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1 Languages

1.1 HIGH

1.1.1 Syntax & Dynamic Semantics

TE€Type u=al|lb|nxn|n—on|VYer|Iar|pa.7|refr

where a € TypeVar

ecHExp ==z |{] {e1,e2)|el]e2]

Ax:T.e | eg ex | Aae | e T | pack (71,€e) as 72 | unpack e; as {a, ) in ey |
roll; e |unrolle | refe | e; :=ex |le|eg ==ea | ...

where x € Var and ¢ € HLoc

veHVal = x| L] (v,v2) | M. e | Aace | pack (11,v) as T2 | roll, v | ...

K € HCont ::= e | (K,e3) | (v1,

K)Y|K1|K2|
K ey | vy K| K7 pack {(11,K) as 72 | unpack K as {(«,z) in e3 |

roll, K [unroll K |ref K | K :=eg |v3 =K |IK | K==ey|v1==K| ...

HCVal L Ly e HVal | ftv(v) = 0 Afv(v) =0}
HHeap def {h € HLoc —g, HCVal }
freshloc € {f €Pgsyn(HLoc) —» HLoc | VS. f(S) ¢ S}
[(he) = (W, ¢)
(h; K[(v1,v2).1]) = (h; K[v1])
(h; K[(v1,v2).2]) < (h; Kvs])
(h; K[(Az:T. €) v]) = (h; K[e[v/x]])
(h; K[(Aae) 7)) = (h; Kle[r/a]])
(h; K[unpack (pack (71,v) as 72) as (o, x) in €]) — (h; K[e[r1/a][v/z]])
(h; K[unroll (roll v)]) — (h; K[v])
(h; Kref v] — (hW {l—v}; K[{]) (¢ = freshloc(dom(h)))
(h; K€ := v]) = (h[l—v]; K[()]) (£ € dom(h))
(h; K[M]) = (h; Kv]) (h(€) = v)
<h, K[[l == 62]> — <h, K[ttD (61 = 62)
(h; K[ty == £o]) = (h; K[ff]) (61 # £2)
1.1.2 Static Semantics
Heap typings ¥ o= | X lr where ftv(r) =0
Type environments A == | A«
Term environments ' == |, z:7



AT, AFT

ftv(r) € A Ver e AT
AT AFT

Y A;Tke: T
T el b el
>, A TR 7 ;AT H O refr

YA Tker:mm ;A ThHes:m Yo A;ThRe:m X1 Yo A;TRe:m X1

S;A T (er,e) : 11 X 7o YA T Rel:n YA T Fe2:m
AT e bFe:m SiATkRer i — 1 XA TRe:m
;AT E Arim.e: 11 — 1o ;AT Hepes:m
>, A,a;T'Fe:m ART Y, ATFe:Vaor
Y, AT H Aae: Va1 ;AT Her:mrn/dl
S, AT Fe:mam/al AT ke 3o ;A zmbey:m AFD Abn
S, AT F pack (71, €) as Ja. 75 : Ja. 1o 3:; A;T F unpack e as (a, z) in e : 1o

;AT Fe: rlpa.7/a] AT ke pa.t

LA T Frollyy - e:pa. T ;AT Funroll e Tlpa. 7/al

AT kFe: T YA T Heprefr XA T ey 7
;AT Hrefe:refr Y AT F ey :=es :unit

;AT He:refr ;AT Feypirefr N, AT Feg:irefr
;AT Hle:r ¥ AT e ==es : bool

AF&:AN AT

AFQ:- A a1 A«
[SA Ty T
S AT AT ;A THw:T
SiATHOQ:- S ATy, oo TV, 7
Fh:X

Vlr e X. ;- Fh(l): T
Fh:X




1.2 LOW

1.2.1 Syntax & Dynamic Semantics

PConf L £(®,pc) € PMem x PAddr }
PMem def {® = (code, reg, stk, hp) € PCode x PRegFile x PStack x PHeap }
PCode 4 PAddr — Instruction
PRegFile def Register - PWord
PStack ¢ PAddr — PWord
PHeap ' PAddr — PWord
PAddr L faeN}
PWord © fwef{0,1} xN}
r € Register = sp|svg| ... |svy|wko| ... | wks
lv € PLvalue == |r] | (a), | (r—o),]| (a), | (r+o0), forr € Register,a € PAddr,0o € N
rv € PRvalue == 1lv|w forlv € PLvalue,w € PWord
¢ € Instruction ::= fail | halt | jmp rv | jnz rv rv | jneq rv rv rv | jptr rv rv |
move lv rv | setptr lv | plus lv rv rv | minus lv rv 1v |
isrlvrv | iswrvrv
def
|wl = m(w)
isptr(w) L (w)=1
n < 0,n)  €PWord
a % (1,a) € PWord

| 2(xv) € PWord|

o([r]) = Dureg(r)
o((a),) L Dstk(a)
O((r —o0),) = dustk(|@(|r])| - o)
®((a),) = d.hpla)
®({r +0),) = ®.hp(|(|7])] + o)
D (w) L
| ®[lv ~ w] € PMem |
D|r| — w) 2ef (®.code, ®.reg[r — w], P.stk, P.hp)
O[(a), — w] o (®.code, ®.reg, ®.stkja — w], P.hp)
B[(r — o), > w] L (®.code, D.reg, B.stk]|®(|r|)| — 0 — w], ®.hp)
®[(a),, — w] def (®.code, ®.reg, ®.stk, ®.hpla — w])
O(r + o), — w] ef (®.code, @.reg, .stk, @.hp[|P(|7])| + 0 — w])



‘ [] (®,pc) € PConf W { halt, fail } ‘

[fail] (@, pc) def fail
def

[halt] (@, pc) = halt
[jmp rv] (P, pe) £

= (2,[®(rv)])
[jnz rvq rva] (®, pe) 4ot it ®(rvy) # 0 then (@, |®(rvy)]) else (P, pc+ 1)

[jneq rvy rvs rvs] (P, pe) Ao if D (rvy) # P(rvs) then (@, |P(rvy)|) else (P, pc+1)

[jptr rvy rva] (P, pc) 4 if isptr(®(rvy)) then (P, |P(rvy)]) else (P, pc+ 1)

[move lv rv] (@, pc) et (®lv — ®(rv)],pc+ 1)

[setptr Iv] (@, pe) LF (B[l > [B(Iv)]], pe + 1)

[plus Iv rvy 1vo] (®,pc) % (D[lv > [®(rvy)| + |@(rva)|], pe + 1)

[minus 1v rvy rva] (@, pc) def (Plv = |®(rvy)| — [P(rva)|], pc + 1)

[isr Iv 1v] (@, pe) L (@[lv > E(D.code(|®(xv)|))], pe + 1)

[isw rvy rva] (P, pc) & ((®.code[ |®(rvy1)| — D(|®(xva)])], @.reg, P.stk, @.hp), pc + 1)

where
E € Instruction — N is a bijection, and I := E~L.

| PConf < PConf  { halt, fail } |

(®,pc) = [®.code(pe)] (®, pe)



2 Specifications

2.1 Language Specification

LangSpec

mdisjlist()

mdisjlist(Mq, . ..

< { (Val, Com, Cont, Mem, Conf,

plugv, plugc, step, mdom, mdisj,

oftype, basey, pair, app, appty, pack, roll, ref, asgn) |
Val, Com, Cont, Mem, Conf € Set A

plugv € Val x Cont x Mem — P(Conf) A
pluge € Com x Cont x Mem — P(Conf) A
step € Conf — Conf W { fail, halt } A
mdom € Mem — P(Val) A

mdisj € Mem x Mem — P(Mem) A

oftype € CType — P(Val x Mem) A

basey, € [b] — P(Val x Mem) A

pair € Val x Val — P(Val x Mem) A

app € Val x Val — P(Com) A

appty € Val x CType — P(Com) A

pack € CType x Val — P(Val x Mem) A
roll € Val — P(Val x Mem) A

ref € Val — P(Val x Mem) A

asgn € Mem x Val x Val = Mem A

V My, My. VM € mdisj(M;, Mz). mdom(M) 2 mdom(M7) & mdom(Ms) }

et {M € Mem}

def

yMpt1) = {M € Mem | IM'. M’ € mdisjlist(Mj, ...

Conf <% Conf W { fail, halt }

cd o

k+1 . .
C < fail if step(C) = fail
' hait if step(C') = halt

&R if step(C) = C' AC" &5 R

obsk : N x Conf — { fail, halt, running } ‘

fail it ¢ <% fail
obsk(k,C) € 8 hat it C L halt

k
running if C — C’

M) NM € mdisj(M’, My 41) }



observe : Conf — { fail, halt, diverge } ‘

| fai if Jk. obsk(k, C) = fail
observe(C) ' { halt  if 3k. obsk(k, C) = halt
diverge otherwise, i.e., if Vk. obsk(k, C) = running

2.2 World Specification

For L1, L, € LangSpec,

WorldSpec < { (World, lev, M, B, 0,, 3, Jpuw) |

World € Set A

lev € World — N A

M € World — P(L;.Mem X L5.Mem) A
B € World — P(L£;.Val x £5.Val) A

O € World — P(£;.Conf x L5.Conf) A
> € World — World A

Je P(World x World) A

Jpub€ P(World x World) A

-, Jpub are preorders A Jpup € 2 A

YW IW. oW’ JpW A

YW’ —pub wW. sW’ pub >W A

YW. oW dpup W A

YW I3 W. lev(W') <lev(W) A

YW. lev(W) >0 = levpW) =lev(W) -1}

def

S = {(W',W) € World x World | lev(W) >0A W’ JbW }

WVRel %' {R e P(World x £;.Val x £5.Val) }

R(W) vy, v9) | (W,vq,00) € R} for R € WVRel

bR C LW, vi,v2) | lev(W) >0 = (W,vq,0) € R} for R € WVRel
OR L LW, vi,00) | YW IW. (W', vi,v0) € R} for R € WVRel

Row & (W' vi0) | W 3, WA (W', vi,v) € R} for R € WVRel
(R, R2) & {(W,v1,v2) | ¥(My, M) € M(W). (vi,Mi) € By A (v2, M) € Ry }

for Ry € P(£y.Val x £1.Mem), Ry € P(L£5.Val x L£5.Mem)
Lemma 1. 0, is well-founded.
Proof. Because the level of worlds strictly decreases.
Lemma 2.
1. VW' W W. W' 3, W AW 3, W = W', W
2YW' W W W' 3, WAW IW = W', W
3YW' W W W'IW AW 3, W = W', W

Proof. By the definition of T, and the assumptions on 3, Jpup, >,lev.



3 Logical Relations

3.1 Definitions
Let L1, Lo € LangSpec, W € WorldSpec.
Define V[7]p € WVRel by structural induction on 7:

Via]p
V[b]p
V[T x ]p

V[ — 1]p

V[Va.1]p

V[3a. 7]p

V[pa.7]p
Fa,‘r,p

u(F) (W)
Vref r]p

Klrlp =

Elrlp =

TyValRel ' {(r1,7,R) | 1,72 € CType A R € WVRel }
TypeVar — TyValRel

S
<> ' 1lp(a).m1 /0]
p2(r) = rlp(a).m2/0l
oftype( T,p) D(Ly.oftype(p.1(7)), Lo-oftype(p.2(7)))

{ (W, v1,v2) € oftype(a, p) | (W, v1,v2) € Up(a).RR }
{ (W, v1,v2) € oftype(b, p) | Jz € [b] . (W, v1,v2) € O(Ly.baseyp(x), Lo.basey(x)) }
{(W,v1,v2) € oftype(r x 7/, p) | (uy, uz) € >V[r]p(W). I(u}, uy) € V[r'|p(W).
(W, v1,v2) € O(Ly.pair(ug, u}), Lo.pair(ug, uy)) }
{(W,v1,v2) € oftype(r’ — 7,p) | YW’ Ty W.
Y(uyg,ug) € V[r'|p(W'). Ve, € Ly.app(vy,uy). Ves € Lo.app(ve, usg).
(W', e1,ea) € E[7]p}
{ (W, v1,v2) € oftype(Vav. 7, p) | VW' T, W.
V(r1, 72, R) € TyValRel. Ve, € Lq.appty(vi,1). Vea € Lo.appty(va, 72).
(W', e1,e2) € E[7]pla = (1,72, R)] }
{ (W, v1,v2) € oftype(Fa. 7, p) |
(71, 72, R) € TyValRel. 3(uy,u2) € V[r]pla — (11, 72, R)](W).
(W, vy1,v2) € O(Ly.pack(r,u1), La.pack(re, uz)) }

1(Fa,rp)
AR A (W, v1,v2) € oftype(pa.T,p) |
A(uy, ug) € V[r]pla — (p.1(pa. 1), p.2(na. 7), R)|(W).
(VV, Vi, ’Ug) S D(ﬁl.roll(ul), [.:Q.I‘OH(’LLQ)) }
F(u(F)q,w)(W) for F € WVRel - WVRel
{(W,v1,v2) € oftype(ref 7, p) | VW' I W. V(My, My) € M(W).
(V1,’U2) S B(W/) A\
(El(ul,uQ) epV[r]p(W’). (vi,M;) € Ly.ref(uy) A (v, Ma) € ﬁg.ref(uQ)) A
(V(ur,uz) € >V[r]p(W'). (L1.asgn(My, vy, uy), Lo.asgn(Ma, va, uz)) € M(W')) }

{(W, Ky, K3) € World x £;.Cont x L,.Cont | YW’ Jpu, W.

V(thg) € V[[T]]p(W/) V(Ml, Mz) S M(W’)
VCl S El.plugv(vl,Kl, Ml). VCQ c Eg.plugV(UQ,Kg, MQ). (Cl, CQ) S O(W’)}

{ (W, e1,e2) € World x £;.Com X L5.Com |

V(K1, K2) € K[r]p(W). V(My, M) € M(W).
VCy € Ly.pluge(er, K1, M;y). VCs € Lo.pluge(es, Ko, Ms). (C1,Cs) € O(W) }

10



Contractiveness

F contractive % VIV, Ry, Ry. (YW’ T3y W. Ry(W') = Ry(W')) = F(Ry)(W) = F(Ry)(W)
for F € WVRel — WVRel

7 a-non-contractive = 7 =a
7 =38.7 for some 3,7 such that 8 # a A 7/ a-non-contractive
7 = uB. 7 for some B, 7" such that 8 # a A 7/ a-non-contractive

. d .
7 a-contractive = -7 a-non-contractive

3.2 Properties
Theorem 1 (Fixpoint). VF. F' contractive = p(F) = F(u(F)).

Proof. For F contractive, we prove VIW. pu(F)(W) = F(u(F))(W) by well-founded induction on W
w.r.t. .

e For W, assume VW' T, W. u(F)(W') = F(u(F))(W").
e We need to show that pu(F)(W) = F(u(F))(W).
o We have u(F)(W) = F(u(F)o,w)(W) by definition.

e By contractivness of F, it suffices to show that VW' 2, W. u(F)(W') = u(F)5,w (W’), which
holds vacuously.

]
Theorem 2 (Uniqueness). VF, Ry, Ry. F contractive A Ry = F(R1) A R = F(R2) = R; = Ra.

Proof. For F contractive and Ry, Ry fixpoints of F', we prove that VIW. R; (W) = Ry(W) by well-
founded induction on W w.r.t. .

e For W, assume VW' T, W. Ry (W') = Ro(W").
e We need to show that Ry (W) = Ra(W).
e As Ry, Ry are fixpoints, it suffices to show that F(R1)(W) = F(Rg)(W).

e By contractivness of F, it suffices to show that VW’ O, W. Ry(W') = Ro(W'), which is
exactly the induction hypothesis.

O
Lemma 3. For all o, 7, p, W with ftv(ua.7) C dom p,
Vpe. 7[p(W) € { (v1,v2) [ I(ur, uz) € V[r]pla = (p.1(pev. 7), p-2(pow. 7), pf(Forp) 5w )| (W) } -
Proof.
V]pe. 7]p(W)
= p(Farp)(W)
= Fa,T,p(M(Fa,T,p)ij)(W)
C {(vi,v2) [ F(ur, u2) € V[r]pla = (p.1(pex. 7), p-2(pev. 7), po(Forp) 5w )l (W) }
O

11



Lemma 4.
Ya, T, p. T a-non-contractive A ftv(pa. 7) C dom p

= V7,72, R,W. V[r]pla = (11,72, Row)]|(W) =0
Proof. We prove this by structural induction on 7 a-non-contractive.

e When 7 = a:
Vla]pla = (11,72, Ro,w)|(W) € Ro,w (W) = 0.

e When 7 = 38. 7’ with 8 # a A 7/ a-non-contractive:
Let p' = pla. — (71, T2, R9,w)]. Then we have

V[3B.7']p' (W)
C{(W,v1,v2) | (71,75, R) € TyValRel. I(uy,usz) € V[r']p'[8 — (71,75, R)](W) }

As B # «, by induction hypothesis, for all (1, 74, R') € TyValRel we have
VITTP' 1B = (1, 72, ROIW) = V[']p[B = (71, 73, Rl = (71,72, Ro,w) (W) = 0.
Therefore, V[3B. 7] pla — (71,72, R, w)|(W) = 0.

e When 7 = 3.7 with 8 # a A 7 a-non-contractive:
Let p = plac — (71, 72, R9,w)].
Then, by Lemma [3| we have

VIps.']p" (W)
€ {(vi,v2) | Iur, uz) € V[T [B = (o' 1(uB.7'), p" 2(uB. '), 1(Fg v pr ) 2w )] (W) }

As B # a, by induction hypothesis, we have

VIT'lp' 1B = (0 (B 1), p 2(uB- "), (g 71 pr) 2w )} (W)
= V[r'[plB = (o' L (puB.7"), p" 2(uB.7'), 1(Fp o pr ) 3o w)] [0 = (71, T2, R w)](W)

Therefore, V[us. 7']pla — (11, 72, R4, w)](W) = 0.

