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1 Languages

1.1 HIGH

1.1.1 Syntax & Dynamic Semantics

τ ∈ Type ::= α | b | τ1 × τ2 | τ1 → τ2 | ∀α. τ | ∃α. τ | µα. τ | ref τ

where α ∈ TypeVar

e ∈ HExp ::= x | ` | 〈e1, e2〉 | e.1 | e.2 |
λx:τ. e | e1 e2 | Λα.e | e τ | pack 〈τ1, e〉 as τ2 | unpack e1 as 〈α, x〉 in e2 |
rollτ e | unroll e | ref e | e1 := e2 | !e | e1 == e2 | . . .
where x ∈ Var and ` ∈ HLoc

v ∈ HVal ::= x | ` | 〈v1, v2〉 | λx:τ. e | Λα.e | pack 〈τ1, v〉 as τ2 | rollτ v | . . .

K ∈ HCont ::= • | 〈K, e2〉 | 〈v1,K〉 | K.1 | K.2 |
K e2 | v1 K | K τ | pack 〈τ1,K〉 as τ2 | unpack K as 〈α, x〉 in e2 |
rollτ K | unroll K | ref K | K := e2 | v1 := K | !K | K == e2 | v1 == K | . . .

HCVal
def
= { v ∈ HVal | ftv(v) = ∅ ∧ fv(v) = ∅ }

HHeap
def
= {h ∈ HLoc ⇀fin HCVal }

freshloc ∈ { f ∈ Pfin(HLoc)→ HLoc | ∀S. f(S) 6∈ S }

(h, e) ↪→ (h′, e′)

〈h;K[〈v1, v2〉.1]〉 ↪→ 〈h;K[v1]〉
〈h;K[〈v1, v2〉.2]〉 ↪→ 〈h;K[v2]〉
〈h;K[(λx:τ. e) v]〉 ↪→ 〈h;K[e[v/x]]〉
〈h;K[(Λα.e) τ ]〉 ↪→ 〈h;K[e[τ/α]]〉
〈h;K[unpack (pack 〈τ1, v〉 as τ2) as 〈α, x〉 in e]〉 ↪→ 〈h;K[e[τ1/α][v/x]]〉
〈h;K[unroll (rollτ v)]〉 ↪→ 〈h;K[v]〉
〈h;K[ref v]〉 ↪→ 〈h ] { 7̀→v};K[`]〉 (` = freshloc(dom(h)))
〈h;K[` := v]〉 ↪→ 〈h[` 7→v];K[〈〉]〉 (` ∈ dom(h))
〈h;K[!`]〉 ↪→ 〈h;K[v]〉 (h(`) = v)
〈h;K[`1 == `2]〉 ↪→ 〈h;K[tt]〉 (`1 = `2)
〈h;K[`1 == `2]〉 ↪→ 〈h;K[ff]〉 (`1 6= `2)

1.1.2 Static Semantics

Heap typings Σ ::= · | Σ, `:τ where ftv(τ) = ∅
Type environments ∆ ::= · | ∆, α
Term environments Γ ::= · | Γ, x:τ
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∆ ` τ,∆ ` Γ

ftv(τ) ⊆ ∆

∆ ` τ
∀x:τ ∈ Γ. ∆ ` τ

∆ ` Γ

Σ; ∆; Γ ` e : τ

x:τ ∈ Γ
Σ; ∆; Γ ` x : τ

`:τ ∈ Σ
Σ; ∆; Γ ` ` : ref τ

Σ; ∆; Γ ` e1 : τ1 Σ; ∆; Γ ` e2 : τ2
Σ; ∆; Γ ` 〈e1, e2〉 : τ1 × τ2

Σ; ∆; Γ ` e : τ1 × τ2
Σ; ∆; Γ ` e.1 : τ1

Σ; ∆; Γ ` e : τ1 × τ2
Σ; ∆; Γ ` e.2 : τ2

Σ; ∆; Γ, x:τ1 ` e : τ2
Σ; ∆; Γ ` λx:τ1. e : τ1 → τ2

Σ; ∆; Γ ` e1 : τ1 → τ2 Σ; ∆; Γ ` e2 : τ1
Σ; ∆; Γ ` e1 e2 : τ2

Σ; ∆, α; Γ ` e : τ ∆ ` Γ

Σ; ∆; Γ ` Λα.e : ∀α. τ
Σ; ∆; Γ ` e : ∀α. τ1

Σ; ∆; Γ ` e τ2 : τ1[τ2/α]

Σ; ∆; Γ ` e : τ2[τ1/α]

Σ; ∆; Γ ` pack 〈τ1, e〉 as ∃α. τ2 : ∃α. τ2
Σ; ∆; Γ ` e1 : ∃α. τ1 Σ; ∆, α; Γ, x:τ1 ` e2 : τ2 ∆ ` Γ ∆ ` τ2

Σ; ∆; Γ ` unpack e1 as 〈α, x〉 in e2 : τ2

Σ; ∆; Γ ` e : τ [µα. τ/α]

Σ; ∆; Γ ` rollµα. τ e : µα. τ

Σ; ∆; Γ ` e : µα. τ

Σ; ∆; Γ ` unroll e : τ [µα. τ/α]

Σ; ∆; Γ ` e : τ

Σ; ∆; Γ ` ref e : ref τ

Σ; ∆; Γ ` e1 : ref τ Σ; ∆; Γ ` e2 : τ

Σ; ∆; Γ ` e1 := e2 : unit

Σ; ∆; Γ ` e : ref τ

Σ; ∆; Γ ` !e : τ

Σ; ∆; Γ ` e1 : ref τ Σ; ∆; Γ ` e2 : ref τ

Σ; ∆; Γ ` e1 == e2 : bool

· · ·

∆ ` δ : ∆′

∆ ` ∅ : ·
∆ ` δ : ∆′ ∆ ` τ
∆ ` δ, α 7→τ : ∆′, α

Σ; ∆; Γ ` γ : Γ′

Σ; ∆; Γ ` ∅ : ·
Σ; ∆; Γ ` γ : Γ′ Σ; ∆; Γ ` v : τ

Σ; ∆; Γ ` γ, x 7→v : Γ′, x:τ

` h : Σ
∀`:τ ∈ Σ. Σ; ·; · ` h(`) : τ

` h : Σ
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1.2 LOW

1.2.1 Syntax & Dynamic Semantics

PConf
def
= { (Φ,pc) ∈ PMem× PAddr }

PMem
def
= {Φ = (code, reg, stk,hp) ∈ PCode× PRegFile× PStack× PHeap }

PCode
def
= PAddr→ Instruction

PRegFile
def
= Register→ PWord

PStack
def
= PAddr→ PWord

PHeap
def
= PAddr→ PWord

PAddr
def
= { a ∈ N }

PWord
def
= {w ∈ { 0, 1 } × N }

r ∈ Register ::= sp | sv0 | . . . | sv4 | wk0 | . . . | wk5

lv ∈ PLvalue ::= brc | 〈a〉s | 〈r − o〉s | 〈a〉h | 〈r + o〉h for r ∈ Register, a ∈ PAddr, o ∈ N
rv ∈ PRvalue ::= lv | w for lv ∈ PLvalue, w ∈ PWord
ι ∈ Instruction ::= fail | halt | jmp rv | jnz rv rv | jneq rv rv rv | jptr rv rv |

move lv rv | setptr lv | plus lv rv rv | minus lv rv rv |
isr lv rv | isw rv rv

|w| def
= π2(w)

isptr(w)
def
= π1(w) = 1

n
def
= (0, n) ∈ PWord

â
def
= (1, a) ∈ PWord

Φ(rv) ∈ PWord

Φ(brc) def
= Φ.reg(r)

Φ(〈a〉s)
def
= Φ.stk(a)

Φ(〈r − o〉s)
def
= Φ.stk(|Φ(brc)| − o)

Φ(〈a〉h)
def
= Φ.hp(a)

Φ(〈r + o〉h)
def
= Φ.hp(|Φ(brc)|+ o)

Φ(w)
def
= w

Φ[lv 7→ w] ∈ PMem

Φ[brc 7→ w]
def
= (Φ.code,Φ.reg[r 7→ w],Φ.stk,Φ.hp)

Φ[〈a〉s 7→ w]
def
= (Φ.code,Φ.reg,Φ.stk[a 7→ w],Φ.hp)

Φ[〈r − o〉s 7→ w]
def
= (Φ.code,Φ.reg,Φ.stk[|Φ(brc)| − o 7→ w],Φ.hp)

Φ[〈a〉h 7→ w]
def
= (Φ.code,Φ.reg,Φ.stk,Φ.hp[a 7→ w])

Φ[〈r + o〉h 7→ w]
def
= (Φ.code,Φ.reg,Φ.stk,Φ.hp[|Φ(brc)|+ o 7→ w])
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JιK (Φ,pc) ∈ PConf ] { halt , fail }

JfailK (Φ,pc)
def
= fail

JhaltK (Φ,pc)
def
= halt

Jjmp rvK (Φ,pc)
def
= (Φ, |Φ(rv)|)

Jjnz rv1 rv2K (Φ,pc)
def
= if Φ(rv2) 6= 0 then (Φ, |Φ(rv1)|) else (Φ,pc + 1)

Jjneq rv1 rv2 rv3K (Φ,pc)
def
= if Φ(rv2) 6= Φ(rv3) then (Φ, |Φ(rv1)|) else (Φ,pc + 1)

Jjptr rv1 rv2K (Φ,pc)
def
= if isptr(Φ(rv2)) then (Φ, |Φ(rv1)|) else (Φ,pc + 1)

Jmove lv rvK (Φ,pc)
def
= (Φ[lv 7→ Φ(rv)],pc + 1)

Jsetptr lvK (Φ,pc)
def
= (Φ[lv 7→ ̂|Φ(lv)|],pc + 1)

Jplus lv rv1 rv2K (Φ,pc)
def
= (Φ[lv 7→ |Φ(rv1)|+ |Φ(rv2)|],pc + 1)

Jminus lv rv1 rv2K (Φ,pc)
def
= (Φ[lv 7→ |Φ(rv1)| − |Φ(rv2)|],pc + 1)

Jisr lv rvK (Φ,pc)
def
= (Φ[lv 7→ E(Φ.code(|Φ(rv)|))],pc + 1)

Jisw rv1 rv2K (Φ,pc)
def
= ((Φ.code[ |Φ(rv1)| 7→ D(|Φ(rv2)|)],Φ.reg,Φ.stk,Φ.hp),pc + 1)

where
E ∈ Instruction→ N is a bijection, and D := E−1.

PConf ↪→ PConf ] { halt , fail }

(Φ,pc) ↪→ JΦ.code(pc)K (Φ,pc)
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2 Specifications

2.1 Language Specification

LangSpec
def
= { (Val,Com,Cont,Mem,Conf,

plugv,plugc, step,mdom,mdisj,
oftype,baseb,pair, app, appty,pack, roll, ref, asgn) |
Val,Com,Cont,Mem,Conf ∈ Set ∧
plugv ∈ Val× Cont×Mem→ P(Conf) ∧
plugc ∈ Com× Cont×Mem→ P(Conf) ∧
step ∈ Conf → Conf ] { fail , halt } ∧
mdom ∈ Mem→ P(Val) ∧
mdisj ∈ Mem×Mem→ P(Mem) ∧
oftype ∈ CType→ P(Val×Mem) ∧
baseb ∈ JbK→ P(Val×Mem) ∧
pair ∈ Val×Val→ P(Val×Mem) ∧
app ∈ Val×Val→ P(Com) ∧
appty ∈ Val× CType→ P(Com) ∧
pack ∈ CType×Val→ P(Val×Mem) ∧
roll ∈ Val→ P(Val×Mem) ∧
ref ∈ Val→ P(Val×Mem) ∧
asgn ∈ Mem×Val×Val ⇀ Mem ∧

∀M1,M2. ∀M ∈ mdisj(M1,M2). mdom(M) ⊇ mdom(M1) ]mdom(M2) }

mdisjlist()
def
= {M ∈ Mem }

mdisjlist(M1, . . . ,Mn+1)
def
= {M ∈ Mem | ∃M ′. M ′ ∈ mdisjlist(M1, . . . ,Mn) ∧M ∈ mdisj(M ′,Mn+1) }

Conf
k
↪→ Conf ] { fail , halt }

C
0
↪→ C

C
k+1
↪→ fail if step(C) = fail

C
k+1
↪→ halt if step(C) = halt

C
k+1
↪→ R if step(C) = C ′ ∧ C ′ k

↪→ R

obsk : N× Conf → { fail , halt , running }

obsk(k,C)
def
=


fail if C

k
↪→ fail

halt if C
k
↪→ halt

running if C
k
↪→ C ′

8



observe : Conf → { fail , halt , diverge }

observe(C)
def
=

 fail if ∃k. obsk(k,C) = fail
halt if ∃k. obsk(k,C) = halt
diverge otherwise, i.e., if ∀k. obsk(k,C) = running

2.2 World Specification

For L1,L2 ∈ LangSpec,

WorldSpec
def
= { (World, lev,M,B,O, .,w,wpub) |

World ∈ Set ∧
lev ∈World→ N ∧
M ∈World→ P(L1.Mem× L2.Mem) ∧
B ∈World→ P(L1.Val× L2.Val) ∧
O ∈World→ P(L1.Conf × L2.Conf) ∧
. ∈World→World ∧
w∈ P(World×World) ∧
wpub∈ P(World×World) ∧

w,wpub are preorders ∧ wpub ⊆ w ∧
∀W ′ wW. .W ′ w .W ∧
∀W ′ wpub W. .W

′ wpub .W ∧
∀W. .W wpub W ∧
∀W ′ wW. lev(W ′) ≤ lev(W ) ∧
∀W. lev(W ) > 0 =⇒ lev(.W ) = lev(W )− 1 }

A.
def
= { (W ′,W ) ∈World×World | lev(W ) > 0 ∧W ′ w .W }

WVRel
def
= {R ∈ P(World× L1.Val× L2.Val) }

R(W )
def
= { (v1, v2) | (W,v1, v2) ∈ R } for R ∈WVRel

.R
def
= { (W,v1, v2) | lev(W ) > 0 =⇒ (.W,v1, v2) ∈ R } for R ∈WVRel

�R
def
= { (W,v1, v2) | ∀W ′ wW. (W ′,v1, v2) ∈ R } for R ∈WVRel

RA.W
def
= { (W ′,v1, v2) |W ′ A. W ∧ (W ′,v1, v2) ∈ R } for R ∈WVRel

(R1, R2)
def
= { (W,v1, v2) | ∀(M1,M2) ∈M(W ). (v1,M1) ∈ R1 ∧ (v2,M2) ∈ R2 }

for R1 ∈ P(L1.Val× L1.Mem), R2 ∈ P(L2.Val× L2.Mem)

Lemma 1. A. is well-founded.

Proof. Because the level of worlds strictly decreases.

Lemma 2.

1. ∀W ′′,W ′,W. W ′′ A. W ′ ∧W ′ A. W =⇒ W ′′ A. W

2. ∀W ′′,W ′,W. W ′′ A. W ′ ∧W ′ wW =⇒ W ′′ A. W

3. ∀W ′′,W ′,W. W ′′ wW ′ ∧W ′ A. W =⇒ W ′′ A. W

Proof. By the definition of A. and the assumptions on w,wpub, .,lev.
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3 Logical Relations

3.1 Definitions

Let L1,L2 ∈ LangSpec,W ∈WorldSpec.

Define VJτKρ ∈WVRel by structural induction on τ :

TyValRel
def
= { (τ1, τ2, R) | τ1, τ2 ∈ CType ∧R ∈WVRel }

ρ ∈ TypeVar ⇀ TyValRel

ρ.1(τ)
def
= τ [ρ(α).τ1/α]

ρ.2(τ)
def
= τ [ρ(α).τ2/α]

oftype(τ, ρ)
def
= �(L1.oftype(ρ.1(τ)),L2.oftype(ρ.2(τ)))

VJαKρ def
= { (W,v1, v2) ∈ oftype(α, ρ) | (W,v1, v2) ∈ �ρ(α).R }

VJbKρ def
= { (W,v1, v2) ∈ oftype(b, ρ) | ∃x ∈ JbK . (W,v1, v2) ∈ �(L1.baseb(x),L2.baseb(x)) }

VJτ × τ ′Kρ def
= { (W,v1, v2) ∈ oftype(τ × τ ′, ρ) | ∃(u1, u2) ∈ .VJτKρ(W ). ∃(u′1, u′2) ∈ .VJτ ′Kρ(W ).

(W,v1, v2) ∈ �(L1.pair(u1,u′1),L2.pair(u2, u′2)) }
VJτ ′ → τKρ def

= { (W,v1, v2) ∈ oftype(τ ′ → τ, ρ) | ∀W ′ A. W.
∀(u1, u2) ∈ VJτ ′Kρ(W ′). ∀e1 ∈ L1.app(v1,u1). ∀e2 ∈ L2.app(v2, u2).
(W ′, e1, e2) ∈ EJτKρ }

VJ∀α. τKρ def
= { (W,v1, v2) ∈ oftype(∀α. τ, ρ) | ∀W ′ A. W.

∀(τ1, τ2, R) ∈ TyValRel. ∀e1 ∈ L1.appty(v1, τ1). ∀e2 ∈ L2.appty(v2, τ2).
(W ′, e1, e2) ∈ EJτKρ[α 7→ (τ1, τ2, R)] }

VJ∃α. τKρ def
= { (W,v1, v2) ∈ oftype(∃α. τ, ρ) |

∃(τ1, τ2, R) ∈ TyValRel. ∃(u1, u2) ∈ VJτKρ[α 7→ (τ1, τ2, R)](W ).

(W,v1, v2) ∈ �(L1.pack(τ1,u1),L2.pack(τ2, u2)) }
VJµα. τKρ def

= µ(Fα,τ,ρ)

Fα,τ,ρ
def
= λR. { (W,v1, v2) ∈ oftype(µα. τ, ρ) |

∃(u1, u2) ∈ VJτKρ[α 7→ (ρ.1(µα. τ), ρ.2(µα. τ), R)](W ).

(W,v1, v2) ∈ �(L1.roll(u1),L2.roll(u2)) }
µ(F )(W )

def
= F (µ(F )A.W )(W ) for F ∈WVRel→WVRel

VJref τKρ def
= { (W,v1, v2) ∈ oftype(ref τ, ρ) | ∀W ′ wW. ∀(M1,M2) ∈M(W ′).

(v1, v2) ∈ B(W ′) ∧(
∃(u1, u2) ∈ .VJτKρ(W ′). (v1,M1) ∈ L1.ref(u1) ∧ (v2,M2) ∈ L2.ref(u2)

)
∧(

∀(u1, u2) ∈ .VJτKρ(W ′). (L1.asgn(M1,v1,u1),L2.asgn(M2, v2, u2)) ∈M(W ′)
)
}

KJτKρ def
= { (W,K1,K2) ∈World× L1.Cont× L2.Cont | ∀W ′ wpub W.

∀(v1, v2) ∈ VJτKρ(W ′). ∀(M1,M2) ∈M(W ′).
∀C1 ∈ L1.plugv(v1,K1,M1). ∀C2 ∈ L2.plugv(v2,K2,M2). (C1, C2) ∈ O(W ′) }

EJτKρ def
= { (W, e1, e2) ∈World× L1.Com× L2.Com |

∀(K1,K2) ∈ KJτKρ(W ). ∀(M1,M2) ∈M(W ).
∀C1 ∈ L1.plugc(e1,K1,M1). ∀C2 ∈ L2.plugc(e2,K2,M2). (C1, C2) ∈ O(W ) }
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Contractiveness

F contractive
def
= ∀W,R1, R2. (∀W ′ A. W. R1(W ′) = R2(W ′)) =⇒ F (R1)(W ) = F (R2)(W )

for F ∈WVRel→WVRel

τ α-non-contractive
def
= τ = α
| τ = ∃β. τ ′ for some β, τ ′ such that β 6= α ∧ τ ′ α-non-contractive
| τ = µβ. τ ′ for some β, τ ′ such that β 6= α ∧ τ ′ α-non-contractive

τ α-contractive
def
= ¬ τ α-non-contractive

3.2 Properties

Theorem 1 (Fixpoint). ∀F. F contractive =⇒ µ(F ) = F (µ(F )).

