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1 The Language Fµ!

1.1 Syntax

Types τ ::= α | unit | int | bool | τ1 × τ2 | τ1 + τ2 | τ1 → τ2 |
∀α. τ | ∃α. τ | µα. τ | ref τ

Prim Ops o ::= + | − | = | < | ≤ | . . .
Expressions e ::= x | 〈〉 | l | n | o(e1, . . . , en) |

true | false | if e then e1 else e2 |
〈e1, e2〉 | fst e | snd e |
inl e | inr e | case e of inlx1 ⇒ e1 | inr x2 ⇒ e2 |
λx : τ. e | e1 e2 | Λα. e | e τ |
pack τ1, e as∃α. τ | unpack e1 asα, x in e2 |
roll e | unroll e | ref e | !e | e1 := e2 | e1 == e2

Values v ::= 〈〉 | l | n | true | false | 〈v1, v2〉 | inl v | inr v |
λx : τ. e | Λα. e | pack τ1, v as∃α. τ | roll v

Evaluation Contexts E ::= [·] | o(v1, . . . , vi−1, E, ei+1, . . . , en) |
if E then e1 else e2 |
〈E, e2〉 | 〈v1, E〉 | fstE | sndE |
inlE | inrE | caseE of inlx1 ⇒ e1 | inr x2 ⇒ e2 |
E e | v E | E τ |
pack τ1, E as∃α. τ | unpackE asα, x in e2 | rollE | unrollE |
ref E | !E | E := e | v :=E | E== e | v==E

1.2 Dynamic Semantics

e
k
; e′

if true then e1 else e2
0
; e1

if false then e1 else e2
0
; e2

fst 〈v1, v2〉
0
; v1

snd 〈v1, v2〉
0
; v2

case (inl v) of inlx1 ⇒ e1 | inr x2 ⇒ e2
0
; [v/x1]e1

case (inr v) of inlx1 ⇒ e1 | inr x2 ⇒ e2
0
; [v/x2]e2

(λx : τ. e) v
0
; [v/x]e

(Λα. e) τ
0
; [τ/α]e

unpack (pack τ, v as ∃α. τ1) asα, x in e
0
; [τ/α][v/x]e

unroll (roll v)
1
; v

l== l
0
; true

l== l′
0
; false where l 6= l′

E[e]
k
; E[e′] if e

k
; e′

e ;n e′

e ;0 e

e ;n e′′ e′′
k
; e′

e ;n+k e′
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(h; e) l7−→ (h′; e′)

l /∈ dom(h)

(h;E[ref v])
l7−→ (h[l 7→ v];E[l])

h(l) = v

(h;E[!l])
ε7−→ (h;E[v])

l ∈ dom(h)

(h;E[l:= v])
ε7−→ (h[l 7→ v];E[〈〉])

(h; e) l7−→n (h′; e′)

(h; e) ε7−→0 (h; e)

(h; e) l7−→n (h′′; e′′) (h′′; e′′) l′7−→ (h′; e′)

(h; e)
l,l′7−→n+1 (h′; e′)

(h; e) l7−→n (h′; e′′) e′′ ;m e′

(h; e) l7−→n+m (h′; e′)

(h; e) ⇓n (h′; e′)

(h; e) ⇓n (h′; e′) def= ∃l. (h; e) l7−→n (h′; e′) ∧
@k, h′′, e′′, l′. e′ k; e′′ ∨ (h′; e′) l′7−→ (h′′; e′′)

(h; e)⇓n def= ∃h′, e′. (h; e) ⇓n (h′; e′)
(h; e)⇓ def= ∃n. (h; e)⇓n
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1.3 Static Semantics

