h;T — h/;T’
hie < h';e
h;Twiv Kle]] = h;T Wi — Kl[e']]

h T i — Klfork e]] — b Tw[i s K[)] W]j — ¢]

1.4 Contextual approximation (refinement)

QFeZe:7 & VO:(Q,7)~ (0,N). Vi, 3.
if 0; i — Clex]] =* hy;[i = n]WTy
then 0;[j — Clea]] =* ho;[j — n]WTh



1.5 Derived forms
getVal(e)

list(7)

cons(e, €')

letz =cine

/
e;e

forkID e

join

acq

rel

sync(e) { €' }

> > > > >l (1>

> > >

case(e, null = diverge, some(x) = x)

peerefr (o, 7)
some(new (e, ¢’))

(Ae)e
let _=cin¢
let = new none in fork  := some(e); =

rec f(z). case(z[0],. = f(z),r =)

rec f(x). if CAS(z[1], false, true) then () else f(x)
Az.z[l] = false

let z = eiinacq(z); let r = ¢’ inrel(x); r



2 The model

2.1 Standard resources

3 € StateSet
1 € ImplSpec
PRI
(h2, ¥2)

> 1> 1> e

(hla El) ®

2.2 Worlds and islands

P(Heap x ThreadPool)
Heap x StateSet

{ h1Whe; Ty WTh
(h1 W h, %1 @ Xp)

(nonempty, finite subsets)

| hl,Tl €y }

STS £ {0=(S,A,~,F) | »CSxS FeS—pA) }
World, 2 { W = (k,w) ’ k <n, weN™® Island, }
. 6 € STS, s€0.5, ACO.A, A#0.F(s),
Island, = { (6, 7,5,4) ‘ J €6.8 — UWorld,, ™" p(ImplSpec)
UWorld, 2 {UeWorld, | U=|U]}
VRel, 2 { V € UWorld, 3" p(Val x Val) }

rely

mon . .
where — denotes monotonic functions under the T order.

lw]k
L(ov Jv S0, A)Jk
F (s, A) ~ (s, A7)
0, 0,54 °C (0,1, A4
w gLEﬂ w'
guar

(k,w) E (K,

frame(k, w)
frame(6, J, s, A)
rely

wC w

(0, 7,5, A)|
|(R, )]

(0’ J7 87 A) ® (017 JI? 8/7 A,)

(k,w) @ (K,
WH#W'
Z[(9, J, s, A)]w

I[wlw

h,%:W,n

> > 1>

lI>

> e >

> [l>

>

> 1> 1> [I>

(>

i |w(i)]k
0, (s — I(s) | UWorldg), so, A)

s~gs AN OF(s)WA=0.F(s )y A
0=0, =0, 0F (s,A) ~* (s, A)

Vi € dom(w). w(7) gLE“ W' (i)

K>k A |wlp T o

(k, i — frame(w(7)))
0, J, s, 0.A—(0.F(s)UA))

frame(W) C frame(W’)
(0,J,s,0)
(k,i— |w(i)])

9, J,s,AUA")

{ undefined

0=0¢,s=s,J =JAMA

otherwise

(k,w®w)
undefined

W @ W' defined
J(s)(e|W])
dom(w) = {i1,...,1

in} A
{77“@9“'@77% 1§j§n:>nij€IﬂWw(ij)ﬂw}
Wk>0 = Inw € I[Wuwlw. (h,X) =nQnw

k=F, dom(w)
otherwise

= dom(w’),

(defined only when all compositions are defined)



2.3 Assertions

m = 14| none

vt == (0,1,s,A) where I € 0.5 — Assert, s € 0.5, AC0O.A, 0.F(s)#A

P = emp|bpPli|v=rulv—sul|i—ge|TAQm (z. P)

| P=P|PAP|PVP|3aP|YaP|P+P|P®P| 0P|y

o = v=v|(P)a(z.Q)| (Pe(z. Q)| QFe=<fe:r|v=Yv:T
inv(P) = (({1},0,0,).0),\_.P,1,0)
T=Y 2 WeY. FeX. ¢t

[717  :  dom(I) — UWorldy, 3" p(ImplSpec)

[(s)U) = {n | UnE*I(s) }
Semantics of assertions (closed on term variables, may have free type variables closed by p):

W,n E° emp
W =P »P

Won P (0,1,s,4)
Win P viru
WinE? visu
WinE?P i—se

W = |Wl,n=(0,{0;0})

Wk>0 = pW,nE*P

5 W 'S Wk i o (6, 111005, A))
n=([vu],{0;0})

n=(0,{[v ul;0})

n=(0,{0;[i — e]})

> 1>

(> 1> 1> >

W,y P= P 2y S Wow,y =0 P implies W, = P’
W,nl? PAP £ W,nEP Pand W,n " P
W,n k=P PV P 2 W,nk” Por W,n k" P
W,n =P Jz.P £ Ju. W,n ° Plv/z]
W,n =P Va.P £ You. W,n P Plv/z]
W,n =P Py x Py 2 W=W, W, n=n@n2, Wi,n; =° P;
VV,T]):p Pl@PQ £ 7’]2221U227m(77h,2l)':ppl
W, =° oP 2 = (hY), VOp#5. 3. (B@ Sp) = (X @ Sp) and W, (h,3') £° P
WP o = W =0
rely

1>

Wo,n E? TQm (z. Q) YW O Wy, ne#n.
if Wk >0and h,X: W,n®np then
if hyT = B/sT' then 35,7/, W' °3 W.
=Y, MY W.oyene, Wk=Wk-1, Wi g ETam (z.Q)
if T'=Ty W [m +— v] then IX/ o', W’ quMVV.
=Y, Y W onene, W.k=Wk W g EQ[v/x]*Ty@Qnone (z. tt)



Semantics of syntactically pure assertionsﬂ

U':p V1 = V2 V1 = Vg
rely rely

Ukr -3 Uy U3 U
Uk’ (P)e(z. Q) Vi.U =P P = [i — €]Qi (x. Q)

> 1>

rely

UE (P)a(z.Q) = YW I U nrsn.
if Wk >0and >W,nE? P and (n®nr).h;a = h';v then
W' #ne. W= @nr)h, (n@np)E = (0 @nr).X, W' =P Qlu/a]

U':p U1 jv’l)gi’l'oé
To Requirements
T v; = vq, F ;7 for 7, € {1,B,N}
a | (vi,02) € p(a)(U)
=1 | v =rec fxe, UErvo(r:TFe|v/f] X esva/f]: )
Ya.r | v; = A.e;, Uko(ate <fey:7)
pot | UEP v =Y vy t[pa.t/a)
ref,(7) | U vy =V vy :1 V v <Y vy : ref(7)
ref(7) | U E? inv(3Z, 7. Az XV y:7A(v1 =1 (T) *v2 —s (7))
T+ 7 | UES 3z,y. o 2V y: 7 Adnv(vy =1 inj; @ % vg g inj; y)
UE” (- ; . Fep < €2:T) VK,j. U E? (j —s Kle2]) e <x1.3x2.x1 <V T Ajos K[xQD

L
UE” (- ;o:7 ThFer=fe:7) 2 U EP Vo1, 20, (11 =Y 22 :7') = (T'F er[z1/x] <€ exfza/a] : 7)
UE’ (a,A; T Fer <% ey : T) 2 YV. U IZP[O‘HV] AThHe <% ey: 7

An assertion P is token-pure if W,n |=° P iff |W|,n = P.

rely
The set World x ImplSpec is a preorder when ordered by (w,n) 3 (w',n) if w I w' Anp=17'.
Since ImplSpec is a partial commutative monoid and World is a commutative semi-group with a
unit element for each element, we have:

Lemma 1. The set PT(World x ImplSpec) of upwards-closed subsets of World x ImplSpec is a
complete Bl-algebra.

Hence we get a model of intuitionistic BI logic and, indeed, the interpretation of the logical
connectives is as detailed in the above table showing the semantics of assertions.

f P is impure, U =" P is short for Vn. U,n = P.