Proof. For F contractive, we prove ∀W. µ(F )(W ) = F (µ(F ))(W ) by well-founded induction on W
w.r.t. A..

• For W , assume ∀W ′ A. W. µ(F )(W ′) = F (µ(F ))(W ′).

• We need to show that µ(F )(W ) = F (µ(F ))(W ).

• We have µ(F )(W ) = F (µ(F )A.W )(W ) by definition.

• By contractivness of F , it suffices to show that ∀W ′ A. W. µ(F )(W ′) = µ(F )A.W (W ′), which
holds vacuously.

Theorem 2 (Uniqueness). ∀F,R1, R2. F contractive ∧R1 = F (R1) ∧R2 = F (R2) =⇒ R1 = R2.

Proof. For F contractive and R1, R2 fixpoints of F , we prove that ∀W. R1(W ) = R2(W ) by well-
founded induction on W w.r.t. A..

• For W , assume ∀W ′ A. W. R1(W ′) = R2(W ′).

• We need to show that R1(W ) = R2(W ).

• As R1, R2 are fixpoints, it suffices to show that F (R1)(W ) = F (R2)(W ).

• By contractivness of F , it suffices to show that ∀W ′ A. W. R1(W ′) = R2(W ′), which is
exactly the induction hypothesis.

Lemma 3. For all α, τ, ρ,W with ftv(µα. τ) ⊆ dom ρ,

VJµα. τKρ(W ) ⊆ { (v1, v2) | ∃(u1, u2) ∈ VJτKρ[α 7→ (ρ.1(µα. τ), ρ.2(µα. τ), µ(Fα,τ,ρ)A.W )](W ) } .

Proof.

VJµα. τKρ(W )
= µ(Fα,τ,ρ)(W )
= Fα,τ,ρ(µ(Fα,τ,ρ)A.W )(W )
⊆ { (v1, v2) | ∃(u1, u2) ∈ VJτKρ[α 7→ (ρ.1(µα. τ), ρ.2(µα. τ), µ(Fα,τ,ρ)A.W )](W ) }
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Lemma 4.
∀α, τ, ρ. τ α-non-contractive ∧ ftv(µα. τ) ⊆ dom ρ
=⇒ ∀τ1, τ2, R,W. VJτKρ[α 7→ (τ1, τ2, RA.W )](W ) = ∅

Proof. We prove this by structural induction on τ α-non-contractive.

• When τ = α:
VJαKρ[α 7→ (τ1, τ2, RA.W )](W ) ⊆ RA.W (W ) = ∅.

• When τ = ∃β. τ ′ with β 6= α ∧ τ ′ α-non-contractive:
Let ρ′ = ρ[α 7→ (τ1, τ2, RA.W )]. Then we have

VJ∃β. τ ′Kρ′(W )
⊆ { (W,v1, v2) | ∃(τ ′1, τ ′2, R′) ∈ TyValRel. ∃(u1, u2) ∈ VJτ ′Kρ′[β 7→ (τ ′1, τ

′
2, R

′)](W ) }

As β 6= α, by induction hypothesis, for all (τ ′1, τ
′
2, R

′) ∈ TyValRel we have

VJτ ′Kρ′[β 7→ (τ ′1, τ
′
2, R

′)](W ) = VJτ ′Kρ[β 7→ (τ ′1, τ
′
2, R

′)][α 7→ (τ1, τ2, RA.W )](W ) = ∅ .

Therefore, VJ∃β. τ ′Kρ[α 7→ (τ1, τ2, RA.W )](W ) = ∅.

• When τ = µβ. τ ′ with β 6= α ∧ τ ′ α-non-contractive:
Let ρ′ = ρ[α 7→ (τ1, τ2, RA.W )].
Then, by Lemma 3, we have

VJµβ. τ ′Kρ′(W )
⊆ { (v1, v2) | ∃(u1, u2) ∈ VJτ ′Kρ′[β 7→ (ρ′.1(µβ. τ ′), ρ′.2(µβ. τ ′), µ(Fβ,τ ′,ρ′)A.W )](W ) } .

As β 6= α, by induction hypothesis, we have

VJτ ′Kρ′[β 7→ (ρ′.1(µβ. τ ′), ρ′.2(µβ. τ ′), µ(Fβ,τ ′,ρ′)A.W )](W )
= VJτ ′Kρ[β 7→ (ρ′.1(µβ. τ ′), ρ′.2(µβ. τ ′), µ(Fβ,τ ′,ρ′)A.W )][α 7→ (τ1, τ2, RA.W )](W )
= ∅

Therefore, VJµβ. τ ′Kρ[α 7→ (τ1, τ2, RA.W )](W ) = ∅.

Theorem 3.
∀α, τ, ρ. ftv(µα. τ) ⊆ dom ρ
=⇒ VJµα. τKρ = Fα,τ,ρ(VJµα. τKρ)

Proof.

When τ α-contractive

• As VJµα. τKρ = µ(Fα,τ,ρ), by Theorem 1, it suffices to show that Fα,τ,ρ is contractive.

• By an easy induction on τ , one can show that for all α, τ such that τ α-contractive, all free
occurrences of α in τ are under one of the type constructors ×, → ,∀ , ref .

• For any τ1, τ2, β, τ
′, ρ,W , the relations VJτ1 × τ2Kρ(W ), VJτ1 → τ2Kρ(W ), VJ∀β. τ ′Kρ(W ),

VJref τ1Kρ(W ) only depend on VJτ1Kρ(W ′), VJτ2Kρ(W ′) and VJτ ′Kρ[β 7→ r](W ′) for any r
and W ′ A. W .
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• By Lemma 2 and the above facts, it follows that the relation VJτKρ[α 7→ (ρ.1(µα. τ), ρ.2(µα. τ), R)](W )
only depends on R(W ′) for W ′ A. W .

• Therefore, Fα,τ,ρ(R)(W ) only depends on R(W ′) for W ′ A. W and thus Fα,τ,ρ is contractive.

When τ α-non-contractive

• By Lemma 3 and 4, we have VJµα. τKρ = ∅.

• Again by Lemma 4, we have

Fα,τ,ρ(VJµα. τKρ)(W )
= Fα,τ,ρ(∅A.W )(W )
⊆ { (v1, v2) | ∃(u1, u2) ∈ VJτKρ[α 7→ (ρ.1(µα. τ), ρ.2(µα. τ), ∅A.W )](W ) }
= ∅

• Thus, VJµα. τKρ = Fα,τ,ρ(VJµα. τKρ) = ∅.

Lemma 5. . preserves monotonicity: ∀R .R ⊆ �R =⇒ .R ⊆ � . R.

Proof. By definition and the assumptions on ., lev.

Theorem 4 (Well-typedness). VJτKρ ⊆ oftype(τ, ρ).

Proof. By case analysis on τ , each case holds vacuously by definition, except for τ = µα. τ ′. In this
case, for all worlds W , we have

VJµα. τ ′Kρ(W ) = µ(Fα,τ ′,ρ)(W ) = Fα,τ ′,ρ(µ(Fα,τ ′,ρ)A.W )(W ) ⊆ oftype(µα. τ ′, ρ)(W ) .

Theorem 5 (Monotonicity). ∀τ, ρ. ftv(τ) ⊆ dom ρ =⇒ VJτKρ ⊆ �VJτKρ.

Proof. By structural induction on τ :

• For τ = α, τ = b:
VJτKρ is monotone, as all relations appearing in the definition are monotone.

• For τ = τ1 → τ2, τ = ∀α. τ ′, τ = ref τ ′:
VJτKρ is trivially monotone by definition and Lemma 2.

• For τ = τ1 × τ2, τ = ∃α. τ ′:
VJτKρ is monotone, as all relations appearing in the definition are monotone by induction
hypothesis and Lemma 5.

• For τ = µα. τ ′:
By Theorem 3, we have

VJµα. τ ′Kρ
= Fα,τ ′,ρ(VJµα. τ ′Kρ)
= { (W,v1, v2) ∈ oftype(µα. τ ′, ρ) |

∃(u1, u2) ∈ VJτ ′Kρ[α 7→ (ρ.1(µα. τ ′), ρ.2(µα. τ ′),VJµα. τ ′Kρ)](W ).

(W,v1, v2) ∈ �(L1.roll(u1),L2.roll(u2)) } .

13



As VJτ ′Kρ[α 7→ (ρ.1(µα. τ ′), ρ.2(µα. τ ′),VJµα. τ ′Kρ)] is monotone by induction hypothesis, it
follows that VJµα. τ ′Kρ is monotone.

Theorem 6. ∀τ, ρ. ftv(τ) ⊆ dom ρ =⇒ ∀W ′ wpub W. KJτKρ(W ) ⊆ KJτKρ(W ′).

Proof. It trivially holds by definition.

Theorem 7 (Substitution).

VJτ [τ ′/α]Kρ = VJτKρ[α 7→ (ρ.1(τ ′), ρ.2(τ ′),VJτ ′Kρ)]

Proof. By an easy structural induction on τ . The only non-trivial case is when τ = α. In this case,
we need to show that

VJτ ′Kρ = { (W,v1, v2) ∈ oftype(α, ρ[α 7→ (ρ.1(τ ′), ρ.2(τ ′),VJτ ′Kρ)]) | (W,v1, v2) ∈ �VJτ ′Kρ }
= { (W,v1, v2) ∈ �(L.oftype(ρ.1(τ ′)),H.oftype(ρ.2(τ ′))) | (W,v1, v2) ∈ �VJτ ′Kρ }
= { (W,v1, v2) ∈ oftype(τ ′, ρ) | (W,v1, v2) ∈ �VJτ ′Kρ }

This holds because by Theorem 5, �VJτ ′Kρ = VJτ ′Kρ, and by Theorem 4, VJτ ′Kρ ⊆ oftype(τ ′, ρ).
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4 Possible Worlds

4.1 Definitions

For R ∈ P(X × Y ),

R pbijective
def
=
(
∀x, y, y′. (x, y), (x, y′) ∈ R =⇒ y = y′

)
∧
(
∀x, x′, y. (x, y), (x′, y) ∈ R =⇒ x = x′

)
dom1(R)

def
= {x | ∃y. (x, y) ∈ R }

dom2(R)
def
= { y | ∃x. (x, y) ∈ R }

Let L1,L2 ∈ LangSpec.

MemReln
def
= P(Worldn × L1.Mem× L2.Mem)

R monotone
def
= ∀(W,M1,M2) ∈ R. ∀W ′ wW. (W ′,M1,M2) ∈ R

for R ∈ MemReln

Islandn
def
= { ι = (s, S, δ, ϕ,MR,Bij ) |

s ∈ S ∧ S ∈ Set ∧ δ, ϕ ∈ P(S × S) ∧
MR ∈ S → MemReln ∧ Bij ∈ S → P(L1.Val× L2.Val) ∧
ϕ ⊆ δ ∧ ϕ, δ are preorders ∧
∀s. MR(s) monotone ∧
∀s. ∀(W,M1,M2) ∈ MR(s). Bij (s) pbijective ∧

dom1(Bij (s)) ⊆ L1.mdom(M1) ∧ dom2(Bij (s)) ⊆ L2.mdom(M2) }
Worldn

def
= {W = (k, ω,GR) | k < n ∧ ∃m. ω ∈ Islandmk ∧GR ∈ P(L1.Mem× L2.Mem) }

World
def
=

⋃
n∈N Worldn

lev(W )
def
= W.k

b(ι1, . . . , ιm)ck
def
= (bι1ck, . . . , bιmck)

b(s, S, δ, ϕ,MR,Bij )ck
def
= (s, S, δ, ϕ, bMRck,Bij )

bMRck
def
= λs. bMR(s)ck

bRck
def
= { (W,M1,M2) ∈ R | lev(W ) < k }

.(0, ω,GR)
def
= (0, ω,GR)

.(k + 1, ω,GR)
def
= (k, bωckGR)

(k′, ω′,GR′) w (k, ω,GR)
def
= k′ ≤ k ∧ ω′ w bωck′ ∧GR′ = GR

(ι′1, . . . , ι
′
m′) w (ι1, . . . , ιm)

def
= m′ ≥ m ∧ ∀j ∈ {1 . . .m}. ι′j w ιj

(s′, S′, δ′, ϕ′,MR′,Bij ′) w (s, S, δ, ϕ,MR,Bij )
def
= (S′, δ′, ϕ′,MR′,Bij ′) = (S, δ, ϕ,MR,Bij ) ∧ (s, s′) ∈ δ

(k′, ω′,GR′) wpub (k, ω,GR)
def
= k′ ≤ k ∧ ω′ wpub bωck′ ∧GR′ = GR

(ι′1, . . . , ι
′
m′) wpub (ι1, . . . , ιm)

def
= m′ ≥ m ∧ ∀j ∈ {1 . . .m}. ι′j wpub ιj

(s′, S′, δ′, ϕ′,MR′,Bij ′) wpub (s, S, δ, ϕ,MR,Bij )
def
= (S′, δ′, ϕ′,MR′,Bij ′) = (S, δ, ϕ,MR,Bij ) ∧ (s, s′) ∈ ϕ
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M(W )
def
= { (M1,M2) | lev(W ) > 0 =⇒ ∃M1

1, . . . ,M
|W.ω|
1 ,M1

2 , . . . ,M
|W.ω|
2 .

M1 ∈ L1.mdisjlist(M1
1, . . . ,M

|W.ω|
1 ) ∧M2 ∈ L2.mdisjlist(M1

2 , . . . ,M
|W.ω|
2 ) ∧

(M1,M2) ∈W.GR ∧ ∀j. (.W,Mj
1,M

j
2 ) ∈W.ω(j).MR(W.ω(j).s) }

B(W )
def
=

⋃
j∈{1,...,|W.ω|}W.ω(j).Bij (W.ω(j).s)

O(W )
def
= { (C1, C2) | (∃k1. L1.obsk(k1, C1) = halt ∧ ∃k2. L2.obsk(k2, C2) = halt) ∨

(L1.obsk(lev(W ), C1) = running ∧ L2.obsk(lev(W ), C2) = running) }

ι[ s]
def
= (s, ι.S, ι.δ, ι.ϕ, ι.MR, ι.Bij )

W [i s]
def
= (W.k,W.ω[i 7→W.ω(i)[ s]],W.GR)

W ++ ι
def
= (W.k,W.ω++[ι],W.GR)

ιsingle(MR,Bij )
def
= (?, {?}, {(?, ?)}, {(?, ?)}, λ ? .MR, λ ? .Bij )

4.2 Properties

Theorem 8 (Bijectivity). ∀W. ∀(M1,M2) ∈M(W ). B(W ) pbijective.

Proof.

• By the definition ofM, we have Mj
1,M

j
2 ’s such that (.W,Mj

1,M
j
2 ) ∈W.ω(j).MR(W.ω(j).s).

• By the assumptions on islands, for each j, we have

– W.ω(j).Bij (W.ω(j).s) pbijective

– dom1(W.ω(j).Bij (W.ω(j).s)) ⊆ L1.mdom(Mj
1)

– dom2(W.ω(j).Bij (W.ω(j).s)) ⊆ L1.mdom(M j
2 )

• As M1 ∈ L1.mdisjlist(M1
1, . . . ,M

|W.ω|
1 ) and M2 ∈ L2.mdisjlist(M1

2 , . . . ,M
|W.ω|
2 ), by assump-

tions on L1.mdisj and L2.mdisj, we have that L1.mdom(Mj
1) ∩ L1.mdom(Mj′

1 ) = ∅ and

L2.mdom(M j
2 ) ∩ L2.mdom(M j′

2 ) = ∅ for all j 6= j′.

• Therefore, B(W ) =
⋃
j∈{1...|W.ω|}W.ω(j).Bij (W.ω(j).s) is also a partial bijection.

Theorem 9 (Closed under anti-reduction).

∀k1, C1, C
′
1, k2, C2, C

′
2,W,W

′.

C1
k1
↪→ C ′1 ∧ C2

k2
↪→ C ′2 ∧ (C ′1, C

′
2) ∈ O(W ′) ∧ lev(W ) ≤ lev(W ′) + min(k1, k2)

=⇒ (C1, C2) ∈ O(W )

Proof. If C ′1 and C ′2 halt, then C1 and C2 halt. If C ′1 and C ′2 take at least lev(W ′) steps, then C1

and C2 take at least (lev(W ′) + min(k1, k2)) steps.

Theorem 10. (World, lev,M,B,O, .,w,wpub) ∈WorldSpec .

Proof. We need to prove the following.

• w,wpub are preorders ∧ wpub ⊆ w
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• ∀W ′ wW. .W ′ w .W

• ∀W ′ wpub W. .W
′ wpub .W

• ∀W. .W wpub W

• ∀W ′ wW. levW ′ ≤ levW

• ∀W. Wk. > 0 =⇒ lev(.W ) = lev(W )− 1

These are all simple consequences of definition.
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5 Specification of HIGH

5.1 LangSpec of HIGH

Val
def
= { v ∈ HVal | ftv(v) = ∅ ∧ fv(v) = ∅ }

Com
def
= { e ∈ HExp | ftv(e) = ∅ ∧ fv(e) = ∅ }

Cont
def
= {K ∈ HCont | ftv(K) = ∅ ∧ fv(K) = ∅ }

Mem
def
= {M = (h,Σ) | h ∈ HHeap ∧ Σ ∈ Heap typings ] undef }

Conf
def
= { (h, e) | h ∈ HHeap ∧ e ∈ Com }

plugv(v,K,M)
def
= { (M.h,K[v]) }

plugc(e,K,M)
def
= { (M.h,K[e]) }

step(h, e)
def
=

 (h′, e′) if (h, e) ↪→ (h′, e′)
halt if e is a value
fail otherwise

mdom(M)
def
= { ` ∈ HLoc ⊆ Val | ` ∈ dom(M.h) }

mdisj(M1,M2)
def
= {M |M.h ⊇M1.h ]M2.h∧

((M.Σ = M1.Σ ∧M2.Σ = undef) ∧ (M.Σ = M2.Σ ∧M1.Σ = undef)) }
oftype(τ)

def
= { (v,M) ∈ Val×Mem |M.Σ; ∅; ∅ ` v : τ }

baseb(x)
def
= { (x,M) ∈ Val×Mem } for x ∈ JbK

pair(v1, v2)
def
= { (〈v1, v2〉,M) ∈ Val×Mem }

app(v1, v2)
def
= { e ∈ Com | ∃x, τ, e1. v1 = λx:τ. e1 ∧ e = e1[v2/x] }

appty(v, τ)
def
= { e ∈ Com | ∃α, e1. v = Λα.e1 ∧ e = e1[τ/α] }

pack(τ, v)
def
= { (v′,M) ∈ Val×Mem | ∃τ ′. v′ = pack 〈τ, v〉 as τ ′ }

roll(v)
def
= { (v′,M) ∈ Val×Mem | ∃τ. v′ = rollτ v }

ref(v)
def
= { (`,M) ∈ Val×Mem |M.h(`) = v }

asgn(M,v1, v2)
def
=

{
(M.h[` 7→ v2],M.Σ) if v1 = ` ∧ ` ∈ dom(M.h)
undef otherwise

H def
= (Val,Com,Cont,Mem,Conf,

plugv,plugc, step,mdom,mdisj,
oftype,baseb,pair, app, appty,pack, roll, ref, asgn)

Theorem 11.
H ∈ LangSpec

Proof. We need to prove the following.

• ∀M,M1,M2. M ∈ mdisj(M1,M2) =⇒ mdom(M) ⊇ mdom(M1) ]mdom(M2)

It directly follows from definition.