Theorem 3.
Vo, T, p. ftv(pa.7) € dom p

= V|pa.7]p = For,(V[pa.7]p)

Proof.
‘When T a-contractive ‘

o As V[pa.7]p = u(Fo r,p), by Theorem [1] it suffices to show that F,, ; , is contractive.

e By an easy induction on 7, one can show that for all o, 7 such that 7 a-contractive, all free
occurrences of « in 7 are under one of the type constructors x, — ,V, ref.

e For any 71,7, 3,7', p, W, the relations V[ x ra]lp(W), V[r1 — m]p(W), VIVB.T'|p(W),
V[ref 7] p(W) only depend on V[m]p(W’), V[r]p(W’) and V[r'|p[8 — r](W’) for any r
and W' O, W.

12



e By Lemmal[2|and the above facts, it follows that the relation V[r]pla — (p.1(pev. 7), p.2(pucv. 7), R)](W)
only depends on R(W') for W' I, W.

o Therefore, F, - ,(R)(W) only depends on R(W’) for W' 1, W and thus F, . , is contractive.

When 7 a-non-contractive ‘

e By Lemma [3and [4] we have V[ua.7]p = 0.

e Again by Lemma [ we have
Forp(Vlpa.7]p)(W)

= Farp(@ow)(W)
< é(vl»w) | I(ur, uz) € V[r]pla = (p.1(pev. 7), p-2(pce. 7), 05, w)](W) }
e Thus, V[ua.7]p = For,p,(V[pa.t]p) = 0.
O
Lemma 5. > preserves monotonicity: VR .R C JR = >R C > R.
Proof. By definition and the assumptions on >, lev. O

Theorem 4 (Well-typedness). V[r]p C oftype(r, p).

Proof. By case analysis on 7, each case holds vacuously by definition, except for 7 = pa.7’. In this
case, for all worlds W, we have

VIpa. m'1p(W) = p(Far p) (W) = Forr (1 Fa,r,p)2.w ) (W) C oftype(pa. 7/, p) (W)

Theorem 5 (Monotonicity). V7, p. ftv(7) C domp = V[r]p C OV[7]p.
Proof. By structural induction on 7:

e Fort=a,7=0:
V[7]p is monotone, as all relations appearing in the definition are monotone.

e Forr=7 -, 7=Va.7', 7 =ref r:
V[r]p is trivially monotone by definition and Lemma

e For 7 =7 X 79,7 = Ja. 7'
V[7]p is monotone, as all relations appearing in the definition are monotone by induction
hypothesis and Lemma

e For 7 = pa. 7':

By Theorem [3, we have

V]pe. 7']p
= Forr p(V[po.7']p)
= { (W, v1,v2) € oftype(ua. 7', p) |
A(uy, uz) € V[r'pla — (p-1(pa. "), p2(pa. ), V[pa. 7] p)|(W).
(W,v1,v2) € O(Ly.roll(uy), Lo.roll(ug)) } .

13



As V[r'pla = (p-1(pee. 7"), p-2(uee. 7'), V[pa. 7] p)] is monotone by induction hypothesis, it
follows that V[ua. 7']p is monotone.

O
Theorem 6. V7,p. ftv(r) C domp = VW' Jdpu, W. K[7]p(W) C K[r]p(W’).
Proof. Tt trivially holds by definition. O

Theorem 7 (Substitution).

V[r[r'/ellp = VIrlpla = (p-1("), p.2(7"), V[']p)]

Proof. By an easy structural induction on 7. The only non-trivial case is when 7 = «. In this case,
we need to show that

V[r'lp = {(W,vy,v2) € oftype(e, pla — (p.1(7"), p.2(7"), V[7']p)]) | (W, v1,v2) € OV[']p}
= {(W,v1,v2) € O(L.oftype(p.1(7")), H.oftype(p.2(7'))) | (W, v1,v2) € OV[']p }
= {(W,v1,v2) € oftype(r’, p) | (W, v1,v2) € OV[r']p}

This holds because by Theorem 5, OV[r']p = V[']p, and by Theorem[d], V[r']p C oftype(7’,p). O

14



4 Possible Worlds

4.1 Definitions
For Re P(X xY),

R pbijective ' (Vz,y,y'. (z,y), (2,y)) R = y=y) A (Vz,2',y. (x,9),(2',y) € R = z=1)

domy(R) ¥ {23y (z,y) e R}
domo(R) ¥ {y|3z. (z,y) € R}

Let £, L5 € LangSpec.
MemRel,, def

R monotone

P(World,, x £1.Mem X L5.Mem)

V(W,Ml,MQ) e R.YW' JW. (W’,Ml,Mg) €ER
for R € MemRel,,

Island, % {.=(s,5,6, ¢, MR, Bij) |

sESNSESet Ao, p € P(S xS) A
MR € S — MemRel,, A Bij € S — P(L;.Val x £5.Val) A

p €I Ap,d are preorders A
Vs. MR(s) monotone A
Vs. Y(W, My, M3) € MR(s). Bij(s) pbijective A
dom; (Bij(s)) C L1.mdom (M) A domg(Bij(s)) C Lo.mdom(Ms) }
World,, = {W = (k,w,GR) |k <nA3Im.weIsland;’ A GR € P(L;.Mem x L5.Mem) }
World = |J,cy World,

def

lev(W) < Wik

Lty ootm) e = (Le)ks oo Lbm])
[(s,S,0,0, MR, Bij) |, = (s,5,9,¢, | MR]|, Bij)
|[MR]r, = Xs. [MR(s)]x
[R]x, = {(W,My,My)€R|lev(W) <k}
>(0,w,GR) = (0,w,GR)
>(k+1l,w,GR) = (k,|w|rGR)

(¥,w',GR') 3 (k,w,GR) <

oo sthy) 3,y tm
(s/’ S/’ 5/’ SDl, MR/7 Bij/) g (s, S, 57 90) MR7 Bij

K <kAw 3 \_wjk/ A GR' = GR
m' >mAVje{l...m}. L; s
(8,8, ¢', MR', Bij') = (S, 6,0, MR, Bij) A (s,s') € &

def

def

(k' w', GR') Jpup (k,w, GR
(1 s thy) Dpub (L1, -y tm
(s,5",8',¢', MR, Bij") Jpub (s, S, 0,0, MR, Bij

= kK <kAW pub |w]g A GR' = GR
= m' >mAVje{l...m} j Jpup ¢
= (9,0, ¢', MR, Bij') = (5,0, 0, MR, Bij) A (s,5') € ¢

~— ~— ~— ~— — ~—
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{ (Ml, Mg) | leV(W) >0 —= EML L 7M|1W4w|’M21’ o M2|W'w|.
M, € ﬁl.mdisjlist(M%, R M|1WUJ|) /\4M2 c ﬁz-mdisjlist(M217 o ,M2|W'w|) A
(M1, Mz) € W.GRAVj. (5W,M{, M3) € Waw(j). MR(W.w(3).5) }

O(W) = { (Cl, CQ) | (Hkl £1.0bSk(k1, Cl) = halt A E|k2 EQ.ObSk(kQ, CQ) = halt) V
(L;.0bsk(lev(W), C) = running A Ly.obsk(lev(W), Cy) = running) }

L[~ ] def

(s,0.8,t.0,t.0,0. MR, 1. Bij)
Wi~ s] < (Wk,Wwli = Ww(i)[~ s]|, W.GR)
W+ (W.k,W.w+[t], W.GR)
el (MR, Bij) ey {53, {(, %)} {(x, %)}, A\ %k . MR, A x . Bij)
4.2 Properties
Theorem 8 (Bijectivity). YW. V(My, M) € M(W). B(W) pbijective.
Proof.
e By the definition of M, we have M7, MJ’s such that (51, M, MJ) € W.w(j). MR(W.w(j).s).
e By the assumptions on islands, for each j, we have

— W.w(j).Bij(W.w(j).s) pbijective
— domy (W.w(j). Bij(Ww(j).s)) © £1.mdom(M)
— domy(W.w(5).Bij(W.w(j).s)) € L£1.mdom(M3)
e As M; € £;.mdisjlist(M}, ..., M|1W-w|) and My € Lo.mdisjlist(M3, ..., MQ‘W'W‘)7 by assump-

tions on £;.mdisj and Ly.mdisj, we have that £;.mdom(M?) N £1.md0m(M{/) = and
£omdom(MJ) N Ly.mdom (M) = 0 for all j # .

e Therefore, B(W) = U,cq1. jwwy W-w(h).Bij(W.w(j).s) is also a partial bijection.

Theorem 9 (Closed under anti-reduction).

Vk1701,0i,k27c2,cé, VV7W/

C1 & LN Gy 83 Oy A (O, CL) € O(W!) Alev(W) < lev(W?) + min(ky, k)
— (01702) S O(W)

Proof. If C1 and CY halt, then Cy and Cy halt. If C] and C} take at least lev(W’) steps, then C}
and C; take at least (lev(W') + min(kq, ko)) steps. O

Theorem 10. (World, lev, M, B,0,>, 3, J,up) € WorldSpec .
Proof. We need to prove the following.

e 1, J,ub are preorders A Jyup € I
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o VW' I W. W' JbW

o YW’ Jpup W. oW’ Jpup, bW

o VW, bW Jpup W

o VW I W. leviW’ <leviW

o VIV. Wk.>0 = lev(cW) = lev(W) — 1

These are all simple consequences of definition.
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5 Specification of HIGH
5.1 LangSpec of HIGH

def

Val = {veHVal| ftv(v) =0 Afv(v) =0}

Com = {e e HExp | ftv(e) =D Afv(e) =0}

Cont L LK e HCont | ftv(K) = 0 Afv(K) =0}

Mem f {M = (h,X) | h € HHeap A ¥ € Heap typings & undef }

Conf def {(h,e) | h € HHeap A e € Com }
plugv(v, K, M) < (Mo, K D}

Qu
g e

plugce(e, K, M) { Mh K
€) ve) = (W, €)
step(h, e) ef halt 1f e is a value
fail otherwise
mdom (M) 2 {¢ € HLoc C Val | £ € dom(M.h) }

mdisj(M;, M) <

{M | M.h D M.h& My.hA
(M.S = My.$ A M,.Y = undef) A (M.X = My.3 A M;.% = undef)) }

oftype(7) :e{(v M) € Val x Mem | M.X;0;0 v :7}

basep () & {(x,M) € Val x Mem } for z € [b]

pair(vy, vg) 2 { ((v1,ve), M) € Val x Mem }

app(v1, v2) def {e€ Com | Jz,7,e1. v1 = Az:T.e1 Ne = ey[va/z] }

appty (v, 7) & {e € Com | Ja,e;. v=Aa.e; ANe=ei[rT/a]}

pack(T, v) def {(v', M) € Val x Mem | 37'. v' = pack (7,v) as 7" }

roll(v) & {(W',M) € Val x Mem | 37. v/ =roll. v}

ref(v) L { (¢, M) € Val x Mem | M.h(¢) = v}

asen(M, v1, v2) def { (M.h[l— v3], M.X) if vy —.K/\ﬂ € dom(M.h)
undef otherwise

H ef (Val, Com, Cont, Mem, Conf,

plugv, plugc, step, mdom, mdisj,
oftype, basey, pair, app, appty, pack, roll, ref, asgn)

Theorem 11.
‘H € LangSpec

Proof. We need to prove the following.
o VM, My, My. M € mdisj(M;, M3) = mdom(M) 2 mdom(M;) W mdom(Ms)

It directly follows from definition.
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6 Specification of LOW
6.1 LangSpec of LOW

def

List X = {(x0y...sxn-1) | nENAzg,...,2p_1 € X}
Loc = {leN}
Word & {weN}
v € Val m=w |l forwe Word,l € Loc
lv € Lvalue == |r] | (a), | (r—o),| (L:0), | (r+o0), forr e Register,a € PAddr,l € Loc,0 € N
rv € Rvalue ::= lv | v for lv € Lvalue, v € Val
Com def {e = (cpc, kpe, vloc, data) € Rvalue x Rvalue x Lvalue x P(Mem) }
Cont L LK = (kpe, vloc) € PAddr x Lvalue }
CodeFrag 4 pAddr — 4 Instruction
RegFile & (Register \ {sp} — Val) & { undef }
Stack L List Valw { undef }
Heap def Loc —g, List Val
Table L' (Loc —gn N x PAddr) & { undef }
SysHeap e (PAddr — Word) & { undef }
Mem def {M = (code, reg, stk, hp, tab, shp)
€ CodeFrag x RegFile x Stack x Heap x Table x SysHeap }
Conf 4 pConf
def w fv=w
vl - { I oifv=1
M(v) ey
M(|r]) et M.reg(r)
M((a),) & Mstk(a)
M((r — o)) % M.stk(|M.reg(r)| — o)
M((L:0),) < M.hp(l)(o)
M((r +0),,) = M.hp(|M.reg(r)|)(o)
Mla > t1,. .. tncode def (M.codela > t1, ..., ts], M.reg, M.stk, M.hp, M.tab, M.shp)
M[r = V]ieg def (M.code, M.reg[r — v], M.stk, M.hp, M.tab, M.shp)
M[+vo,. .., Vj—1]stk def (M.code, M.reg, ML.stk +(vo, ..., Vv;_1), M.hp, M.tab, M.shp)
M[—E]sx 4 (M.code, MLreg, (Vo, . . . , Va_k—1), M.hp, M.tab, M.shp)
if M.stk = (vg,...,vp_1) An >k
M[j — V]stx Lof (M.code, M.reg, ML.stk[j — v], M.hp, M.tab, M..shp) if j < |ML.stk|
Ml : 0 V]up def (M.code, M.reg, M.stk, M.hp[l — (v, ..., Vo1,V,Voil,y ..o, V1),
M.tab, M.shp)
if M.hp(l) = (vo,...,Vp—1) Ao <n
MI[T, S]] 4" (M.code, M.reg, MLstk, M.hp, T, S)
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w fv=w

phyv(M)(v) ¢ 5 if v =1 A M.tab(l) = (n,a)
undef otherwise
phyh(M) def W [a — phyv(M)(vo), ..., phyv(M)(v,_1)]

M.tab(l)=(n,a) A n>0
A MLEp(D)=(Vo,..::Vn—1)

M repr @ lof ®.code D M.code A
®.reg O phyv(M) o M.reg A ®.reg(sp) = |M.stk| A
Vj < |[MLstk|. ®.stk(j) = phyv(M)(M.stk(5)) A
®.hp D phyh(M) & M.shp A
Vi, n,a. M.tab(l) = (n,a) An>0 = |M.hp(l)| =n
plugv(v, K, M) Lof {(®,pc) € Conf | M repr & A
pc = K.kkpe AM(K.vloc) =v }
plugc(e, K, M) Lf {(®,pc) € Conf | M repr ® A M € e.data A
pc = M(e.cpc) A M(e.kpc) = K.kpc A e.vloc = K.vloc }
step(®, pc) = R with (?,pc) = R
mdom(M) = {Te Val|l e dom(M.hp)}
mdisj(M;, M) = {M € Mem |
M.code D M;.code & My.code A
M.hp O M;.hp & Ma.hp A
nosh(M.reg, M;.reg, Ms.reg) A
nosh(M.stk, M .stk, Mo.stk) A
nosh(M.tab, M;.tab, Ms.tab) A
nosh(M.shp, M .shp, Ma.shp) }
IlOSh()(7 Xl,XQ) = (Xl 7é undef — Xs=undef A X:Xl) A
(X2 # undef = Xj=undef A X=X5)
(M .code W My.code, M;.reg, M;.stk, M;.hp ¥ My.hp, My.tab, M;.shp)
if M;.code W Ms.code # undef A Mj.hp W My.hp # undef A

M1 (] M2 = Mg_i.reg = undef A Mg_j.stk = undef A
Ms_.tab = undef A M3_;.shp = undef
undef otherwise
M; D M, def M .code D Ms.code A

Ml.hp 2 Mghp A

(Ms.reg # undef = Mj.reg = My.reg) A
(My.stk # undef = M;.stk = May.stk) A
(Ms.tab # undef = Mj.tab = Mjy.tab) A
(Ms.shp # undef = M;j.shp = My.shp)
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oftype(r) = {(v,M) € Val x Mem |
V11, 70. T=11 = 7o = Jl,w. v=1IAMhp(l)(0) =w A

Vo,7. 7 =Va.7 = 3l,w. v :f/\M.hp(l)(O) =w}

basey () €of {(v,M) € Val x Mem | v is a representation of z } for = € [b]

pair(vi,va) 2 {(v,M) € Val x Mem | 31. v =1 A M.hp(1)(0) = v; AM.hp(I)(1) = v }

app(vy, va) ef {ecCom |3l vi=1Aecpc=(l: 0), Aekpc = [wko] Ae.vloc = [wks]| A
e.data = {M € Mem | M.reg(wk;) = vi A M.reg(wks) = vy } }

appty(v, 1) Lof {e€Com |3l v =TAecpec= (I:0), ANekpec = |wko| Aevloc = |wks] A

edata={M € Mem | M.reg(wky) =v}}

(v/,M) € Val x Mem | v/ = v }

(v/,M) € Val x Mem | v/ = v }

(v/,M) € Val x Mem | 31. v/ =1 A M.hp(1)(0) = v }

oW}
]
.

pack(7,v)
roll(v)
ref(v)

{
{
' {
asgn(M, v1, vs) % { [1:0— vaolnp if vi =LA [Mhp(l)| >0

||m ||m I

undef otherwise
L def (Val, Com, Cont, Mem, Conlf,
plugv plugc, step, mdom, mdisj,
oftype, basey, pair, app, appty, pack, roll, ref, asgn)

Notation.
[bg = instrs] def [bg > instrs(0), ..., instrs(|instrs| — 1)]
{C}code Lf (C,undef, undef, Q) undef, undef) € Mem
{H }heap e (0, undef, undef, H, undef, undef) € Mem

Lemma 6. For all My, My and M € mdisj(M;, Ms),
MDD M; WM, .