3 Soundness

3.1 Basic Properties

rely guar
Lemma 2 (Rely-guarantee Preorders). The relations C and C are preorders.

rely
Lemma 3 (Rely-closure of Assertions). W,n =° P and W’ 3 W implies W/, n = P.
Lemma 4. [W|@W =W.

rel rel
Lemma 5. If W Ey W' then |W| Ey |[w|.

rely
Lemma 6 (Rely Decomposition). If W3 ®@W, T W’ then there are W1 and W4 with W’/ = W] @ W3,
rely rely

Wy C W/ and Wy, T Wi

uar rel
Lemma 7 (Token Framing). If W g; W' and W ®@Wj is defined then there exists some Wj'c Qy Wy

such that W' @ W} is defined and W @ Wy T W' @ W}
Lemma 8. If h,X : W,n then h, X : W @ W', 1.
Lemma 9. If h, X : W @ W', 5 then h, X : W, 1.

uar rely

Lemma 10. If W.k > 0 then 5W 3 W and oW 3 W.
Lemma 11. If W.k > 0 then | > W| =>|WV|.
Lemma 12 (Later Satisfaction). If W.k > 0 and h,X : W,n then h, X : oW, 1.

Lemma 13. = is transitive.

3.2 Constructions with Threadpool Triples

Lemma 14 (Framing). W,n = TQm (z. Q) and Wy,ns =" R with W#Wy, n#n; gives
W@ Wr,nens = T@m (z. Q * R).

Proof. The proof proceeds by induction on W.k.

Case [Wk=0

L (W@ W) k=Wk=0.

Case

rely
o Let W 3 W@ W, ni#n @ n;.

rel

rely y
s Write W’ = W] @ W} with W/ 2 W, W} 2 W;

by Lem. [6]
4. Suppose (W] @ W3).k > 0.
5 Wik = (W] ®Wh).k > 0.
6. Suppose h, X : Wi @ W3, n®@ny @1}
7. h7ZZW1/,7]®77f®77} by Lem. [9]



Case |h;T — h';T'

8. Pick ¥/, n/, and W7’ with by assumption.
w3 wi,
Y=Y,
W.E W ' @np @y,
Wik = Wik -1,
Wi, =P T'@m (z. Q)

o Pick WS WL with W o Wi S W oW
by Lem.
. B X WY @ W' @y @n) by Lem.
(W@ W) k= Wik = Wik — 1= (W @ Wi)k — 1.
12. Wi, ny = R.
B W @Wy,n @np =° T'@m (x. @« R) by induction hypothesis.

Case ‘m:iandT:Tg&J[i*—)v]‘

14. Pick 3,7/, and W1 with by assumption.
Wll/ gujr W1’7
r=Y
h, X W' ' @ny ®77}7
Wik = Wik,
W', 0 =° Qv/x] * Ty@none (. tt)

: 1" rCly !/ : 1" 1" guar !/ !
15. Pick W' J W5 with W' @ Wy I W] ®@ W,
by Lem. [7}
16 WS WY @ WY n' @np @) by Lem. [§
1 (W @ W)k = Wik = Wik = (W] ® W3).k.
18. Wy, ny =P R.
1. W{' @ Wi, 0’ @ ny =° Q[v/x] * R x Ty@none (z. tt).

O

Corollary 1 (Precondition Extension). W,n E=f T@Qm <x1. Jug. 21 =V 29 1 T A g K[x2]> to-
gether with Wi#W gives W @ Wy, n =2 TQm (z1. wg. 21 XY @9 : 7 A j s K[z2]).

Corollary 2 (Postcondition Strengthening). If we have W,n =° T@m (z. Q) then W,n °
rel
T@m (. QA - Qy [W1) holds too.

Lemma 15 (Parallel Composition). If we have Wy, n; E° T1@Qmy <x Q1> and Wy, o =P To@Qmeg <x Q2>
with W1 #Wa, m#ne, T1#T5 and m; # none = m; € dom(77) then we also have

Wi ® W2,771 & N2 ':p hw Tg@ml <.’£ Q1>

Proof. The proof proceeds by induction on the measure M (W7, m;) defined by

W.k m = none

M(W,m) =
(W,m) {Wk—l—l m # none.

Case ]M(Wl,ml) - 0\

1. (Wl X Wg)k = Wlk =0.

10



Case ’M(Wl,ml) > O‘

> Let W 'S Wy @ Wa, ngdtm @ .
3 Write W = W] @ W with W 3 Wi, w3 'S W
by Lem. [6]
4. Suppose (W{ @ W3).k > 0.
5 Wik = (W] @ Wik > 0.
6. Suppose h, X : W{ @ W3, m1 @ 12 ® 15.
7. h,E W, m ®@n2 @0y by Lem. [0

Case |h;TiWTy — BT’

8. Write 77 = T{ W T, WLOG.
9. h;Ty — 05 T] by nondeterminism of fork.
10. Pick ¥/, n}, and W{" with by assumption.

Wt W

Y=Y,

W k=Wk-1,

hlv DI Wlllvnll X M2 ® nf,
W' EP T{Q@my (21. Qu)

. rely . guar
11. Pick WY J Wj with W/ @ Wi 3 W] @ W}

by Lem. [7}
2 W/ @WNk=W/"k=Wk—1=(WWj).k—1.
13 WY W QWY n) @ne @ny by Lem. [§
14. Wi e =P To@Qmg <CL‘2. Q2> by assumption.

15 W' @ Wy',m @ne P T W To@my (z1. Q)
by induction hypothesis.

Case ‘Tl*ngTOLﬂ[mlf—HJl]‘

16. my € dom(T}) by assumption.
17. Write Ty = T W [my — v1].
18. Pick ¥/, n}, and W{ with by assumption.
wy S wy,
Y=Y,
Wik =Wk,
hﬁzl : Wlﬂvni @ M2 ®77fa
W' ny =P Q1[vi /1] * T{@none (1. tt)

rely guar
19. Pick Wg' 2 Wy with W{'« W' 2 W« W}

by Lem. [7}
20, (W{' « Wik =W/ .k =W/.k= (W] «W)}).k.
21 h, X' W'« Wi ml xma %y by Lem. [§
22. Wi, mp =P To@my (22. Q2). by assumption.

23. W'« W4 n} «m2 =F Qur /1] x T{ & Ty@none (1. tt).
by induction hypothesis.

11



O

Lemma 16 (Sequential Composition). If we have W,n = [i — €] & T@Qi (z. Q) and for all v and
any W', 7' with W', n' = Q[v/z] we have W’,n' = [i — K[v]]@i (z. R) then

W,n E=° [i = K[e]] W TQi (z. R).

Proof. The proof proceeds by induction on W.k; the case W.k = 0 is trivial so we assume W.k > 0.
We branch on the structure of e:

rely
1. Let W' 3 W, nr#n.
2. Suppose W'.k > 0.
3. Suppose h, X : W', n® ny.

Case

4. Pick ¥/, n/, and W with by assumption.
W// g‘ETr W/’

Y= i’,

h, X - W". ' @ny,

W'k = W'k,

W 0 = Q[v/x] * T@none (. tt)

Write W” = W{ @ W4 and ' = n @ n}. with

Wi',m = Qu/al,
W4, n |=F T@none (x. tt).

t

6. W{',ny =° [i — K[v]]Qi (z. R) by assumption.
7. Wy =P i = K] wTQi (z. R) by Lem.

Case |K[v] =7

8. Pick X", 5", and W' with by (7).
W//I glilar W//’
Z/ j Z//,
h7 Z// . W///7 ,r]// ® 77f7
W" k=W".kF,
W n" =P R[v' /2] « T@none (x. tt)
9. L= X,
10 W"k=W"k=W'k.

Case |hi[i— Kp]]WT — h; T’

11. Pick X", 5", and W' with by (7).
W/// gliéllr W//
Z/ j i//, ’
],L/7 E// . W///7,'7// ® ’r}f,
W"k=W"k-1,
W " =P T'Qi (x. R)
12. X = 2.
B W'"'E=W"k-1=W'k-1.