18



6 Specification of LOW

6.1 LangSpec of LOW

List X
def
= { (x0, . . . , xn−1) | n ∈ N ∧ x0, . . . , xn−1 ∈ X }

Loc
def
= { l ∈ N }

Word
def
= {w ∈ N }

v ∈ Val ::= w | l̂ for w ∈Word, l ∈ Loc
lv ∈ Lvalue ::= brc | 〈a〉s | 〈r − o〉s | 〈l : o〉h | 〈r + o〉h for r ∈ Register, a ∈ PAddr, l ∈ Loc, o ∈ N
rv ∈ Rvalue ::= lv | v for lv ∈ Lvalue,v ∈ Val

Com
def
= { e = (cpc, kpc, vloc,data) ∈ Rvalue× Rvalue× Lvalue× P(Mem) }

Cont
def
= {K = (kpc, vloc) ∈ PAddr× Lvalue }

CodeFrag
def
= PAddr ⇀fin Instruction

RegFile
def
= (Register \ {sp} → Val) ] { undef }

Stack
def
= List Val ] { undef }

Heap
def
= Loc ⇀fin List Val

Table
def
= (Loc ⇀fin N× PAddr) ] { undef }

SysHeap
def
= (PAddr ⇀ Word) ] { undef }

Mem
def
= {M = (code, reg, stk,hp, tab, shp)

∈ CodeFrag × RegFile× Stack×Heap× Table× SysHeap }
Conf

def
= PConf

|v| def
=

{
w if v = w

l if v = l̂

M(v)
def
= v

M(brc) def
= M.reg(r)

M(〈a〉s)
def
= M.stk(a)

M(〈r − o〉s)
def
= M.stk(|M.reg(r)| − o)

M(〈l : o〉h)
def
= M.hp(l)(o)

M(〈r + o〉h)
def
= M.hp(|M.reg(r)|)(o)

M[a 7→ ι1, . . . , ιn]code
def
= (M.code[a 7→ ι1, . . . , ιn],M.reg,M.stk,M.hp,M.tab,M.shp)

M[r 7→ v]reg
def
= (M.code,M.reg[r 7→ v],M.stk,M.hp,M.tab,M.shp)

M[++ v0, . . . ,vj−1]stk
def
= (M.code,M.reg,M.stk ++(v0, . . . ,vj−1),M.hp,M.tab,M.shp)

M[−k]stk
def
= (M.code,M.reg, (v0, . . . ,vn−k−1),M.hp,M.tab,M.shp)

if M.stk = (v0, . . . ,vn−1) ∧ n ≥ k
M[j 7→ v]stk

def
= (M.code,M.reg,M.stk[j 7→ v],M.hp,M.tab,M.shp) if j < |M.stk|

M[l : o 7→ v]hp
def
= (M.code,M.reg,M.stk,M.hp[l 7→ (v0, . . . ,vo−1,v,vo+1, . . . ,vn−1)],

M.tab,M.shp)
if M.hp(l) = (v0, . . . ,vn−1) ∧ o < n

M[[T, S]]
def
= (M.code,M.reg,M.stk,M.hp, T, S)

19



phyv(M)(v)
def
=


w if v = w

â if v = l̂ ∧M.tab(l) = (n, a)
undef otherwise

phyh(M)
def
=

⊎
M.tab(l)=(n,a) ∧ n>0
∧M.hp(l)=(v0,...,vn−1)

[a 7→ phyv(M)(v0), . . . ,phyv(M)(vn−1)]

M repr Φ
def
= Φ.code ⊇M.code ∧

Φ.reg ⊇ phyv(M) ◦M.reg ∧ Φ.reg(sp) = |M.stk| ∧
∀j < |M.stk|. Φ.stk(j) = phyv(M)(M.stk(j)) ∧
Φ.hp ⊇ phyh(M) ]M.shp ∧
∀ l, n, a. M.tab(l) = (n, a) ∧ n > 0 =⇒ |M.hp(l)| = n

plugv(v,K,M)
def
= { (Φ,pc) ∈ Conf |M repr Φ ∧

pc = K.kpc ∧M(K.vloc) = v }
plugc(e,K,M)

def
= { (Φ,pc) ∈ Conf |M repr Φ ∧M ∈ e.data ∧

pc = M(e.cpc) ∧M(e.kpc) = K.kpc ∧ e.vloc = K.vloc }
step(Φ,pc)

def
= R with (Φ,pc) ↪→ R

mdom(M)
def
= { l̂ ∈ Val | l ∈ dom(M.hp) }

mdisj(M1,M2)
def
= {M ∈ Mem |

M.code ⊇M1.code ]M2.code ∧
M.hp ⊇M1.hp ]M2.hp ∧
nosh(M.reg,M1.reg,M2.reg) ∧
nosh(M.stk,M1.stk,M2.stk) ∧
nosh(M.tab,M1.tab,M2.tab) ∧
nosh(M.shp,M1.shp,M2.shp) }

nosh(X,X1, X2)
def
= (X1 6= undef =⇒ X2=undef ∧X=X1) ∧

(X2 6= undef =⇒ X1=undef ∧X=X2)

M1 ]M2
def
=


(M1.code ]M2.code, Mi.reg, Mj .stk, M1.hp ]M2.hp, Mk.tab, Ml.shp)

if M1.code ]M2.code 6= undef ∧M1.hp ]M2.hp 6= undef ∧
M3−i.reg = undef ∧M3−j .stk = undef ∧
M3−k.tab = undef ∧M3−l.shp = undef

undef otherwise

M1 ⊇M2
def
= M1.code ⊇M2.code ∧

M1.hp ⊇M2.hp ∧
(M2.reg 6= undef =⇒ M1.reg = M2.reg) ∧
(M2.stk 6= undef =⇒ M1.stk = M2.stk) ∧
(M2.tab 6= undef =⇒ M1.tab = M2.tab) ∧
(M2.shp 6= undef =⇒ M1.shp = M2.shp)
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oftype(τ)
def
= { (v,M) ∈ Val×Mem |

∀τ1, τ2. τ = τ1 → τ2 =⇒ ∃l, w. v = l̂ ∧M.hp(l)(0) = w ∧
∀α, τ ′. τ = ∀α. τ ′ =⇒ ∃l, w. v = l̂ ∧M.hp(l)(0) = w }

baseb(x)
def
= { (v,M) ∈ Val×Mem | v is a representation of x } for x ∈ JbK

pair(v1,v2)
def
= { (v,M) ∈ Val×Mem | ∃ l. v = l̂ ∧M.hp(l)(0) = v1 ∧M.hp(l)(1) = v2 }

app(v1,v2)
def
= { e ∈ Com | ∃ l. v1 = l̂ ∧ e.cpc = 〈l : 0〉h ∧ e.kpc = bwk0c ∧ e.vloc = bwk5c ∧

e.data = {M ∈ Mem |M.reg(wk1) = v1 ∧M.reg(wk2) = v2 } }
appty(v, τ)

def
= { e ∈ Com | ∃ l. v = l̂ ∧ e.cpc = 〈l : 0〉h ∧ e.kpc = bwk0c ∧ e.vloc = bwk5c ∧

e.data = {M ∈ Mem |M.reg(wk1) = v } }
pack(τ,v)

def
= { (v′,M) ∈ Val×Mem | v′ = v }

roll(v)
def
= { (v′,M) ∈ Val×Mem | v′ = v }

ref(v)
def
= { (v′,M) ∈ Val×Mem | ∃ l. v′ = l̂ ∧M.hp(l)(0) = v }

asgn(M,v1,v2)
def
=

{
M[l : 0 7→ v2]hp if v1 = l̂ ∧ |M.hp(l)| > 0
undef otherwise

L def
= (Val,Com,Cont,Mem,Conf,

plugv,plugc, step,mdom,mdisj,
oftype,baseb,pair, app, appty,pack, roll, ref, asgn)

Notation.

[bg Z⇒ instrs]
def
= [bg 7→ instrs(0), . . . , instrs(|instrs| − 1)]

{C}code
def
= (C, undef,undef, ∅,undef,undef) ∈ Mem

{H}heap
def
= (∅,undef,undef, H, undef,undef) ∈ Mem

Lemma 6. For all M1, M2 and M ∈ mdisj(M1,M2),

M ⊇M1 ]M2 .

Proof. It immediately follows from the definitions of mdisj,],⊇.

Theorem 12.
L ∈ LangSpec

Proof. We need to prove the following.

• ∀m,m1,m2. m ∈ mdisj(m1,m2) =⇒ mdom(m) ⊇ mdom(m1) ]mdom(m2)

It directly follows from definition.
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6.2 Garbage Collector Specification

v live in M
def
=

{
> if v = w

∃n, a. M.tab(l) = (n, a) ∧ n > 0 if v = l̂

reach0(M)
def
= { l | ∃r ∈ Register. l̂ = M.reg(r) } ∪
{ l | ∃j < |M.stk|. l̂ = M.stk(j) }

reachi+1(M)
def
= reachi(M) ∪ { l | ∃l′ ∈ reachi(M). ∃j. l̂ = M.hp(l′)(j) }

reach(M)
def
=
⋃
i∈N reachi(M)

AllocSpec
def
= {A ∈ PAddr→

{ (init, alloc, instrs, I) ∈ PAddr× PAddr× List Instruction× P(Table× SysHeap) } |

∀gcbg,Φ,pc.
Φ.code ⊇ [gcbg Z⇒ A(gcbg).instrs] ∧ Φ.reg(wk4) = pc

=⇒ ∃k,M′,Φ′.

(Φ,A(gcbg).init)
k
↪→ (Φ′,pc) ∧

M′ repr Φ′ ∧M′ ∈ A.GR(gcbg) ∧M′ ∈ A.MR(gcbg) ∧
Φ′.code = Φ.code ∧M′.code = [gcbg Z⇒ A(gcbg).instrs] ∧

∀gcbg,M,Φ,pc, n.
M repr Φ ∧M ∈ A.GR(gcbg) ∧M ∈ A.MR(gcbg) ∧
M.reg(wk4) = pc ∧M.reg(wk5) = n

=⇒ ∃k,Φ′,M′, T, S, w, l, w0, . . . , wn−1.

(Φ,A(gcbg).alloc)
k
↪→ (Φ′,pc) ∧

M′ repr Φ′ ∧M′ ∈ A.GR(gcbg) ∧M′ ∈ A.MR(gcbg) ∧
M′ = M[[T, S]][wk4 7→ w]reg[wk5 7→ l̂ ]reg ] {[l 7→ (w0, . . . , wn−1)]}heap }

A.GR(gcbg)
def
= {M ∈ Mem | ∀ l ∈ reach(M). l̂ live in M }

A.MR(gcbg)
def
= {M ∈ Mem | (M.tab,M.shp) ∈ A(gcbg).I ∧

M.code ⊇ [gcbg Z⇒ A(gcbg).instrs] }
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7 Low High Relations

7.1 Initial Worlds

Let A ∈ AllocSpec.

W ◦k (A, gcbg)
def
= (k, [ιregstk, ιhtyping, ιgc(A, gcbg)],GR◦(A, gcbg))

Sregstk
def
= { s = (reg, stk) ∈ ({sv0, . . . , sv4} → Val)× List Val }

δregstk
def
= { (s, s′) ∈ Sregstk × Sregstk }

ϕregstk
def
= { (s, s′) ∈ Sregstk × Sregstk | s′ = s }

MRregstk(s)
def
= { (W,M,M) |M.stk = s.stk ∧ ∀j. M.reg(svj) = s.reg(svj) }

ιregstk def
= ((λr. 0, []), Sregstk, δregstk, ϕregstk,MRregstk, λs. ∅)

Shtyping
def
= {Σ ∈ Heap typings }

δhtyping
def
= { (Σ,Σ′) | Σ ⊆ Σ′ }

ϕhtyping
def
= δhtyping

MRhtyping(Σ)
def
= { (W,M,M) |M.Σ = Σ }

ιhtyping def
= (∅, Shtyping, δhtyping, ϕhtyping,MRhtyping, λΣ. ∅)

ιgc(A, gcbg)
def
= ιsingle({ (W,M,M) |M ∈ A.MR(gcbg) }, ∅)

GR◦(A, gcbg)
def
= { (M,M) |M ∈ A.GR(gcbg) ∧ `M.h : M.Σ }

ιcode(code)
def
= ιsingle({ (W,M,M) |M.code ⊇ code }, ∅)

7.2 Program Equivalence

L.Prog
def
= { p ∈ PAddr× PAddr→ List Instruction }

H.Prog
def
= { e ∈ HExp | floc(e) = ∅ }

GJ·Kρ def
= { (W,v, ∅) |W ∈World ∧ v ∈ L.Val }

GJΓ, x : τKρ def
= { (W,v, (γ, x 7→ v)) | ∃v1,v2.

(W,v, 〈〉) ∈ �(L.pair(v1,v2),H.Val×H.Mem) ∧
(W,v1, v) ∈ VJτKρ ∧ (W,v2, γ) ∈ GJΓKρ }

DJ·K def
= ∅

DJ∆, αK def
= { (ρ, α 7→ R) | ρ ∈ DJ∆K ∧R ∈ TyValRel }
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For bg ∈ PAddr, e ∈ H.Prog,

∆; Γ ` bg ≈W e : τ
def
= ∀W ′ wW. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W ′).

((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρe) ∈ EJτKρ(W ′)
where γρe ::= e[ρ(α).τ2/α][γ(x)/x] .

For p ∈ L.Prog, e ∈ H.Prog,

∆; Γ ` p ≈ e : τ
def
= ∅; ∆; Γ ` e : τ ∧
∀A, gcbg,bg. ∀k,W wW ◦k (A, gcbg). ∀(M,M) ∈M(W ).
∀M′. M′ = M ] {[bg Z⇒ p(A(gcbg).alloc,bg)]}code =⇒
∃W ′ wW. lev(W ′) = lev(W ) ∧ (M′,M) ∈M(W ′) ∧

∆; Γ ` bg ≈W ′ e : τ .

Theorem 13 (Monotonicity of GJΓKρ).

∀Γ, ρ. GJΓKρ ⊆ �GJΓKρ

Proof. By an easy structural induction on Γ.

7.3 Adequacy and Compositionality

load(A, p) ::=
let (init, alloc, gcinstrs, ) := A(105),

instrsp := p(alloc, 105 + |gcinstrs|),
loadinstrsp := [

(∗ 100 ∗) move bwk4c 102
jmp init

(∗ 102 ∗) move bwk0c 104
jmp 105 + |gcinstrs|

(∗ 104 ∗) halt

gcinstrs
instrsp

] in
{ (Φ, 100) ∈ PConf | Φ.code ⊇ [100 Z⇒ loadinstrsp] }

Theorem 14 (Adequacy). For all ∅; ∅ ` p ≈ e : τ ,

∀A ∈ AllocSpec. ∀(Φ,pc) ∈ load(A, p). ∀h ∈ HHeap.
observe(Φ,pc) = observe(h, e) 6= fail

Proof.
Let (init, alloc, gcinstrs, ) = A(105).
Let code := [100 Z⇒ loadinstrsp].
Let codegc := [105 Z⇒ gcinstrs].
Let codep := [105 + |gcinstrs| Z⇒ p(alloc, 105 + |gcinstrs|)].
Let code• := code \ codegc \ codep.
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• By definition of load, we have pc = 100 and Φ.code ⊇ code. We execute the two instructions
from the address 100 and get the following configurations.

(Φ1, init) (h, e)

such that
- Φ1 = Φ[bwk4c 7→ 102]

• By the specifications of A, after some finite number of steps of execution, we have two con-
figurations

(Φ2, 102) (M2.h, e)

with M2 and M2 such that
- M2 repr Φ2,
- Φ2.code = Φ.code,
- M2.code = codegc,
- M2 := (h, ∅)

• Let M3 := M2 ] {code•}code.
Still, M3 repr Φ2.

• Let W 3
k := W ◦k (gcbg)[1 (M3.reg|sv0...sv4 ,M

3.stk)] ++ ιcode(code•).
Then ∀k. (M3,M2) ∈M(W 3

k ).

• Now the goal is to show that both the configurations (Φ2, 102) and (M2.h, e) diverge or both
halt (in other words, both

equi-terminate without fail). For this, it suffices to show that, for any k, ((Φ2, 102), (M2.h, e)) ∈
O(W ) for some world W of level k, which means by definition that they equi-terminate up to
k steps without fail.

• For any k,
Let M4 := M3 ] {codep}code.
Still, M4 repr Φ2.
From p ≈τ e, we have W 4 such that
- W 4 wW 3

k ∧ lev(W 4) = lev(W 3
k ) = k

- (M4,M2) ∈M(W 4)
(∗) ∀W ′ wW 4. ∀v. ((105 + |gcinstrs|, bwk0c, bwk5c, {M |M.reg(sv0) = v }), e) ∈ EJτK∅(W ′).

• Now it suffices to show that ((Φ2, 102), (M2.h, e)) ∈ O(W 4).

• We execute the two instructions from the address 102 and get the two configurations

(Φ5, 105 + |gcinstrs|), (M2.h, e)

such that
- M5 := M4[wk0 7→ 104]reg,
- M5 repr Φ5.

• Still, (M5,M2) ∈M(W 4)
By Theorem 9, it suffices to show that ((Φ5, 105 + |gcinstrs|), (M2.h, e)) ∈ O(W 4).
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• By (∗), it suffices to show that ((104, bwk5c), [−]) ∈ KJτK∅(W 4), which holds vacuously as
both continuations immediately halt.

Theorem 15 (Compositionality). Lemma 11 (the compatibility for App) to be introduced in
Section 9 can be seen as compositionality.
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8 Self-Modifying Awkward Example

8.1 Definitions

e := let x = ref 0 in λf :unit→ unit. x := 1; f 〈〉; !x
p := λ alloc bg. [

bg move bwk4c bg + 3
move bwk5c 1
jmp alloc

bg + 3 move 〈wk5 + 0〉h bg + 5
jmp bwk0c

bg + 5 move bwk3c bg + 10
bg + 6 isr bwk4c bwk3c

minus bwk4c bwk4c 666
isw bwk3c bwk4c
plus bwk3c bwk3c 1

bg + 10 D(E(jneq bg + 6 bwk3c bg + 21 ) + 666)
bg + 11 D(E(isw bg + 5 E(jmp bg + 12) ) + 666)
bg + 12 D(E(move 〈wk1 + 0〉h bg + 13 ) + 666)

bg + 13 D(E(plus bspc bspc 1 ) + 666)
D(E(move 〈sp− 1〉s bwk0c ) + 666)
D(E(move bwk1c bwk2c ) + 666)
D(E(move bwk0c bg + 18 ) + 666)
D(E(jmp 〈wk1 + 0〉h ) + 666)

bg + 18 D(E(move bwk5c 1 ) + 666)
D(E(minus bspc bspc 1 ) + 666)

bg + 20 D(E(jmp 〈sp− 0〉s ) + 666)

]

8.2 Properties

Theorem 16. ∆; Γ ` p ≈ e : (unit→ unit)→ int

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W ),
- codep := [bg Z⇒ p(A(gcbg).alloc,bg)],
- M′ = M ] {codep}code.
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- plaininstrsp := [

bg move bwk4c bg + 3
move bwk5c 1
jmp alloc

bg + 3 move 〈wk5 + 0〉h bg + 5
jmp bwk0c

bg + 5 jmp bg + 12
bg + 6 isr bwk4c bwk3c

minus bwk4c bwk4c 666
isw bwk3c bwk4c
plus bwk3c bwk3c 1

bg + 10 jneq bg + 6 bwk3c bg + 21
bg + 11 isw bg + 5 E(jmp bg + 12)
bg + 12 move 〈wk1 + 0〉h bg + 13

bg + 13 plus bspc bspc 1
move 〈sp− 1〉s bwk0c
move bwk1c bwk2c
move bwk0c bg + 18
jmp 〈wk1 + 0〉h

bg + 18 move bwk5c 1
minus bspc bspc 1

bg + 20 jmp 〈sp− 0〉s
]

- plaincodep := [bg Z⇒ plaininstrsp]

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe e : (unit→ unit)→ int

• Let Sp := { enc,dec }.
Let δp := { (enc,dec) }∗.
Let ϕp := δp.
Let MRp(enc) := { (W,M,M) |M.code ⊇ codep }.
Let MRp(dec) := { (W,M,M) |M.code ⊇ plaincodep }.
Let ιpenc := (enc, Sp, δp, ϕp,MRp, λs. ∅).
Let ιpdec := (dec, Sp, δp, ϕp,MRp, λs. ∅).

• Choose W pe ::= W ++ ιpenc and let ip be the index of ιpenc in W pe.ω, i.e., W pe.ω(ip) = ιpenc.

• W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe) holds trivially.

• To show: ∀W 1 wW pe. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 1).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρe) ∈ EJ(unit→ unit)→ intKρ(W 1)
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• By definition of EJ(unit→ unit)→ intKρ(W 1) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJ(unit→ unit)→ intKρ(W 1),
- (M1,M1) ∈M(W 1),
- M1 repr Φ1,
- M1.reg(wk0) = kpc,

- M1.reg(sv0) = v.