Proof. Tt immediately follows from the definitions of mdisj, W, D. O

Theorem 12.
L € LangSpec

Proof. We need to prove the following.
e Vm,my,ms. m € mdisj(my, mg) = mdom(m) 2 mdom(m;) W mdom(ms)

It directly follows from definition. O
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6.2 Garbage Collector Specification
def { T ifv=w
In,a. M.tab(l) = (n,a) An >0 ifv=1
reacho (M) et {l|3re Register.z: M.reg(r) } U
{1]3j < |M.stk|. T = M.stk(j) }
reach; 1 (M) % reach;(M) U {1 | 31" € reach;(M). 3j. 1 = M.hp(l')(j) }
reach(M) e U, en reach; (M)

v live in M

def

AllocSpec = {A € PAddr —
{ (init, alloc, instrs, I') € PAddr x PAddr x List Instruction x P(Table x SysHeap) } |
Vgcbg, @, pc.
®.code D [gchg = A(gcebg).instrs] A ®.reg(wky) = pc
= dJk,M’, d’'.

(@, A(gebg).init) < (@', pe) A
M’ repr & AM’ € A.GR(gcbg) AM' € A.MR(gcbg) A
®'.code = ®.code A M'.code = [gcbg = A(gebg).instrs] A
Vgecbg, M, @, pc, n.
M repr ® AM € A.GR(gcbg) AM € A.MR(gcbg) A
M.reg(wky) = pc A ML.reg(wks) = n
= Jk, o', M, T, S, w,l,wq,...,w,_1.
(®, A(gcbg).alloc) &y (®',pc) A
M’ repr & AM' € A.GR(gcbg) AM' € A.MR(gcbg) A
M’ = MI[T, S]][wks = wlreg[Wks == reg W {[l = (w0, -, wn—1)]} neap }
A.GR(gcbg) Lf {M € Mem | V1 € reach(M). 1 live in M }
A.MR(gcbg) % {M € Mem | (M.tab, M.shp) € A(gcbg).I A
M.code D [gcbg = A(gebg).instrs] }

22



7 Low High Relations

7.1 Initial Worlds
Let A € AllocSpec.

We (A, gebg) % (k, [essth, byving jee( A gehg)], GR®(A, gebg))

Sregsti {5 = (reg,stk) € ({svo,...,sv4} — Val) x List Val}
def

6r6gstk = {(53 Sl) € Sregstk X Sregstk}
def

Pregstk = {(8, S,) € Sregstk X Sregstk | s’ = S}

MR egstk () %ef {(W,M, M) | M.stk = s.stk A Vj. M.reg(sv;) = s.reg(sv;) }

regs def

L casti = (()\T Q7 [})7 Sregstka 6regstk, Spregstka MRregstk, AS @)
def .

Shtyping = { Y e Heap typlngb}
def

Ontyping ={(®ZY) |y}
def

Phtyping d:f 5htyping

MRugyping(X) = {(WM, M) | M.X =%}

in def
Lhtypl & = (Q)a Shtypinga 5htypinga (Phtyping> MRhtyping7 A, [Z))

15°(A, gebg) % single({ (W, M, M) | M € A.MR(gcbg) },0)

GR°(A, gcbg) % { (M, M) | M € A.GR(gcbg) A - M.h: M.X}

1°4¢(code) Lef sinsle ({(W, M, M) | M.code D code }, ()

7.2 Program Equivalence

L.Prog def {p € PAddr x PAddr — List Instruction }

H.Prog & {e € HExp | floc(e) = 01}
GLlp = {(W,v,0) |W € World Av € L.Val}
GIt,z:7lp & {(W,v,(v,2+ v)) | Ivi, Vo
(W,v,{)) € O(L.pair(vy, va), H.Val x H.Mem) A
(W Vl,’U) S V[[Tﬂp/\ (Wa V27fY) € g[[F]]p}

D[] = 0
{

DlA,o] = {(p,a— R)|pec D[A] AR € TyValRel }
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For bg € PAddr, e € H.Prog,

A;TEbgrwe: T o o w. Vp € D[A]. V(v,7) € G[T]p(W’).
((g7 LWk0J7 LWkE')Ja { M | M'reg(SVO) =V })v Vpe) € EHTHP(W/)
where ype ::= e[p(a).72/a][y(x)/x] .
For p € L.Prog, e € H.Prog,
ATkFp=e:T def G;A;TEe:T A
VA, gcbg, bg. Vk, W 3 W2 (A, gcbg). V(M, M) € M(W).
VM. M’ = M W {[bg = p(A(gchbg).alloc, bg)]}code =
AW I W. lev(W') =lev(W)A (M, M) € M(W') A
AT Ebgrwy e: 7.

Theorem 13 (Monotonicity of G[I']p).
VI, . G[Tp € OG[r]p

Proof. By an easy structural induction on I'.

7.3 Adequacy and Compositionality

load(A,p) ==
let (init, alloc, geinstrs, ) := A(105),
instrs? := p(alloc, 105 + |geinstrs|),

loadinstrs? := |
(* 100 *) move [ wky | 102
jmp init
(* 102 x) move [wko | 104
jmp 105 + |gcinstrs|
(* 104 *) halt
geinstrs
instrs?
] in

{(®,100) € PConf | ®.code D [100 = loadinstrs”] }

Theorem 14 (Adequacy). For all );0Fp~e: T,

VA € AllocSpec. V(®, pc) € load(A,p). Vh € HHeap.
observe(®, pc) = observe(h, e) # fail

Proof.

Let (init, alloc, geinstrs, _ ) = A(105).

Let code := [100 = loadinstrs”].

Let code® := [105 = geinstrs].

Let code? := [105 + |gcinstrs| = p(alloc, 105 + |gcinstrs|)].
Let code® := code \ code®® \ code?.
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By definition of load, we have pc = 100 and ®.code 2 code. We execute the two instructions
from the address 100 and get the following configurations.

(®',init) (h,e)

such that
-9l = D[|wky| — 102]

By the specifications of A, after some finite number of steps of execution, we have two con-
figurations
(®2,102) (M?%.h,e)

with M? and M? such that
- M2 repr ®2,

- ®2.code = ®.code,

- M2.code = code®°,

- M? := (h,0)

Let M3 := M? & {code® }code-
Still, M? repr ®2.

Let W2 := W2 (gebg)[1 ~ (M3 .reglsvy...sva, M3.5tk)] -+ 1°°9¢(code®).
Then Vk. (M3, M?) € M(W}2).

Now the goal is to show that both the configurations (®2,102) and (M?2.h, e) diverge or both
halt (in other words, both

equi-terminate without fail). For this, it suffices to show that, for any k, ((®2,102), (M?2.h,e)) €
O(W) for some world W of level k, which means by definition that they equi-terminate up to
k steps without fail.

For any k,

Let M* := M? & {code? }eode-

Still, M* repr ®2.

From p =, e, we have W* such that

-WAIWE Alev(WH) =lev(W2) =k

- (M*, M?) € M(WH)

() VW' I W4 Vv, ((105 + |geinstrs|, [wko |, [wks |, { M | M.reg(svg) = v }),e) € E[T]O(W’).

Now it suffices to show that ((®2,102), (M?.h,e)) € O(W?).
We execute the two instructions from the address 102 and get the two configurations
(®°,105 + |gcinstrs|), (M?.h,e)

such that
- M5 = M4[Wk0 — M]rega
- M repr ®°.

Still, (M®, M?2) € M(W*)
By Theorem [9] it suffices to show that ((®°,105 + |geinstrs|), (M2.h,e)) € O(W*).

25



e By (%), it suffices to show that ((104, [wks|),[~]) € K[7]0(W*), which holds vacuously as
both continuations immediately halt.

O

Theorem 15 (Compositionality). Lemma (the compatibility for App) to be introduced in
Section [9] can be seen as compositionality.
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8 Self-Modifying Awkward Example
8.1 Definitions

e:=letx =ref 0in Af:unit — unit.z := 1; f (); !z

p:= X alloc bg. |
bg move | wky | bg + 3
move | wks | 1
jmp alloc
bg+3 move (wks +0),, bg+5
jmp [wko
bg+5 move | wks | bg + 10
bg + 6 isr I_Wk4J I_Wng
minus [ wky | [ wky | 666
isw | wks | [ wky |
plus | wks | | wks | 1
bg+10 D(E(jneq bg+6 | wks | bg + 21
bg+11 D(E(isw  bg+5 E(jmp bg + 12)
bg + 12 D(E(move (wky +0), bg+13
bg+13 D(E(plus  [sp] sp] 1
D(E(move (sp — 1), | wko |
D(E(move | wky | | wka |
D(E(move | wko | bg + 18
DEGm  (wk +0),
bg + 18 D(E(move | wks | 1
D(E(minus  [sp] lsp] 1
bg +20 D(E(jmp (sp — 0),

]

8.2 Properties

Theorem 16. A;T'F p ~ e : (unit — unit) — int
Proof.

e For any A, gcbg, bg, k, suppose
- W 2 W2 (A, gebg) A (M, M) € M(W),
- code? := [bg = p(A(gebg).alloc, bg)],
- M =MW {code’}code-
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- plaininstrs? := |

bg move | wky | bg + 3
move | wks | 1
jmp alloc
bg+3 move  (wks+0), bg+5
jmp  [wko]

bg+5 jmp bg + 12

bg+6 isr | wky | | wks |
minus  |wky] | wky | 666
isw | wks | | wky |
plus | wks | | wks | 1
bg+10 jneq bg+6 | wks | bg + 21
bg+ 11 isw bg + 5 E(jmp bg + 12)

bg+12 move  (wk; +0), bg+13

bg+13 plus  [sp] sp) 1
move (sp— 1) | wko |
move | wky | | wka |
move | wko | bg + 18
jmp <Wk1 + O>h
bg + 18 move | wks | 1
minus [sp] |sp] 1
bg+20 jmp  (sp—0),
]
- plaincode? := [bg = plaininstrs?]

Goal: find WP€ such that
- Wre JW Alev(WPe) =lev(W) A (M, M) € M(WPe)
- A;T F bg &ypre e : (unit — unit) — int

Let SP := {enc, dec }.

Let 67 := { (enc, dec) }*.

Let P := 6P.

Let MRP(enc) := { (W, M, M) | M.code 2 code” }.

Let MRP(dec) := { (W, M, M) | M.code 2 plaincode? }.
Let (2, . := (enc, SP, 67, P, MRP \s. ).

enc

Let ol := (dec, SP, 07, P, MR, Xs. 0).

Choose WP¢ ::= W + £ . and let i be the index of /2

3 € y € y —
P o in WPew, ie.,, WPC.w(iP) =P

enc*

Wre JW Alev(Wre) =lev(W) A (M, M) € M(WP€) holds trivially.

To show: YW1 2 WPe. Vp € D[A]. ¥(v,7) € G[[]p(W1).
((bg, [wko], [wks], { M | ML.reg(svo) = v }),vpe) € E[(unit — unit) — int[p(W1)
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By definition of E[(unit — unit) — int]p(W1) and pluge, we suppose
- ((kpe, [wks ), K) € K[(unit — unit) — int]p(W1),

- (MY, MY e M(W1),

- M! repr &1,

- M!.reg(wko) = kpc,

- Mlreg(svg) = v.

To show: ((®!,bg), (M'.h,Kle])) € O(W?1)

As W includes (2, or i , we execute the three instructions from bg on the low side and

get the configurations
(®2,alloc), (M'.h, Kle])
such that
- M? := M!{wky — bg + 3]reg[Wks — 1]req,
- M2 repr ®2.

By the specifications of A, after some finite number of steps of execution, we have configura-
tions
(®%,bg +3), (M'.h,Kle])
such that R
- M3 = M2?[[T, S]][wky > W]reg[Wks > 11 Jreg W {[l1 > (w0)]}heap for some w, Iy, wo,
- M? € A.GR(gcbg) A M? € A.MR(gcbg),
- M3 repr ®3.

As M3.code = M?.code, we execute the two instructions from bg + 3 on the low side and get
(@4, kpc), (M'.h, K[e])

such that
-M* = M3[l1 10— bg + 5np
- M* repr ®*.

Now we execute the term e on the high side and get
(®*, kpc), (M*.h, K[v'])

such that
- M* = (MY.hd[ly — 0], {MLX, ¢y : int}) for some fa,
- vl i= Afunit — unit. bo :== 1; f (); 5.

Let W* := W[+/s : int] ++ ¢}, where

- St = {fst,sub},

- 6% := { (fst,sub) }*,

-pli=41,

- MR*(fst) := { (W, M, M) | ML.hp(1,)(0) =bg +5A M.h(fs) =0},

- MR'(sub) := { (W,M, M) | W.w(i?).s = dec A M.hp(1;)(0) = bg + 13 A M.h(f5) =1},

- 1y = (fst, S1.6%, o', MR \s. (),

-1} L = (sub, S', 6%, ', MR', Xs. (),

- It is important to note that MR'(sub) is monotone because there is no transition out of dec.
- Let i! be the index of ¢}, in W*w.
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Then, (M*, M%) € M(W*)
By Theorem@ it suffices to show that ((®%,kpc), (M*.h, K[v!])) € O(W*).

As W* Jpup W and ((kpe, |[wks|), K) € K[(unit — unit) — int]p(W1), it suffices to show
that (I1,v1) € V[(unit — unit) — int]p(W*?).

Tt is easy to check that (l:,vl) € oftype((unit — unit) — int, p)(W*?).

Suppose
W5 o, W,
(uy,uz) € V[unit — unit]p(W?).

To show:
(€7, ¢e%) € Eint] p(W?)

where R
e = ((I; : 0),,, [Wko], [wks], { M | ML.reg(wk;) = I; A ML.reg(wks) = u; }),
e 1= (ly == 15 uz (); Wa).

By definition of &£[int]p(W?®) and pluge, suppose
(e, |wks ), K7) € K[int]o(17)

- (MP, MP) € M(W?)

- M repr ®°

- MP .reg(wko) = kpc®

- MP.reg(wk;) =
- MP.reg(wky) =

=

1

To show:
((@5,M5.hp(l1)(0)>7 (Ms'h7 K5[€5])> € O(W5)

If lev(W5) = 0 then it holds trivially. Thus, assume that lev(W?3) > 0.

We now prove that after taking a finite number of steps in the low side, we get the configu-
rations
(@, bg +13) (M5.h, K°[e°])

such that
- MS := MP|bg = plaininstrs”]code[l1 : 0 — bg + 13]np
- MS repr ®9.

— When W5.w(iP).s = enc A W5.w(il).s = fst:
As MP.code D code” and M®.hp(l;)(0) = bg + 5, it first decodes the instructions from
bg + 10 to bg 4 20, write the instruction jmp bg + 12 at the address bg + 5 in the code
memory, and write (bg+ 13) at the physical address corresponding to the logical address
l; : 0. Then the pc becomes (bg + 13) and M represents the updated physical memory.
— When W5.w(iP).s = enc A W3.w(il).s = sub:
This case is not possible by definition of MR*(sub).
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— When W5.w(iP).s = dec A WP.w(il).s = fst:
As MP.code D plaincode” and M®.hp(l1)(0) = bg + 5, it first jumps to bg + 12, and
write (bg + 13) at the physical address corresponding to the logical address 11 : 0. Then
the pc becomes (bg + 13) and M represents the updated physical memory.

— When W5.w(iP).s = dec A W3.w(il).s = sub:
As MP.code D plaincode” and MP.hp(l1)(0) = bg + 13, the current pc is (bg + 13) and
M = MP° represents the current physical memory ®°.

We take one step on the high side and get the following
(@, bg +13)  (MS.h, K5[uy ();43))

such that
- MS .= (M5.h[£2 — 1],M5.E)

Let W6 := W5[i? ~~ dec][i' ~ sub].
Then (MS, M%) € M(WF).