12



Case |e#wv

14. Suppose h;[i — Kle]]WT — b/;[i — K[e/]]WT".
15. hi[i— e]WT — b5 [i— e ]uT.
16. Pick ¥', ', and W with by assumption.
W// glian W/
Y=Y,
h/, V. W”, 77/ @y,
W' k=W'k—1,
W =P i €] wT'Qi (z. Q)

1. W' =P [i = K[e')| WT'Qi (z. R) by induction hypothesis.
O
3.3 Congruence
Lemma 17 (Soundness Shortcut). A;T' = ey < ey : 7 is equivalent to
YU Vp : A — VRel V1,72 : dom(T") — Val.
[Vz € dom(T). U E° 71 (z) =Y 72(2) : T(z)]
—
VK, j,i. U, (0.{0; [j = Klea[r2/TN]}) E°
[i = e1[y1/T]]@é <x1. Jzo. 1 =Y T 1 T A j oy K[xg]ﬂ

3.3.1 New
Lemma 18.

ATEe = fiim

A;T |= new € < new f : ref(7)
Proof.
1. Let U,p: A — VRel, 71,72 : dom(T") — Val.
2. Suppose Vz € dom(T). U E* v1(z) <Y y2(z) : T(z).
3. Write e, = e;[1 /T, fl = filr=/T].
4 Let K,i, j.
5. Write n = (0, {0; [j — K[new f']]}).
6. Write Q = 3y. © <V y : ref(7) A j —g K[y].
7. Suffices to show U,n = [i — new €']@i (z. Q).
by Lem.
Let M = |ref(7)|. We now proceed to make a claim: for any 0 < m < M it sufices to prove
U i =P [0 new v, ... U g, - €34]Qi (2. Q),

rel
for all U’ Qy Uand all U E° vy =Y wy @ 7,...,U E° vy =Y wy, : Tm, where 5, =
(0,{0;[j — K[new wy, ..., W, fr415---, far)]}). We prove the claim by induction on m; the case

13



m = 0 was proved above. So, suppose the claim holds for 0 < m < M and assume that we know
that

U' Nyt EP [i = new vy, .. g1, € o, €3] Q0 (2. Q),
rely
holds for all for all U” J U and all U” = vy =Y wy :71,...,U" E° vpy1 <Y Wit : Tma1, Where

N1 = (0,{0;[j = K[new wy, ..., Wn1, flnios---, fi]]}). Inthe interest of applying the induction
rely

hypothesis, we pick arbitrary U’ J U and U’ = vy <Y wy : 71,..., U =P vy =Y Wy @ Ty By

induction, it will suffice for the claim to prove that

U\ i =P [0 new vy, ..., U € g, €34]Qi (2. Q),

holds, where 7, = (0,{0;[j — K[new w1,...,wn, fli1,---, fi]]}). Now, by assumption and
Lemma [I7] and Corollary [2] we have

. . rely
U' i EP [i = €1]Qi (Tmg1- Qe A+ 3 UY),

where Qi1 = FWmt1- Tms1 2Y Yma1 @ T AJ o—s K[new wy, ..., wn, Yhii1s -, f1s]- Now,
rely

let v;,+1 be arbitrary and take W, 0" = Qum+1[vm+1/Tmy1] A+ 3 U’ and by an application of

Lemma [I6] we have the claim if we can show

W 0" =P i — new vy, ..., Vi1, €0, - €)@ (2. Q).

Luckily, we can pick wy, 41 such that we have [W”| =2 vpq1 <Y wii1  Ting1, 0 = (0,{0; [j = K[new wi, ..., w1, fl 4

rely
and |W”| 3 U’ and we can apply our original assumption. After this detour, we proceed with the
proof proper:

s Let U7 3 U

9. Let NU'=Pv =V w:rT.

10. Write ' = (0,{0; [j — K[new w]]}).

11. Suffices to show U’, 7 |=° [i — new 7]Qi (z. Q).

rely
12. Let W' 3 U, ns#n'.
13. Suppose W’'.k > 0 and h, X : W', 5/ @ ny.
14. h;[i — new 7] = h W [¢1 — T); [i — £1].
15. Pick £y with Vho; Th € 3. £y ¢ dom(hs).
16. Write ¥ = {0; [j — K[new @]} ® X,.
17. Write X/ = {[ly — w]; [j — K[l2]]} @ 0.
18. 3= %Y.
19. Write " = (0, {0; [j — K[l2]]}).
20. Pick n ¢ dom(W'.w).
21. Write P = 37,7. Nz <V y: 7 A ({1 =1 (T) * L =g (7).
22. Write ¢ = (({1},0,0, A_.0), [A\-. P4}/ 4. 1,0).
23. Write W = (W'.k, W.w W [n +— 1]).
20 |W"| =P £y =Y Uy : ref (7).

guar
25 W 3 W',

rely
2. 5|W"| 3 |W].

14



27

3

S o,

ChW [l =0, X W " @y

Chw b =T, X oW " @y by Lem.
W P i 0]@ (2. Q).

3.2 Fork

Lemma 19.

A;I‘|:eljegzl
A;T = fork e; < fork es : 1

Proof.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

. Let U, p: A = VRel,v1,72 : dom(T") — Val.
- Suppose Vx € dom(I). U = v1(z) <Y y2(x) : T'(z).

Write €] = e1[y1/T], €5 = ea[vy2/T.
Let K1, 7.
Write n = (0, {0; [j — K[fork e5]]}).

~ Write Q = 3z, 21 <XV 29 : 1A —g Kxa].

Suffices to show U,n = [i — fork €}]@i (z1. Q).

by Lem.
Lot W '3 U,y n.
Suppose W.k > 0 and h, X : W,n @ n;.
hili — fork €] — h;[i — ()] W[i' — €]].
Pick j' with VA/;T" € X. j' ¢ dom(T").
Write X = {0; [j — K|[fork e5]]} @ Xo.
Write 3" = {0; [j = K[Ol] @ [j" = 5]} @ Xo.
=3y
Wite 1/ = (0, {0; [j - K[O]1}).
Write 7" = (0, {0; [ — e5]}).
h,X W,y @n" @n;.
h, ¥ oW,n' @n" @ny by Lem.
sW,n' = [i = ()]Qi (z1. Q).
|> W, 0" E=° " e}]Qi (2. tt) by assumption and Lem.
W' @0 =° [i— ()]W[i’ — €;]Qi (z1. Q) by Lem.

15



3.3.3 Function Application and Abstraction

Lemma 20. For U.k # 0 we have U =" rec f(z).e; =Y rec f(x).e3 : 71 — T2 equivalent to

Ywq,ws. YU’ r%y >U.
U = wy <V wy 71]
=
VK, j,i. U, (0,{0; [ = Klez[rec f(z).e2/f,wa/a]]]}) E°
[i — ei[rec f(x).e1/f, w1 /x]]Qi <m1. g, 21 <Y T9: Ty Aj —g K[x2]>]

Lemma 21.
A;F'zeljegzﬁﬁﬁ A;I‘|:fljf2:7'1
A;F):el fljeg f22T2

Proof.

1. Let U, p: A — VRel, 71,72 : dom(T") — Val.

2. Suppose Vo € dom(T). U = 71 (z) <Y y2(z) : T(z).
3. Write e} = e1[v1/T], €5 = ea[y2/T].

a. Write f{ = fi[ni/T], f3 = fa[v2/T].

5. Let K,1,7.

6. Write = (0,{0; [j — Klej f3]]}).

7. Write Q = 3xa. 21 XY 13 : 7o A j —g K[wa).

8. Suffices to show U,n |=* [i — ¢} f{]Qi (1. Q).

by Lem. [T7]
9. Write Q' = Jzb. 24 2V 2 : 11 — 1 A j —s K[z} f3].
10. Uyn P i ef]@i (7. Q"). by assumption and Lem.
rely
1. Uy =P i e)]@i (2} Q' A+ T U) by Cor. [2}

12. Let v] € Val.

rel;
13. Let W/ ' with W/ 0 E° Q'[vi/xi] A - Qy U.
14. Suffices to show W', 7/ = [i = o] f{]Qi (z1. Q)

by Lem. [T6]
15. Suffices to show [W'|, 7/ = [i — v} fi]Qi (z1. Q)
by Cor.
16. Suppose W'.k > 0 WLOG.
17. Pick v} with
(W' =P o) <Y vl 1 — 1o,
n'=(0.{0;[j = K[vy f2]1}),
WS o
18. Write Q" = 3zl o <V 28 : 7y A j —g K[vh o).
w. W0 P [i — fl@i (zf. Q"). by assumption and Lem.

rely
20 [W',n' P [i > f]Qi (2. Q" A+ T [W'[) by Cor.[2
21. Let v{ € Val.

rely
22. Let W, with W, 0" =2 Q"[o!! =] A~ 3 |W/].
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Suffices to show W, 0" =° [i — v} v{]Qi (z1. Q)
by Lem.
Suffices to show [W”|,n" = [i — v} v/]Qi (21. Q)
by Cor.
Suppose W".k > 0 WLOG.
Pick v4 with
(W =P oy <Y ol o7,
" = (0.40; [ = Klvy v3]]}),
rel
w3 Wl

Let W 'S W), ny .