• To show: ((Φ1,bg), (M1.h,K[e])) ∈ O(W 1)

• As W 1 includes ιpenc or ιpdec, we execute the three instructions from bg on the low side and
get the configurations

(Φ2, alloc), (M1.h,K[e])

such that
- M2 := M1[wk4 7→ bg + 3]reg[wk5 7→ 1]reg,

- M2 repr Φ2.

• By the specifications of A, after some finite number of steps of execution, we have configura-
tions

(Φ3,bg + 3), (M1.h,K[e])

such that
- M3 := M2[[T, S]][wk4 7→ w]reg[wk5 7→ l̂1 ]reg ] {[l1 7→ (w0)]}heap for some w, l1, w0,
- M3 ∈ A.GR(gcbg) ∧M3 ∈ A.MR(gcbg),
- M3 repr Φ3.

• As M3.code = M2.code, we execute the two instructions from bg + 3 on the low side and get

(Φ4, kpc), (M1.h,K[e])

such that
- M4 := M3[l1 : 0 7→ bg + 5]hp

- M4 repr Φ4.

• Now we execute the term e on the high side and get

(Φ4, kpc), (M4.h,K[v1])

such that
- M4 := (M1.h ] [`2 7→ 0], {M1.Σ, `2 : int}) for some `2,
- v1 := λf :unit→ unit. `2 := 1; f 〈〉; !`2.

• Let W 4 := W 1[+`2 : int]2 ++ ι1fst where
- S1 := { fst, sub },
- δ1 := { (fst, sub) }∗,
- ϕ1 := δ1,
- MR1(fst) := { (W,M,M) |M.hp(l1)(0) = bg + 5 ∧M.h(`2) = 0 },
- MR1(sub) := { (W,M,M) |W.ω(ip).s = dec ∧M.hp(l1)(0) = bg + 13 ∧M.h(`2) = 1 },
- ι1fst = (fst, S1, δ1, ϕ1,MR1, λs. ∅),
- ι1sub = (sub, S1, δ1, ϕ1,MR1, λs. ∅),
- It is important to note that MR1(sub) is monotone because there is no transition out of dec.
- Let i1 be the index of ι1fst in W 4.ω.
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• Then, (M4,M4) ∈M(W 4)

• By Theorem 9, it suffices to show that ((Φ4, kpc), (M4.h,K[v1])) ∈ O(W 4).

• As W 4 wpub W 1 and ((kpc, bwk5c),K) ∈ KJ(unit→ unit)→ intKρ(W 1), it suffices to show

that (l̂1, v
1) ∈ VJ(unit→ unit)→ intKρ(W 4).

• It is easy to check that (l̂1, v
1) ∈ oftype((unit→ unit)→ int, ρ)(W 4).

• Suppose
W 5 A. W 4,
(u1, u2) ∈ VJunit→ unitKρ(W 5).

• To show:
(e5, e5) ∈ EJintKρ(W 5)

where
e5 := (〈l1 : 0〉h, bwk0c, bwk5c, {M |M.reg(wk1) = l̂1 ∧M.reg(wk2) = u1 }),
e5 := (`2 := 1;u2 〈〉; !`2).

• By definition of EJintKρ(W 5) and plugc, suppose
- ((kpc5, bwk5c),K5) ∈ KJintKρ(W 5)
- (M5,M5) ∈M(W 5)
- M5 repr Φ5

- M5.reg(wk0) = kpc5

- M5.reg(wk1) = l̂1
- M5.reg(wk2) = u1

• To show:
((Φ5,M5.hp(l1)(0)), (M5.h,K5[e5])) ∈ O(W 5)

• If lev(W 5) = 0 then it holds trivially. Thus, assume that lev(W 5) > 0.

• We now prove that after taking a finite number of steps in the low side, we get the configu-
rations

(Φ6,bg + 13) (M5.h,K5[e5])

such that
- M6 := M5[bg Z⇒ plaininstrsp]code[l1 : 0 7→ bg + 13]hp

- M6 repr Φ6.

– When W 5.ω(ip).s = enc ∧W 5.ω(i1).s = fst:
As M5.code ⊇ codep and M5.hp(l1)(0) = bg + 5, it first decodes the instructions from
bg + 10 to bg + 20, write the instruction jmp bg + 12 at the address bg + 5 in the code
memory, and write (bg +13) at the physical address corresponding to the logical address
l1 : 0. Then the pc becomes (bg + 13) and M6 represents the updated physical memory.

– When W 5.ω(ip).s = enc ∧W 5.ω(i1).s = sub:
This case is not possible by definition of MR1(sub).
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– When W 5.ω(ip).s = dec ∧W 5.ω(i1).s = fst:
As M5.code ⊇ plaincodep and M5.hp(l1)(0) = bg + 5, it first jumps to bg + 12, and
write (bg + 13) at the physical address corresponding to the logical address l1 : 0. Then
the pc becomes (bg + 13) and M6 represents the updated physical memory.

– When W 5.ω(ip).s = dec ∧W 5.ω(i1).s = sub:
As M5.code ⊇ plaincodep and M5.hp(l1)(0) = bg + 13, the current pc is (bg + 13) and
M6 = M5 represents the current physical memory Φ5.

• We take one step on the high side and get the following

(Φ6,bg + 13) (M6.h,K5[u2 〈〉; !`2])

such that
- M6 := (M5.h[`2 7→ 1],M5.Σ)

• Let W 6 := W 5[ip  dec][i1  sub].
Then (M6,M6) ∈M(W 6).

• As (u1, u2) ∈ oftype(unit→ unit, ρ)(W 6) by Theorem 5 and 4, we have

- u1 = l̂′1 for some l′1
- M6.hp(l′1)(0) = w′ for some w′

- u2 = λx:unit. e′ for some e′

• We execute the configurations in both side and get the following

(Φ7, w′) (M7.h,K5[e′[〈〉/x]; !`2])

such that
- M7 := M6[++ kpc5]stk[wk1 7→ u1]reg[wk0 7→ bg + 18]
- M7 repr Φ7

- M7 := M6

• Let W 7 := .W 6[++ kpc5]1.
Then (M7,M7) ∈M(W 7).
By Theorem 9, it suffices to show that ((Φ7, w′), (M7.h,K5[e′[〈〉/x]; !`2])) ∈ O(W 7).

• If lev(W 7) = 0 then it holds trivially. Thus, assume that lev(W 7) > 0.

• As (u1, u2) ∈ VJunit→ unitKρ(W 5), W 7 A. W 5 and (M7.reg(wk2), 〈〉) ∈ VJunitKρ(W 7), we
have

((〈l′1 : 0〉h, bwk0c, bwk5c, {M |M.reg(wk1) = l̂′1∧M.reg(wk2) = M7.reg(wk2) }), e′[〈〉/x]) ∈ EJunitKρ(W 7)

• By definition of EJunitKρ, it suffices to show that

((bg + 18, bwk5c),K5[−; !`2]) ∈ KJunitKρ(W 7) .
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• Suppose
W 8 wpub W

7,
(u′1, u

′
2) ∈ VJunitKρ(W 8),

(M8,M8) ∈M(W 8),
M8.reg(wk5) = u′1,
M8 repr Φ8.

• To show:
((Φ8,bg + 18), (M8.h,K5[u′1; !`2])) ∈ O(W 8)

• As W 8 wpub W 7, we have W 8.ω(i1).s = sub, and thus M8.h(`2) = 1. We execute the
configurations and get

(Φ9, kpc5) (M9.h,K5[1])

such that
- M9 := M8[wk5 7→ 1]reg[−1]stk
- M9 repr Φ9

- M9 := M8

• Let W 9 := W 8[−1]1.
Then (M9,M9) ∈M(W 9).
By Theorem 9, it suffices to show that ((Φ9, kpc5), (M9.h,K5[1])) ∈ O(W 9).

• This holds because (1, 1) ∈ VJintKρ(W 9) and ((kpc5, bwk5c),K5) ∈ KJintKρ(W 9), which fol-
lows from ((kpc5, bwk5c),K5) ∈ KJintKρ(W 5) and W 9 wpub W

5 by Theorem 6.
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9 Compiler Correctness

9.1 Compiler Definition and Correctness

For ∅; ∆; Γ ` e : τ,

LΓ ` eM ∈ PAddr× PAddr→ List Instruction

idx(Γ, x : τ ` x)
def
= 0

idx(Γ, y : τ ` x)
def
= idx(Γ ` x) + 1 if y 6= x

The compiler LΓ ` eM for ∅; ∆; Γ ` e : τ is defined by a structural recursion on e, each component
of which is defined in the subsequent sections.

Theorem 17 (Compiler Correctness). For ∅; ∆; Γ ` e : τ ,

∆; Γ ` LΓ ` eM ≈ e : τ .

Proof. By a structural induction on e: each case by the compatibility lemmas in the subsequent
sections.

9.2 Var

LΓ ` xM ::= Pvar(idx(Γ ` x))

Pvar(n) ::= λ alloc,bg. [

bg move bwk5c bsv0c
move bwk5c 〈wk5 + 1〉h

...
(
n times

)
move bwk5c 〈wk5 + 1〉h
move bwk5c 〈wk5 + 0〉h
jmp bwk0c

]

Lemma 7 (Compatibility: Var).

∆; Γ ` Pvar(idx(Γ ` x)) ≈ x : τ

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Pvar(idx(Γ ` x))(A(gcbg).alloc,bg)]
- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe x : τ

• Let W 1 := W ++ ιcode(code) and choose W pe to be W 1.
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• W 1 wW ∧ lev(W 1) = lev(W ) ∧ (M′,M) ∈M(W 1) holds vacuously.

• To show: ∀W 2 wW 1. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 2).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρx) ∈ EJτKρ(W 2)

• By definition of EJτKρ(W 2) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJτKρ(W 2),
- (M2,M2) ∈M(W 2),
- M2 repr Φ2,
- M2.reg(wk0) = kpc,

- M2.reg(sv0) = v.

• To show: ((Φ2,bg), (M2.h,K[γ(x)])) ∈ O(W 2)

• As W 2 includes ιcode(code), we execute the instructions from bg on the low side (by induction
on idx(Γ ` x)) and get the configurations

(Φ3, kpc), (M2.h,K[γ(x)])

such that
- M3 := M2[wk5 7→ v1] for some v1 such that (v1, γ(x)) ∈ VJτKρ(W 2)
- M3 repr Φ3.

• Still, (M3,M2) ∈M(W 2).
By Theorem 9, it suffices to show that ((Φ3, kpc), (M2.h,K[γ(x)])) ∈ O(W 2).

• As((kpc, bwk5c),K) ∈ KJτKρ(W 2), it suffices to show that

(v1, γ(x)) ∈ VJτKρ(W 2)

which is one of the assumptions.

34



9.3 Pair

LΓ ` 〈e1, e2〉M ::= Ppair(LΓ ` e1M, LΓ ` e2M)

Ppair(p1, p2) ::= λ alloc,bg.
let instrs1 := p1(alloc,bg + 4), c1 := |instrs1|,

instrs2 := p2(alloc,bg + c1 + 6), c2 := |instrs2| in [

bg plus bspc bspc 2
move 〈sp− 2〉s bwk0c
move 〈sp− 1〉s 0
move bwk0c bg + c1 + 4
instrs1

bg + c1 + 4 move 〈sp− 1〉s bwk5c
move bwk0c bg + c1 + c2 + 6
instrs2

bg + c1 + c2 + 6 move bwk3c bwk5c
move bwk4c bg + c1 + c2 + 10
move bwk5c 2
jmp alloc

bg + c1 + c2 + 10 move 〈wk5 + 0〉h 〈sp− 1〉s
move 〈wk5 + 1〉h bwk3c
minus bspc bspc 2
jmp 〈sp− 0〉s

]

Lemma 8 (Compatibility: Pair).

∆; Γ ` p1 ≈ e1 : τ1 ∧∆; Γ ` p2 ≈ e2 : τ2 =⇒ ∆; Γ ` Ppair(p1, p2) ≈ 〈e1, e2〉 : τ1 × τ2

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Ppair(p1, p2)(A(gcbg).alloc,bg)]
- codep1 := [bg + 4 Z⇒ p1(A(gcbg).alloc,bg + 4)], c1 := |codep1 |
- codep2 := [bg + c1 + 6 Z⇒ p2(A(gcbg).alloc,bg + c1 + 6)], c2 := |codep2 |
- code• := code \ codep1 \ codep2

- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe 〈e1, e2〉 : τ1 × τ2

• Let M1 := M ] {code•}code.
Let W 1 := W ++ ιcode(code•).
By definition, we have (M1,M) ∈M(W 1).

• Let M2 := M1 ] {codep1}code.
From ∆; Γ ` p1 ≈ e1 : τ1, we have W 2 such that
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- W 2 wW 1 ∧ lev(W 2) = lev(W 1)
- (M2,M) ∈M(W 2)
- (∗) ∆; Γ ` bg + 4 ≈W 2 e1 : τ1

• Let M3 := M2 ] {codep2}code.
From ∆; Γ ` p2 ≈ e2 : τ2, we have W 3 such that
- W 3 wW 2 ∧ lev(W 3) = lev(W 2)
- (M3,M) ∈M(W 3)
- (∗∗) ∆; Γ ` bg + c1 + 6 ≈W 3 e2 : τ2

• We now choose W pe to be W 3 and show the required properties.

• W 3 wW ∧ lev(W 3) = lev(W ) ∧ (M′,M) ∈M(W 3) holds vacuously.

• To show: ∀W 4 wW 3. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 4).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(〈e1, e2〉)) ∈ EJτ1 × τ2Kρ(W 4)

• By definition of EJτ1 × τ2Kρ(W 4) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJτ1 × τ2Kρ(W 4),
- (M4,M4) ∈M(W 4),
- M4 repr Φ4,
- M4.reg(wk0) = kpc,

- M4.reg(sv0) = v.

• To show: ((Φ4,bg), (M4.h,K[γρ(〈e1, e2〉)])) ∈ O(W 4)

• As W 4 includes ιcode(code•), we execute the four instructions from bg on the low side and
get the configurations

(Φ5,bg + 4), (M4.h,K[〈(γρe1), (γρe2)〉])

such that
- M5 := M4[++ kpc, 0]stk[wk0 7→ bg + c1 + 4]reg,

- M5 repr Φ5.

• Let W 5 := W 4[++ kpc, 0]1.

Then (M5,M4) ∈M(W 5).
By Theorem 9, it suffices to show that ((Φ5,bg + 4), (M4.h,K[〈(γρe1), (γρe2)〉])) ∈ O(W 5).

• By (∗), it suffices to show that ((bg + c1 + 4, bwk5c),K[〈(−), (γρe2)〉]) ∈ KJτ1Kρ(W 5).

• Suppose
W 6 wpub W

5,
(v1, v2) ∈ VJτ1Kρ(W 6),
(M6,M6) ∈M(W 6),
M6.reg(wk5) = v1,
M6 repr Φ6.

• To show: ((Φ6,bg + c1 + 4), (M6.h,K[〈v2, (γρe2)〉])) ∈ O(W 6)

36



• As W 6 includes ιcode(code•), we execute the two instructions from bg + c1 + 4 on the low side
and get the configurations

(Φ7,bg + c1 + 6), (M6.h,K[〈v2, (γρe2)〉])

such that
- M7 := M6[|M7.stk| − 1 7→ v1]stk[wk0 7→ bg + c1 + c2 + 6]reg,

- M7 repr Φ7.

• Let W 7 := W 6[|M7.stk| − 1 7→ v1]1.
Then (M7,M6) ∈M(W 7) .
By Theorem 9, it suffices to show that ((Φ7,bg + c1 + 6), (M6.h,K[〈v2, (γρe2)〉])) ∈ O(W 7).

• By (∗∗), it suffices to show that ((bg + c1 + c2 + 6, bwk5c),K[〈v2, (−)〉]) ∈ KJτ2Kρ(W 7).

• Suppose
W 8 wpub W

7,
(v3, v4) ∈ VJτ2Kρ(W 8),
(M8,M8) ∈M(W 8),
M8.reg(wk5) = v3,
M8 repr Φ8.

• To show: ((Φ8,bg + c1 + c2 + 6), (M8.h,K[〈v2, v4〉])) ∈ O(W 8)

• As W 8 includes ιcode(code•), we execute the four instructions from bg + c1 + c2 + 6 on the
low side and get the following configurations

(Φ9, alloc) (M8.h,K[〈v2, v4〉])

such that
- M9 := M8[wk3 7→ v3]reg[wk4 7→ bg + c1 + c2 + 10]reg[wk5 7→ 2]reg,

- M9 repr Φ9.

• By the specifications of A, after some finite number of steps of execution, we have configura-
tions

(Φ10,bg + c1 + c2 + 10), (M8.h,K[〈v2, v4〉])

such that
- M10 := M9[[T, S]][wk4 7→ w]reg[wk5 7→ l̂1 ]reg ] {[l1 7→ (w0, w1)]}heap for some w, l1, w0, w1,

- M10 ∈ A.GR(gcbg) ∧M10 ∈ A.MR(gcbg),
- M10 repr Φ10.

• We execute the four instructions from bg + c1 + c2 + 10 on the low side and get the following
configurations

(Φ11, kpc) (M8.h,K[〈v2, v4〉])

such that
- M11 := M10[l1 : 0 7→ v1]hp[l1 : 1 7→ v3]hp[−2]stk,
- M11 repr Φ11.
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• Let W 11 := W 8[−2]1 ++ ιl1 .
Let ιl1 := ιsingle({ (W,M,M) |M.hp(l1)(0) = v1 ∧M.hp(l1)(1) = v3 }, ∅).
Then (Φ11,M8) ∈M(W 11).

• By Theorem 9, it suffices to show that ((Φ11, kpc), (M8.h,K[〈v2, v4〉])) ∈ O(W 11).

• As W 11 wpub W
4 and ((kpc, bwk5c),K) ∈ KJτ1 × τ2Kρ(W 4), it suffices to show that

(l̂1, 〈v2, v4〉) ∈ VJτ1 × τ2Kρ(W 11)

• It is easy to check that (l̂1, 〈v2, v4〉) ∈ oftype(τ1 × τ2, ρ)(W 11).

• As W 11 includes ιl1 , by definition of VJτ1 × τ2Kρ(W 11), it just remains to show that

(v1, v2) ∈ .VJτ1Kρ(W 11) ∧ (v3, v4) ∈ .VJτ2Kρ(W 11)

which follows from (v1, v2) ∈ VJτ1Kρ(W 6) and (v3, v4) ∈ VJτ2Kρ(W 8) by Theorem 5.

9.4 Fst

LΓ ` e.1M ::= Pfst(LΓ ` eM)

Pfst(p) ::= λ alloc,bg.
let code := p(alloc,bg + 3), c := |code| in [

bg plus bspc bspc 1
move 〈sp− 1〉s bwk0c
move bwk0c bg + c+ 3
code

bg + c+ 3 move bwk5c 〈wk5 + 0〉h
minus bspc bspc 1
jmp 〈sp− 0〉s

]

Lemma 9 (Compatibility: Fst).

∆; Γ ` p ≈ e : τ1 × τ2 =⇒ ∆; Γ ` Pfst(p) ≈ e.1 : τ1

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Pfst(p)(A(gcbg).alloc,bg)]
- codep := [bg + 3 Z⇒ p(A(gcbg).alloc,bg + 3)], c := |codep|
- code• := code \ codep

- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe e.1 : τ1
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• Let M1 := M ] {code•}code.
Let W 1 := W ++ ιcode(code•).
By definition, we have (M1,M) ∈M(W 1).

• Let M2 := M1 ] {codep}code.
From ∆; Γ ` p ≈ e : τ1 × τ2, we have W 2 such that
- W 2 wW 1 ∧ lev(W 2) = lev(W 1)
- (M2,M) ∈M(W 2)
- (∗) ∆; Γ ` bg + 3 ≈W 2 e : τ1 × τ2

• We now choose W pe to be W 2 and show the required properties.

• W 2 wW ∧ lev(W 2) = lev(W ) ∧ (M′,M) ∈M(W 2) holds vacuously.