As (uy,uz) € oftype(unit — unit, p)(W°) by Theorem and we have
- uy = [ for some I}

- MC.hp(1})(0) = w’ for some w’

- Uy = Az:unit. e’ for some €’

We execute the configurations in both side and get the following
(@, ') (M1, KO['[()/a]; 6a)

such that

- M7 := MO+ kpc®lgo [wky > W ]yeg[Wko > bg + 18]
- M7 repr &7

- M7 .=M"

Let W7 := oWO[-+ kpc®];.
Then (M7, M7) € M(W7).
By Theorem [9] it suffices to show that ((®7,w’), (M7.h, K°[e'[()/x];162])) € O(WT).

If lev(W7) = 0 then it holds trivially. Thus, assume that lev(W7) > 0.

As (ug,u2) € V[unit — unit]p(W?), W7 3, W3 and (M".reg(wka), (}) € V[unit]p(W7), we
have

({11 + 0y, [who |, [whs ], { M | MLreg(whi) =} AM.reg(wks) = M7 reg(wks) }), ¢'[(} /2]) € E[unit]o(W")

By definition of E[unit]p, it suffices to show that

((bg + 18, |wks |), K°[—; 6s]) € Kunit]p(W7) .
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Suppose

W8 gpub W77

(uy, up) € V[unit[p(W?),
(M?®, M®) € M(W?),
M8 reg(wks) = uj,

M8 repr 8.

To show:
(%, bg + 18), (M®.h, K°[u}; 4s])) € O(W?)

As W8 Jpup W7, we have W8.w(il).s = sub, and thus M3.h(fs) = 1. We execute the
configurations and get
(@, kpe”)  (M*.h, K°[1])

such that

- 1\/_[9 = MS[WkE) — l]reg[*l]stk
- M? repr ®°

- M? = M8

Let WP = W8[—1],.
Then (M?, M%) € M(W?).
By Theorem@ it suffices to show that ((®°,kpc?), (M®.h, K°[1])) € O(W?).

This holds because (1,1) € V[int]p(W?) and ((kpc®, |wks]), K°) € K[int]p(W?), which fol-
lows from ((kpc®, [wks]), K%) € K[int]p(W?) and W Dy, WP by Theorem [6]

O
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9 Compiler Correctness

9.1 Compiler Definition and Correctness

For §; A;T Fe: T,
(T + e) € PAddr x PAddr — List Instruction

idx(T,z: 7+ x) L
idx(T,y: 7+ x) Lo idx(T'Fx) +1 ify#ua

The compiler (['F ¢) for §; A;T F e : 7 is defined by a structural recursion on e, each component
of which is defined in the subsequent sections.

Theorem 17 (Compiler Correctness). For §; A;T'Fe: 7,
ATE(CHe)=e:T.

Proof. By a structural induction on e: each case by the compatibility lemmas in the subsequent
sections. O

9.2 Var
(T F ) ::= Pvar(idx(T F x))
Pvar(n) ::= Aalloc, bg. |

bg move |wks| [svo]
move |[wks] (wks+ 1),

(n times)

move |wks| (wks+ 1),
move |wks] (wks+0),
jmp  [wko]

Lemma 7 (Compatibility: Var).
A;TFPvar(idx(Tka)) ~a: 7
Proof.

e For any A, gcbg, bg, k, suppose
- W 2 W2 (A, gebg) A (M, M) € M(W)
- code := [bg = Pvar(idx(T" F x))(A(gcbg).alloc, bg)]
- M’ =MW {code}code-

o Goal: find WP¢ such that
-WPe W Alev(WPe) =lev(W) A (M, M) € M(WP*)
- A;TFbg ~yre x: T

o Let W' := W ++:°°%(code) and choose WP¢ to be W.
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WL W Alev(W?h) =lev(W) A (M, M) € M(W?) holds vacuously.

To show: VW2 2 W1 Vp € D[A]. V(v,v) € G[T]p(W?).
((bg, [wko ], [wks |, { M | M.reg(svo) = v }),7pz) € E[7]p(W?)

By definition of £[7]p(W?) and pluge, we suppose
- ((kpC, LWk5J)aK) € IC[[T]]p(W2),

- (M2, M?) € M(W?),

- M2 repr ®2,

- M2 .reg(wko) = kpc,

- MZ2.reg(svg) = v.

To show: ((®2,bg), (M2.h, K[y(z)])) € O(W?)

As W? includes 1°°9¢(code), we execute the instructions from bg on the low side (by induction
on idx(I' F z)) and get the configurations

(%, kpe),  (M2.h, K[y(2)))

such that
- M? := M?[wks + vy] for some vy such that (vi,v(z)) € V[r]p(W?)
- M3 repr ®3.

Still, (M2, M?) € M(W2).
By Theorem [9] it suffices to show that ((®%,kpc), (M2.h, K[y(z)])) € O(W?).

As((kpc, |wks]), K) € K[r]p(W?), it suffices to show that

(v, (@) € VIrlp(W?)

which is one of the assumptions.
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9.3 Pair
(T F (e, ea)) ::= Ppair((T F eq), (T F ea))
Ppair(p1, p2) ::= Aalloc, bg.

let instrs; := py(alloc, bg +4), ¢ := |instrs; |,
instrsy := po(alloc, bg + ¢1 + 6), g := |instrse| in |

bg plus  [sp] sp] 2
move (sp — 2), | wko |
move  (sp— 1), 0
move | wko | bg+c1 +4
instrs;
bg +c¢1 +4 move  (sp— 1), | wks |
move | wko | bg+ci+co+6
instrso
bg+c¢i+co+6 move | wks | | wks |
move | wky | bg +c1 +c2 +10
move | wks | 2
jmp alloc
bg+c1 +c2+ 10 move (wks +0), (sp— 1),
move (wks + 1), [wks]
minus |sp] |sp] 2
jmp  (sp—0),

]

Lemma 8 (Compatibility: Pair).
ATEpr~e i AA T Epemes:m = A;T F Ppair(pr,p2) = (e1,€2) : 71 X T2
Proof.

e For any A, gcbg, bg, k, suppose
- W 2 W2 (A, gebg) A (M, M) € M(W)
- code := [bg & Ppair(p1, p2)(A(gcbg).alloc, bg)]
- code’* := [bg + 4 = p1(A(gebg).alloc, bg + 4)], ¢1 := |code’ |
- code?? := [bg + ¢1 + 6 = pa(A(gebg).alloc, bg 4 ¢1 + 6)], ¢z := |code??|
- code® := code \ code?* \ code’?
- M =MW {code}code-

o Goal: find WP€ such that
- Wre JW Alev(WPe) =lev(W) A (M, M) € M(WPe)
- A,F [ bg e <€1,62> 1 T1 X Ty

o Let M! := M W {code®}code-
Let W' := W +1°°%(code®).
By definition, we have (M!, M) € M(W1).

o Let M? := M! & {code” }code-
From A;T F p; ~ ey : 71, we have W2 such that
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- W2 I W Alev(W?) = lev(W?!)
- (M27M> € M(W2)
-(*) AsTFbg+4~p2e 7

Let M3 := M? W {code” }code-

From A;T F ps = €5 : T2, we have W3 such that
- W3 I W2 Alev(W3) = lev(W?)

- (M3, M) € M(W3)

- (xx) A;TEbg4c1+6~ps ex:m

We now choose WP?¢ to be W3 and show the required properties.
W3 23 W Alev(W?3) = lev(W) A (M/, M) € M(W?3) holds vacuously.

To show: YW* 2 W3. Vp € D[A]. V(v,v) € G[T]p(W1).
((bg, [wko], [wks |, { M | Mi.reg(svo) = v }), vp({e1, €2))) € E[r1 x m2]p(W*)

By definition of £[r; x 7] p(W*) and pluge, we suppose
- ((kpe, [wks]), K) € K[ x ] p(W*),

- (M4, M%) € M(WH),

- M* repr ®*,

- M*.reg(wko) = kpc,

- M. reg(svg) = v.

To show: ((®*,bg), (M*.h, K[yp({e1,e2))])) € O(W*)

As W* includes 1°°4¢(code®), we execute the four instructions from bg on the low side and
get the configurations

(®°,bg+4), (M*h,K[{(ype1), (vpe2))])

such that
- M5 = M4[—H—@79}stk[“’k0 = bg +c + 4}rega
- M repr ®°.

Let W® := W*[+kpc, 0];.

Then (M?°, M*) € M(W?).

By Theorem@ it suffices to show that ((®°,bg + 4), (M*.h, K[{(ype1), (vpe2))])) € O(W?).
By (%), it suffices to show that ((bg + c1 + 4, |wks ), K[((=), (vpe2))]) € K[r1]p(W?).
Suppose

W6 gpub W5,

(v1,v2) € V[ri]p(W°),

(M°, M%) € M(W®),

M6 reg(wks) = v,

MO repr ®6.

To show: ((®%,bg + c1 +4), (MS.h, K[(ve, (ype2))])) € O(WE)
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As W6 includes 1°°d(code®), we execute the two instructions from bg+ ¢; + 4 on the low side
and get the configurations

(@7, bg+c1 +6), (M°.h, K[(v, (ype2))))

such that
- M7 := MS[|[M".stk| — 1 — v1sek[Wko — bg + 1 + 2 + 6)yeg,
- M7 repr ®7.

Let W7 := WS[|M".stk| — 1 +— v1]5.
Then (M7, M%) € M(WT) .
By Theorem@ it suffices to show that ((®7,bg + c1 + 6), (MS.h, K[{va, (ype2))])) € O(WT).

By (xx), it suffices to show that ((bg + c1 + c2 + 6, |[wks ), K[(va, (=))]) € K[r]p(WT).

Suppose

WS gpub W7a

(vs,v4) € V[12] p(W?),
(M?®, M*®) € M(W?®),
M8 reg(wks) = v3,
MS? repr ®8.

To show: ((®%,bg + ¢1 + co + 6), (MB3.h, K[(v2,14)])) € O(W?®)

As W38 includes 1°°4°(code®), we execute the four instructions from bg + ¢; + co + 6 on the
low side and get the following configurations

(®°,alloc) (MB.h, K[{va,v4)])

such that
- M? := MB[wks — V3reg[Wka —> bg + ¢1 + 2 + 10]10g[Wks — 2yeq,
- M? repr ®°.

By the specifications of A, after some finite number of steps of execution, we have configura-
tions

(q)107bg+cl +CQ+10)3 (Mg.h,K[<1}2,U4>])

such that R

- M0 .= MO[[T, S]] [wky > w]reg[Wks — 11 Jreg W {[l1 — (w0, w1)]}neap for some w,ly, wo, wr,
- M ¢ A.GR(gcbg) A M € A.MR(gcbg),

- M0 repr o0,

We execute the four instructions from bg + ¢; + c2 + 10 on the low side and get the following
configurations
((I)llakpc) (Ms.h7K[<’U27’U4>D

such that
- MU =M 0 Vilnpll1 : 1 V3]up[—2]stk,
- M repr '
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o Let W := W8[-2]; ++4,.
Let ¢, := Sele({ (W, M, M) | M.hp(l1)(0) = vi A M.hp(l1)(1) = v3 },0).
Then (& M8®) € M(W1L).

e By Theorem@ it suffices to show that ((®!1,kpc), (M8.h, K[{va,v4)])) € O(W1).
o As W O, W* and ((kpe, |wks|), K) € K[ x 72]p(W*), it suffices to show that

(11, (va,v4)) € V11 x 1] p(W)

o It is easy to check that (l:, (v9,v4)) € oftype(ry x 7o, p)(W1L).
e As W includes ¢, by definition of V[ x m]p(W1), it just remains to show that
(vi,v2) € BV[Ti]p(WH) A (vs,v4) € V[r]p(W)
which follows from (vy,vs) € V[r1]p(W®) and (v3,vs) € V[r2]p(W?¥) by Theorem

9.4 Fst
(T Fe.l1) =:=Pfst((T Fe))

Pfst(p) ::= Aalloc, bg.
let code := p(alloc, bg + 3), ¢:=|code| in |

bg plus  [sp] |sp] 1
move (sp—1);  |wko]
move | wko | bg+c+3
code
bg+c+3 move | wks | (wks + 0),,
minus  |sp] |sp] 1

jmp (sp — 0),

)

Lemma 9 (Compatibility: Fst).
A;ThEpre:n x7 = AT HPfst(p) el:m
Proof.

e For any A, gcbg, bg, k, suppose
- W JWe(A,gebg) A (M, M) € M(W)
- code := [bg = Pfst(p)(A(gcbg).alloc, bg)]
- code? := [bg + 3 & p(A(gcbg).alloc, bg + 3)], ¢ := |code”|
- code® := code \ code?
- M’ =MW {code}code-

o Goal: find WP€ such that
-WrPe W Alev(WPe) =lev(W) A (M, M) € M(WPe)
- A;TF bg ~yype €.1 171
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Let M! := M W {code® }code-
Let W' := W +1°°%(code®).
By definition, we have (M, M) € M(W?1).

Let M? := M! & {code” }code-

From A;T' Fp~e: 1 x 7o, we have W2 such that
-W2 W Alev(W?) = lev(W1)

- (M2, M) € M(W?)

-(x) AsTEbg+ 3y e: T X T

We now choose WP¢ to be W?2 and show the required properties.
W23 W Alev(W?) =lev(W) A (M, M) € M(W?) holds vacuously.

To show: VW3 2 W2. Vp € D[A]. V(v,7) € G[T]p(W?3).
((bg, [wko, [wks |, { M | ML.reg(svo) = v }),7p(e.1)) € E[r]p(W?)

By definition of E[1]p(W?) and pluge, we suppose
- ((kpe, Lwks ), K) € KInIp(W),

- (M3, M3) € M(W?3),

- M3 repr ®3,

- M3.reg(wko) = kpc,

- M3.reg(svg) = v.

To show: ((®3,bg), (M3.h, K[yp(e.1)])) € O(W3)

As W? includes (°°%¢(code®), we execute the three instructions from bg on the low side and
get the configurations
(®%,bg+3), (M>.h, K[ype.l])

such that

- M* := M [+ kpclsik[wko — bg + ¢ + 3]reg,

- M* repr ®*.

Let W* := W3[++kpc];.

Then (M*, M?) € M(W*).

By Theorem @ it suffices to show that ((®*, bg + 3), (M3.h, K[ype.1])) € O(W*).
By (x), it suffices to show that ((bg + ¢ + 3, |wks]), K[—.1]) € K[r1 x Ta]p(W*?).
Suppose

W5 gpub W47

(vi,v2) € V[ x 2] p(W?),

(M?, M?) € M(W?),

MP reg(wks) = v,

M? repr ®°.

To show: ((®°,bg + ¢+ 3), (M?>.h, K[v2.1])) € O(W?)

If lev(W5) = 0 then it trivially holds.
Assume that lev(W?) > 0.
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o As (v1,v2) € V[11 X ] p(W?)
-V = l/i, M5hp(l1)(0) = 4uy, M5hp(l1)(1) = Uy for some ll,ul,u2
- vg = (u,us) for some uy, ug
- (w1, ur) € pV[n]p(W?)
- (u2,u2) € pV[r] p(W?)

e As W5 includes (°°¥(code®), we execute the three instructions from bg + ¢ + 3 on the low
side, take one step on the high side, and get the configurations

(®%, kpc), (MS.h, K[u])
such that
- 1\/_[6 = MS[WkE, — ul]reg[—l]stk,
- MS repr ®9,
- M5 = M°.
o Let W0 :=pW5[-1];.
Then (M6, M%) € M(WF).
e By Theorem [9] it suffices to show that ((®° kpc), (MS.h, K[u1])) € O(WF).
e As W° ., W3 and ((kpc, |wks|), K) € K[r1]p(W?), it suffices to show that
(ur,u1) € V[n]p(W°)

which follows from (uy,u;) € >V[r1]p(W?) by monotonicity of V[r]p.

9.5 Snd
Similarly for Fst.
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9.6 Abs
(T F Ax:7.e]) :=Pabs((T,z : 7 F €))

Pabs(p) ::= Aalloc, bg.
let code := p(alloc, bg + 16), ¢:=|code| in |

bg move | wky | bg + 3
move | wks | 2
jmp alloc
bg+3 move (wks +0),, bg+6
move (wks + 1), [svo]
jmp [wko]
bg + 6 plus  [sp] [sp) 2
move (sp — 2), | wko |
move (sp — 1), [svo]
move | wky | bg + 12
move | wks | 2
jmp alloc
bg + 12 move (wks +0),,  [wka]
move  (wks+1), (wky+1),
move |svo] | wks |
move | wko | bg +c+ 16
code
bg +c¢+ 16 move |svo ] (sp— 1),
minus  |sp] |sp] 2

jmp (sp — 0),

]

Lemma 10 (Compatibility: Abs).
ATyz:T'Fp~e:7 = A;TFPabs(p) @ A\z:m’.e: 7 =7
Proof.

e For any A, gcbg, bg, k, suppose
- W 2 We (A, gebg) A (M, M) € M(W)
- code := [bg = Pabs(p)(A(gchg).alloc, bg)]
- code? := [bg + 16 = p(A(gcbg).alloc, bg + 16)], ¢ := |code?|
- code® := code \ code”
- M =MW {code}eode-

e Goal: find WP€ such that
-WrPe W Alev(WPe) =lev(W) A (M, M) € M(WPe)
- A;TFbg ~wee Aot e: 7 — 7

o Let M! := MW {code®}code-
Let W' := W +°°%€(code®).
By definition, we have (M!, M) € M(W1).
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Let M? := M! & {code? }code-

From A;T,z: 7'+ p~e: T, we have W2 such that
-W2 W Alev(W?) = lev(Wh)

- (M2, M) € M(W?)