Suppose Wk > 0 and h, X : W 0" @ ny.

Write v} = rec f(z).¢} and v} = rec f(x).g}.

hi [t o) vf] = hs i gy o1/ f, o7 /2]

Write X = {0; [j — K[vs vi]]} @ .

Write 37 = {0; [j = Klgz[vy/ f,v5 /]]]} @ Zo.

Y=Y

Write 0" = (0,{0; [j = Klgs[vy/f,v3/]]]}).

h, X : oW 0" @ ny by Lem. [12]
h, " oW " @ ny.

by Cor. [}
Suppose Wk > 0 WLOG.
W P vl Y vl T .
e W =W
e W P ol <Y ol T
e W " P [ gh vy f, vy )| Qi <x1. Q> by Lem. [20]

Lemma 22.

AT, fim o mx:TiEe Sex:m
A;T Erec f(x).eq < rec f(x).ea i1 — T2

Proof.

Let U,p: A — VRel,y1,72 : dom(I") — Val.

_ Suppose Vo € dom(T'). U = v1(x) =Y va(x) : T(2).

Write €] = e1[71/T, e = ea[y2/T).
Let K, 1, 5.
Write n = (0, {0; [j — K][rec f(z).€5]]}).
Write Q = Jxo. 11 XY 191 71 — 7o A j g Klaa].
Suffices to show U,n = [i — rec f(x).€}]Qi (z1. Q).
by Lem. [T7]
Suffices to show U, n = Qlrec f(z).€}/x1].

17

Suffices to show > W' n" |=° [i — gi[v]/f, v} /z]]@i {(21. Q).
Suffices to show | > W"'|,n"" =P [i = gi[v}/f, v /2]]Qi (21. Q)



9. Suffices to show U |=* rec f(z).e) <Y rec f(x).eh: 1 — To.

rely
10. Suffices to show YU’ J U. U’ =" rec f(x).¢} <Y rec f(x).€h: 11 — To.
11. Proceed by induction on U’ k.

12. Suppose U’.k > 0.

13. Let wy,ws, U” r%y pU’ with U” =P wy <Y wa @ 7.
14. Let K, j,1.
15. Write /= (0,{0; [j — Kleb[rec f(z).eh/f,wa/z]]]}).
16. Write Q' = Jxo. 11 XY 29 : 7o A j —g K]
17. Suffices to show U”, 7/ =° [i + €} [rec f(z).€}/f, w1 /2]]Qi (z1. Q')
by Lem.
18. Vo € dom(T). U” |=° y1(z) =Y va(z) : T(z).
19. U" = rec f(x).e) <Y rec f(x).eh: 7 — 7o by induction hypothesis.

20. U,/ =P [i v+ el [rec f(x).€}/f, w1 /2]]Qi (z1. Q")
by assumption and Lem.

3.3.4 CAS

Lemma 23. For Uk # 0 we have that U |=° ¢; <Y {5 : ref(7) implies the existence of an
i € dom(U.w) such that we have

I[Uw®]o = {([r = 1), {[lz = 3):0}) | \oU E7 01 =¥ v : 7}

Lemma 24. Assume that we have U =9 v; <Y vy : 0 and U = wy <Y ws : 0. If Uk # 0 and
there are 1, h and X such that h, X : U,n holds, then we have that

V1 = W] <<= VU = Ws.

Lemma 25.
AT e < ey ref(T) Thn=0 ATE[HZfr:0 ATEg =g :0
A;T |= CAS(e1[n], f1,91) = CAS(e2[n], f2.92) : B

Proof.

1. Let U,p: A — VRel, 1,72 : dom(I") — Val.

2. Suppose Vo € dom(T). U = 71 (z) <Y y2(z) : T(z).
3. Write e} = e1[y1/T7, 6'2 = es[y/T.

4. Write f1 = fi[ni/T], f5 = fa[r2/T].
5. Write g1 = 91[71/T], g5 = g2[72/T7.
6. Let K,1, .

7. Write 1) = (0, {0; [j = K[CAS(e5[n], f3, 9)11})-

8. Write Q = 3wo. 11 <Y 25 : B A j =g K[2a).

9. Suffices to show U,n [=* [i — CAS(e![n], f{, 91)]Qi (z1. Q).

by Lem. [T7
10. Write Q' = 3. 2} <V 2y : ref(T) A j —s K[CAS(zh[n], 5, g5)]-
1. U,n P i el]@i (2. Q'). by assumption and Lem. [T7]
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

rel
Un P [im el]Qi (2. Q' A- egy U). by Cor. 2}
Let v] € Val.
rel
Let W/ 0/ with W', 0/ =P Q'[vi/x)] A - Qy U.
Suffices to show W', |=° [i — CAS(vi[n], f{, 91)]Qi (z1. Q)

by Lem. [16]
Suffices to show |W’|, 5" =F [i — CAS(vi[n], f1,91)]Qi (z1. Q)
by Cor.
Suppose W'.k > 0 WLOG.
Pick v} with
W] 0 <Y 0} - ref(7),
' = (0,{0; [j = K[CAS(v5[n], f3,95)]]}),
w5 v
Write Q" = 3. 2 <V 24 : 0 A j g K[CAS(vh[n], =5, gb)].
W', =P [i— f1Qi (a]. Q") by assumption and Lem.

rel.
W/l b= [ f]@i (2. Q" A 3 [W']) by Cor.
Let v{ € Val.

rel
Let W, n" with W 0" =f Q" v} /=] A - Qy [W’].
Suffices to show W, 0" = [i — CAS(vi[n], v, 91)]Qi (z1. Q)
by Lem.
Suffices to show |W”|,n" = [i — CAS(vi[n],vY, ¢1)]Q@i (z1. Q)
by Cor. [1}
Suppose W”.k > 0 WLOG.
Pick v with
[W"| =P v <Y vl o,
" = (0,{0; [j = K[CAS(v3[n], v5, 95)11}),
rel
w3 W,
Write Q" = 3z4'. 2" XV 2l : 0 A j —g K[CAS(vh[n], vy, z4")].
W, =P i gi]@i (2. Q") by assumption and Lem.

rel;
W"|, 0" =P [i — g1]@i (a". Q" A gy [W’'|) by Cor.
Let v{" € Val.

Let W/// 7,]/// With W/// ,r}/// ':p Q”/[’Ullﬂ/xlllq /\ . rezlly |W//|.

Suffices to show W, " |=P [i — CAS(vi[n], v{,v{")]Q@i (z1. Q)
by Lem.

Suffices to show |W"|, " = [i — CAS(v}[n],v{,v")]Qi (1. Q)
by Cor.

Suppose W'k > 0 WLOG.

Pick v}’ with
|W///| ):p ,U/I// jV Ué” : o,
0" = (0,40: [ = K[CAS(vgln], v, v5")]]}),

|W///| r%y |Wl/‘.

L t W//// r%y W/// "
e | snr#En”.
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38.
39.
40.
41.

42.

43.
44.
45.

46.

— ! )
Case ’vn = v ANwy, = v

Case ’vn # v AN wy, # vl

Suppose W'k > 0 and h,X : W 0" @ny.

Suppose h; [i — CAS(v][n], v, v"")] = R';T".

Suppose W k > 1 WLOG.

Write vf = ¢; and v} = 5.

Pick 7, w, hg, X¢ with

AW | =P v <V w: T,

h= [61 Hﬁ]&}ho,

S ={[tz = w]; 0} ® {0; [j = K[CAS(vy[n], vy, v3")]]} ® Zo

by Lem. [23]
W =P v, 2V w, o
B|W| =P vl <Yl o
h, X oW 0" @ ny by Lem. [12]
vy, = VY & w, = v by Lem.

a7. Write v} = v} and v], = v, m # n.

a8, B = h[t; — of].

49. T" = [i — true].

50. Write w, = oY’ and w}, = w,,, m # n.

51. Write 2 = {[ly > wi]; 0} @ {0; [j — K[true]]} ® Z.
52. X =2 X,

53. Write """ = (0,{0; [j — K][true]]}).

sa. AW =P ot <V wt c7.

s5. B, X W " @y

s6. b/, X oW 0" @y by Lem.
s7. bW " =P [i - true]@i (z1. Q).