• To show: ∀W 3 wW 2. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 3).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(e.1)) ∈ EJτ1Kρ(W 3)

• By definition of EJτ1Kρ(W 3) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJτ1Kρ(W 3),
- (M3,M3) ∈M(W 3),
- M3 repr Φ3,
- M3.reg(wk0) = kpc,

- M3.reg(sv0) = v.

• To show: ((Φ3,bg), (M3.h,K[γρ(e.1)])) ∈ O(W 3)

• As W 3 includes ιcode(code•), we execute the three instructions from bg on the low side and
get the configurations

(Φ4,bg + 3), (M3.h,K[γρe.1])

such that
- M4 := M3[++ kpc]stk[wk0 7→ bg + c+ 3]reg,

- M4 repr Φ4.

• Let W 4 := W 3[++ kpc]1.

Then (M4,M3) ∈M(W 4).
By Theorem 9, it suffices to show that ((Φ4,bg + 3), (M3.h,K[γρe.1])) ∈ O(W 4).

• By (∗), it suffices to show that ((bg + c+ 3, bwk5c),K[−.1]) ∈ KJτ1 × τ2Kρ(W 4).

• Suppose
W 5 wpub W

4,
(v1, v2) ∈ VJτ1 × τ2Kρ(W 5),
(M5,M5) ∈M(W 5),
M5.reg(wk5) = v1,
M5 repr Φ5.

• To show: ((Φ5,bg + c+ 3), (M5.h,K[v2.1])) ∈ O(W 5)

• If lev(W 5) = 0 then it trivially holds.
Assume that lev(W 5) > 0.
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• As (v1, v2) ∈ VJτ1 × τ2Kρ(W 5)

- v1 = l̂1, M5.hp(l1)(0) = u1, M5.hp(l1)(1) = u2 for some l1,u1,u2

- v2 = 〈u1, u2〉 for some u1, u2

- (u1, u1) ∈ .VJτ1Kρ(W 5)
- (u2, u2) ∈ .VJτ2Kρ(W 5)

• As W 5 includes ιcode(code•), we execute the three instructions from bg + c + 3 on the low
side, take one step on the high side, and get the configurations

(Φ6, kpc), (M6.h,K[u1])

such that
- M6 := M5[wk5 7→ u1]reg[−1]stk,
- M6 repr Φ6,
- M6 := M5.

• Let W 6 := .W 5[−1]1.
Then (M6,M6) ∈M(W 6).

• By Theorem 9, it suffices to show that ((Φ6, kpc), (M6.h,K[u1])) ∈ O(W 6).

• As W 6 wpub W
3 and ((kpc, bwk5c),K) ∈ KJτ1Kρ(W 3), it suffices to show that

(u1, u1) ∈ VJτ1Kρ(W 6)

which follows from (u1, u1) ∈ .VJτ1Kρ(W 5) by monotonicity of VJτ1Kρ.

9.5 Snd

Similarly for Fst.
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9.6 Abs

LΓ ` λx:τ. eM ::= Pabs(LΓ, x : τ ` eM)

Pabs(p) ::= λ alloc,bg.
let code := p(alloc,bg + 16), c := |code| in [

bg move bwk4c bg + 3
move bwk5c 2
jmp alloc

bg + 3 move 〈wk5 + 0〉h bg + 6
move 〈wk5 + 1〉h bsv0c
jmp bwk0c

bg + 6 plus bspc bspc 2
move 〈sp− 2〉s bwk0c
move 〈sp− 1〉s bsv0c
move bwk4c bg + 12
move bwk5c 2
jmp alloc

bg + 12 move 〈wk5 + 0〉h bwk2c
move 〈wk5 + 1〉h 〈wk1 + 1〉h
move bsv0c bwk5c
move bwk0c bg + c+ 16
code

bg + c+ 16 move bsv0c 〈sp− 1〉s
minus bspc bspc 2
jmp 〈sp− 0〉s

]

Lemma 10 (Compatibility: Abs).

∆; Γ, x : τ ′ ` p ≈ e : τ =⇒ ∆; Γ ` Pabs(p) ≈ λx:τ ′. e : τ ′ → τ

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Pabs(p)(A(gcbg).alloc,bg)]
- codep := [bg + 16 Z⇒ p(A(gcbg).alloc,bg + 16)], c := |codep|
- code• := code \ codep

- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe λx:τ ′. e : τ ′ → τ

• Let M1 := M ] {code•}code.
Let W 1 := W ++ ιcode(code•).
By definition, we have (M1,M) ∈M(W 1).
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• Let M2 := M1 ] {codep}code.
From ∆; Γ, x : τ ′ ` p ≈ e : τ , we have W 2 such that
- W 2 wW 1 ∧ lev(W 2) = lev(W 1)
- (M2,M) ∈M(W 2)
- (∗) ∆; Γ, x : τ ′ ` bg + 16 ≈W 2 e : τ

• We now choose W pe to be W 2 and show the required properties.

• W 2 wW ∧ lev(W 2) = lev(W ) ∧ (M′,M) ∈M(W 2) holds vacuously.

• To show: ∀W 3 wW 2. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 3).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(λx:τ ′. e)) ∈ EJτ ′ → τKρ(W 3)

• By definition of EJτ ′ → τKρ(W 3) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJτ ′ → τKρ(W 3),
- (M3,M3) ∈M(W 3),
- M3 repr Φ3,
- M3.reg(wk0) = kpc,

- M3.reg(sv0) = v.

• To show: ((Φ3,bg), (M3.h,K[γρ(λx:τ ′. e)])) ∈ O(W 3)

• As W 3 includes ιcode(code•), we execute the three instructions from bg on the low side and
get the configurations

(Φ4, alloc), (M3.h,K[γρ(λx:τ ′. e)])

such that
- M4 := M3[wk4 7→ bg + 3]reg[wk5 7→ 2]reg,

- M4 repr Φ4.

• By the specifications of A, after some finite number of steps of execution, we have configura-
tions

(Φ5,bg + 3), (M3.h,K[γρ(λx:τ ′. e)])

such that
- M5 := M4[[T, S]][wk4 7→ w]reg[wk5 7→ l̂1 ]reg ] {[l1 7→ (w0, w1)]}heap for some w, l1, w0, w1,
- M5 ∈ A.GR(gcbg) ∧M5 ∈ A.MR(gcbg),
- M5 repr Φ5.

• As M5.code = M4.code, we execute the three instructions from bg + 3 on the low side and
get

(Φ6, kpc), (M3.h,K[γρ(λx:τ ′. e)])

such that
- M6 := M5[l1 : 0 7→ bg + 6]hp[l1 : 1 7→ v]hp

- M6 repr Φ6.

• Let W 6 := W 3 ++ ιl1 .
Let ιl1 := ιsingle(MRl1 , ∅).
Let MRl1 := { (W,M,M) |M.hp(l1)(0) = bg + 6 ∧M.hp(l1)(1) = v }.
Then (Φ6,M3) ∈M(W 6).
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• By Theorem 9, it suffices to show that ((Φ6, kpc), (M3.h,K[γρ(λx:τ ′. e)])) ∈ O(W 6).

• As W 6 wpub W
3 and ((kpc, bwk5c),K) ∈ KJτ ′ → τKρ(W 3), it suffices to show that

(l̂1, λx:ρ.2(τ ′). γρe) ∈ VJτ ′ → τKρ(W 6)

• It is easy to check that (l̂1, λx:ρ.2(τ ′). γρe) ∈ oftype(τ ′ → τ, ρ)(W 6).

• Suppose
W 7 A. W 6,
(u1, u2) ∈ VJτ ′Kρ(W 7).

• To show:
(e7, (γρe)[u2/x]) ∈ EJτKρ(W 7)

where
e7 = (〈l1 : 0〉h, bwk0c, bwk5c, {M |M.reg(wk1) = l̂1 ∧M.reg(wk2) = u1 })

• By definition of EJτKρ(W 7) and plugc, suppose
- ((kpc7, bwk5c),K7) ∈ KJτKρ(W 7)
- (M7,M7) ∈M(W 7)
- M7 repr Φ7

- M7.reg(wk0) = kpc7

- M7.reg(wk1) = l̂1
- M7.reg(wk2) = u1

• As W 7 includes ιl1 , we have M7.hp(l1)(0) = bg + 6

• To show:
((Φ7,bg + 6), (M7.h,K7[(γ, x 7→ u2)ρe])) ∈ O(W 7)

• As W 7 includes ιcode(code•), we execute the six instructions from bg + 6 on the low side and
get the following configurations

(Φ8, alloc) (M7.h,K7[(γ, x 7→ u2)ρe])

such that
- v′ := M7.reg(sv0)
- M8 := M7[++ kpc7,v′]stk[wk4 7→ bg + 12]reg[wk5 7→ 2]reg,

- M8 repr Φ8.

• By the specifications of A, after some finite number of steps of execution, we have configura-
tions

(Φ9,bg + 12), (M7.h,K7[(γ, x 7→ u2)ρe])

such that
- M9 := M8[[T, S]][wk4 7→ w]reg[wk5 7→ l̂2 ]reg ] {[l2 7→ (w0, w1)]}heap for some w, l2, w0, w1,

- M9 ∈ A.GR(gcbg) ∧M9 ∈ A.MR(gcbg),
- M9 repr Φ9.
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• As W 7 includes ιl1 , we have M9.hp(l1)(1) = M7.hp(l1)(1) = v.

• We execute the four instructions from bg + 12 on the low side and get the following configu-
rations

(Φ10,bg + 16) (M7.h,K7[(γ, x 7→ u2)ρe])

such that
- M10 := M9[l2 : 0 7→ u1]hp[l2 : 1 7→ v]hp[sv0 7→ l̂2]reg[wk0 7→ bg + c+ 16]reg,

- M10 repr Φ10.

• Let W 10 := W 7[++ kpc7,v′]1[sv0 7→ l̂2]1 ++ ιl2 .

Let ιl2 := ιsingle(MRl2 , ∅).
Let MRl2 := { (W,M,M) |M.hp(l2)(0) = u1 ∧M.hp(l2)(1) = v }.
Then (Φ10,M7) ∈M(W 10).

• By Theorem 9, it suffices to show that ((Φ10,bg + 16), (M7.h,K7[(γ, x 7→ u2)ρe])) ∈ O(W 10).

• It is easy to check that (W 10, l̂2, (γ, x 7→ u2)) ∈ GJΓ, x : τ ′Kρ.

• Thus, by (∗), it suffices to show that

((bg + c+ 16, bwk5c),K7[−]) ∈ KJτKρ(W 10)

• Suppose
W 11 wpub W

10,
(v1, v2) ∈ VJτKρ(W 11),
(M11,M11) ∈M(W 11),
M11.reg(wk5) = v1,
M11 repr Φ11.

• To show: ((Φ11,bg + c+ 16), (M11.h,K7[v2])) ∈ O(W 11)

• As W 11 includes ιcode(code•), we execute the three instructions from bg + c+ 16 on the low
side and get the configurations

(Φ12, kpc7), (M11.h,K7[v2])

such that
- M12 := M11[sv0 7→ v′]reg[−2]stk,
- M12 repr Φ12.

• Let W 12 := W 11[sv0 7→ v′]1[−2]1.
Then, (M12,M11) ∈M(W 12).

• By Theorem 9, it suffices to show that ((Φ12, kpc7), (M11.h,K7[v2])) ∈ O(W 12).

• As W 12 wpub W
7 and ((kpc7, bwk5c),K7) ∈ KJτKρ(W 7), it suffices to show that

(v1, v2) ∈ VJτKρ(W 12)

which follows from (v1, v2) ∈ VJτKρ(W 11) by monotonicity of VJτKρ.
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9.7 App

LΓ ` e1 e2M ::= Papp(LΓ ` e1M, LΓ ` e2M)

Papp(p1, p2) ::= λ alloc,bg.
let instrs1 := p1(alloc,bg + 4), c1 := |instrs1|,

instrs2 := p2(alloc,bg + c1 + 6), c2 := |instrs2|
in [

bg plus bspc bspc 2
move 〈sp− 2〉s bwk0c
move 〈sp− 1〉s 0
move bwk0c bg + c1 + 4
instrs1

bg + c1 + 4 move 〈sp− 1〉s bwk5c
move bwk0c bg + c1 + c2 + 6
instrs2

bg + c1 + c2 + 6 move bwk0c 〈sp− 2〉s
move bwk1c 〈sp− 1〉s
move bwk2c bwk5c
minus bspc bspc 2
jmp 〈wk1 + 0〉h

]

Lemma 11 (Compatibility: App).

∆; Γ ` p1 ≈ e1 : τ ′ → τ ∧∆; Γ ` p2 ≈ e2 : τ ′ =⇒ ∆; Γ ` Papp(p1, p2) ≈ e1 e2 : τ

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Papp(p1, p2)(A(gcbg).alloc,bg)]
- codep1 := [bg + 4 Z⇒ p1(A(gcbg).alloc,bg + 4)], c1 := |codep1 |
- codep2 := [bg + c1 + 6 Z⇒ p2(A(gcbg).alloc,bg + c1 + 6)], c2 := |codep2 |
- code• := code \ codep1 \ codep2

- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe e1 e2 : τ

• Let M1 := M ] {code•}code.
Let W 1 := W ++ ιcode(code•).
By definition, we have (M1,M) ∈M(W 1).

• Let M2 := M1 ] {codep1}code.
From ∆; Γ ` p1 ≈ e1 : τ ′ → τ , we have W 2 such that
- W 2 wW 1 ∧ lev(W 2) = lev(W 1)
- (M2,M) ∈M(W 2)
- (∗) ∆; Γ ` bg + 4 ≈W 2 e1 : τ ′ → τ
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• Let M3 := M2 ] {codep2}code.
From ∆; Γ ` p2 ≈ e2 : τ ′, we have W 3 such that
- W 3 wW 2 ∧ lev(W 3) = lev(W 2)
- (M3,M) ∈M(W 3)
- (∗∗) ∆; Γ ` bg + c1 + 6 ≈W 3 e2 : τ ′

• We now choose W pe to be W 3 and show the required properties.

• W 3 wW ∧ lev(W 3) = lev(W ) ∧ (M′,M) ∈M(W 3) holds vacuously.

• To show: ∀W 4 wW 3. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 4).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(e1 e2)) ∈ EJτKρ(W 4)

• By definition of EJτKρ(W 4) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJτKρ(W 4),
- (M4,M4) ∈M(W 4),
- M4 repr Φ4,
- M4.reg(wk0) = kpc,

- M4.reg(sv0) = v.

• To show: ((Φ4,bg), (M4.h,K[γρ(e1 e2)])) ∈ O(W 4)

• As W 4 includes ιcode(code•), we execute the four instructions from bg on the low side and
get the configurations

(Φ5,bg + 4), (M4.h,K[(γρe1) (γρe2)])

such that
- M5 := M4[++ kpc, 0]stk[wk0 7→ bg + c1 + 4]reg,

- M5 repr Φ5.

• Let W 5 := W 4[++ kpc, 0]1.

Then (M5,M4) ∈M(W 5).
By Theorem 9, it suffices to show that ((Φ5,bg + 4), (M4.h,K[(γρe1) (γρe2)])) ∈ O(W 5).

• By (∗), it suffices to show that ((bg + c1 + 4, bwk5c),K[(−) (γρe2)]) ∈ KJτ ′ → τKρ(W 5).

• Suppose
W 6 wpub W

5,
(v1, v2) ∈ VJτ ′ → τKρ(W 6),
(M6,M6) ∈M(W 6),
M6.reg(wk5) = v1,
M6 repr Φ6.

• To show: ((Φ6,bg + c1 + 4), (M6.h,K[v2 (γρe2)])) ∈ O(W 6)

• As W 6 includes ιcode(code•), we execute the two instructions from bg + c1 + 4 on the low side
and get the configurations

(Φ7,bg + c1 + 6), (M6.h,K[v2 (γρe2)])
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such that
- M7 := M6[|M7.stk| − 1 7→ v1]stk[wk0 7→ bg + c1 + c2 + 6]reg,

- M7 repr Φ7.

• Let W 7 := W 6[|M7.stk| − 1 7→ v1]1.
Then (M7,M6) ∈M(W 7) .
By Theorem 9, it suffices to show that ((Φ7,bg + c1 + 6), (M6.h,K[v2 (γρe2)])) ∈ O(W 7).

• By (∗∗), it suffices to show that ((bg + c1 + c2 + 6, bwk5c),K[v2 (−)]) ∈ KJτ ′Kρ(W 7).

• Suppose
W 8 wpub W

7,
(v3, v4) ∈ VJτ ′Kρ(W 8),
(M8,M8) ∈M(W 8),
M8.reg(wk5) = v3,
M8 repr Φ8.

• To show: ((Φ8,bg + c1 + c2 + 6), (M8.h,K[v2 v4])) ∈ O(W 8)

• As (v1, v2) ∈ oftype(τ ′ → τ, ρ)(W 8) by Theorems 5 and 4, we have

- v1 = l̂1,
- M8.hp(l1)(0) = w for some w,
- v2 = λx:τ ′. e2 for some e2.

• As W 8 includes ιcode(code•), we execute the five instructions from bg + c1 + c2 + 6 in the low
side, take one step in the high side and get the two configurations

(Φ9, w), (M8,K[e2[v4/x]])

such that
- M9 := M8[wk0 7→ kpc]reg[wk1 7→ l̂1]reg[wk2 7→ v3]reg[−2]stk,

- M9 repr Φ9.

• Let W 9 := .W 8[−2]1.
Then (M9,M8) ∈M(W 9)
By Theorem 9, it suffices to show that ((Φ9, w), (M8,K[e2[v4/x]])) ∈ O(W 9).

• We have
- W 9 A. W 6 by Lemma 2,
- (v3, v4) ∈ VJτ ′Kρ(W 9) by Theorem 5.

Thus from (l̂1, λx:τ ′. e2) ∈ VJτ ′ → τKρ(W 6), we have

- ((〈l1 : 0〉h, bwk0c, bwk5c, {M |M.reg(wk1) = l̂1∧M.reg(wk2) = v3}), e2[v4/x]) ∈ EJτKρ(W 9).

• By definition of EJτKρ(W 9), it suffices to show that ((kpc, bwk5c),K) ∈ KJτKρ(W 9), which
follows from the fact that ((kpc, bwk5c),K) ∈ KJτKρ(W 4) and W 9 wpub W

4 by Theorem 6.

47



9.8 Gen

LΓ ` Λα.eM ::= Pgen(LΓ ` eM)

Pgen(p) := λ alloc,bg.
let code := p(alloc,bg + 11), c := |code| in [

bg move bwk4c bg + 3
move bwk5c 2
jmp alloc

bg + 3 move 〈wk5 + 0〉h bg + 6
move 〈wk5 + 1〉h bsv0c
jmp bwk0c

bg + 6 plus bspc bspc 2
move 〈sp− 2〉s bwk0c
move 〈sp− 1〉s bsv0c
move bsv0c 〈wk1 + 1〉h
move bwk0c bg + c+ 11
code

bg + c+ 11 move bsv0c 〈sp− 1〉s
minus bspc bspc 2
jmp 〈sp− 0〉s

]

Lemma 12 (Compatibility: Gen).

∆, α; Γ ` p ≈ e : τ =⇒ ∆; Γ ` Pgen(p) ≈ Λα.e : ∀α. τ

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Pgen(p)(A(gcbg).alloc,bg)]
- codep := [bg + 11 Z⇒ p(A(gcbg).alloc,bg + 11)], c := |codep|
- code• := code \ codep

- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe Λα.e : ∀α. τ

• Let M1 := M ] {code•}code.
Let W 1 := W ++ ιcode(code•).
By definition, we have (M1,M) ∈M(W 1).

• Let M2 := M1 ] {codep}code.
From ∆, α; Γ ` p ≈ e : τ , we have W 2 such that
- W 2 wW 1 ∧ lev(W 2) = lev(W 1)
- (M2,M) ∈M(W 2)
- (∗) ∆, α; Γ ` bg + 11 ≈W 2 e : τ
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• We now choose W pe to be W 2 and show the required properties.

• W 2 wW ∧ lev(W 2) = lev(W ) ∧ (M′,M) ∈M(W 2) holds vacuously.