-(x) AT,z Fbg+ 16~z e: T

We now choose WP€ to be W2 and show the required properties.
W23 W Alev(W?) = lev(W) A (M/, M) € M(W?) holds vacuously.

To show: YW3 I W?2.Vp € D[A]. V(v,7) € G[T]p(W?3).
((bg, [wko], [wks |, { M | Mi.reg(svo) = v }),vp(Az:7". €)) € E[r" — T]p(W?)

By definition of E[7" — 7]p(W?) and pluge, we suppose
- ((kpe, |wks ), K) € K[7" — 7]p(W3),

- (M3, M3) € M(W?3),

- M3 repr &3,

- M?.reg(wko) = kpc,

- M3.reg(svg) = v.

To show: ((®3,bg), (M3.h, K[yp(A\z:7'.e)])) € O(W?)

As W3 includes 1°°9¢(code®), we execute the three instructions from bg on the low side and
get the configurations
(®*,alloc), (M?>.h, K[yp(Az:7'.€)])

such that
- M* := M3[wky +— bg + 3)reg[Wks > 2]reg,
- M* repr &%

By the specifications of A, after some finite number of steps of execution, we have configura-
tions

(@, bg+3),  (M*h, K[ypOa:r. )])

such that N

- MP := M*[[T, S]][wky — W]reg[Wks > 11 Jreg W {[l1 > (w0, w1)] }heap for some w, Iy, wo, wy,
- M?® € A.GR(gcbg) A M® € A.MR(gchg),

- M repr ®°.

As MP5.code = M*.code, we execute the three instructions from bg + 3 on the low side and
get

(®%kpe),  (M®.h, K[yp(Az:r'.e)])
such that

- MS = M5[l1 00— bg+6]hp[l1 1= V]hp
- M5 repr 6.

Let W6 := W3 ++y,.

Let ¢, = S8l (MR, 0).

Let MRy, := { (W, M, M) | M.hp({;)(0) = bg + 6 A M.hp(l;)(1) = v }.
Then (&%, M3) € M(WF).
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By Theorem@ it suffices to show that ((®° kpc), (M3.h, K[yp(Az:7’.€)])) € O(WF).
As WO Jpu W3 and ((kpe, |wks ), K) € K[" — 7]p(W?3), it suffices to show that

(11, Az:p.2(7"). vpe) € V[r' — 7]p(WF)

It is casy to check that (I3, Az:p.2(7'). vpe) € oftype(r’ — 7, p)(W°).

Suppose
w7 o, W,
(ur,u2) € V[r']p(W7).

To show:
(e”, (vpe)[uz/x]) € E[r]p(WT)

where
e’ = ((l: 0)ys [Wko, [wks], { M | Mi.reg(wk,) = lAl A M.reg(wka) = uy })

By definition of E[7]p(W7) and pluge, suppose
- ((kpc77 LWkSJ)v K7) € ’C[[Tﬂp(W7)

- (M7, M7) € M(WT)

- M7 repr ®7

- M7 reg(wko) = kpc’

- M7 .reg(wk;) = 0

- M7 .reg(wka) = uy

As W7 includes ¢, , we have M".hp(l1)(0) = bg + 6

To show:
(@7, bg 4+ 6), (M".h, K [(y, 2 — ug)pe])) € O(WT)

As W7 includes 1°°9¢(code®), we execute the six instructions from bg + 6 on the low side and
get the following configurations

(®%,alloc) (M7.h, K'[(,x > us)pe])

such that

- v/ := M".reg(svo)

- M® == M"[+ kpc”, v/]si [why > bg 4 12]50g[Wks > 2req,
- M® repr ®8.

By the specifications of A, after some finite number of steps of execution, we have configura-
tions
(@, bg +12), (M".h, K"[(v, 2z — ugz)pe])

such that R

- M? := MB[[T, S]][wky — W]reg[Wks > 12 Jreg W {[l2 — (w0, w1)] }heap for some w, la, wo, w1,
- M? € A.GR(gcbg) AM? € A.MR(gcbg),

- M? repr ®°.

43



As W7 includes ¢, , we have MY hp(l;)(1) = M".hp(l;)(1) = v.

We execute the four instructions from bg + 12 on the low side and get the following configu-
rations
(®1° bg +16) (M7.h, K"[(7,x > uz)pe])
such that
- MY =M1y 1 0 = uglnplle 0 1+ V]nplsvo — l;]reg[wko > bg + ¢ + 16] e,
- M0 repr o0,
Let W20 := W7 [+ kpc”, v/ [svo — la)1 ++ 1,
Let 1, = 508l (MR,,, 0).
Let MRy, := { (W, M, M) | M.hp(l2)(0) = u; A M.hp(l3)(1) = v }.
Then (®°, M7) € M(W1).

By Theorem@ it suffices to show that ((®!°, bg+16),(M".h, K7[(v,x > u3)pe])) € O(W1P).

It is easy to check that (Wlo,l;, (v, — uz)) € G,z : ']p.
Thus, by (x), it suffices to show that
((bg + ¢+ 16, [wks ), K'[~]) € K[r]p(W*")

Suppose

Wll gpub WlO’

(vi,02) € V[r]p(W'),
(M1 M) € M),
M reg(wks) = v,
M repr &'

To show: ((®'!,bg + ¢+ 16), (M1 .h, K"[v5])) € O(W1)

As W1 includes 1°°9¢(code®), we execute the three instructions from bg + ¢ + 16 on the low
side and get the configurations

(®'?,kpc”), (M., K[vs])

such that
- M2 := M"Y [svg = V/]yeg|—2]stk,
- M2 repr ®12.

Let W12 .= Wll[SV(] — V/]l[—Z]l.
Then, (M2, M) € M(W1!2).

By Theorem@ it suffices to show that ((®'2,kpc”), (M .h, K7[v5])) € O(W12).
As W' 3,0, W7 and ((kpe’, |wks ), K7) € K[r]p(W7), it suffices to show that
(vi,v2) € V[r]p(W'?)

which follows from (vy,vs) € V[r]p(W) by monotonicity of V[r]p.

44



9.7 App
(T ey eg) := Papp(([ F e1)), (T F e2))

Papp(p1, p2) ::= Aalloc, bg.
let instrs; := p;(alloc, bg + 4), ¢; := |instrs; |,
instrsy := pa(alloc,bg + ¢1 +6), o := [instrsy|

in |
bg plus |sp] |sp] 2
move (sp — 2), | wko |
move (sp—1);, 0
move | wko | bg+c +4
instrsy
bg+c +4 move (sp— 1), | wks |
move | wko | bg+c1+co+6
nstrss
bg+ci+c2+6 move | wko | (sp — 2),
move | wky | (sp— 1),
move | wka | | wks |
minus  [sp] |sp] 2

jmp (wky + 0)y,
]

Lemma 11 (Compatibility: App).
ATkprme T 27TANATEpymesy: 7 = A;TFPapp(pr,p2) ®epea: T
Proof.

e For any A, gcbg, bg, k, suppose
- W JWe(A,gebg) A (M, M) € M(W)
- code := [bg = Papp(p1, p2) (A(gebg).alloc, bg)]
- code’* := [bg + 4 = p1(A(gebg).alloc, bg + 4)], ¢1 := |code!* |
- codeP? := [bg + ¢1 + 6 = pa(A(gebg).alloc, bg + ¢1 + 6)], co := |code??|
- code® := code \ code* \ code??
- M =MW {code}eode-

o Goal: find WP¢ such that
- Wre W Alev(WPe) =lev(W) A (M, M) € M(WPe)
- A;T Fbg ~pwee €1 €21 T

e Let M! := MW {code®}code-
Let W := W + %€ (code®).
By definition, we have (M, M) € M(W1).

o Let M? := M! & {code” }code-
From A;T'F p; =~ e : 7/ — 7, we have W2 such that
-W2 W Alev(W?) = lev(W1)
- (M2, M) € M(W?)
-(x) AsTEbg+4dmyee 7 > 7
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Let M3 := M? W {code” }code-

From A;T F py ~ ey : 7/, we have W3 such that
- W3 I W?2 Alev(W3) = lev(W?)

- (M3, M) € M(W?3)

- (#%) A;TFbg+c1+6~pys e : 7/

We now choose WP¢ to be W3 and show the required properties.
W33 W Alev(W?) =lev(W) A (M, M) € M(W?3) holds vacuously.

To show: YW* 2 W3. Vp € D[A]. V(v,7) € G[T]p(WH).
((bg, [wko], [wks ], { M | M.reg(svo) = v }),vp(e1 €2)) € E[7]p(W*)

By definition of E[r]p(W*) and pluge, we suppose
~((kpes [wks)), K) € K[lo(W4),

- (M47M4) € M(W4)7

- M* repr &4,

- M*.reg(wko) = kpc,

- M*.reg(svg) = v.

To show: ((®*,bg), (M*.h, K[yp(e1 e2)])) € O(W*)

As W* includes 1°°9¢(code®), we execute the four instructions from bg on the low side and
get the configurations

(%, bg+4), (M*h,K[(yper) (vpe2)])

such that
- M5 = M4[-H-@,Q}Stk[Wko — bg +c1 + 4}rega
- M repr ®°.

Let W® := W*[+kpc, 0];.

Then (M?, M*) € M(W5).

By Theorem@ it suffices to show that ((®°,bg + 4), (M*.h, K[(ype1) (ype2)])) € O(W?5).
By (%), it suffices to show that ((bg + c1 +4, |[wks]), K[(—) (ype2)]) € K[r" — 7]p(W?).
Suppose

W6 gpub W5a

(V17U2) € V[[T/ - T]]p(ij)a

(M?, M®) € M(W?),

M6 reg(wks) = v,

M6 repr ®S.

To show: ((®%,bg + c; +4), (MC.h, K[vz (ype2)])) € O(WE)

As W includes 1°°9¢(code®), we execute the two instructions from bg+ ¢; +4 on the low side
and get the configurations

(®",bg +c1+6), (MC.h,Kva (vpe2)))
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such that
-M7 = M6[|M7.Stk‘ -1 Vl]stk[WkO —bg+c+e+ 6]rega
- M7 repr 7.

Let W7 := WO[|M7.stk| — 1 — vy]1.
Then (M7, M®) € M(WT) .
By Theorem@ it suffices to show that ((®7,bg + c; + 6), (M®.h, K[vs (ype2)])) € O(WT).

By (#x), it suffices to show that ((bg + ¢1 + c2 + 6, |[wks]), K[ve (—)]) € K[T']p(W7).

Suppose

W8 gpub W7a

(vs,v4) € V[T']p(W?®),
(M?, M®) € M(W®),
M8 reg(wks) = v,
M8 repr 8.

To show: ((®8,bg + c1 + ca +6), (ME.h, K[vg v4])) € O(W?)

As (v1,v2) € oftype(t’ — 7, p)(W?) by Theorems |5 and |4} we have
-V = llia

- M®.hp(11)(0) = w for some w,

- vy = Ax:7’. eg for some es.

As W8 includes 1°°¢(code®), we execute the five instructions from bg + ¢; + ¢z + 6 in the low
side, take one step in the high side and get the two configurations

(%, w), (M®, Klez[va/a]])

such that R
- 1\/_[9 = MS[WkO > @]mg[wkl > ll]rcg[WkQ > VS]rcg[*Q]stlu
- M? repr ®°.

Let W9 = I>W8[—2]1.
Then (M?, M®) € M(W?)
By Theorem@, it suffices to show that ((®°,w), (M8, K[es[vs/]])) € O(W?).

We have

- W9 3, W6 by Lemma

- (vs,v4) € V[T']p(W?) by Theorem

Thus from (I1, A\z:7". e2) € V[r' — 7]p(WF), we have

- (112 0)yy, [ ko, [wis |, {M | Mlreg(wki) = LiAM.reg(wka) = v3}), ea[va/x]) € E[T]p(W?).

By definition of E[r]p(W?), it suffices to show that ((kpc, |wks]), K) € K[r]p(W?), which
follows from the fact that ((kpc, |wks|), K) € K[r]p(W*) and W T, W* by Theorem @

O
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9.8 Gen
(T F Aa.e) ::= Pgen((T F €))

Pgen(p) := Aalloc, bg.
let code := p(alloc,bg + 11), ¢:=|code| in |

bg move | wky | bg + 3
move | wks | 2
jmp alloc

bg + 3 move (wks +0),, bg+6
move (wks + 1), [svo]
jmp [wko]

bg + 6 plus  [sp] [sp) 2
move (sp — 2), | wko |
move (sp — 1), [svo]
move [svo] (wky + 1),
move | wko | bg 4+ c+ 11

code

bg + c+ 11 move [svo] (sp — 1),

minus |sp] |sp] 2

jmp (sp—0),

]

Lemma 12 (Compatibility: Gen).
A;a;TEpme:7 = A;TF Pgen(p) = Aa.e: Va. 7
Proof.

e For any A, gcbg, bg, k, suppose
- W J W2 (A, gebg) A (M, M) € M(W)
- code := [bg = Pgen(p)(A(gcbg).alloc, bg)]
- code? := [bg + 11 = p(A(gcbg).alloc, bg + 11)], ¢ := |code?|
- code® := code \ code?
- M =MW {code}code-

e Goal: find WP¢ such that
-WrPe W Alev(WPe) =lev(W) A (M, M) € M(WPe)
- A; T F bg =wee Aae : Va. T

e Let M! := MW {code®}code-
Let W1 := W +1°°9¢(code®).
By definition, we have (M, M) € M(W1).

o Let M? := M! & {code”}code-
From A, a;T F p~e: 7, we have W2 such that
-W2 W Alev(W?) = lev(W1)
- (M2, M) € M(W?)
-(x) Ay TEbg+ 1l mye e T
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We now choose WP€ to be W2 and show the required properties.
W23 W Alev(W?) =lev(W) A (M’, M) € M(W?) holds vacuously.

To show: VW3 2 W2. Vp € D[A]. V(v,7) € G[T]p(W?3).
((bg, [wko], [wks ], { M | ML.reg(svo) = v }),7p(Acv.e)) € E[Va. T]p(W?)

By definition of E[Va. 7]p(W?) and pluge, we suppose
- (ke |wks)), K) € Kl¥a. rp(W?),

- (M3, M3) € M(W?3),

- M3 repr &3,

- M3.reg(wko) = kpc,

- M3.reg(svg) = v.

To show: ((®3,bg), (M3.h, K[yp(Aa.e)])) € O(W?)

As W3 includes (°°d¢(code®), we execute the three instructions from bg on the low side and
get the configurations
(®*,alloc), (M3.h, K[yp(Aa.e)])

such that
- M* := M3[wky — bg + 3]reg[Wks — 2]req,
- M* repr &%

By the specifications of A, after some finite number of steps of execution, we have configura-
tions

(®°,bg+3), (M°.h, K[yp(Aa.e)])

such that N

- MP := M*[[T, S]][wky — W]reg[Wks > 11 Jreg W {11 — (w0, w1)] }heap for some w, Iy, wp, wy,
- M?® € A.GR(gcbg) A M® € A.MR(gcbg),

- M repr ®°.

As MP®.code = M*.code, we execute the three instructions from bg + 3 on the low side and
get
(0, kpc),  (MP.h, Klyp(Aae))

such that
- M6 :=MP5[l; : 0 bg + 6]np[ls : 1 — V]np
- M6 repr ®.

Let W6 := W3 +4,.

Let ¢, = S8l (MR,,,0).

Let MRy, := { (W,M, M) | M.hp(l1)(0) = bg + 6 A M.hp(l;)(1) = v }.
Then (®%, M3) € M(WF).

By Theorem@, it suffices to show that ((®¢ kpc), (M3.h, K[yp(Aa.e)])) € O(WH).
As WO Jpup W3 and ((kpe, |wks|), K) € K[Va. 7]p(W?3), it suffices to show that

(I, Aaype) € V[¥a. ] p(W°)
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It is easy to check that (I3, Aa.ype) € oftype(Vo. T, p) (WF).

Suppose
w7 o, W,
(1,75, R) € TyValRel.

To show:
(€7, (vpe)[r3/al) € E[r]p(WT)
where
= ({11 : O)y,, [wko), [wks ], { M | Mireg(wky) = I, }

By definition of E[7]p(W7) and pluge, suppose
- ((kpe', [wks ), K7) € K[r[p(W")

-(MT,M7) € M(WT)

- M7 repr &7

- M7 reg(wko) = kpc’

- M7 .reg(wky) = I

As W7 includes ¢, , we have M".hp(l1)(0) = bg + 6

To show:
((®7,bg +6), (M".h, K" [y(p, . = (71,75, R))e])) € O(WT)

As W7 includes ¢, , we have M. hp(l;)(1) = v.

As W7 includes :°°d¢(code®), we execute the five instructions from bg + 6 on the low side and
get the following configurations

(®%,alloc)  (M".h, K7[y(p,a — (], 75, R))e])

such that

- v/ := M".reg(svo)

- M8 = M7 [+ kpc7,v’]stk[svo > V]eg[Wko — bg + ¢ 4 11];cq,
- M? repr ®8.