58. h' = h.

59. T" = [i — false].

60. Write ¥/ = {[ly — w]; 0} ® {0; [j — K][false]]} @ X,.

61. 2 = 3.

62. Write 0" = (0, {0; [j — K]false]]}).

63. h, X' W " @ny.

64. h, X' >W" " @ my by Lem. [12]
65. bW " =P [i v false]Qi (1. Q).
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3.4 May-refinement

Theorem 1 (May-refinement). Suppose -;- = e; < ez : N holds. Let hq, ho, 4, j and n be arbitrary.
If we have
E'hll,Tl. hl; [Z — 61} —* hll, [Z — n] (G Tl

then we also have
Elhé,TQ. hQ; [] — 62] —* h/27 [j — n] W Th.

Proof. Let M be the number of steps in the assumed reduction. Write
his[ims el] =AY TP — b T — - = BT = Wi [i— n] W T,

We proceed to prove by induction the claim that for all 0 < m < M there are W,,,, n,,#n, and X,
with the following properties, where n = (hy,{ho;0}) and ¥ = {ho;[j — ea]}:

W, Nt P T1 Q@4 <m1. Fzo. 21 =Y 20 : NAj—g x2>.
o W, X : Wi, i @ 1.

e Wo,.k=1+M—m.

o X33,

Let us initially consider the base case m = 0. We choose Wy = (14 M, D), no = (0, {0; [j — e2]})
and ¥g = {ho;[j — ea]}. The different properties are easily verified; the only nontrivial is the first
and that follows from the initial assumption -;- = e; < ez : N. The induction step comes down to
unrolling the definition of threadpool triples; we omit the details.

Instantiating our claim at m = M now gives us Wy, na#n, and X such that:

o Wir,nym E° i — n]wWTiQ3 <x1. Jug. 21 =Y 29 : N A j g x2>.
[ ] ]’Lll,EMWM,’I]M(@n

o Wy =1.

e X = Xyy.

A final unrolling of the definition of threadpool triples and a few calculations gives us ¥/ with ¥ = ¥/
and X' = {0; [j — n]} ® Xp. All that remains is to pick an element from the nonempty set ¥'. O
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4 Proof theory

NOTE: This section contains a sketch of an eventual proof theory for the logic. While the exam-
ples presented in the paper can be proved directly in the model, formulating certain lemmas (here
presented as proof rules) facilitates higher-level reasoning.

4.1 Hypothetical reasoning
We give inference rules in hypothetical, natural deduction style, using P to record hypotheses:
P == -|P,P

with the semantic interpretations

WnkE"P 2 VYPcP.W,nE’P
PEQ £ YW.npy W E vP = W,nE"1Q

where v ranges over variable-to-value substitutions and p and v are constrained to close both P and

Q.
Lemma 26 (Inference weakening). If - = (Py A -+ A P,) = @ then for all P we have

PEP P P,

PEQ
Proof.
1. Let W,n E° ~P

2 WinEPyP;, 1<i<n
8. Won =P (YPLA - AyPy)
o WP (YPLA - AyPy) = 7Q

by assumption
by defn of A, induction on n

by assumption

5. W,nE”vQ by defn of =

O

We will use the above lemma extensively in proving the soundness of inference rules. When proving a
schematic inference rule that is closed under variable substitution, we will freely prove the inference
rule as if all assertions were closed (wrt variables), without loss of generality.

4.2 Laws of intuitionistic first-order logic

PepP PrFP) Pro=4v PP  PFQ PFPAQMEL
PrP PrPW) PFrPAQ PrP
PHPAQ PHPVQ P,PFR P,QFR PEP
PEQ P+R PEPVQ
PEQ PP+ Q PEP=>Q PLP
——F VIR —_— =1
PFPVQ PFP=Q PFQ
P P(y) y fresh for P, P(x) oI P+ Vz.P(x)
P Va.P(x) P P(v)
P+ 3Jx.P(x) P,Ply)FQ y fresh for P, Q, P(x) - P+ P(v)
PEQ Pt Jz.P(x)
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4.3 Additional rules from BI

PxQ <= Q@QxP
(PxQ)*R <= Px(Q+*R)
Pxemp <+ P
(PVQ)*R <= (P+R)V(Q*R) PAFG PR
(PAQ)*R = (P+R)A(Q*R) Py Prx Pyt Q1 x Qs
(Fz. P)xQ <<= Fx.(P*xQ)
(Ve. P)xQ = Va. (PxQ)
4.4 The “later” modality
MPAQR) <= bpPARQ
PEP P.sPF P >PVQ) <= bPV>Q
MonNo ———— LOB >(P=Q) <= bpP=1Q
preP PP pVr.P <= Vz.>P
pIz.P <= dz.>P
MP*xQ) <= b>Px>Q
4.5 The “reachably” modality and speculation
Pt oP PlEoQ Pro(P®Q) Px(Q®R) <+ (PxQ)®(Px*R)

4.6 Atomic Hoare logic

(emp) new @ (ret. ret 1 (7)) ALLoC (v —1 (U)) v[é] (ret. ret = v; Av 1 (U)) DEREF
(v=1 (1, o)) v[i] == vl (ret. ret = () Av =1 (V1,2 Vi1, Vi Vi1, - -« Up)) ASSIGN
(v =1 (v1, ..., v,)) CAS(v]i],vs,v)) (ret. ret = true A v 1 (v, ..., 0i—1,V, Vit1,...,0,)) CASTRUE

(v 1 (D) A v, # v;) CAS(v[i], vo, V]

) (ret. ret = false A v 1 (U)) CASFALSE

w ASPECEXEC
(emp) inj; v (ret. ret 1 inj; v) INJECT (P) a(z. Q)
PEP (Pa(z.Q) QF@Q ‘ (P)a(z. Q)
P)a(z.Q) ACONSEQ (P+R)a(e QR AFRAME

(P1) a (z. Q) (Pz) a (z. Q)

(PLV Po) a (2. Q) ADis)
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4.7 Concurrent Hoare logic

(Pre(r.Q) Ve QK@ R i A U L ) R
(P) Kle] (y. R) {(>P) e (Q)
RETURN PEr (P) e o Q) @rre CONSEQ
(emp) v (x. x = v A emp) (P)e(x. Q)
(P) e (z. Q) N
PrR e QR FRAME P pure 77;'|_—<1;> : (iP]%Q) e (z. R)
(Pr)e(@. Q)  (P)e(z.Q) (P)e(x. Q)
PV Py e (. Q) Diss Py ez Q) SPECEXEC
(P) e (x. Q*>t.I(L.5)) t.I(e.s) token-pure S (P) a (z. Q) PRIVATE
PP)a(z. QAL (>P) a(z. Q)
P, Q) token-pure
rely guar
Vo J .3 2 0.3Q. /,QFR A (0 I(es)xP)a(z. o I(.8)*Q) ISt Focus
(to ABP) a (z. R)

PEA(P)e{x. Jy. b(zr—1inj, y* Q1) V>(z —injy y*xQ2))
PEVz. (x —1inj; y* Q1) e1 (ret. R) PEVz. (x 1 injy y* Q2) es (ret. R)
P F (P) case(e,inj, y = e1,inj, y = e3) (ret. R)

Note: the rule of conjunction

(Pr) e (z. Q1) (P2) e (. Q2)
(Py A Py)e{x. Q1 AQo)

is probably unsound in our logic (as it is with many concurrent separation logics), because, in the

termination branch of the triple, the splitting of resources between the main thread and remaining
threads can be chosen arbitrarily.