• To show: ∀W 3 wW 2. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 3).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(Λα.e)) ∈ EJ∀α. τKρ(W 3)

• By definition of EJ∀α. τKρ(W 3) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJ∀α. τKρ(W 3),
- (M3,M3) ∈M(W 3),
- M3 repr Φ3,
- M3.reg(wk0) = kpc,

- M3.reg(sv0) = v.

• To show: ((Φ3,bg), (M3.h,K[γρ(Λα.e)])) ∈ O(W 3)

• As W 3 includes ιcode(code•), we execute the three instructions from bg on the low side and
get the configurations

(Φ4, alloc), (M3.h,K[γρ(Λα.e)])

such that
- M4 := M3[wk4 7→ bg + 3]reg[wk5 7→ 2]reg,

- M4 repr Φ4.

• By the specifications of A, after some finite number of steps of execution, we have configura-
tions

(Φ5,bg + 3), (M3.h,K[γρ(Λα.e)])

such that
- M5 := M4[[T, S]][wk4 7→ w]reg[wk5 7→ l̂1 ]reg ] {[l1 7→ (w0, w1)]}heap for some w, l1, w0, w1,
- M5 ∈ A.GR(gcbg) ∧M5 ∈ A.MR(gcbg),
- M5 repr Φ5.

• As M5.code = M4.code, we execute the three instructions from bg + 3 on the low side and
get

(Φ6, kpc), (M3.h,K[γρ(Λα.e)])

such that
- M6 := M5[l1 : 0 7→ bg + 6]hp[l1 : 1 7→ v]hp

- M6 repr Φ6.

• Let W 6 := W 3 ++ ιl1 .
Let ιl1 := ιsingle(MRl1 , ∅).
Let MRl1 := { (W,M,M) |M.hp(l1)(0) = bg + 6 ∧M.hp(l1)(1) = v }.
Then (Φ6,M3) ∈M(W 6).

• By Theorem 9, it suffices to show that ((Φ6, kpc), (M3.h,K[γρ(Λα.e)])) ∈ O(W 6).

• As W 6 wpub W
3 and ((kpc, bwk5c),K) ∈ KJ∀α. τKρ(W 3), it suffices to show that

(l̂1,Λα.γρe) ∈ VJ∀α. τKρ(W 6)
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• It is easy to check that (l̂1,Λα.γρe) ∈ oftype(∀α. τ, ρ)(W 6).

• Suppose
W 7 A. W 6,
(τ ′1, τ

′
2, R) ∈ TyValRel.

• To show:
(e7, (γρe)[τ ′2/α]) ∈ EJτKρ(W 7)

where
e7 = (〈l1 : 0〉h, bwk0c, bwk5c, {M |M.reg(wk1) = l̂1 }

• By definition of EJτKρ(W 7) and plugc, suppose
- ((kpc7, bwk5c),K7) ∈ KJτKρ(W 7)
- (M7,M7) ∈M(W 7)
- M7 repr Φ7

- M7.reg(wk0) = kpc7

- M7.reg(wk1) = l̂1

• As W 7 includes ιl1 , we have M7.hp(l1)(0) = bg + 6

• To show:
((Φ7,bg + 6), (M7.h,K7[γ(ρ, α 7→ (τ ′1, τ

′
2, R))e])) ∈ O(W 7)

• As W 7 includes ιl1 , we have M7.hp(l1)(1) = v.

• As W 7 includes ιcode(code•), we execute the five instructions from bg + 6 on the low side and
get the following configurations

(Φ8, alloc) (M7.h,K7[γ(ρ, α 7→ (τ ′1, τ
′
2, R))e])

such that
- v′ := M7.reg(sv0)
- M8 := M7[++ kpc7,v′]stk[sv0 7→ v]reg[wk0 7→ bg + c+ 11]reg,

- M8 repr Φ8.

• Let W 8 := W 7[++ kpc7,v′]1[sv0 7→ v]1.

Then (Φ8,M7) ∈M(W 8).

• By Theorem 9, it suffices to show that

((Φ8,bg + 16), (M7.h,K7[γ(ρ, α 7→ (τ ′1, τ
′
2, R))e])) ∈ O(W 8)

• As (v, γ) ∈ GJΓKρ(W 3), we have (v, γ) ∈ GJΓKρ(W 8) by Theorem 13. Also, as α 6∈ dom(ρ),
we have (v, γ) ∈ GJΓK(ρ, α 7→ (τ ′1, τ

′
2, R))(W 8) .

• Thus, by (∗), it suffices to show that

((bg + c+ 11, bwk5c),K7[−]) ∈ KJτKρ(W 8)

50



• Suppose
W 9 wpub W

8,
(v1, v2) ∈ VJτKρ(W 9),
(M9,M9) ∈M(W 9),
M9.reg(wk5) = v1,
M9 repr Φ9.

• To show: ((Φ9,bg + c+ 11), (M9.h,K7[v2])) ∈ O(W 9)

• As W 9 includes ιcode(code•), we execute the three instructions from bg + c + 11 on the low
side and get the configurations

(Φ10, kpc7), (M9.h,K7[v2])

such that
- M10 := M9[sv0 7→ v′]reg[−2]stk,
- M10 repr Φ10.

• Let W 10 := W 9[sv0 7→ v′]1[−2]1.
Then, (M10,M9) ∈M(W 10).

• By Theorem 9, it suffices to show that ((Φ10, kpc7), (M9.h,K7[v2])) ∈ O(W 10).

• As W 10 wpub W
7 and ((kpc7, bwk5c),K7) ∈ KJτKρ(W 7), it suffices to show that

(v1, v2) ∈ VJτKρ(W 10)

which follows from (v1, v2) ∈ VJτKρ(W 9) by monotonicity of VJτKρ.

9.9 Inst

LΓ ` e τM ::= Pinst(LΓ ` eM)

Pinst(p) ::= λ alloc,bg.
let code := p(alloc,bg + 3), c := |code| in [

bg plus bspc bspc 1
move 〈sp− 1〉s bwk0c
move bwk0c bg + c+ 3
code

bg + c+ 3 move bwk0c 〈sp− 1〉s
move bwk1c bwk5c
minus bspc bspc 1
jmp 〈wk1 + 0〉h

]

Lemma 13 (Compatibility: Inst).

∆; Γ ` p ≈ e : ∀α. τ =⇒ ∆; Γ ` Pinst(p) ≈ e τ ′ : τ [τ ′/α]
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Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Pinst(p)(A(gcbg).alloc,bg)]
- codep := [bg + 3 Z⇒ p(A(gcbg).alloc,bg + 3)], c := |codep|
- code• := code \ codep

- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe e τ ′ : τ [τ ′/α]

• Let M1 := M ] {code•}code.
Let W 1 := W ++ ιcode(code•).
By definition, we have (M1,M) ∈M(W 1).

• Let M2 := M1 ] {codep}code.
From ∆; Γ ` p ≈ e : ∀α. τ , we have W 2 such that
- W 2 wW 1 ∧ lev(W 2) = lev(W 1)
- (M2,M) ∈M(W 2)
- (∗) ∆; Γ ` bg + 3 ≈W 2 e : ∀α. τ

• We now choose W pe to be W 2 and show the required properties.

• W 2 wW ∧ lev(W 2) = lev(W ) ∧ (M′,M) ∈M(W 2) holds vacuously.

• To show: ∀W 3 wW 2. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 3).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(e τ ′)) ∈ EJτ [τ ′/α]Kρ(W 3)

• By definition of EJτ [τ ′/α]Kρ(W 3) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJτ [τ ′/α]Kρ(W 3),
- (M3,M3) ∈M(W 3),
- M3 repr Φ3,
- M3.reg(wk0) = kpc,

- M3.reg(sv0) = v.

• To show: ((Φ3,bg), (M3.h,K[γρ(e τ ′)])) ∈ O(W 3)

• As W 3 includes ιcode(code•), we execute the three instructions from bg on the low side and
get the configurations

(Φ4,bg + 3), (M3.h,K[(γρe) (ρ.2(τ ′))])

such that
- M4 := M3[++ kpc]stk[wk0 7→ bg + c+ 3]reg,

- M4 repr Φ4.

• Let W 4 := W 3[++ kpc]1.

Then (M4,M3) ∈M(W 4).
By Theorem 9, it suffices to show that ((Φ4,bg + 3), (M3.h,K[(γρe) (ρ.2(τ ′))])) ∈ O(W 4).
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• By (∗), it suffices to show that ((bg + c+ 3, bwk5c),K[− (ρ.2(τ ′))]) ∈ KJ∀α. τKρ(W 4).

• Suppose
W 5 wpub W

4,
(v1, v2) ∈ VJ∀α. τKρ(W 5),
(M5,M5) ∈M(W 5),
M5.reg(wk5) = v1,
M5 repr Φ5.

• To show: ((Φ5,bg + c+ 3), (M5.h,K[v2 (ρ.2(τ ′))])) ∈ O(W 5)

• If lev(W 5) = 0 then it trivially holds.
Assume that lev(W 5) > 0.

• As (v1, v2) ∈ oftype(∀α. τ, ρ)(W 5) by Theorems 5 and 4, we have

- v1 = l̂1,
- M5.hp(l1)(0) = w for some w,
- v2 = Λα.e2 for some e2.

• As W 5 includes ιcode(code•), we execute the four instructions from bg + c+ 3 in the low side,
take one step in the high side and get the two configurations

(Φ6, w), (M5,K[e2[ρ.2(τ ′)/α]])

such that
- M6 := M5[wk0 7→ kpc]reg[wk1 7→ l̂1]reg[−1]stk,

- M6 repr Φ6.

• Let W 6 := .W 5[−1]1.
Then (M6,M5) ∈M(W 6)
By Theorem 9, it suffices to show that ((Φ6, w), (M5,K[e2[ρ.2(τ ′)/α]])) ∈ O(W 6).

• We have
- W 6 A. W 5 by Lemma 2,
- (ρ.1(τ ′), ρ.2(τ ′),VJτ ′Kρ) ∈WVRel.

Thus from (l̂1,Λα.e2) ∈ VJ∀α. τKρ(W 5), we have

- ((〈l1 : 0〉h, bwk0c, bwk5c, {M |M.reg(wk1) = l̂1}), e2[ρ.2(τ ′)/α]) ∈ EJτK(ρ, α 7→ (ρ.1(τ ′), ρ.2(τ ′),VJτ ′Kρ))(W 6).

• By definition of EJτK(ρ, α 7→ (ρ.1(τ ′), ρ.2(τ ′),VJτ ′Kρ))(W 6), it suffices to show that

((kpc, bwk5c),K) ∈ KJτK(ρ, α 7→ (ρ.1(τ ′), ρ.2(τ ′),VJτ ′Kρ))(W 6)

• As VJτK(ρ, α 7→ (ρ.1(τ ′), ρ.2(τ ′),VJτ ′Kρ)) = VJτ [τ ′/α]Kρ by Theorem 7, it suffices to show that
((kpc, bwk5c),K) ∈ KJτ [τ ′/α]Kρ(W 6), which follows from ((kpc, bwk5c),K) ∈ KJτ [τ ′/α]Kρ(W 3)
and W 6 wpub W

3 by Theorem 6.
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9.10 Pack

LΓ ` pack 〈τ1, e〉 as τ2M ::= Ppack(LΓ ` eM)

Ppack(p) ::= p

Lemma 14 (Compatibility: Pack).

∆; Γ ` p ≈ e : τ [τ ′/α] =⇒ ∆; Γ ` Ppack(p) ≈ pack 〈τ ′, e〉 as ∃α. τ : ∃α. τ

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ p(A(gcbg).alloc,bg)]
- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe pack 〈τ ′, e〉 as ∃α. τ : ∃α. τ

• From ∆; Γ ` p ≈ e : τ [τ ′/α], we have W 1 such that
- W 1 wW ∧ lev(W 1) = lev(W )
- (M′,M) ∈M(W 1)
- (∗) ∆; Γ ` bg ≈W 1 e : τ [τ ′/α]

• We now choose W pe to be W 1 and show the required properties.

• W 1 wW ∧ lev(W 1) = lev(W ) ∧ (M′,M) ∈M(W 1) holds vacuously.

• To show: ∀W 2 wW 1. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 2).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(pack 〈τ ′, e〉 as ∃α. τ)) ∈ EJ∃α. τKρ(W 2)

• By definition of EJ∃α. τKρ(W 2) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJ∃α. τKρ(W 2),
- (M2,M2) ∈M(W 2),
- M2 repr Φ2,
- M2.reg(wk0) = kpc,

- M2.reg(sv0) = v.

• To show: ((Φ2,bg), (M2.h,K[pack 〈ρ.2(τ ′), γρe〉 as ∃α. ρ.2(τ)])) ∈ O(W 2)

• By (∗), it suffices to show that ((kpc, bwk5c),K[pack 〈ρ.2(τ ′),−〉 as ∃α. ρ.2(τ)]) ∈ KJτ [τ ′/α]Kρ(W 2).

• Suppose
W 3 wpub W

2,
(v1, v2) ∈ VJτ [τ ′/α]Kρ(W 3),
(M3,M3) ∈M(W 3),
M3.reg(wk5) = v1,
M3 repr Φ3.

• To show: ((Φ3, kpc), (M3.h,K[pack 〈ρ.2(τ ′), v2〉 as ∃α. ρ.2(τ)])) ∈ O(W 3)
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• As W 3 wpub W
2 and ((kpc, bwk5c),K) ∈ KJ∃α. τKρ(W 2), it suffices to show that

(v1, pack 〈ρ.2(τ ′), v2〉 as ∃α. ρ.2(τ)) ∈ VJ∃α. τKρ(W 3)

• By definition of VJ∃α. τKρ and instantiating α with (ρ.1(τ ′), ρ.2(τ ′),VJτ ′Kρ), it remains to
show that

(v1, v2) ∈ VJτKρ[α 7→ (ρ.1(τ ′), ρ.2(τ ′),VJτ ′Kρ)](W 3)

• It follows from (v1, v2) ∈ VJτ [τ ′/α]Kρ(W 3) by Theorem 7.

9.11 Unpack

LΓ ` unpack e1 as 〈α, x〉 in e2M ::= Punpack(LΓ ` e1M, LΓ, x ` e2M)

Punpack(p1, p2) := λ alloc,bg.
let instrs1 := p1(alloc,bg + 3), c1 := |instrs1|,

instrs2 := p2(alloc,bg + c1 + 11), c2 := |instrs2| in [

bg plus bspc bspc 1
move 〈sp− 1〉s bwk0c
move bwk0c bg + c1 + 3
instrs1

bg + c1 + 3 move bwk3c bwk5c
move bwk4c bg + c1 + 7
move bwk5c 2
jmp alloc

bg + c1 + 7 move 〈wk5 + 0〉h bwk3c
move 〈wk5 + 1〉h bsv0c
move bsv0c bwk5c
move bwk0c bg + c1 + c2 + 11
instrs2

bg + c1 + c2 + 11 move bsv0c 〈sv0 + 1〉h
minus bspc bspc 1
jmp 〈sp− 0〉s

]

Lemma 15 (Compatibility: Unpack).

∆; Γ ` p1 ≈ e1 : ∃α. τ1 ∧∆, α; Γ, x : τ1 ` p2 ≈ e2 : τ2
=⇒ ∆; Γ ` Punpack(p1, p2) ≈ unpack e1 as 〈α, x〉 in e2 : τ2

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Punpack(p1, p2)(A(gcbg).alloc,bg)]
- codep1 := [bg + 4 Z⇒ p1(A(gcbg).alloc,bg + 3)], c1 := |codep1 |
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- codep2 := [bg + c1 + 6 Z⇒ p2(A(gcbg).alloc,bg + c1 + 11)], c2 := |codep2 |
- code• := code \ codep1 \ codep2

- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe unpack e1 as 〈α, x〉 in e2 : τ2

• Let M1 := M ] {code•}code.
Let W 1 := W ++ ιcode(code•).
By definition, we have (M1,M) ∈M(W 1).

• Let M2 := M1 ] {codep1}code.
From ∆; Γ ` p1 ≈ e1 : ∃α. τ1, we have W 2 such that
- W 2 wW 1 ∧ lev(W 2) = lev(W 1)
- (M2,M) ∈M(W 2)
- (∗) ∆; Γ ` bg + 3 ≈W 2 e1 : ∃α. τ1

• Let M3 := M2 ] {codep2}code.
From ∆, α; Γ, x : τ1 ` p2 ≈ e2 : τ2, we have W 3 such that
- W 3 wW 2 ∧ lev(W 3) = lev(W 2)
- (M3,M) ∈M(W 3)
- (∗∗) ∆, α; Γ, x : τ1 ` bg + c1 + 11 ≈W 3 e2 : τ2

• We now choose W pe to be W 3 and show the required properties.

• W 3 wW ∧ lev(W 3) = lev(W ) ∧ (M′,M) ∈M(W 3) holds vacuously.

• To show: ∀W 4 wW 3. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 4).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(unpack e1 as 〈α, x〉 in e2)) ∈ EJτ2Kρ(W 4)

• By definition of EJτ2Kρ(W 4) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJτ2Kρ(W 4),
- (M4,M4) ∈M(W 4),
- M4 repr Φ4,
- M4.reg(wk0) = kpc,

- M4.reg(sv0) = v.

• To show: ((Φ4,bg), (M4.h,K[γρ(unpack e1 as 〈α, x〉 in e2)])) ∈ O(W 4)

• As W 4 includes ιcode(code•), we execute the three instructions from bg on the low side and
get the configurations

(Φ5,bg + 3), (M4.h,K[unpack (γρe1) as 〈α, x〉 in (γρe2)])

such that
- M5 := M4[++ kpc]stk[wk0 7→ bg + c1 + 3]reg,

- M5 repr Φ5.
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• Let W 5 := W 4[++ kpc]1.

Then (M5,M4) ∈M(W 5).
By Theorem 9, it suffices to show that

((Φ5,bg + 3), (M4.h,K[unpack (γρe1) as 〈α, x〉 in (γρe2)])) ∈ O(W 5)

• By (∗), it suffices to show that

((bg + c1 + 3, bwk5c),K[unpack (−) as 〈α, x〉 in (γρe2)]) ∈ KJ∃α. τ1Kρ(W 5)

• Suppose
W 6 wpub W

5,
(v1, v2) ∈ VJ∃α. τ1Kρ(W 6),
(M6,M6) ∈M(W 6),
M6.reg(wk5) = v1,
M6 repr Φ6.

• To show: ((Φ6,bg + c1 + 3), (M6.h,K[unpack v2 as 〈α, x〉 in (γρe2)])) ∈ O(W 6)

• As W 6 includes ιcode(code•), we execute the four instructions from bg + c1 + 3 on the low
side and get the following configurations

(Φ7, alloc) (M6.h,K[unpack v2 as 〈α, x〉 in (γρe2)])

such that
- M7 := M6[wk3 7→ v1]reg[wk4 7→ bg + c1 + 7]reg[wk5 7→ 2]reg,

- M7 repr Φ7.

• By the specifications of A, after some finite number of steps of execution, we have configura-
tions

(Φ8,bg + c1 + 7), (M6.h,K[unpack v2 as 〈α, x〉 in (γρe2)])

such that
- M8 := M7[[T, S]][wk4 7→ w]reg[wk5 7→ l̂2 ]reg ] {[l2 7→ (w0, w1)]}heap for some w, l2, w0, w1,

- M8 ∈ A.GR(gcbg) ∧M8 ∈ A.MR(gcbg),
- M8 repr Φ8.

• As (v1, v2) ∈ VJ∃α. τ1Kρ(W 6), we have
- (τ ′1, τ

′
2, R) ∈ TyValRel

- ρ′ := ρ[α 7→ (τ ′1, τ
′
2, R)]

- (u1, u2) ∈ VJτ1Kρ′(W 6)
- v1 = u1

- v2 = pack 〈τ ′2, u2〉 as ∃α. ρ.2(τ1)

• We execute the four instructions from bg + c1 + 7 on the low side, take one step on the high
side and get the following configurations

(Φ9,bg + c1 + 11) (M9.h,K[(γρe2)[τ ′2/α][u2/x]])
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such that
- M9 := M8[l2 : 0 7→ v1]hp[l2 : 1 7→ v]hp[sv0 7→ l̂2]reg[wk0 7→ bg + c1 + c2 + 11]reg,

- M9 repr Φ9,
- M9 := M6

• Let W 9 := W 6[sv0 7→ l̂2]1 ++ ιl2 .
Let ιl2 := ιsingle(MRl2 , ∅).
Let MRl2 := { (W,M,M) |M.hp(l2)(0) = v1 ∧M.hp(l2)(1) = v }.
Then (Φ9,M6) ∈M(W 9).