Let W8 := W7 [+ kpc’, v']1[svo — V).
Then (&8, M7) € M(W?).

By Theorem [9] it suffices to show that

(2%, bg +16), (M".h, K" [y(p,a = (11,75, R))e])) € O(W®)

As (v,7) € G[Ip(W?3), we have (v,v) € G[I']p(W?®) by Theorem Also, as o € dom(p),
we have (v,7) € GIP](p, a v (v}, 75, R)) (W)

Thus, by (%), it suffices to show that

((bg +c+ 11, |wks]), K'[-]) € K[r]p(W?®)
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e Suppose
Wg gpub W87
(vi,v2) € V[1]p(W?),
(M?, M?) € M(W?),
M reg(wks) = v,
M? repr ®°.

e To show: ((®%,bg+ ¢+ 11), (M®.h, K [v3])) € O(W?)

o As W includes (1°°d(code®), we execute the three instructions from bg + ¢ + 11 on the low
side and get the configurations

(@1, kpe”),  (M°.h, K"[vs])

such that
_ Mlo = Mg[SVO — V/]reg[_2]stk7
- M9 repr @10,

o Let W0 = W9svg — v/]1[—2];.
Then, (M, M9) € M(W10).

e By Theorem@ it suffices to show that ((®'° kpc), (M®.h, K"[vs])) € O(W'O).
e As W0 O, W7 and ((kpc’, [wks ), K7) € K[r]p(W7), it suffices to show that
(vi,v2) € V[r]p(W™)

which follows from (vy,vs) € V[r]p(W?) by monotonicity of V[r]p.

9.9 Inst
(T Fe7)::=Pinst((C F e))

Pinst(p) ::= Aalloc, bg.
let code := p(alloc, bg + 3), ¢:=|code| in |

bg plus |sp] |sp] 1
move (sp— 1), | wko |
move | wko | bg+c+3
code
bg+c+3 move | wko | (sp — 1),
move | wki | | wks |
minus |sp| |sp] 1

jmp (wky+0),

]

Lemma 13 (Compatibility: Inst).

AiTFpre:Ya.r = AT F Pinst(p) e’ : 7[7'/a]
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Proof.

For any A, gcbg, bg, k, suppose

- W 2 We(A,gebg) A (M, M) € M(W)

- code := [bg = Pinst(p)(A(gebg).alloc, bg)]

- code? := [bg + 3 = p(A(gcbg).alloc, bg + 3)], ¢ := |code?|
- code® := code \ code”

- M =MW {code}eode-

Goal: find WP€ such that
- Wee W Alev(WPe) =lev(W) A (M, M) € M(WPe)
- A;TEbg ~wee e 7/ T[T /0]

Let M! := M W {code® }code-
Let W' := W ++1°°%(code®).
By definition, we have (M!, M) € M(W1).

Let M? := M! & {code? }code-

From A;T F p~e: Va. 7, we have W2 such that
-W2 W Alev(W?) = lev(W1)

- (M2%, M) € M(W?)

-(x) A;sTEbg+3~p2e:Va.T

We now choose WP?¢ to be W2 and show the required properties.
W23 W Alev(W?) = lev(W) A (M/, M) € M(W?) holds vacuously.

To show: YW3 I W?2. Vp € D[A]. V(v,v) € G[T]p(W?3).
((bg, [wko], [wks ], { M | M.reg(svo) = v }),vp(e 7)) € E[7[7'/a]]p(W?)

By definition of E[7[7’/a]]p(W3) and pluge, we suppose
- (kpe, Lwks)), K) € K[l JalJo(W?),

- (M3, M3) € M(W3),

- M? repr @3,

- M3.reg(wko) = kpc,

- M3.reg(svg) = v.

To show: ((®3,bg), (M3.h, K[yp(e 7')])) € O(W?3)

As W3 includes 1°°4¢(code®), we execute the three instructions from bg on the low side and
get the configurations

(@, bg+3), (M>.h, K[(vpe) (p2(7))])
such that

- M= M3[H@]Stk[wk0 — bg + ¢+ 3reg,
- M* repr ®*.
Let W* := W3 [+ kpc;.

Then (M*, M3) € M(W1).
By Theorem [9] it suffices to show that ((®*, bg + 3), (M>.h, K[(ype) (p.2(7'))])) € O(W*).
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By (%), it suffices to show that ((bg + ¢ + 3, [wks]), K[— (p.2(7"))]) € K[Va. T]p(W1).

Suppose

W5 gpub W4a

(v1,v2) € V[Va. t]p(W?),
(M?, M?) € M(W?),

M5 reg(wks) = v,

M? repr ®°.

To show: ((®°,bg + ¢+ 3), (M>.h, K[vs (p.2(7"))])) € O(W?D)

If lev(W5) = 0 then it trivially holds.
Assume that lev(W5) > 0.

As (v1,v2) € oftype(Va. 1, p)(W?) by Theorems [5| and |4} we have
-V1= lAh

- M5.hp(11)(0) = w for some w,

- v2 = Aa.ey for some es.

As W? includes 1°°(code®), we execute the four instructions from bg -+ ¢+ 3 in the low side,
take one step in the high side and get the two configurations

(9%, w), (M°, Klez[p-2(r")/a]])

such that R
- 1\/_[6 = MS[WkO = @]reg[wkl — ll]reg[*l]stk7
- M6 repr 6.

Let W6 = I>W5[—1]1.
Then (M, M%) € M(WF)
By Theorem@, it suffices to show that ((®¢,w), (M?, K[es[p.2(7")/]])) € O(WH).

We have

- W% 3, W by Lemma

- (,0.1(7—’),,0.2/\(7"),1)[[7’]]/)) € WVRel.

Thus from (I1, Aa.ez) € V[Va. 7[p(W?), we have

- ({21 £ 0)y,, [wko, [whs ], {M | M.reg(wki) = l1}), e2[p.2(7) /a]) € E[7](p, o = (p.1(7"), p.2(7"), V[7']p))(WF).

By definition of E[7](p, a > (p.1(7"), p-2(7"), V[7']p)) (W), it suffices to show that
((kpe, [wks]), K) € K[7](p, a = (p.1(7"), p-2(7'), V[7']p)) (W)
AsV[r](p, o = (p.1(7"), p.2(7"), V[7']p)) = VIr[r' /a]]p by Theorem 7 it suffices to show that

((kpe, [wks]), K) € K[r[r"/a]]p(W?), which follows from ((kpc, |wks|), K) € K[r[r"/a]]p(W?3)
and W6 Toub W3 by Theorem @

O

53



9.10 Pack

(T - pack (11, e) as 73) ::= Ppack((T" F €]))
Ppack(p) :=p

Lemma 14 (Compatibility: Pack).

A;Tkpre:T[r'/a] = A;T F Ppack(p) ~ pack (7€) as Ja. 7 : Ja. 7

Proof.

For any A, gcbg, bg, k, suppose

- W 2 W2 (A, gebg) A (M, M) € M(W)
- code := [bg = p(A(gcbg).alloc, bg)]

- M =MW {code}eode-

Goal: find WP€ such that
- Wee W Alev(WPe) =lev(W) A (M, M) € M(WPe)
- A;T F bg ~ywpe pack (77, €) as Ja. 7 : Ja. 7

From A;T F p =~ e: 7|7’ /a], we have W1 such that
WL I W Alev(W1) = lev(W)

- (M, M) e M(W1)

- (*) AT F bg &~y e 77" /a]

We now choose WP¢ to be W' and show the required properties.
WL W Alev(W?h) =lev(W) A (M, M) € M(W?) holds vacuously.

To show: YW?2 J W1 Vp € D[A]. V(v,v) € G[T]p(W?).
((bg, [wko], [wks], { M | ML.reg(svo) = v }),vp(pack (7/,e) as Ja. 7)) € E[Fa. 7] p(W?)

By definition of £[3a. 7]p(W?) and pluge, we suppose
- ((kpe, [wks]), K) € K[Fa. 7] p(W?),

- (M2, M?) € M(W?),

- M2 repr ®2,

- M2.reg(wko) = kpc,

- MZ2.reg(svp) = v.

To show: ((®2,bg), (M2.h, K[pack (p.2(7"),ype) as Ja. p.2(1)])) € O(W?)
By (%), it suffices to show that ((kpc, |wks]), K[pack (p.2(7'), =) as Ja. p.2(7)]) € K[r[7"/a]]p(W?).

Suppose

W3 gpub W25

(vi,02) € VIFIF fa]lo(W?),
(M2, M?) € M(W?),

M3 reg(wks) = vy,

M3 repr ®3.

To show: ((®3, kpc), (M3.h, K[pack (p.2(7"),v2) as Ja. p.2(7)])) € O(W?3)
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o As W3, W2 and ((kpe, |wks|), K) € K[Fa. 7]p(W?), it suffices to show that

(v1,pack (p.2(7"),v2) as Ja. p.2(7)) € V[3a. ] p(W?)

e By definition of V[Ja. 7]p and instantiating a with (p.1(7'), p.2(7"), V[7']p), it remains to
show that
(vi,v2) € VI[rlpla = (p1(r"), p2(7), V[T ]p))(W?)

e It follows from (vi,v2) € V[r[r'/a]]p(W?) by Theorem |ﬂ

9.11 Unpack
(T - unpack ey as («, ) in eg) ::= Punpack((T" - eq), (T, 2 F ea))

Punpack(pi, p2) := Aalloc, bg.
let instrs; := py (alloc, bg + 3), ¢; = [instrs, ]|,
instrsy := po(alloc, bg + ¢; + 11), ¢g := |instrsy| in |

bg plus  [sp] sp] 1
move (sp — 1), | wko |
move | wko | bg +c¢1 +3
instrs;
bg +c¢1 +3 move | wks | | wks |
move | wky | bg+ec +7
move | wks | 2
jmp alloc
bg+ec +7 move  (wks+0), |[wks]
move  (wks+1),  [svo]
move [svo] | wks |
move | wko | bg 4+ c¢1 + o + 11
instrsy
bg+c1 +c¢a+ 11 move [svo] (svo + 1),
minus  |sp] |sp] 1

jmp (sp — 0),

]

Lemma 15 (Compatibility: Unpack).

ATEpr=~e:dann ANA ;T z:1 Fpyxes: T
= A;T'F Punpack(pi, p2) &~ unpack e; as (o, z) ines : 1o

Proof.

e For any A, gcbg, bg, k, suppose
- W JWe(A,gebg) A (M, M) € M(W)
- code := [bg = Punpack(p1, p2)(A(gcbg).alloc, bg)]
- code’* := [bg + 4 = p1(A(gebg).alloc, bg + 3)], ¢1 := |code!* |
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- code?? := [bg + ¢1 + 6 = pa(A(gebg).alloc, bg + ¢1 + 11)], ¢g := |code??|
- code® := code \ code?* \ code’?
- M =MW {code}code-

Goal: find WP€ such that
- Wre JW Alev(WPe) =lev(W) A (M, M) € M(WPe)
- A;T F bg ~ywre unpack eq as {o, x) ines : 7o

Let M! := M & {code® }code-
Let W := W ++:°°9¢(code®).
By definition, we have (M', M) € M(W1).

Let M? := M! & {code” }code-

From A;T F p; ~ e; : Jo. 71, we have W2 such that
W2 W Alev(W?) = lev(W1)

- (M?, M) € M(W?)

- (*) A,F H bg+3 w2 €1 - 30[‘7'1

Let M3 := M? W {code” }code-

From A,a;T, 2 : 71 F p2 & es : 7o, we have W2 such that
-W3EOW? Alev(W3) = lev(W?)

- (M?, M) € M(W?)

-(xx) Ay Tz i Ebg+ e + 11 mpys eg: 1o

We now choose WP¢ to be W3 and show the required properties.
W3 IW Alev(W3) =lev(W) A (M/, M) € M(W?3) holds vacuously.
To show: YW* 3 W3. Vp € D[A]. V(v,7) € G[T]p(W*).
((bg, [wko, [wks ], { M | Ml.reg(svo) = v }), yp(unpack ey as (o, z) in e2)) € E[r2]p(W*)

By definition of E[2]p(W*) and pluge, we suppose
- ((kpe, [wks ), K) € K[ra]p(W*),

- (M*, M%) € M(W*),

- M* repr &4,

- M*.reg(wko) = kpc,

- M*.reg(svg) = v.

To show: ((®*,bg), (M*.h, K[yp(unpack e; as (o, z) in e3)])) € O(WH)

As W* includes (°°%¢(code®), we execute the three instructions from bg on the low side and
get the configurations

(®5, bg+3), (M*.h, K[unpack (ype;) as (a,z) in (ype2)])
such that

-MP = M4[‘H‘@]stk[Wk0 — bg+c1 + 3]rega
- M repr ®°.
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Let W? := W*[++kpc];.

Then (M?®, M*) € M(W5).
By Theorem [J] it suffices to show that

((®°,bg + 3), (M*.h, K[unpack (ypey) as (o, z) in (ypes)])) € O(W?)

By (%), it suffices to show that

((bg + c1 + 3, |wks ), K[unpack (—) as (a, z) in (ypes)]) € K[Ba. 1] p(W?)

Suppose

W6 gpub W5,

(Vl, 1)2) € V[[Ela Tl]]p(WG),
(M6, M) € M(WF),

M6 reg(wks) = v,

MO repr ®6.

To show: ((®°, bg + c; + 3), (MC.h, K[unpack vq as (o, ) in (ypes)])) € O(WF)

As W6 includes (°°%¢(code®), we execute the four instructions from bg + ¢; + 3 on the low
side and get the following configurations

(®7,alloc) (MPC.h, K[unpack vy as (o, z) in (ypez)])

such that
- M7 := MS[wks — Vi]reg[Wka — bg + €1 + Tlreg[Wks — 2)reg,
- M7 repr 7.

By the specifications of A, after some finite number of steps of execution, we have configura-

tions
(@, bg+c1 +7), (MC.h, K[unpack vy as (a, z) in (ypes)])

such that R

- M8 := M[[T, S]|[wky > W]reg[Wks + l2 Jreg W {[I2 /> (w0, w1)] }heap for some w, la, wo, w1,
- M® € A.GR(gcbg) A M8 € A.MR(gcbg),

- M8 repr ®3.

As (v1,v2) € V[3a. 11]p(WF), we have
- (1,75, R) € TyValRel

-l = pla s (7,74, R)

- (w1, u2) € V[ni]p'(WF)

-V =

- vo = pack (74, uz) as Jav. p.2(11)

We execute the four instructions from bg + ¢; + 7 on the low side, take one step on the high
side and get the following configurations

(9%, bg +c1 +11)  (M*.h, K[(vpe2)[75/al[uz/]])
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such that N

- M= M8l : 0= vilnp[lo 0 1= V]np[svo — Lo]reg[Wko — bg 4+ 1 + 2 + 11]1eg,
- M? repr &7,

- M? = MS

Let W9 := W6[svg - Ly]1 ++ 11,

Let 17, := (58l (MRy,,0).

Let MRy, := {(W,M, M) | M.hp(l2)(0) = vi A M.hp(l2)(1) = v }.
Then (&9, M6) € M(W?).

Let v := (v, 2 — us).

As W include t,, we have

- p € D[A, ]

- (Wg,l/;,’y’) egl,x:n]p'

As (ype2)[5/)[us/x] = +'p'es, by Theorem [9] it suffices to show that
(9, bg + c1 + 11), (M°.h, K[y p'es])) € O(W?)
Thus, by (sx), it suffices to show that
((bg + 1+ 2 + 11, [wks ), K[-]) € K[r]p (W?)

Suppose

Wlo ;pub ng

(v, vh) € VIra]p (W10),
(MO M) € M(W10),
M1 reg(wks) = v}
M repr ®19.

wio
10
)

To show: ((®'°,bg + c1 + ¢ + 11), (M10.h, K[v}])) € O(W10)

As W10 includes 1°°9¢(code®), we execute the three instructions from bg + ¢; + ¢z + 11 on the
low side and get the configurations

(@, kpe),  (M'.h, K[vp)

such that
- Mll = MIO[SVO — V]rcg[*l]stka
- M repr '

Let Wll = WlO[SVO — V]l[fl]l.
Then, (M, M10) € M(W1).

By Theorem [9] it suffices to show that ((®'!, kpc), (M'0.h, K[v4])) € O(W).
As W 3O, W4 and ((kpe, |wks|), K) € K[r2]p'(W*?), it suffices to show that
(vi,v3) € V[l (W)

which follows from (v],v}) € V[r2]p’(W1'°) by monotonicity of V][] s’
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9.12 Roll

(T + roll; e) ::= Proll((T" F ¢e))
Proll(p) =:=1p

Lemma 16 (Compatibility: Roll).

AiTFp=e:Tlpa.t/a] = A;T FProll(p) = roll,o. - € pa. 7

Proof.

For any A, gcbg, bg, k, suppose

- W JWe(A,gebg) A (M, M) € M(W)
- code := [bg = p(A(gcbg).alloc, bg)]

- M =MW {code}eode-

Goal: find WP€ such that
- Wee W Alev(WPe) =lev(W) A (M, M) € M(WPe)
- AT F bg ~yee roll o 7 € . 7

From A;T - pa e : 7[ua. 7/a], we have W1 such that
SWL W Alev(WY) = lev(W)

- (M, M) e M(W1)

- (%) A;T F bg &y ek Tlpa. 7/a]

We now choose WP to be W' and show the required properties.
WL W Alev(W?h) =lev(W) A (M, M) € M(W?) holds vacuously.