4.8 Refinement reasoning

Pro YT
1= PE(O)=Y():1 P true <V true : B P I false <" false : B
’kalj Vg i T

Prn=<Yn:N

v = rec f(x1).er vg = rec f(xg).es Poar <Y as:ThH erfvi/ f] <¢ eslvs/f]: 7
P <Y vg:7—> 7
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4.9 Additional rules

>P+ P Pr(P)e{x. > P P+ Vax. (P') € (y. P")
- . g
prp | temp)cons(ry) (2 2 o () Pr(P)letz=cinc (y. P

Vj, K. PE (21 =¥ 25 : 7 A j —g Kleg]) er (rety. Jrets. ret; <Y rets : 7/ A j —g Kretg])
Pr Aerer <Y A\rgees i T — 7'

HOAREREC

P.Vx. (P) f x (ret. Q) F V. (P) e (ret. Q)
>P V. (P) (rec f(z).€) x (ret. Q)

UNFOLDREC
v = rec fi(x1).e1 vs = rec fs(rs).es
P,oVar =Y as 7. er[vr/ fi] <€ eglvs/fs] - 7' Var =Y as : 7.oer[ur/ fi] <€ eslvs/fs] i T

Pro<Yuvg:7—> 7

PE(P)e(x. >QA (z = true V x = false))
P E (Q[true/z]) eiye (ret. R) P+ (Qlfalse/z]) efase (ret. R)
P E (P) if e then ege €lse epise (ret. R)

PE(P)elr.p(x=0)ANQ1)V (. z=10NQ2))
PH(Q1) el (ret. R) P VL (Qafl/x]) ey (ret. R)
P+ (P) case(e, null = e, some(z) = e3) (ret. R)

4.10 Soundness of the inference rules

Lemma 27.
(P) e {x. Q#*>r.I(1.5)) ¢.I(1.s) token-pure

(P) a{x. QAL ISLNEW

We employ Lem. and so prove a simple implication on variable-closed assertions. We then
prove the result by a straightforward induction on the step index in the underlying threadpool
simulation. Thus, the proof boils down to the following internal lemma: if

he:Wnenr and W,nE? Qx>i.I(t.s) * TQ@none (true)

then
guar
I, W 23 W.hX W . n@nr and W' 5 E” Q%+ T@Qnone (true)t

Proof.

L. W=W1 W@ Ws, n=n Qn ns,
Wi,m EPQ, Wa,me P pud(es), Ws,ns =P T@none (true)

2. Let W' = (W.k,WwW [i — Z[]}])

guar

3. W W

4. DWW/ |, mo EP ped(1.8)

5. Let n' =m @3

6. h,X: W' n @np

7. Wo ® W3, n3 =P T@none (true) by framing
8. W'.n' =P Q v T@none (true)
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Lemma 28.
(P) a(z. Q)
BP) a (@ Q)

We employ Lem. [26] and so prove a simple implication on variable-closed assertions.

PRIVATE

Proof.
1. Fix ¢, Wy, W.n,np, p
rely

2. Suppose Wy, n =" P, W J Wy, W.k >0,

77F#777 h>ZZVV777®77F7 h?[ZHa]_)hlvT
3. 3w, (E)=n®nr@nw, nw € I[W.w]w
4. . hja—=h'5u, T=1li— v by inversion on operational semantics
5. Let np = nr @ nw

6. I'#np. W= @np)h, (M@nE).E= 0 @np).E, oW £ Qv/a]
by assumption

7. Let X' = ( @ nfp).2

rely

s. W I W
9. WX oW, @ np

Lemma 29.

P, Q) token-pure
rely

R =T =i 3Q. V,QF R A (t.I(t.8) % P) a(x. b I(M.s)* Q)
(to ABP) a (z. R)

IsLFocus

Proof.

1. Fix i and Wy, n =P 1o A P
2. Suffices to show Wy, n = [i — €]@i (x. R)

rel
5 Fix W 3 W, and npn
4. Suppose W.k >0 and h, X : W,n®np
5. WonE wo

rely .
6. 3¢ J 1o, wF,J-

Ww=wpW[j— [}

7. 3, M. by semantics of world satisfaction
(h,Z)=n.®@n®nr @Np
m € ZMLlyilw,  mf € Zlwrlw

8. >W/|,n, = t.J(L.s)

guar

9. A/ 3, Q. by assumption
p:(/ANQ=R)
p: e J(e.8) * P) e (x. >/ J(.8) * Q)

10 Let n=n®mn,
i |[Wn EP >e.J(e.s) * P by (I [§), token-purity of P
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Let 7p = nr @ np

h=0®1nr).h

h; e atomic by @

Suppose h;[i — €] = ;T

Suppose W.k > 1 WLOG

Fu. hje = h'50, T = [i — v] by inversion,
37 W = (7 ©7r)-h, by (@

7 7r).5 = (7 & 7r) 5,
W, P o J(.8) * Qv /]

Let W' = (Wk — 1, lwp]wr—1 & [j = [V]%,_1])
guar

w'aw

rely rely
s S WS o W) = sw]

W T = @, by semantics of assertions, token-purity of Q)

W nl = . J(.s),
W' = Qlu/a]
Write X' = (7 @ r).X

r=Y

WS W @ by
W' P Qu/zl AV

W' | Rlv/z] by (@
W'y P i = v]Qi (x. R)
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5 Examples

We use a compact notation to draw structured branches:

5.1 Late/early choice

rand £ A(). let y = new false in (fork y := true);y[l]
lateChoice = Az.z := 0;rand()
earlyChoice £ M\z.letr =rand()inz = 0;7r

No internal protocol.

We use the atomic Hoare triple to show the details of the proof outline, by appeal to the ISLFoCUS
rule. Uses of the rules SPECEXEC and ASPECEXEC to rewrite a poscondition are marked with the
notation = (written between the original and new postcondition).

We have (emp) rand() (ret. ret = true V ret = false).

(w1 =Y g : ref(N) A j —g K[earlyChoice(zs)])
(G, ys-y1 2V ys : N A (z1 =11 % 25 —=sys)) * j—s K[earlyChoice(xs)])
(xg 1 — * xs g — * j —g K[earlyChoice(zs)])
xry = 0
(r1 =10 * x5 s — * j—g KlearlyChoice(zs)]) =
(110 % x5 =50 * (j—g K[true] @ j g K|false]))
zp =V xg : ref(N) A (j —s Kltrue] & j —g K|false]))
gj —s K[true] & j —g K[false])
rand()
ret. (ret = true V ret = false) x (j —g K|true] ® j —g K|[false]))
gret. (ret = true * (j —g K[true] @ j —g K|false])) V (ret = false  (j —g K[true] ® j —g¢ K|false]))) =
(ret. j —g K]ret])
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5.2 Red/blue flags

redFlag £ X(). let flag = new true, chan = new 0 in {
flip = rec try().
if CAS(chan,1,2) then () else
if CAS(flag, true, false) then () else
if CAS(flag, false, true) then () else
if CAS(chan,0,1) then
if CAS(chan,1,0) then try() else chan := 0
else try(),

read = A(). flag[1]

blueFlag = X(). let flag = new true, lock = new false in {
flip = A(). sync(lock) { flag := not flag[1] },
read = \(). sync(lock) { flag[1] }

}

An interesting aspect of this example: it does not matter which order we perform the top-level
CASes in. Each CAS either succeeds and completes the spec, or fails and leaves our knowledge
unchanged. The correctness proof is given at several levels of detail: the protocol, a high-level proof
outline, an outline for each use of island focusing, and finally the (interesting) atomic triples. We

begin with the protocol:
7, K({Offered j, K); }\V

|Empty, Accepted(j, K); 0 |

We use the shorthand 3z : B.P for Jz. (x = true V z = false) A P in defining the interpretation:

chan —1 1% j —g Klflipg()]
chan 1 2 % j —g K[()]

Q £ 3r:B.flaggr—1 * flagg —g x * lock —¢ false
I(s) 2 QxIy(s)
Io(Empty) 2 chan; 0
£
A

)
)
I() (Offered (], ))
Iy(Accepted(j, K))

Let 6 be the resulting transition system. Let blueFlagBody be the body of blueFlag. Fix K, 3.