• Let γ′ := (γ, x 7→ u2).
As W 9 include ιl2 , we have
- ρ′ ∈ DJ∆, αK
- (W 9, l̂2, γ

′) ∈ GJΓ, x : τ1Kρ′.

• As (γρe2)[τ ′2/α][u2/x] = γ′ρ′e2, by Theorem 9, it suffices to show that

((Φ9,bg + c1 + 11), (M9.h,K[γ′ρ′e2])) ∈ O(W 9)

• Thus, by (∗∗), it suffices to show that

((bg + c1 + c2 + 11, bwk5c),K[−]) ∈ KJτ2Kρ′(W 9)

• Suppose
W 10 wpub W

9,
(v′1, v

′
2) ∈ VJτ2Kρ′(W 10),

(M10,M10) ∈M(W 10),
M10.reg(wk5) = v′1,
M11 repr Φ10.

• To show: ((Φ10,bg + c1 + c2 + 11), (M10.h,K[v′2])) ∈ O(W 10)

• As W 10 includes ιcode(code•), we execute the three instructions from bg + c1 + c2 + 11 on the
low side and get the configurations

(Φ11, kpc), (M10.h,K[v′2])

such that
- M11 := M10[sv0 7→ v]reg[−1]stk,
- M11 repr Φ11.

• Let W 11 := W 10[sv0 7→ v]1[−1]1.
Then, (M11,M10) ∈M(W 11).

• By Theorem 9, it suffices to show that ((Φ11, kpc), (M10.h,K[v′2])) ∈ O(W 11).

• As W 11 wpub W
4 and ((kpc, bwk5c),K) ∈ KJτ2Kρ′(W 4), it suffices to show that

(v′1, v
′
2) ∈ VJτ2Kρ′(W 11)

which follows from (v′1, v
′
2) ∈ VJτ2Kρ′(W 10) by monotonicity of VJτ2Kρ′.
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9.12 Roll

LΓ ` rollτ eM ::= Proll(LΓ ` eM)

Proll(p) ::= p

Lemma 16 (Compatibility: Roll).

∆; Γ ` p ≈ e : τ [µα. τ/α] =⇒ ∆; Γ ` Proll(p) ≈ rollµα. τ e : µα. τ

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ p(A(gcbg).alloc,bg)]
- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe rollµα. τ e : µα. τ

• From ∆; Γ ` p ≈ e : τ [µα. τ/α], we have W 1 such that
- W 1 wW ∧ lev(W 1) = lev(W )
- (M′,M) ∈M(W 1)
- (∗) ∆; Γ ` bg ≈W 1 e : τ [µα. τ/α]

• We now choose W pe to be W 1 and show the required properties.

• W 1 wW ∧ lev(W 1) = lev(W ) ∧ (M′,M) ∈M(W 1) holds vacuously.

• To show: ∀W 2 wW 1. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 2).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(rollµα. τ e)) ∈ EJµα. τKρ(W 2)

• By definition of EJµα. τKρ(W 2) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJµα. τKρ(W 2),
- (M2,M2) ∈M(W 2),
- M2 repr Φ2,
- M2.reg(wk0) = kpc,

- M2.reg(sv0) = v.

• To show: ((Φ2,bg), (M2.h,K[rollµα. ρ.2(τ) γρe])) ∈ O(W 2)

• By (∗), it suffices to show that ((kpc, bwk5c),K[rollµα. ρ.2(τ) −]) ∈ KJτ [µα. τ/α]Kρ(W 2).

• Suppose
W 3 wpub W

2,
(v1, v2) ∈ VJτ [µα. τ/α]Kρ(W 3),
(M3,M3) ∈M(W 3),
M3.reg(wk5) = v1,
M3 repr Φ3.

• To show: ((Φ3, kpc), (M3.h,K[rollµα. ρ.2(τ) v2])) ∈ O(W 3)
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• As W 3 wpub W
2 and ((kpc, bwk5c),K) ∈ KJµα. τKρ(W 2), it suffices to show that

(v1, rollµα. ρ.2(τ) v2) ∈ VJµα. τKρ(W 3)

• By Theorem 3, we have

VJµα. τKρ
= Fα,τ,ρ(VJµα. τKρ)
= { (W,v1, v2) ∈ oftype(µα. τ, ρ) |

∃(u1, u2) ∈ VJτKρ[α 7→ (ρ.1(µα. τ), ρ.2(µα. τ),VJµα. τKρ)](W ).

(W,v1, v2) ∈ �(L1.roll(u1),L2.roll(u2)) } .

• Thus, it suffices to show that (v1, v2) ∈ VJτKρ[α 7→ (ρ.1(µα. τ), ρ.2(µα. τ),VJµα. τKρ)](W 3),
which follows from (v1, v2) ∈ VJτ [µα. τ/α]Kρ(W 3) by Theorem 7.

9.13 Unroll

LΓ ` unroll eM ::= Punroll(LΓ ` eM)

Punroll(p) ::= p

Lemma 17 (Compatibility: Unroll).

∆; Γ ` p ≈ e : µα. τ =⇒ ∆; Γ ` Punroll(p) ≈ unroll e : τ [µα. τ/α]

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ p(A(gcbg).alloc,bg)]
- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe unroll e : τ [µα. τ/α]

• From ∆; Γ ` p ≈ e : µα. τ , we have W 1 such that
- W 1 wW ∧ lev(W 1) = lev(W )
- (M′,M) ∈M(W 1)
- (∗) ∆; Γ ` bg ≈W 1 e : µα. τ

• We now choose W pe to be W 1 and show the required properties.

• W 1 wW ∧ lev(W 1) = lev(W ) ∧ (M′,M) ∈M(W 1) holds vacuously.

• To show: ∀W 2 wW 1. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 2).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(unroll e)) ∈ EJτ [µα. τ/α]Kρ(W 2)
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• By definition of EJτ [µα. τ/α]Kρ(W 2) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJτ [µα. τ/α]Kρ(W 2),
- (M2,M2) ∈M(W 2),
- M2 repr Φ2,
- M2.reg(wk0) = kpc,

- M2.reg(sv0) = v.

• To show: ((Φ2,bg), (M2.h,K[unroll γρe])) ∈ O(W 2)

• By (∗), it suffices to show that ((kpc, bwk5c),K[unroll −]) ∈ KJµα. τKρ(W 2).

• Suppose
W 3 wpub W

2,
(v1, v2) ∈ VJµα. τKρ(W 3),
(M3,M3) ∈M(W 3),
M3.reg(wk5) = v1,
M3 repr Φ3.

• To show: ((Φ3, kpc), (M3.h,K[unroll v2])) ∈ O(W 3)

• By Theorem 3, we have

(W 3,v1, v2) ∈ { (W,v1, v2) ∈ oftype(µα. τ, ρ) |
∃(u1, u2) ∈ VJτKρ[α 7→ (ρ.1(µα. τ), ρ.2(µα. τ),VJµα. τKρ)](W ).

(W,v1, v2) ∈ �(L1.roll(u1),L2.roll(u2)) } .

• Thus we have
- v2 = rollµα. τ u2 for some u2

- (v1, u2) ∈ VJτKρ[α 7→ (ρ.1(µα. τ), ρ.2(µα. τ),VJµα. τKρ)](W 3)

• As v2 = rollµα. τ u2, we take one step on the high side and get the following configurations:

(Φ3, kpc) (M3.h,K[u2]))

• As W 3 wpub W
2 and ((kpc, bwk5c),K) ∈ KJτ [µα. τ/α]Kρ(W 2), it suffices to show that

(v1, u2) ∈ VJτ [µα. τ/α]Kρ(W 3)

which follows from (v1, u2) ∈ VJτKρ[α 7→ (ρ.1(µα. τ), ρ.2(µα. τ),VJµα. τKρ)](W 3) by Theo-
rem 7.
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9.14 New

LΓ ` ref eM ::= Pnew(LΓ ` eM)

Pnew(p) ::= λ alloc,bg.
let code := p(alloc,bg + 3), c := |code| in [

bg plus bspc bspc 1
move 〈sp− 1〉s bwk0c
move bwk0c bg + c+ 3
code

bg + c+ 3 move bwk3c bwk5c
move bwk4c bg + c+ 7
move bwk5c 1
jmp alloc

bg + c+ 7 move 〈wk5 + 0〉h bwk3c
minus bspc bspc 1
jmp 〈sp− 0〉s

]

Lemma 18 (Compatibility: New).

∆; Γ ` p ≈ e : τ =⇒ ∆; Γ ` Pnew(p) ≈ ref e : ref τ

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Pnew(p)(A(gcbg).alloc,bg)]
- codep := [bg + 3 Z⇒ p(A(gcbg).alloc,bg + 3)], c := |codep|
- code• := code \ codep

- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe ref e : ref τ

• Let M1 := M ] {code•}code.
Let W 1 := W ++ ιcode(code•).
By definition, we have (M1,M) ∈M(W 1).

• Let M2 := M1 ] {codep}code.
From ∆; Γ ` p ≈ e : τ , we have W 2 such that
- W 2 wW 1 ∧ lev(W 2) = lev(W 1)
- (M2,M) ∈M(W 2)
- (∗) ∆; Γ ` bg + 3 ≈W 2 e : τ

• We now choose W pe to be W 2 and show the required properties.

• W 2 wW ∧ lev(W 2) = lev(W ) ∧ (M′,M) ∈M(W 2) holds vacuously.
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• To show: ∀W 3 wW 2. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 3).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(ref e)) ∈ EJref τKρ(W 3)

• By definition of EJref τKρ(W 3) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJref τKρ(W 3),
- (M3,M3) ∈M(W 3),
- M3 repr Φ3,
- M3.reg(wk0) = kpc,

- M3.reg(sv0) = v.

• To show: ((Φ3,bg), (M3.h,K[γρ(ref e)])) ∈ O(W 3)

• As W 3 includes ιcode(code•), we execute the three instructions from bg on the low side and
get the configurations

(Φ4,bg + 3), (M3.h,K[ref γρe])

such that
- M4 := M3[++ kpc]stk[wk0 7→ bg + c+ 3]reg,

- M4 repr Φ4.

• Let W 4 := W 3[++ kpc]1.

Then (M4,M3) ∈M(W 4).
By Theorem 9, it suffices to show that ((Φ4,bg + 3), (M3.h,K[ref γρe])) ∈ O(W 4).

• By (∗), it suffices to show that ((bg + c+ 3, bwk5c),K[ref −]) ∈ KJτKρ(W 4).

• Suppose
W 5 wpub W

4,
(v1, v2) ∈ VJτKρ(W 5),
(M5,M5) ∈M(W 5),
M5.reg(wk5) = v1,
M5 repr Φ5.

• To show: ((Φ5,bg + c+ 3), (M5.h,K[ref v2])) ∈ O(W 5)

• As W 5 includes ιcode(code•), we execute the four instructions from bg + c+ 3 on the low side
and get the configurations

(Φ6, alloc), (M5.h,K[ref v2])

such that
- M6 := M5[wk3 7→ v1]reg[wk4 7→ bg + c+ 7]reg[wk5 7→ 1]reg,

- M6 repr Φ6.

• By the specifications of A, after some finite number of steps of execution, we have configura-
tions

(Φ7,bg + c+ 7), (M5.h,K[ref v2])

such that
- M7 := M6[[T, S]][wk4 7→ w]reg[wk5 7→ l̂1 ]reg ] {[l1 7→ (w0)]}heap for some w, l1, w0,
- M7 ∈ A.GR(gcbg) ∧M7 ∈ A.MR(gcbg),
- M7 repr Φ7.
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• As M7.code = M6.code, we execute the three instructions from bg + c + 7 on the low side,
take one step on the high side and get

(Φ8, kpc), (M8.h,K[`2])

such that
- M8 := M7[l1 : 0 7→ v1]hp[−1]stk
- M8 repr Φ8

- M8 := (M5.h ] [`2 7→ v2], {M5.Σ, `2 : τ})

• Let W 8 := W 5[−1]1 ++ ιl1,`2 .
Let MRl1,`2 := { (W,M,M) | (W,M.hp(l1)(0),M.h(`2)) ∈ VJτKρ }
Let Bij l1,`2 := { (l̂1, `2) }
Let ιl1,`2 := ιsingle(MRl1,`2 ,Bij l1,`2).
It is easy to check that ιl1,`2 forms an island.
Then (M8,M8) ∈M(W 8) because (v1, v2) ∈ VJτKρ(W 5) and thus (v1, v2) ∈ VJτKρ(.W 8).

• By Theorem 9, it suffices to show that ((Φ8, kpc), (M8.h,K[`2])) ∈ O(W 8).

• As W 8 wpub W
3 and ((kpc, bwk5c),K) ∈ KJref τKρ(W 3), it suffices to show that

(l̂1, `2) ∈ VJref τKρ(W 8)

• By definition of VJref τKρ(W 8), for all W 9 w W 8 and (M,M) ∈ M(W 9), it suffices to show
that

– (l̂1, `2) ∈ B(W 9) : trivial as W 9 includes ιl1,`2 .

– ∃(u1, u2) ∈ .VJτKρ(W 9). (l̂1,M) ∈ L.ref(u1) ∧ (`2,M) ∈ H.ref(u2) : trivial as W 9

includes ιl1,`2 .

– ∀(u1, u2) ∈ .VJτKρ(W 9). (L.asgn(M, l̂1,u1),H.asgn(M, `2, u2)) ∈ M(W 9) : trivial as
W 9 includes ιl1,`2 .
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9.15 Asgn

LΓ ` e1 := e2M ::= Pasgn(LΓ ` e1M, LΓ ` e2M)

Pasgn(p1, p2) ::= λ alloc,bg.
let instrs1 := p1(alloc,bg + 4), c1 := |instrs1|,

instrs2 := p2(alloc,bg + c1 + 6), c2 := |instrs2| in [

bg plus bspc bspc 2
move 〈sp− 2〉s bwk0c
move 〈sp− 1〉s 0
move bwk0c bg + c1 + 4
instrs1

bg + c1 + 4 move 〈sp− 1〉s bwk5c
move bwk0c bg + c1 + c2 + 6
instrs2

bg + c1 + c2 + 6 move bwk3c 〈sp− 1〉s
move 〈wk3 + 0〉h bwk5c
minus bspc bspc 2
jmp 〈sp− 0〉s

]

Lemma 19 (Compatibility: Assign).

∆; Γ ` p1 ≈ e1 : ref τ ∧∆; Γ ` p2 ≈ e2 : τ =⇒ ∆; Γ ` Pasgn(p1, p2) ≈ e1 := e2 : unit

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Pasgn(p1, p2)(A(gcbg).alloc,bg)]
- codep1 := [bg + 4 Z⇒ p1(A(gcbg).alloc,bg + 4)], c1 := |codep1 |
- codep2 := [bg + c1 + 6 Z⇒ p2(A(gcbg).alloc,bg + c1 + 6)], c2 := |codep2 |
- code• := code \ codep1 \ codep2

- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe e1 := e2 : unit

• Let M1 := M ] {code•}code.
Let W 1 := W ++ ιcode(code•).
By definition, we have (M1,M) ∈M(W 1).

• Let M2 := M1 ] {codep1}code.
From ∆; Γ ` p1 ≈ e1 : ref τ , we have W 2 such that
- W 2 wW 1 ∧ lev(W 2) = lev(W 1)
- (M2,M) ∈M(W 2)
- (∗) ∆; Γ ` bg + 4 ≈W 2 e1 : ref τ
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• Let M3 := M2 ] {codep2}code.
From ∆; Γ ` p2 ≈ e2 : τ , we have W 3 such that
- W 3 wW 2 ∧ lev(W 3) = lev(W 2)
- (M3,M) ∈M(W 3)
- (∗∗) ∆; Γ ` bg + c1 + 6 ≈W 3 e2 : τ

• We now choose W pe to be W 3 and show the required properties.

• W 3 wW ∧ lev(W 3) = lev(W ) ∧ (M′,M) ∈M(W 3) holds vacuously.

• To show: ∀W 4 wW 3. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 4).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(e1 := e2)) ∈ EJunitKρ(W 4)

• By definition of EJunitKρ(W 3) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJunitKρ(W 4),
- (M4,M4) ∈M(W 4),
- M4 repr Φ4,
- M4.reg(wk0) = kpc,

- M4.reg(sv0) = v.

• To show: ((Φ4,bg), (M4.h,K[γρ(e1 := e2)])) ∈ O(W 4)

• As W 4 includes ιcode(code•), we execute the four instructions from bg on the low side and
get the configurations

(Φ5,bg + 4), (M4.h,K[γρe1 := γρe2])

such that
- M5 := M4[++ kpc, 0]stk[wk0 7→ bg + c1 + 4]reg,

- M5 repr Φ5.

• Let W 5 := W 4[++ kpc, 0]1.

Then (M5,M4) ∈M(W 5).
By Theorem 9, it suffices to show that ((Φ5,bg + 4), (M4.h,K[γρe1 := γρe2])) ∈ O(W 5).

• By (∗), it suffices to show that ((bg + c1 + 4, bwk5c),K[− := γρe2]) ∈ KJref τKρ(W 5).

• Suppose
W 6 wpub W

5,
(v1, v2) ∈ VJref τKρ(W 6),
(M6,M6) ∈M(W 6),
M6.reg(wk5) = v1,
M6 repr Φ6.

• To show: ((Φ6,bg + c1 + 4), (M6.h,K[v2 := γρe2])) ∈ O(W 6)

• As W 6 includes ιcode(code•), we execute the two instructions from bg + c1 + 4 on the low side
and get the configurations

(Φ7,bg + c1 + 6), (M6.h,K[v2 := γρe2])
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such that
- M7 := M6[|M7.stk| − 1 7→ v1]stk[wk0 7→ bg + c1 + c2 + 6]reg,

- M7 repr Φ7.

• Let W 7 := W 6[|M7.stk| − 1 7→ v1]1.
Then (M7,M6) ∈M(W 7) .
By Theorem 9, it suffices to show that ((Φ7,bg + c1 + 6), (M6.h,K[v2 := γρe2])) ∈ O(W 7).

• By (∗∗), it suffices to show that ((bg + c1 + c2 + 6, bwk5c),K[v2 := −]) ∈ KJτKρ(W 7).

• Suppose
W 8 wpub W

7,
(v3, v4) ∈ VJτKρ(W 8),
(M8,M8) ∈M(W 8),
M8.reg(wk5) = v3,
M8 repr Φ8.

• To show: ((Φ8,bg + c1 + c2 + 6), (M8.h,K[v2 := v4])) ∈ O(W 8)

• As (v1, v2) ∈ VJref τKρ(W 6) and W 8 wW 6,

- v1 = l̂1, M8.hp(l1)(0) = u1 for some l1,u1

- v2 = `2, M8.h(`2) = u2 for some `2, u2

- (u1, u2) ∈ .VJτKρ(W 8)

• As W 8 includes ιcode(code•), we execute the four instructions from bg + c1 + c2 + 6 on the
low side, take one step on the high side and get the configurations

(Φ9, kpc), (M9.h,K[〈〉])

such that
- M9 := M8[−2]stk[l1 : 0 7→ v3]hp

- M9 repr Φ9

- M9 := (M8.h[`2 7→ v4],M.Σ)

• Let W 9 := W 8[−2]1.
Then, (M8[−2]stk,M

8) ∈M(W 9).

• As (l̂1, `2) ∈ VJref τKρ(W 6), W 9 wW 6, (v3, v4) ∈ .VJτKρ(W 9), M9 = L.asgn(M8[−2]stk, l̂1,v3)
and M9 = H.asgn(M8, `2, v4),
- (M9,M9) ∈W 9

• By Theorem 9, it suffices to show that ((Φ9, kpc), (M9.h,K[〈〉])) ∈ O(W 9).