To show: YW?2 J W1. Vp € D[A]. V(v,v) € G[T]p(W?).
(b, [wko ], Lwks ), { M | Mereg(svo) = v }), 1p(roll - €)) € ELuar. 7] (17?)

By definition of E[ua. 7]p(W?) and pluge, we suppose
- ((kpe, [wks|), K) € K[ua. 7]p(W?),

- (M2, M?) € M(W?),

- M2 repr ®2,

- M2 .reg(wko) = kpc,

- MZ2.reg(svp) = v.

To show: ((®%,bg), (M2.h, K[roll,o. ,2(-) pe])) € O(W?)
By (*), it suffices to show that ((kpc, [wks]), K[roll .o, p.2(r) —]) € K[7[uc. 7/a]]p(W?).

Suppose

W3 gpub W25

(vi,2) € Vrlua. 7/a]p(W?),
(M2, M?) € M(W?),

M3 .reg(wks) = v,

M? repr ®3.

To show: ((®?,kpc), (M3.h, K[roll,q. p.2(-) v2])) € O(W?)
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o As W3 J,up W2 and ((kpe, |wks|), K) € Kua. 7]p(W?), it suffices to show that
(vi,roll,g. pocry v2) € V]pa. ) p(W?3)
e By Theorem [3| we have

V]pa.7]p
Forp(VIpa.7]p)
= {(W,v1,v2) € oftype(pa.7,p) |
I(ur, uz) € V[r]pla = (p-1(pev. 7), p2(pe. 7), V[pa. 7] p)[(W).
(W,v1,v9) € O(Ly.roll(uy), Lo.roll(ug)) } .

e Thus, it suffices to show that (vi,ve) € V[r]p[a — (p.1(pcw. 7), p2(pce. 7), V]ua. ] p)|(W3),
which follows from (v1,v2) € V[7[pc. 7/a]]p(W?) by Theorem

O

9.13 Unroll
(T unroll €) ::= Punroll((T" + ¢))

Punroll(p) =:=p
Lemma 17 (Compatibility: Unroll).

ATkFp~e:po.m = A;T F Punroll(p) ~ unroll e : 7[pa. 7/

Proof.

e For any A, gcbg, bg, k, suppose
- W I W2(A,gebg) A (M, M) € M(W)
- code := [bg & p(A(gcbg).alloc, bg)]
- M’ =MW {code}code-

e Goal: find WP¢ such that
-WPe JW Alev(Wre) =lev(W) A (M, M) € M(WPe)
- A;T F bg Apee unroll e : T[ua. 7/a]

e From A;T p=e: pa.7, we have W1 such that
-WEOW Alev(W?H) = lev(W)
- (M, M) € M(W1)
- (%) AT Ebg Ry e po. T

e We now choose WP¢ to be W' and show the required properties.
o WLIW Alev(W?!) =lev(W) A (M, M) € M(W?1) holds vacuously.

e To show: YW? J W'. Vp e D[A]. V(v,7) € G[T]p(W?).
((bg, [wko], [wks |, { M | ML.reg(svo) = v }), yp(unroll €)) € E[r[uc. 7/a]]p(W?)
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e By definition of &[7[ua. 7/a]]p(W?) and pluge, we suppose
- ((kpe, [wks ), K) € K[r[ua.7/a]]p(W?),
- (M2, M?) € M(W?),
- M2 repr &2,
- M2.reg(wko) = kpc,
- M2 .reg(svg) = v.
e To show: ((®2,bg), (M2.h, K[unroll vpe])) € O(W?)
e By (), it suffices to show that ((kpc, |[wks|), K[unroll —]) € K[ua. 7]p(W?).
e Suppose
W3 gpub WZ,
(vi,v2) € V[pa. ]p(W?),
(M3, M3) € M(W3),
M3 reg(wks) = v,
M? repr ®3.

e To show: ((®3,kpc), (M3.h, K[unroll vs])) € O(W3)
e By Theorem [3] we have

(W33V17v2) € {(W7 V17U2) € Oftype(,ua'T? P) |
I(ur, u2) € V[r]pla = (p-1(pev. 7), p-2(per. 1), V[pa. 7] p)|(W).
(W, Vl,Uz) (S D(Ll.roll(ul),Eg.roll(ug))} .

e Thus we have
- vy = roll,o.  uy for some us

- (vi,u2) € V[r]pla = (p.1(pa. 1), p2(pe. 7), V[pa. 7] p)](W?)

o As vy =roll,o. » u2, we take one step on the high side and get the following configurations:
(@7, kpc)  (M°.h, K[us]))
o As W3 Jpup W2 and ((kpe, |wks|), K) € K[r[pa. 7/a]]p(W?), it suffices to show that

(vi,u2) € V[rlpa.7/a]lp(W?)

which follows from (vi,us) € V[r]p[a — (p.1(pc. 1), p2(pc. 7), V[ua. 7]p)|(W3) by Theo-
rem [7

O
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9.14

New
(T F ref e) ::= Pnew((T' I e€))

Pnew(p) ::= Aalloc, bg.
let code := p(alloc, bg + 3), ¢:=|code| in |

bg plus  [sp] sp] 1
move (sp — 1), | wko |
move | wko | bg+c+3

code

bg +c+3 move | wks | | wks |
move | wky | bg+c+7
move | wks | 1
jmp alloc

bg+c¢+7 move  (wks+0), [wks]
minus  [sp] |sp] 1

| jmp (sp — 0)

Lemma 18 (Compatibility: New).

ATFpme:m = A;T'FPnew(p) ~refe:refr

Proof.

For any A, gcbg, bg, k, suppose

- W JWe(A,gebg) A (M, M) € M(W)

- code := [bg = Pnew(p)(A(gcbg).alloc, bg)]

- code? := [bg + 3 & p(A(gcbg).alloc, bg + 3)], ¢ := |code”|
- code® := code \ code?

- M’ =MW {code}code-

Goal: find WP€ such that
- Wre JW Alev(WPe) =lev(W) A (M, M) € M(WWPe)
- A;T F bg =yoe ref e : ref 7

Let M! := M & {code® }code-

Let W' := W +1°°%(code®).
By definition, we have (M!, M) € M(W1).

Let M? := M! & {code? }code-

From A;T F p ~e: 7, we have W? such that

-W2 W Alev(W?) = lev(W1)

- (M?, M) € M(W?)

-(x) A;sTHFbg+3~=p2e:T

We now choose WP€ to be W2 and show the required properties.

W23 W Alev(W?) =lev(W) A (M, M) € M(W?) holds vacuously.
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To show: VW3 2 W2. Vp € D[A]. V(v,7) € G[T]p(W?3).
((bg, [wko], [wks], { M | ML.reg(svo) = v }),vp(ref €)) € E[ref 7] p(W?)

By definition of Eref 7]p(W?3) and pluge, we suppose
- ((kpe, [wks ), K) € Kref ro(13),

- (M3, M3) € M(W?3),

- M3 repr &3,

- M3 .reg(wko) = kpc,

- M3.reg(svg) = v.

To show: ((®3,bg), (M3.h, K[yp(ref €)])) € O(W?3)

As W3 includes (°°d¢(code®), we execute the three instructions from bg on the low side and
get the configurations
(®%,bg+3), (M>.h, K[ref ype])

such that

- M* := M3+ kpcsex[wko — bg + ¢ + 3req,

- M* repr ®*.

Let W4 = Ws[‘H'@]l

Then (M*, M3) € M(W*).

By Theorem @ it suffices to show that ((®* bg + 3), (M3.h, K[ref ype])) € O(W*).

By (%), it suffices to show that ((bg+ ¢+ 3, |[wks|), K[ref —]) € K[r]p(W1?).

Suppose

W5 ;pub W4u

(V17’U2) € V[[T]]p(W5),
(MP, M®) € M(W?),
M5 reg(wks) = vi,
M? repr ®°.

To show: ((®°,bg + ¢+ 3), (M?>.h, K|ref v5])) € O(W?)

As W5 includes :°°4¢(code®), we execute the four instructions from bg + ¢ + 3 on the low side
and get the configurations
(@9, alloc), (M?®.h, K][ref vs])

such that
- MC := MP[wkj Vilreg[Wka — bg + ¢ + Treg[Wks — 1]reg,
- M6 repr ®.

By the specifications of A, after some finite number of steps of execution, we have configura-
tions

(@7, bg +c+T7), (M°.h, K[ref vs])

such that N

- M7 := MS[[T, S])[wky — W]reg[Wks > 11 Jreg W {[l1 = (w0)]}neap for some w, 1y, wy,
- M" € A.GR(gcbg) AMT € A.MR(gchg),

- M7 repr 7.
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As M".code = MS.code, we execute the three instructions from bg + ¢ + 7 on the low side,
take one step on the high side and get

(®%, kpc), (MBE.h, K[ls))

such that

- M8 = M7[l1 00— Vl]hp[*]-]stk

- M2 repr ®8

- M8 .= (M5h (] [ZQ — ’1}2], {M5.Z,€2 : T})

Let W8 .= W5[—1]1 L1y e,
Let MRh,fz = {(W MvM) | (VV7 Mhp(ll)(o)aMh(£2)) € V[[Tﬂp}

Let Bijy, g, = { (I1,62) }

Let Uy ly 2= Lsmgle(MRll,ew Bijlhlz)'

It is easy to check that ¢, o, forms an island.

Then (M8, M8) € M(W?) because (v1,v2) € V[r]p(W?) and thus (vi,v2) € V[r]p(>W?).

By Theorem [9] it suffices to show that ((®%,kpc), (M8.h, K[(2])) € O(W?).
As W8 Jpup W3 and ((kpe, |wks ), K) € K[ref 7]p(W3), it suffices to show that

(I, 05) € V[ref 7] p(W?®)

By definition of V[ref r]p(W?), for all W9 J W8 and (M, M) € M(W?), it suffices to show
that

— (I1,05) € B(W?) : trivial as W includes Uy by -

— J(uy,up) € sV[r]p(W9). (I,M) € Lref(uy) A (lo, M) € Horef(uy) : trivial as W
includes ¢, ¢, .

— V(uy,uz) € oV[r]p(W?). (L.asgn(M, Iy, uy), H.asgn(M, ly,us)) € M(W?) : trivial as
W includes u, ¢,

O
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9.15 Asgn
(T Fe1 :=eq) :=Pasgn((T' F e1), (I'F ea))

Pasgn(p1, p2) ::= Aalloc, bg.
let instrs; := p;(alloc, bg + 4), c¢; := |instrs; |,
instrsy := po(alloc, bg + ¢1 4 6), cg := |instrse| in |

bg plus  [sp] [sp) 2
move  (sp —2), | wko |
move  (sp— 1), 0
move | wko | bg+c +4
instrs;
bg+c¢ +4 move (sp— 1), | wks |
move | wko | bg+ci+c2+6
instrsy
bg+ci +c2+6 move | wks | (sp — 1),
move (wks +0),, [wks]
minus |sp] |sp] 2

jmp (sp—0),

]

Lemma 19 (Compatibility: Assign).
AT hEprmeireft ANA T Epyr~es: 7 = A;T - Pasgn(pr, p2) = €1 := eg : unit
Proof.

e For any A, gcbg, bg, k, suppose
- W 2 W2 (A, gebg) A (M, M) € M(W)
- code := [bg & Pasgn(p1, p2)(A(gcbg).alloc, bg)]
- code?* := [bg + 4 = p1(A(gebg).alloc, bg + 4)], ¢1 := |code’ |
- code?? := [bg + ¢1 + 6 = pa(A(gebg).alloc, bg + ¢1 + 6)], ¢z := |code??|
- code® := code \ code?* \ code’?
- M = MW {code}code-

o Goal: find WP€ guch that
- Wre JW Alev(WPe) =lev(W) A (M, M) € M(WPe)
- A;T F bg =yre €1 := ez : unit

o Let M! := M W {code®}code-
Let W' := W +1°°%(code®).
By definition, we have (M!, M) € M(W1).

o Let M? := M! & {code” }code-
From A;T F p; ~ ey : ref 7, we have W2 such that
W2 W Alev(W?) = lev(WH)
- (M2, M) € M(W?)
- (%) AT Ebg+ 4~y e irefr
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Let M3 := M? W {code” }code-

From A;T F ps ~ e5 : 7, we have W3 such that
- W3 I W?2 Alev(W3) = lev(W?)

- (M3, M) € M(W?3)

-(#%) A;TEbg+cer+6~ysex: T

We now choose WP¢ to be W3 and show the required properties.
W33 W Alev(W?) =lev(W) A (M, M) € M(W?3) holds vacuously.

To show: YW* 2 W3. Vp € D[A]. V(v,7) € G[T]p(WH).
(b, [wko), wks ), { M | Merea(svo) = v }), 7p(er = e2)) € E[unit]o(17)

By definition of E[unit]p(W?) and pluge, we suppose
(ke [wks)), K) € Kunit] p(W),

- (M47M4) € M(W4)7

- M* repr &4,

- M*.reg(wko) = kpc,

- M*.reg(svg) = v.

To show: ((®*,bg), (M*.h, K[yp(e1 := e2)])) € O(W*?)

As W* includes 1°°9¢(code®), we execute the four instructions from bg on the low side and
get the configurations
(®°, bg+4), (M*.h,K[ype, := ypes])
such that
- M5 := M*[-+ kpc, 0]stk [Wko — bg + 1 + 4]reg,
- M repr ®°.

Let W5 := W[+ kpc, 0];.

Then (M?, M*) € M(W5).

By Theorem [9] it suffices to show that (2%, bg + 4), (M*.h, K[ype1 := vypes])) € O(W3).
By (%), it suffices to show that ((bg + c1 + 4, |wks]), K[~ = vypea]) € K[ref 7]p(W5).
Suppose

W6 gpub W57

(v1,v2) € V[ref ] p(WF),

(M, M°) € M(W?),

M6 reg(wks) = v,

MO repr ®6.

To show: ((®¢,bg + 1 + 4), (MS.h, K[vz := ypes])) € O(W)

As W6 includes 1°°d(code®), we execute the two instructions from bg+ ¢; + 4 on the low side
and get the configurations

(<I>7,bg + ¢ +6), (Mﬁ.h, K[vg := ypes))
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such that
-M7 = M6[|M7.Stk‘ -1~ Vl]stk[WkO —bg+c+e+ 6]rega
- M7 repr 7.

Let W7 := WO[|M7.stk| — 1 — vy]1.
Then (M7, M®) € M(WT) .
By Theorem [9] it suffices to show that ((®7,bg + ¢1 + 6), (MS.h, K[vs := ypes])) € O(WT).

By (*x), it suffices to show that ((bg + ¢1 + co + 6, |[wks ), K[vg := —]) € K[r]p(W7).

Suppose

W8 gpub W7a

(vs,va) € V[r]p(W?),
(M?, M®) € M(W®),
M8 reg(wks) = v,
M8 repr 8.

To show: ((®%,bg + c1 + ca +6), (ME.h, K[vg := v4])) € O(W?H)

As (v1,v2) € V[ref ] p(W6) and W& J W6,
cvy =14, M?®.hp(11)(0) = u; for some 11, uy
- vy = Lo, M8.h(ls) = uy for some o, uy

- (w1, uz) € pV[7]p(W?)

As W# includes :°°¢(code®), we execute the four instructions from bg + ¢1 + ca + 6 on the
low side, take one step on the high side and get the configurations

(%, kpe),  (M°.h, K[()])

such that

- Mg = M8[72]Stk[l1 00— Vg]hp
- M? repr &

- M9 = (MSh[Eg — U4],M.E)

Let W9 := W8[-2];.
Then, (M8[~2]yu, M%) € M(?).

As (I3, 65) € V[ref r]p(W), W9 T WS, (vs,v4) € 5V[r]p(W?), M = L.asgn(M8[—2]suc, I, v3)
and M? = H.asgn(M8, (5, v,4),
- (MO, M) € WO
By Theorem@ it suffices to show that ((®° kpc), (M°.h, K[()])) € O(W?).
As W9 O, W1 and ((kpe, [wks]), K) € K[unit]p(W*?), it suffices to show that
(M reg(wks), {)) € V]unit] p(W°)

which trivially holds by definition.