(j —s K| queFIagBody]>
let flag; = new true in
(j s K[blueFlagBody] * flag; 1 true)
let chan = new 0 in
(j s K[blueFlagBody] * flag; —1 true x chan 1 0) =
<] —g K[{flip = flipg, read = readg}] « flag; 1 true x chan —1 0 * flags —g true x lock —¢ false)
j —s K[{flip = flipg, read = readg}] * I(Empty))
j —s K[{flip = flipg, read = reads}] A (6, I, Empty, )))

Now we must show that flip; refines flipg (and similarly for read, which is trivial). We may assume

the pure assertion (6,1, Empty, ). We then appeal to rule UNFOLDREC (these details are elided,
but standard).
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Let P = (0,1,Empty, D) A j —gs Klflipg()]. First we give a high-level proof outline:

(P) if CAS(chan,1,2) then (j —g K[()]) () (ret. ret = () A j —s K[()])
else (P) if CAS(flag, true, false) then (j —gs K[()]) () (ret. ret = () A j —s K[()])
else (P) if CAS(flag, false, true) then gj —s K[()}; () (ret. ret = () Aj —s K[()])
else (P) if CAS(chan,0,1) then ((6, I, Offered(j, K), o))
if CAS(chan,1,0)
then (P) try() (ret. ret = () A j —s K[()])
else ((0,1,Accepted(j, K),e)) chan := 0 (ret. ret = () A (6,1, Empty, D) A j —s K[()])
else (P) try() (ret. ret = () A j —s K[()])

For each of the CAS and assignment expressions, we apply the island focusing rule. The rule
requires that for each rely-future state of the focused island, we can find a guarantee-future state
and postcondition that together imply a common postcondition. Thus, proofs by island focusing
generally require case analysis based on the island’s state. For each use of island focusing, we give the
overall (nonatomic) Hoare triple we are trying to prove, and then list underneath a series of atomic
pre/post-conditions that together give a comprehensive case analysis of the rely-future states.

For the first CAS, the protocol may be in any state, but the CAS will only succeed if the state
is Offered:

(P) CAS(chan,1,2) (ret. (ret = true x j —g K[()]) V (ret = false x P))
j —s Klflips()] * I(Empty) ret. ret = false x j »—g K[flipg()] * I(Empty)
J —s K|flipg()] * I(Offered(j’, K')) | ret. ret = true x j —g K[()] * I (Accepted(j’, K'))
J —s Klflipg()] * I(Accepted(j’, K')) | ret. ret = false x j ~—g K|[flipg()] * I (Accepted(j’, K'))

For the next pair of CASes, the protocol state is irrelevant to the success of the CAS, since we are
attempting to perform the flip directly:

(P) CAS(flag, true, false) (ret. (ret = true x j »—g K[()]) V (ret = false % P))
j s K[flipg()] # I(s) | ret. ret = false % j —s K[flipg()] * I(s)

(P) CAS(flag, false, true) (ret. (ret = true x j —g K[()]) V (ret = false x P))
j —s Klflipg()] * I(s) ‘ ret. ret = false « j —g K[flipg ()] * I(s)

In the final top-level CAS, we attempt to make an offer, which succeeds only when the starting state
is Empty. If successful, we transfer control of our specification resource:

(P) CAS(chan,0,1) (ret. (ret = true A (0, I, Offered(j, K),e)) V (ret = false A P))
j —s Klflipg()] * I(Empty) ret. ret = true * I (Offered(j, K))
flipg()] * I(Offered(j’, K')) | ret. ret = false * j —g K|flipg()] * I (Offered(j’', K'))
flipg()] * I(Accepted(j’, K')) | ret. ret = false * j —g K][flipg()] * I(Accepted(j’, K'))

Jj—s K

Jj—s K

Once the offer is made, we attempt to withdraw it. Withdrawing succeeds only when the offer has
not been accepted. Notice that, due to our ownership of the token, Empty is not a possible state.

((0, I, Offered(j, K),e)) CAS(chan,1,0) (ret. (ret = true x P) \V (ret = false (0, I, Accepted(j, K), )))

I(Offered(j, K)) ret. (ret = true A j —g K{flipg()]) * I(Empty)
I(Accepted(j, K)) | ret. ret = false * I(Accepted(j', K'))

If we did not succeed in withdrawing the offer, we can conclude that the state is at least Accepted.
Due to our token ownership, that is the only state we need to consider when clearing the offer field:

(0, I,Accepted(j, K),e)) chan := 0 (ret. ret = () x j —g KI[()]))
I(Accepted(j, K)) ‘ ret. ret = () * j —g KJ[()] * I(Empty)
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Finally, we give detailed derivations of the “interesting” atomic triples needed for the uses of
island focusing above. Generally, the interesting cases are those where the CAS succeeds, or where
nontrivial information about the protocol state is discovered.

The first top-level CAS succeeds in the Offered state:

1(Offered(j', K')) + j s K[flips()])
(chan—1 1% Q * j' —g K'[flipg()] * j —g K[flipg()])
CAS(chan, 1,2)
ret. (ret = true A chan 1 2) * Q * j' »—g K'[flipg()] * j —s K|flipg()])
ret. (ret = true A chan 1 2) x 3x : B. flag; —1 x x flagy —s x x j —g K'[flipg()] * j —¢ K[flips()]) =
ret. (ret = true A chan 1 2) * 3z : B. flag; —1 x x flags —s —x * ' —g K'[()] * j —s Klflips()]) =
ret. (ret = true A chan 1 2) * 3z : B. flag; —1 x * flagg —s x *j' —g K'[()] *j —s K[()])
ret. ret = true x chan —1 2 * 3z : B. flag; —1 © * flagg —s © *j' —g K'[()] * j —s K[(])
ret. ret = true x I (Accepted(j’, K')) x j —g K[()])

We prove the second CAS for any state s:

(L(s) * j —s Kflipg()])

(3z : B. flagy =1 @ * flags s @ x Iy(s) x j —s K[flipg()])
CAS(flag, true, false)

(ret. ((ret = true * flag; —1 false x flagq s true) V (ret = false * flag; 1 false * flagy —¢ false))
# Io(s) x j —s Kflipg()])

(ret. (ret = true x I(s) * j —g K[()])
Vv (ret = false x I(s) * j —s K]flipg()]))

The proof for CAS(flag, false, true) is symmetric.

That leaves the final top-level CAS, in which we make an offer:
[1(Empty) + j —s K [fips()])
(chan—1 0% Q * j —g Klflips()])
CAS(chan,0,1)
(ret. (ret = true A chan—1 1) % Q x j —g K[flipg()])
(ret. ret = true x I(Offered(j, K)))

We are now in a state where we own the token.
For the inner CAS, we therefore need to consider only two possible future states:
(I (Offered(j, K)))
(chan 1 1% Q * j —g K][flips()])
CAS(chan, 1,0)
(ret. (ret = true A chan —1 0) x Q x j —g K[flipg()])
(ret. ret = true * I(Empty) * j —g K|[flipg()])

(I (Accepted(j, K)))
(chan—1 2% Q x j —s K[(])
CAS(chan, 1,0)
(ret. (ret = false A chan 1 2) * Q * j —g K[()])
(ret. ret = false * I(Accepted(j, K)))

Finally, if the inner CAS fails, there is only one rely-future state: Accepted(j, K)
Thus, we know exactly what the assignment to the channel will see:
I (Accepted(j, K)))
(Q * chan 1 2 % j —s KI[()])
chan := 0
(Q * chan 1 0% j —s K[()])
(1(Empty) * j —s K[()])
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5.3 Michael-Scott queue

MSQ: Va.l — {enq:a — 1, deq: 1 — ref:(a) }
MSQ = A. A(). let head = new cons(null, null) in {
enq = Az. let n = cons(some(new z), null) in
let rec try(c). case c[2] of
null = if CAS(c[2], null,n) then () else try(c)
| some(c’) = try(c)
in try(getVal(head[1])),
deq = rec try().
let ¢ = head[l], n = getVal(c) in case n[2] of
null = null (* queue is emply *)
| some(n') = if CAS(head[1],c,n’) then n'[1] else try()

CGQ: Va.l —» {enq:a—1, deq:1— ref:(c) }
CGQ £ A. \(). let head = new null, lock = new false in {
deq = A(). sync(lock) { case head[1] of }
null = null | some(n) = head[l] := n[2]; some(new n[l]),
enq = A\z. sync(lock) { }
case head|[1] of

null = head[l] := cons(z, null)
| some(c) =
let rec try(c). case c[2] of
null = ¢[2] := cons(z, null)
| some(c') = try(c')
in try(c)

Each instance of the MSQueue will have a fixed location for the head reference, and similarly on
the specification side. We fix these as head; and headg respectively. In addition, the spec has a lock,
lock, of type ref(B).

For every location ¢, we have an instance of the following transition system, which tracks the life
story of a node at that location:

In queue

| Live(v, null) |—£>| Live(v, £) |—>| Sentinel(v, £) |—>| Dead(v, £) |
x

>| Sentinel (v, null) |

Reachable

This leads us to our state space—Sy is per-location, while S gives the state space for the whole
island:

So = {L}
U {Live(v,v") | v,0" € Val}
U {Sentinel(v,v’) | v,v" € Val}
U {Dead(v,¢) | v € Val, £ € Loc}
S 2 Loch So
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The notation 2 here means that a state only maps finitely-many locations to a non-_L state—so L
is a useful pun.