• As W 9 wpub W
4 and ((kpc, bwk5c),K) ∈ KJunitKρ(W 4), it suffices to show that

(M9.reg(wk5), 〈〉) ∈ VJunitKρ(W 9)

which trivially holds by definition.
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9.16 Deref

LΓ ` !eM ::= Pderef(LΓ ` eM)

Pderef(p) ::= λ alloc,bg.
let code := p(alloc,bg + 3), c := |code| in [

bg plus bspc bspc 1
move 〈sp− 1〉s bwk0c
move bwk0c bg + c+ 3
code

bg + c+ 3 move bwk5c 〈wk5 + 0〉h
minus bspc bspc 1
jmp 〈sp− 0〉s

]

Lemma 20 (Compatibility: Deref).

∆; Γ ` p ≈ e : ref τ =⇒ ∆; Γ ` Pderef(p) ≈ !e : τ

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Pderef(p)(A(gcbg).alloc,bg)]
- codep := [bg + 3 Z⇒ p(A(gcbg).alloc,bg + 3)], c := |codep|
- code• := code \ codep

- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe !e : τ

• Let M1 := M ] {code•}code.
Let W 1 := W ++ ιcode(code•).
By definition, we have (M1,M) ∈M(W 1).

• Let M2 := M1 ] {codep}code.
From ∆; Γ ` p ≈ e : ref τ , we have W 2 such that
- W 2 wW 1 ∧ lev(W 2) = lev(W 1)
- (M2,M) ∈M(W 2)
- (∗) ∆; Γ ` bg + 3 ≈W 2 e : ref τ

• We now choose W pe to be W 2 and show the required properties.

• W 2 wW ∧ lev(W 2) = lev(W ) ∧ (M′,M) ∈M(W 2) holds vacuously.

• To show: ∀W 3 wW 2. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 3).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(!e)) ∈ EJτKρ(W 3)
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• By definition of EJτKρ(W 3) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJτKρ(W 3),
- (M3,M3) ∈M(W 3),
- M3 repr Φ3,
- M3.reg(wk0) = kpc,

- M3.reg(sv0) = v.

• To show: ((Φ3,bg), (M3.h,K[γρ(!e)])) ∈ O(W 3)

• As W 3 includes ιcode(code•), we execute the three instructions from bg on the low side and
get the configurations

(Φ4,bg + 3), (M3.h,K[!γρe])

such that
- M4 := M3[++ kpc]stk[wk0 7→ bg + c+ 3]reg,

- M4 repr Φ4.

• Let W 4 := W 3[++ kpc]1.

Then (M4,M3) ∈M(W 4).
By Theorem 9, it suffices to show that ((Φ4,bg + 3), (M3.h,K[!γρe])) ∈ O(W 4).

• By (∗), it suffices to show that ((bg + c+ 3, bwk5c),K[!−]) ∈ KJref τKρ(W 4).

• Suppose
W 5 wpub W

4,
(v1, v2) ∈ VJref τKρ(W 5),
(M5,M5) ∈M(W 5),
M5.reg(wk5) = v1,
M5 repr Φ5.

• To show: ((Φ5,bg + c+ 3), (M5.h,K[!v2])) ∈ O(W 5)

• If lev(W 5) = 0 then it trivially holds.
Assume that lev(W 5) > 0.

• As (v1, v2) ∈ VJref τKρ(W 5)

- v1 = l̂1, M5.hp(l1)(0) = u1 for some l1,u1

- v2 = `2, M5.h(`2) = u2 for some `2, u2

- (u1, u2) ∈ .VJτKρ(W 5)

• As W 5 includes ιcode(code•), we execute the three instructions from bg + c + 3 on the low
side, take one step on the high side, and get the configurations

(Φ6, kpc), (M6.h,K[u2])

such that
- M6 := M5[wk5 7→ u1]reg[−1]stk,
- M6 repr Φ6,
- M6 := M5.
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• Let W 6 := .W 5[−1]1.
Then (M6,M6) ∈M(W 6).

• By Theorem 9, it suffices to show that ((Φ6, kpc), (M6.h,K[u2])) ∈ O(W 6).

• As W 6 wpub W
3 and ((kpc, bwk5c),K) ∈ KJτKρ(W 3), it suffices to show that

(u1, u2) ∈ VJτKρ(W 6)

which follows from (u1, u2) ∈ .VJτKρ(W 5) by monotonicity of VJτKρ.

9.17 Refeq

LΓ ` e1 == e2M ::= Prefeq(LΓ ` e1M, LΓ ` e2M)

Prefeq(p1, p2) ::= λ alloc,bg.
let instrs1 := p1(alloc,bg + 4), c1 := |instrs1|,

instrs2 := p2(alloc,bg + c1 + 6), c2 := |instrs2| in [

bg plus bspc bspc 2
move 〈sp− 2〉s bwk0c
move 〈sp− 1〉s 0
move bwk0c bg + c1 + 4
instrs1

bg + c1 + 4 move 〈sp− 1〉s bwk5c
move bwk0c bg + c1 + c2 + 6
instrs2

bg + c1 + c2 + 6 jneq bg + c1 + c2 + 9 〈sp− 1〉s bwk5c
move bwk5c 1
jmp bg + c1 + c2 + 10

bg + c1 + c2 + 9 move bwk5c 0
bg + c1 + c2 + 10 minus bspc bspc 2

jmp 〈sp− 0〉s
]

Lemma 21 (Compatibility: Refeq).

∆; Γ ` p1 ≈ e1 : ref τ ∧∆; Γ ` p2 ≈ e2 : ref τ =⇒ ∆; Γ ` Prefeq(p1, p2) ≈ e1 == e2 : bool

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Prefeq(p1, p2)(A(gcbg).alloc,bg)]
- codep1 := [bg + 4 Z⇒ p1(A(gcbg).alloc,bg + 4)], c1 := |codep1 |
- codep2 := [bg + c1 + 6 Z⇒ p2(A(gcbg).alloc,bg + c1 + 6)], c2 := |codep2 |
- code• := code \ codep1 \ codep2

- M′ = M ] {code}code.
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• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe e1 == e2 : unit

• Let M1 := M ] {code•}code.
Let W 1 := W ++ ιcode(code•).
By definition, we have (M1,M) ∈M(W 1).

• Let M2 := M1 ] {codep1}code.
From ∆; Γ ` p1 ≈ e1 : ref τ , we have W 2 such that
- W 2 wW 1 ∧ lev(W 2) = lev(W 1)
- (M2,M) ∈M(W 2)
- (∗) ∆; Γ ` bg + 4 ≈W 2 e1 : ref τ

• Let M3 := M2 ] {codep2}code.
From ∆; Γ ` p2 ≈ e2 : ref τ , we have W 3 such that
- W 3 wW 2 ∧ lev(W 3) = lev(W 2)
- (M3,M) ∈M(W 3)
- (∗∗) ∆; Γ ` bg + c1 + 6 ≈W 3 e2 : ref τ

• We now choose W pe to be W 3 and show the required properties.

• W 3 wW ∧ lev(W 3) = lev(W ) ∧ (M′,M) ∈M(W 3) holds vacuously.

• To show: ∀W 4 wW 3. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 4).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(e1 == e2)) ∈ EJunitKρ(W 4)

• By definition of EJunitKρ(W 4) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJunitKρ(W 4),
- (M4,M4) ∈M(W 4),
- M4 repr Φ4,
- M4.reg(wk0) = kpc,

- M4.reg(sv0) = v.

• To show: ((Φ4,bg), (M4.h,K[γρ(e1 == e2)])) ∈ O(W 4)

• As W 4 includes ιcode(code•), we execute the four instructions from bg on the low side and
get the configurations

(Φ5,bg + 4), (M4.h,K[γρe1 == γρe2])

such that
- M5 := M4[++ kpc, 0]stk[wk0 7→ bg + c1 + 4]reg,

- M5 repr Φ5.

• Let W 5 := W 4[++ kpc, 0]1.

Then (M5,M4) ∈M(W 5).
By Theorem 9, it suffices to show that ((Φ5,bg + 4), (M4.h,K[γρe1 == γρe2])) ∈ O(W 5).

• By (∗), it suffices to show that ((bg + c1 + 4, bwk5c),K[− == γρe2]) ∈ KJref τKρ(W 5).
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• Suppose
W 6 wpub W

5,
(v1, v2) ∈ VJref τKρ(W 6),
(M6,M6) ∈M(W 6),
M6.reg(wk5) = v1,
M6 repr Φ6.

• To show: ((Φ6,bg + c1 + 4), (M6.h,K[v2 == γρe2])) ∈ O(W 6)

• As W 6 includes ιcode(code•), we execute the two instructions from bg + c1 + 4 on the low side
and get the configurations

(Φ7,bg + c1 + 6), (M6.h,K[v2 == γρe2])

such that
- M7 := M6[|M7.stk| − 1 7→ v1]stk[wk0 7→ bg + c1 + c2 + 6]reg,

- M7 repr Φ7.

• Let W 7 := W 6[|M7.stk| − 1 7→ v1]1.
Then (M7,M6) ∈M(W 7) .
By Theorem 9, it suffices to show that ((Φ7,bg + c1 + 6), (M6.h,K[v2 == γρe2])) ∈ O(W 7).

• By (∗∗), it suffices to show that ((bg + c1 + c2 + 6, bwk5c),K[v2 == −]) ∈ KJref τKρ(W 7).

• Suppose
W 8 wpub W

7,
(v3, v4) ∈ VJref τKρ(W 8),
(M8,M8) ∈M(W 8),
M8.reg(wk5) = v3,
M8 repr Φ8.

• To show: ((Φ8,bg + c1 + c2 + 6), (M8.h,K[v2 == v4])) ∈ O(W 8)

• As (v1, v2) ∈ VJref τKρ(W 6) and W 8 wW 6,
- (v1, v2) ∈ B(W 8)
- v2 is a location

• As (v3, v4) ∈ VJref τKρ(W 8),
- (v3, v4) ∈ B(W 8)
- v4 is a location

• As W 8 includes ιcode(code•), we execute the instructions from bg + c1 + c2 + 6 on the low
side, take one step on the high side.

• If v2 = v4, then by the partial bijectiveness, we have v1 = v3, and thus we get the following
configuration.

(Φ9, kpc), (M9.h,K[tt])

such that
- M9 := M8[wk5 7→ 1]reg[−2]stk
- M9 repr Φ9

- M9 := M8
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– Let W 9 := W 8[−2]1.
Then, (M9,M9) ∈M(W 9).

– By Theorem 9, it suffices to show that ((Φ9, kpc), (M9.h,K[tt])) ∈ O(W 9).

– As W 9 wpub W
4 and ((kpc, bwk5c),K) ∈ KJboolKρ(W 4), it suffices to show that

(1, tt) ∈ VJunitKρ(W 9)

which trivially holds by definition.

• If v2 6= v4, then by the partial bijectiveness, we have v1 6= v3, and thus we get the following
configuration.

(Φ9, kpc), (M9.h,K[ff])

such that
- M9 := M8[wk5 7→ 0]reg[−2]stk
- M9 repr Φ9

- M9 := M8

– Let W 9 := W 8[−2]1.
Then, (M9,M9) ∈M(W 9).

– By Theorem 9, it suffices to show that ((Φ9, kpc), (M9.h,K[ff])) ∈ O(W 9).

– As W 9 wpub W
4 and ((kpc, bwk5c),K) ∈ KJboolKρ(W 4), it suffices to show that

(0,ff) ∈ VJunitKρ(W 9)

which trivially holds by definition.

9.18 If

LΓ ` if e1 then e2 else e3M ::= Pif(LΓ ` e1M, LΓ ` e2M, LΓ ` e3M)

Pif(p1, p2, p3) ::= λ alloc,bg.
let instrs1 := p1(alloc,bg + 3), c1 := |instrs1|,

instrs2 := p2(alloc,bg + c1 + c3 + 5), c2 := |instrs2|,
instrs3 := p3(alloc,bg + c1 + 5), c3 := |instrs3| in [

bg plus bspc bspc 1
move 〈sp− 1〉s bwk0c
move bwk0c bg + c1 + 3
instrs1

bg + c1 + 3 move bwk0c bg + c1 + c2 + c3 + 5
jnz bg + c1 + c3 + 5 bwk5c
instrs3

instrs2

bg + c1 + c2 + c3 + 5 minus bspc bspc 1
jmp 〈sp− 0〉s

]
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Lemma 22 (Compatibility: If).

∆; Γ ` p1 ≈ e1 : bool ∧∆; Γ ` p2 ≈ e2 : τ ∧∆; Γ ` p3 ≈ e3 : τ
=⇒ ∆; Γ ` Pif(p1, p2, p3) ≈ if e1 then e2 else e3 : τ

Proof.

• For any A, gcbg,bg, k, suppose
- W wW ◦k (A, gcbg) ∧ (M,M) ∈M(W )
- code := [bg Z⇒ Pif(p1, p2, p3)(A(gcbg).alloc,bg)]
- codep1 := [bg + 3 Z⇒ p1(A(gcbg).alloc,bg + 3)], c1 := |codep1 |
- codep3 := [bg + c1 + 5 Z⇒ p3(A(gcbg).alloc,bg + c1 + 5)], c3 := |codep3 |
- codep2 := [bg + c1 + c3 + 5 Z⇒ p2(A(gcbg).alloc,bg + c1 + c3 + 5)], c2 := |codep2 |
- code• := code \ codep1 \ codep3 \ codep2

- M′ = M ] {code}code.

• Goal: find W pe such that
- W pe wW ∧ lev(W pe) = lev(W ) ∧ (M′,M) ∈M(W pe)
- ∆; Γ ` bg ≈Wpe if e1 then e2 else e3 : τ

• Let M1 := M ] {code•}code.
Let W 1 := W ++ ιcode(code•).
By definition, we have (M1,M) ∈M(W 1).

• Let M2 := M1 ] {codep1}code.
From ∆; Γ ` p1 ≈ e1 : bool, we have W 2 such that
- W 2 wW 1 ∧ lev(W 2) = lev(W 1)
- (M2,M) ∈M(W 2)
- (∗) ∆; Γ ` bg + 3 ≈W 2 e1 : bool

• Let M3 := M2 ] {codep3}code.
From ∆; Γ ` p3 ≈ e3 : τ , we have W 3 such that
- W 3 wW 2 ∧ lev(W 3) = lev(W 2)
- (M3,M) ∈M(W 3)
- (∗∗) ∆; Γ ` bg + c1 + 5 ≈W 3 e3 : τ

• Let M4 := M3 ] {codep2}code.
From ∆; Γ ` p2 ≈ e2 : τ , we have W 4 such that
- W 4 wW 3 ∧ lev(W 4) = lev(W 3)
- (M4,M) ∈M(W 4)
- (∗ ∗ ∗) ∆; Γ ` bg + c1 + c3 + 5 ≈W 4 e2 : τ

• We now choose W pe to be W 4 and show the required properties.

• W 4 wW ∧ lev(W 4) = lev(W ) ∧ (M′,M) ∈M(W 4) holds vacuously.

• To show: ∀W 5 wW 4. ∀ρ ∈ DJ∆K . ∀(v, γ) ∈ GJΓKρ(W 5).
((bg, bwk0c, bwk5c, {M |M.reg(sv0) = v }), γρ(if e1 then e2 else e3)) ∈ EJτKρ(W 5)
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• By definition of EJτKρ(W 5) and plugc, we suppose
- ((kpc, bwk5c),K) ∈ KJτKρ(W 5),
- (M5,M5) ∈M(W 5),
- M5 repr Φ5,
- M5.reg(wk0) = kpc,

- M5.reg(sv0) = v.

• To show: ((Φ5,bg), (M5.h,K[γρ(if e1 then e2 else e3)])) ∈ O(W 5)

• As W 5 includes ιcode(code•), we execute the three instructions from bg on the low side and
get the configurations

(Φ6,bg + 3), (M5.h,K[γρ(if e1 then e2 else e3)])

such that
- M6 := M5[++ kpc]stk[wk0 7→ bg + c1 + 3]reg,

- M6 repr Φ6.

• Let W 6 := W 5[++ kpc]1.

Then (M6,M5) ∈M(W 6).
By Theorem 9, it suffices to show that ((Φ6,bg + 3), (M5.h,K[γρ(if e1 then e2 else e3)])) ∈
O(W 6).

• By (∗), it suffices to show that

((bg + c1 + 3, bwk5c),K[if − then γρe2 else γρe3]) ∈ KJboolKρ(W 6)

• Suppose
W 7 wpub W

6,
(v1, v2) ∈ VJboolKρ(W 7),
(M7,M7) ∈M(W 7),
M7.reg(wk5) = v1,
M7 repr Φ7.

• To show: ((Φ7,bg + c1 + 3), (M7.h,K[if v2 then γρe2 else γρe3])) ∈ O(W 7)

• As (v1, v2) ∈ VJboolKρ(W 7), we have two cases.

When v1 6= 0 and v2 = tt

• As W 7 includes ιcode(code•), we execute the two instructions from bg +c1 +3 on the low side,
take one step on the high side, and get the configurations

(Φ8,bg + c1 + c3 + 5), (M7.h,K[γρe2])

such that
- M8 := M7[wk0 7→ bg + c1 + c2 + c3 + 5]reg,

- M8 repr Φ8.
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• Still, (M8,M7) ∈M(W 7) .
By Theorem 9, it suffices to show that

((Φ8,bg + c1 + c3 + 5), (M7.h,K[γρe2])) ∈ O(W 7)

• By (∗ ∗ ∗), it suffices to show that ((bg + c1 + c2 + c3 + 5, bwk5c),K[−]) ∈ KJτKρ(W 7).

• Suppose
W 9 wpub W

7,
(v3, v4) ∈ VJτKρ(W 9),
(M9,M9) ∈M(W 9),
M9.reg(wk5) = v3,
M9 repr Φ9.

• To show: ((Φ9,bg + c1 + c2 + c3 + 5), (M9.h,K[v4])) ∈ O(W 9)

• As W 9 includes ιcode(code•), we execute the instructions from bg + c1 + c2 + c3 + 5 on the
low side and get the following

(Φ10, kpc), (M9.h,K[v4])

such that
- M10 := M9[−1]stk
- M10 repr Φ10

• Let W 10 := W 9[−1]1.
Then, (M10,M9) ∈M(W 10).

• By Theorem 9, it suffices to show that ((Φ10, kpc), (M9.h,K[v4])) ∈ O(W 10).

• As W 10 wpub W
5 and ((kpc, bwk5c),K) ∈ KJτKρ(W 5), it suffices to show that

(v3, v4) ∈ VJτKρ(W 10)

which follows from (v3, v4) ∈ VJτKρ(W 9) by Theorem 5.

When v1 = 0 and v2 = ff

• As W 7 includes ιcode(code•), we execute the two instructions from bg +c1 +3 on the low side,
take one step on the high side, and get the configurations

(Φ8,bg + c1 + 5), (M7.h,K[γρe3])

such that
- M8 := M7[wk0 7→ bg + c1 + c2 + c3 + 5]reg,

- M8 repr Φ8.

• Still, (M8,M7) ∈M(W 7) .
By Theorem 9, it suffices to show that

((Φ8,bg + c1 + 5), (M7.h,K[γρe3])) ∈ O(W 7)
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• By (∗∗), it suffices to show that ((bg + c1 + c2 + c3 + 5, bwk5c),K[−]) ∈ KJτKρ(W 7).

• Suppose
W 9 wpub W

7,
(v3, v4) ∈ VJτKρ(W 9),
(M9,M9) ∈M(W 9),
M9.reg(wk5) = v3,
M9 repr Φ9.

• To show: ((Φ9,bg + c1 + c2 + c3 + 5), (M9.h,K[v4])) ∈ O(W 9)

• As W 9 includes ιcode(code•), we execute the instructions from bg + c1 + c2 + c3 + 5 on the
low side and get the following

(Φ10, kpc), (M9.h,K[v4])

such that
- M10 := M9[−1]stk
- M10 repr Φ10

• Let W 10 := W 9[−1]1.
Then, (M10,M9) ∈M(W 10).

• By Theorem 9, it suffices to show that ((Φ10, kpc), (M9.h,K[v4])) ∈ O(W 10).

• As W 10 wpub W
5 and ((kpc, bwk5c),K) ∈ KJτKρ(W 5), it suffices to show that

(v3, v4) ∈ VJτKρ(W 10)

which follows from (v3, v4) ∈ VJτKρ(W 9) by Theorem 5.

...
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