67



9.16 Deref
(T Fle) ::= Pderef((T" F €))

Pderef(p) ::= Aalloc, bg.
let code := p(alloc, bg + 3), ¢:=|code| in |

bg plus  [sp] sp] 1
move (sp—1); |wko]
move | wko | bg+c+3
code
bg +c+3 move | wks | (wks +0),,
minus  |sp] |sp] 1

jmp (sp—0),

)

Lemma 20 (Compatibility: Deref).
A;THpre:refr = A;T F Pderef(p) = le: 7
Proof.

e For any A, gcbg, bg, k, suppose
- W JWe(A,gebg) A (M, M) € M(W)
- code := [bg &= Pderef(p)(A(gcbg).alloc, bg)]
- code? := [bg + 3 & p(A(gebg).alloc, bg + 3)], ¢ := |code”|
- code® := code \ code?
- M =MW {code}code-

o Goal: find WP€ such that
-WrPe W Alev(WPe) =lev(W) A (M, M) € M(WPe)
- A;TF bg ~ype le: T

o Let M! := M W {code®}code-
Let W := W ++:°°9¢(code®).
By definition, we have (M, M) € M(W1).

o Let M? := M' & {code”}code-
From A;T'F p = e : ref 7, we have W2 such that
- W2 W Alev(W?) = lev(W1)
- (M2, M) € M(W?)
-(x) A;TEbg+3mp2e:refr

e We now choose WP¢ to be W2 and show the required properties.
o W2 I W Alev(W?) =lev(W) A (M, M) € M(W?) holds vacuously.

e To show: VW3 J W?2.Vp € D[A]. V(v,7) € G[T]p(W3).
((%a LWkOJa LWk5J7{M ‘ M'reg(SVO) = V})v’)/p(!e)) € SHTHP(WJ)
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By definition of E[7]p(W?) and pluge, we suppose
- ((kpe, [wks ), K) € K[r]p(W?),

- (M?, M?) € M(W?),

- M3 repr @3,

- M3 .reg(wko) = kpc,

- MB.reg(svg) = v.

To show: ((®3,bg), (M3.h, K[yp(le)])) € O(W?3)

As W? includes (°°d¢(code®), we execute the three instructions from bg on the low side and
get the configurations
(@', bg+3),  (M*h, K[lype])

such that

- Mt = M3 [+ kpclsik[wko = bg + ¢ + 3Jreq,

- M* repr &%

Let W* := W3[++kpc];.

Then (M*, M?) € M(W*).

By Theorem @ it suffices to show that ((®*, bg + 3), (M3.h, K[lype])) € O(W*?).

By (*), it suffices to show that ((bg + ¢ + 3, |wks|), K[!-]) € K[ref 7]p(W*).

Suppose

W5 gpub W4a

(v1,v2) € V[ref ] p(W?®),
(M?, M°) € M(W?),
M5 reg(wks) = v,

M?® repr ®°.

To show: ((®°,bg + ¢+ 3), (M3.h, K[lvs])) € O(W?)

If lev(W5) = 0 then it trivially holds.
Assume that lev(W3) > 0.

As (v1,v2) € V[ref 7] p(W?)

-V = l:, M5 .hp(l1)(0) = u; for some Iq,u;
- vy = o, M®.h({3) = uy for some o, us

- (w1, u) € BV[7]p(W?)

As W3 includes (°°%¢(code®), we execute the three instructions from bg + ¢ + 3 on the low
side, take one step on the high side, and get the configurations

(®°%,kpc), (MC.h, Kus])

such that

- MS .= MS[Wk5 = ul]reg[_l]stkv
- M repr &9,

- M6 .= M>.
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o Let W6 :=pW5[—1];.
Then (M6, M%) € M(WF).
e By Theorem@ it suffices to show that ((®°, kpc), (MS.h, K[us])) € O(WF).
o As W° O, W2 and ((kpe, |wks|), K) € K[r]p(W?), it suffices to show that
(u1,u2) € V[r]p(W°)

which follows from (uy,us) € >V[7]p(W?) by monotonicity of V[r]p.

9.17 Refeq
(T F eq == eq)) ::= Prefeq((I" - e1)), (T' - e2))

Prefeq(p1, p2) := Aalloc, bg.
let instrs; := p;(alloc, bg + 4), ¢; := |instrs; |,
instrsy := pa(alloc,bg 4+ ¢1 + 6), ¢g := |instrsy| in |

bg plus [sp] [sp] 2
move  (sp —2), | wko |
move (sp— 1) 0]
move [ wko | bg+c +4
instrsy
bg+c +4 move (sp— 1) | wks |
move | wko | bg+ci+ca+6
nstrss
bg+ci+c2+6 jneq bg+citc+9 (sp—1), | wks |
move [ wks | 1
jmp bg 4+ c1 + co + 10
bg+c14+c2+9 move [ wks | 0
bg + ¢ +c¢2+10 minus [sp| B 2

jmp (sp — 0),

]

Lemma 21 (Compatibility: Refeq).
A;TEpy~e ireft AATEpy mey:ref 1 = A;T F Prefeq(pr, p2) = e; == e3 : bool

Proof.

e For any A, gcbg, bg, k, suppose
- W JWe(A,gebg) A (M, M) € M(W)
- code := [bg & Prefeq(p1, p2)(A(gcbg).alloc, bg)]
- code’* := [bg + 4 = p1(A(gebg).alloc, bg + 4)], ¢1 := |code!* |
- codeP? := [bg + ¢1 + 6 = pa(A(gebg).alloc, bg + ¢1 + 6)], co := |code??|
- code® := code \ code?* \ code’?
- M’ =MW {code}code-
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Goal: find WP€ such that
- Wee W Alev(WPe) =lev(W) A (M/, M) € M(WPe)
- A;T' F bg e €1 == €3 : unit

Let M! := M W {code® }code-
Let W1 := W ++:°°9¢(code®).
By definition, we have (M, M) € M(W1).

Let M? := M! & {code” }code-

From A;T F p; = e : ref 7, we have W2 such that
-W2 W Alev(W?) = lev(W1)

- (M2%, M) € M(W?)

- (%) AsTFbg+4~p2 e :refr

Let M3 := M? W& {code” }code-

From A;T F ps ~ e : ref 7, we have W3 such that
- W3 I W2 Alev(W3) = lev(W?)

- (MB, M) € M(W?)

- (xx) A;TEbg4c1 4+ 6 ~ys e :ref 7

We now choose WP€ to be W3 and show the required properties.
W3 23W Alev(W?3) = lev(W) A (M/, M) € M(W?3) holds vacuously.
To show: YW* I W3. Vp € D[A]. V(v,7) € G[T]p(WH1).
((bg, [wko], [wks |, { M | Mi.reg(svo) = v }), vp(e1 == €2)) € E[unit]p(W*)

By definition of E[unit]p(W*) and pluge, we suppose
- ((kpC, LWk5J)ﬂK) € IC[[unit]]p(W4),

- (M*, M%) € M(WH),

- M* repr ®*,

- M*.reg(wko) = kpc,

- M .reg(svp) = v.

To show: ((®*,bg), (M*.h, K[yp(e1 == e3)])) € O(WH)

As W* includes 1°°9¢(code®), we execute the four instructions from bg on the low side and
get the configurations

((1)57 bg + 4)7 (M4‘h7 K[’Ypel == 7p62])

such that
- M5 = M4[-H—@,Q}Stk[wko = bg + C1 + 4}rega
- M? repr ®°.

Let W® := W*[++kpc, 0];.
Then (M5, M%) € M(W?).
By Theorem [9] it suffices to show that ((®°,bg +4), (M*.h, K[ype; == vpes])) € O(W?).

By (%), it suffices to show that ((bg + c1 + 4, |wks]), K[~ == ypea]) € K[ref 7] p(W?).
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Suppose

WG gpub W57

(vi,v2) € V[ref ] p(W?),
(M, M®) € M(W?),
M6 reg(wks) = vy,

MO repr ®6.

To show: ((®%,bg + c; +4), (MC.h, K[vy == ypes])) € O(WE)

As W includes 1°°9¢(code®), we execute the two instructions from bg + c; +4 on the low side
and get the configurations

(@7, bg+ 1 +6), (MC.h, K[vy == ypes))

such that
- M7 = M6[|M7.Stk‘ -1+ Vl]stk[WkO — bg +c1+co+ 6]reg,
- M7 repr ®7.

Let W7 := WO[|M7.stk| — 1 — vy]1.
Then (M7, M%) € M(WT) .
By Theorem [9] it suffices to show that ((®7,bg + ¢1 + 6), (MS.h, K[va == ypes])) € O(WT).

By (xx), it suffices to show that ((bg + c1 + c2 + 6, |[wks]), K[v2 == —]) € K[ref 7]p(W7).

Suppose

WS gpub W7a

(vs,vs) € V[ref ] p(W?),
(M®, M?) € M(W?),
MBS reg(wks) = v,

M3 repr ®8.

To show: ((®8,bg+c1 +ca +6), (M3.h, K[vs == v4])) € O(W?)

As (vi,v2) € V[ref 7]p(W6) and W& 3 W6,
- (Vl,'UQ) S B(WS)

- v9 is a location

AS (va, 01) € Vref r]p(W),
- (V3,1}4) S B(WS)

- vy is a location

As W8 includes (°°%¢(code®), we execute the instructions from bg + ¢; + ca + 6 on the low
side, take one step on the high side.

If vo = vy, then by the partial bijectiveness, we have vi = v3, and thus we get the following

configuration.
(®°,kpe), (M°.h, K]tt])
such that
-M? = MS[WkS = l]reg[_2]stk
- M? repr ®°
- M? = M8
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— Let W9 := W8[2],.
Then, (M?, M?) € M(W?).
— By Theorem@ it suffices to show that ((®°,kpc), (M?.h, K[tt])) € O(W?).
— As W9 Jpu W and ((kpe, [wks]), K) € K[bool]p(W*), it suffices to show that

(1,tt) € V[unit] p(W?)
which trivially holds by definition.

o If vy # vy, then by the partial bijectiveness, we have vi # v3, and thus we get the following

configuration.
(®% kpe),  (M?.h, K[ff])

such that
- M? := M8[wks Olreg [—2]stk
- M? repr ®°
- M= M8

— Let W9 = WS[—Q]l.

Then, (M, M?) € M(W?).
— By Theorem [} it suffices to show that ((®°, kpc), (M?.h, K[ff])) € O(W?).
— As W9 O, W and ((kpe, [wks]), K) € K[bool]p(W*), it suffices to show that

(0, ff) € V[unit]p(W?)

which trivially holds by definition.

9.18 If
(T F if e then ey else eg) := Pif (' F eq)), (T' F eq), (T F e3))

Pif (p1, p2, p3) ::= Aalloc, bg.

let instrs; := py(alloc, bg + 3), ¢1 = |instrs; |,
instrse := pa(alloc,bg + ¢1 + ¢35 + 5), co := |instrss|,
instrsg := ps(alloc,bg + ¢1 + 5), c3 := |instrsg] in |

bg plus  [sp] sp] 1
move (sp — 1), | wko |
move | wko | bg +c1 +3
instrs;
bg+c +3 move | wko | bg+c1+co+ec3+5
jnz bg+c1+es+5  [wks]
instrss
instrsy
bg+c¢1+ca+c3+5 minus  [sp] |sp] 1

jmp (sp—0),
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Lemma 22 (Compatibility: If).

A;TEpr e :bool AN T EFpo~es:TAA; T Fpy~es: T
= A;T F Pif(p1,p2,p3) = if e1 then eg else ez : 7

Proof.

e For any A, gcbg, bg, k, suppose
- W 2 We (A, gebg) A (M, M) € M(W)
- code := [bg & Pif(p1, p2, p3) (A(gebg).alloc, bg)]
- codeP! := [bg + 3 = p1(A(gebg).alloc, bg + 3)], ¢ := |code|
- code?® := [bg + ¢1 + 5 = p3(A(gebg).alloc, bg + ¢1 + 5)], ¢3 := |code?|
- code?? := [bg + ¢1 + ¢3 + 5 & pa(A(gebg).alloc, bg + ¢1 + ¢3 + 5)], ¢ := |code??|
- code® := code \ code’* \ code”? \ codeP?
- M =MW {code}code-

e Goal: find WP¢ such that
- Wee W Alev(WPe) =lev(W) A (M, M) € M(WPe)
- A;T' F bg ~yype if €1 then eg else e : 7

o Let M! := M W {code®}code-
Let W := W ++:°°9¢(code®).
By definition, we have (M, M) € M(W1).

o Let M? := M! & {code” }code-
From A;T' F p; = e; : bool, we have W2 such that
-W2OW Alev(W?) = lev(W1)
- (M2, M) € M(W?)
- (%) A;T Fbg+ 3 =y2 e : bool

o Let M3 := M? W {code™ }code-
From A;T F p3 = e3 : 7, we have W? such that
-WEOW? Alev(W3) = lev(W?)
- (M3, M) € M(W3)
- (xx) A;TEbg4+c1+5~ysez: T

o Let M* := M3 & {code” }code-
From A;T F py = ey : 7, we have W* such that
- WA W3 Alev(WH) = lev(W3)
- (MY, M) € M(W*)
-(x*%) AsTFbg4+c1+es+5rRpaen: T
e We now choose WP¢ to be W* and show the required properties.

o WA W Alev(W?) =lev(W) A (M, M) € M(W*) holds vacuously.

e To show: VW5 2 W4. Vp € D[A]. V(v,7) € G[T]p(W5).
((bg, [wko], [wks], { M | ML.reg(svo) = v }),7p(if e then e; else e3)) € E[r]p(W?)
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By definition of E[7]p(W?) and pluge, we suppose
- ((kpe, [wks ]), K) € K[r]p(W?),

- (M?, M°) € M(W?),

- M? repr ®°,

- MP.reg(wko) = kpc,

- MP.reg(svg) = v.

To show: ((®°,bg), (M®.h, K[yp(if e1 then e, else e3)])) € O(W5)

As W? includes °°d¢(code®), we execute the three instructions from bg on the low side and
get the configurations

(®°% bg +3), (M>.h, K[yp(if 1 then ey else e3)])

such that

- M° = M5['H'@]stk[vvk0 — bg +a+ 3]reg7

- MS repr 9.

Let W6 := W5[+kpc];.

Then (M6, M®) € M(WF).

By Theorem @ it suffices to show that ((®°¢,bg + 3), (M5.h, K[yp(if €1 then ey else e3)])) €
O(W*).

By (%), it suffices to show that

((bg + c1 + 3, |wks ), K[if — then ypes else ypes]) € K[bool]p(WF)

Suppose

W7 gpub WG)

(v1,v2) € V[bool]p(WT),
(M7, M7) € M(WT),
M7 reg(wks) = v,

M7 repr ®7.

To show: ((®7,bg + c1 + 3), (M7.h, K[if vo then ype, else ypes])) € O(W7)

As (v1,v2) € V[bool]p(W7), we have two cases.

When v; # 0 and vy = tt

As W7 includes 1°°%€(code®), we execute the two instructions from bg+c; +3 on the low side,
take one step on the high side, and get the configurations

(®%,bg+c1+c3+5),  (M".h, K[ypes])

such that
- M8 := M"[wko + bg + ¢1 + ¢2 + ¢3 + 5lregs
- M3 repr 3.
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o Still, (M8, M7) € M(WT) .
By Theorem [9] it suffices to show that

(@8, bg + c1 + 3 +5), (M".h, K[ypes))) € O(WT)

e By (xxx), it suffices to show that ((bg + ¢1 + ca + ¢3 + 5, [wks]), K[-]) € K[r]p(WT).

e Suppose
Wg gpub W7u
(V37U4) € V[[THP(WQ)7
(M, M?) € M(W?),
MY reg(wks) = va,
M? repr ®°.

e To show: ((®% bg+c1 +c2 +c3+5), (M2.h, K[vy])) € O(W?)

e As W2 includes LCOde(code'), we execute the instructions from bg + ¢; + c2 + ¢3 + 5 on the
low side and get the following

(@9 kpc), (M°.h, K[vg))

such that
- MO = MO 1]
- M0 repr o0

o Let W0 .= W9-1];.
Then, (M1% M%) € M(W?1).

e By Theorem [9] it suffices to show that ((®°,kpc), (M°.h, K[v4])) € O(W1).
o As W10 I, W5 and ((kpe, |wks]), K) € K[r]p(W?), it suffices to show that
(va,01) € VIr]o(W™)
which follows from (vs,vs4) € V[r]p(W?) by Theorem
When v = 0 and vy = ff

e As W7 includes :°°9¢(code®), we execute the two instructions from bg+c; +3 on the low side,
take one step on the high side, and get the configurations

<(b87 bg +c+ 5)7 (M7'h? K[’Yp€3])

such that
- M8 := M"[wko — bg + ¢1 + c2 + ¢3 + 5lregs
- M8 repr ®3.

o Still, (MB, M7) € M(W7) .
By Theorem [9] it suffices to show that

(9%, bg + c1 + 5), (M".h, K[ypes])) € O(WT)
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By (xx), it suffices to show that ((bg + ¢1 + c2 + c3 + 5, [wks ), K[-]) € K[r]p(WT).
Suppose

Wg gpub W7a

(V37U4) € V[[T]]p(Wg),

(M?, M?) € M(W?),

M reg(wks) = v,

M? repr ®°.

To show: ((®°,bg + c1 + ca +c3+5), (M?.h, K[v4])) € O(W?)

As W2 includes 1°°%¢(code®), we execute the instructions from bg + ¢; + c2 + c3 + 5 on the
low side and get the following

(@9 kpc), (M°.h, K[vg))
such that

- MO = MO 1]
- M0 repr o0

Let W0 .= W9—1];.

Then, (M!°, M?) € M(W?1).

By Theorem@ it suffices to show that ((®!°, kpc), (M°.h, K[v4])) € O(W10).

As W10 3., W5 and ((kpe, [wks]), K) € K[r]p(W?), it suffices to show that
(vs,v1) € V[r]p(W')

which follows from (v3,v4) € V[7]p(W?) by Theorem
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