We define ~~ according to the transition system drawn above, and lift this pointwise to ~». There
are no tokens in this example, so all that’s left is the interpretation. We use a pattern-matching
notation on states s of the space S; when nothing matches, the interpretation is ff.

I(s) = heady 1 £y * Lo 1 (vo, v1) * lock g false * Jug. heads +s vs * link(vr, vs, s1.)
* *zedom(sD)avvgl'sD(@ = Dead(v, ) x s(¢') # L+ £ —1 (v, 1)
when s = [{y — Sentinel(vg, v1)] W s Wsp

link(null, null, ) 2 emp
link(¢r, £s, [¢1 — Live(vr, o) Ws) 2 3¢, vs, v £ 1 vpxop <Y vg :
x 31 (6 o)) % bs —1 (vs, v§) * link(v], v§, $)

Let 6 be the transition system above. We use the shorthand
rocsy = (0,1,[x sol,0)

for sg € Sg.
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5.3.1 Proof outline for enq

Let
P2(0,1,0,0) % x; <Y x5 axj g Klenqg(zg)]

P
< I<>et n = cons(some(new z1), null) in
<P x 30 no—1 (0, null) * £ x1>
let rec try(c).
(P cox Live(—, =) * 30 n =y (€, null) x £ —y 21)
case c[2] of
null = (P x ¢ o Live(—, —) * 30 n 1 (€, null) % £ —y 21)
if CAS(c[2], null,n)
then (n o< Live(zr, null) * j —g K[()])

0
else (P« c o Live(—, =) * 30. n >y (€, null) % £y 21)
try(c)
| some(c’) = (P o< Live(—, =) % 3. n >y (€ null) « £ 1 2p)
try(c)

(ret. ret = () A j —s K[()])
in try(getVal(head[1]))
(ret. ret = () A j —g K[()])

At the atomic triple level, the reasoning depends on a case analysis of rely-future states, which
determine in particular whether the CAS succeeds. Because Dead nodes must have non-null next
pointers, the CAS will never succeed on a Dead node.

5.3.2 Proof outline for deq

Stable assumptions: (6,1,0,0).
Let P £ j g K[deqg()].

(P)
rec try().
(P)
let ¢ = head[1] in
(¢ o Sentinel(—, —))
let n = getVal(c) in
(n o< Sentinel(—, —))
case n[2] of
null = (j —g K[null])
null
| some(n’) = (P *n o Sentinel(—,n'))
if CAS(head[1],¢,n’)
n o< Dead(—,n') * 3y, vy, ls, vs. v <Y vs : @ *
then <n’ o Sentinel ({1, —) * £1 1 vy * >
J s Kllg] x ls —s vs
n'[1]
else (P)
try()
(rety. Tretg. ret; <Y retg : refs(a) A j —g Klretg])
(rety. Jretg. ret; <V retg : refs(a) A j —g K]retg])
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5.4 CCAS

A
counterg =

let ¢ = new 0, f = new false, lock = new false
let get() = sync(lock) { c[1] }
let setFlag(b) = sync(lock) { f := b}
let cinc() = sync(lock) {
c[1] := c[1] +if f[1] then 1 else 0 }
in (get, setFlag, cinc)

countery £
let ¢ = new inj; 0, f = new false
let complete(o, z) =
if f[1] then CAS(c,0,inj; (x + 1))
else CAS(c,o,inj; x)
let rec get() = let o = ¢[1] in case o of
inj, t =2
| inj, = complete(o, z); get()
let setFlag(b) = f := b
let rec cinc() = let o = ¢[1] in case o of
inj; x = let n = inj, x in
if CAS(c, 0,n) then complete(n, z) else cinc()
| inj, = complete(o, z); cinc()
in (get, setFlag, cinc)

We have the following “life story” for every “descriptor” (injection into sum) location:

Upd(d’ {0}'>;O
| Upd(d, {0,1});0 |—>| Done(d); o |—>| Gone; o |

Upd(d, {1}); 0

! | Const(n); e |—>| Dead; e |

Formally, we have

d = n,5, K
Sy & {L1,Done(d), Gone, Const(n),Dead} U { Upd(d,B) | B C{0,1} }
s 2 { s€Loc ™ 8y | 3. (s(¢) = Const(—) V s(£) = Upd(—)) }
£  Loc

following the pattern of MSQ. The transition relation on S is the pointwise lifting of that for Sy.
Note that the product transition system has one token per location, that is, one token per local
transition system. The free tokens F for the product system is the product of the banks for the

local systems.
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The interpretation is as follows:

d == n,j, K B C{0,1} A £ Loc
£ {1,Upd(d, B), Done(d), Gone, Const(n), Dead}
S 2 {seLoc‘l“so | 316, s(¢) € {Const(—), Upd(—, —)} }
I(s) = 3b:B. fi =1 b* fs g b* lock g false
. {|inkupd(£,n7j,K7B) 3. 5(¢) = Upd(n, j, K, B)

linkConst(¢, n) 3¢. s(¢) = Const(n)
* *s([):Done(n,j,K)g = ingy nox jo—gs K[()]
* s(f):Goneg 1 inj2 - X >l< s(@):DeadE =1 injl -

linkConst(¢,n) £ c¢p 1€l —>1inj, n*cs —sn

linkUpd(¢,n,j, K, B) 2 crrinjy £+ {1 n
cs g nx j —g Klcine()]
* @ cg g nxj—gs K[()] if0eB
® cs—s (n+1)xj—g K[()] if1€B

We let 6 be the product transition system.

let complete(o,z) = (0 o< Upd(z, ,0))
if f[1] then (0 o< Upd(z,—, —,{1}))
CAS(c,0,inj; (z +1)) (0 o< Done(x, —, —))
else {0 o< Upd(z, —, —,{0}))
CAS(c, 0,inj; ) (o o Done(z, —, —))
let rec cinc() = (j —s Klcincs()] * (6,1,0,0))
) J —g Kcincg()] *
let 0 = c[1] in 0 o Const(—) Vo o« Upd(—, —))
case o of
inj, z = (j s Klcincg()] * 0 o Const(x))
let 1 = inj, « in Jj —s Klcincg()] * 0 ox Const(z) *
n > injy @

if CAS(c,0,n) then (0 o Dead(z) A n oxq Upd(z, j, K,0))
(n oo Upd(x 7, K., 0))

complete(n, x); (n e Done(z, j, K))
0 gret. ret = () A j —s K[()] An o< Gone)
ret. ret = () A j —s K[()])
else (j —s Klcincs ()] * (6,1,0,0))
cinc() (ret.ret = () A j —s K[ )
| inj, © = <] —g Kcincg()] * 0 o< Upd(z, —, ,—)>
complete(o, ); (j s Klcincs()] * 0 oc Done(z, —, —))
(s Kcmcs() «(0,1,0,0))
cinc() (ret. ret = () A j —g K[()]>

36



	1 Language
	1.1 Syntax
	1.2 Type rules
	1.3 Operational semantics
	1.4 Contextual approximation (refinement)
	1.5 Derived forms

	2 The model
	2.1 Standard resources
	2.2 Worlds and islands
	2.3 Assertions

	3 Soundness
	3.1 Basic Properties
	3.2 Constructions with Threadpool Triples
	3.3 Congruence
	3.3.1 New
	3.3.2 Fork
	3.3.3 Function Application and Abstraction
	3.3.4 CAS

	3.4 May-refinement

	4 Proof theory
	4.1 Hypothetical reasoning
	4.2 Laws of intuitionistic first-order logic
	4.3 Additional rules from BI
	4.4 The ``later'' modality
	4.5 The ``reachably'' modality and speculation
	4.6 Atomic Hoare logic
	4.7 Concurrent Hoare logic
	4.8 Refinement reasoning
	4.9 Additional rules
	4.10 Soundness of the inference rules

	5 Examples
	5.1 Late/early choice
	5.2 Red/blue flags
	5.3 Michael-Scott queue
	5.3.1 Proof outline for enq
	5.3.2 Proof outline for deq

	5.4 CCAS