Variable Context Γ ::= · | Γ, α | Γ, x : τ
Heap Context Σ ::= · | Σ, l : τ

` Γ

` ·
` Γ

` Γ, α

` Γ Γ ` τ
` Γ, x : τ

` Σ

` ·
` Σ · ` τ
` Σ, l : τ

Γ ` τ
α ∈ Γ

Γ ` α Γ ` unit Γ ` int Γ ` bool

Γ ` τ
Γ ` ref τ

Γ ` τ1 Γ ` τ2
Γ ` τ1 × τ2

Γ ` τ1 Γ ` τ2
Γ ` τ1 + τ2

Γ ` τ1 Γ ` τ2
Γ ` τ1 → τ2

Γ, α ` τ
Γ ` ∀α. τ

Γ, α ` τ
Γ ` ∃α. τ

Γ, α ` τ
Γ ` µα. τ

Γ; Σ ` e : τ
Γ(x) = τ

Γ; Σ ` x : τ Γ; Σ ` 〈〉 : unit Γ; Σ ` n : int

Γ; Σ ` true : bool Γ; Σ ` false : bool

Γ; Σ ` e : bool Γ; Σ ` e1 : τ Γ; Σ ` e2 : τ

Γ; Σ ` if e then e1 else e2 : τ

Γ; Σ ` e1 : τ1 Γ; Σ ` e2 : τ2

Γ; Σ ` 〈e1, e2〉 : τ1 × τ2
Γ; Σ ` e : τ1 × τ2
Γ; Σ ` fst e : τ1

Γ; Σ ` e : τ1 × τ2
Γ; Σ ` snd e : τ2

Γ; Σ ` e : τ1

Γ; Σ ` inl e : τ1 + τ2

Γ; Σ ` e : τ2

Γ; Σ ` inr e : τ1 + τ2

Γ; Σ ` e : τ1 + τ2 Γ, x1 : τ1; Σ ` e1 : τ Γ, x2 : τ2; Σ ` e2 : τ

Γ; Σ ` case e of inlx1 ⇒ e1 | inr x2 ⇒ e2 : τ

Γ, x : τ1; Σ ` e : τ2

Γ; Σ ` λx : τ1. e : τ1 → τ2

Γ; Σ ` e1 : τ2 → τ Γ; Σ ` e2 : τ2

Γ; Σ ` e1 e2 : τ

Γ, α; Σ ` e : τ

Γ; Σ ` Λα. e : ∀α. τ
Γ; Σ ` e : ∀α. τ Γ ` τ1

Γ; Σ ` e τ1 : [τ1/α]τ

Γ ` τ1 Γ; Σ ` e : [τ1/α]τ

Γ; Σ ` pack τ1, e as∃α. τ : ∃α. τ
Γ; Σ ` e1 : ∃α. τ1 Γ ` τ Γ, α, x : τ1; Σ ` e2 : τ

Γ; Σ ` unpack e1 asα, x in e2 : τ

Γ; Σ ` e : [µα. τ/α]τ

Γ; Σ ` roll e : µα. τ

Γ; Σ ` e : µα. τ

Γ; Σ ` unroll e : [µα. τ/α]τ

Σ(l) = τ

Γ; Σ ` l : ref τ

Γ; Σ ` e : τ

Γ; Σ ` ref e : ref τ

Γ; Σ ` e : ref τ

Γ; Σ ` !e : τ

Γ; Σ ` e1 : ref τ Γ; Σ ` e2 : τ

Γ; Σ ` e1 := e2 : unit

Γ; Σ ` e1 : ref τ Γ; Σ ` e2 : ref τ

Γ; Σ ` e1 == e2 : bool
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` h ` h : Σ

FV(h) = ∅ FL(h) ⊆ dom(h)

` h
∀l ∈ dom(Σ). ·; Σ ` h(l) : Σ(l)

` h : Σ

1.4 Contexts and Contextual Equivalence

Contexts C ::= [·] | o(e1, . . . , ei−1, C, ei+1, . . . , en) | if C then e1 else e2 | if e thenC else e2 |
if e then e1 elseC | 〈C, e2〉 | 〈e1, C〉 | fstC | sndC | inlC | inrC |
caseC of inlx1 ⇒ e1 | inr x2 ⇒ e2 | case e of inlx1 ⇒ C | inr x2 ⇒ e2 |
case e of inlx1 ⇒ e1 | inr x2 ⇒ C | λx : τ. C | C e | eC | Λα.C | C τ |
pack τ1, C as∃α. τ | unpackC asα, x in e2 | unpack e1 asα, x inC |
rollC | unrollC | ref C | !C | C := e | e :=C | C == e | e==C

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)

Γ ⊆ Γ′ Σ ⊆ Σ′

` [·] : (Γ; Σ ` τ) (Γ′; Σ′ ` τ)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` bool) Γ′; Σ′ ` e1 : τ ′ Γ′; Σ′ ` e2 : τ ′

` if C then e1 else e2 : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)

Γ′; Σ′ ` e : bool ` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′) Γ′; Σ′ ` e2 : τ ′

` if e thenC else e2 : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)

Γ′; Σ′ ` e : bool Γ′; Σ′ ` e1 : τ ′ ` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)
` if e then e1 elseC : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ1) Γ′; Σ′ ` e2 : τ2

` 〈C, e2〉 : (Γ; Σ ` τ) (Γ′; Σ′ ` τ1 × τ2)

Γ′; Σ′ ` e1 : τ1 ` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ2)

` 〈e1, C〉 : (Γ; Σ ` τ) (Γ′; Σ′ ` τ1 × τ2)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ1 × τ2)

` fstC : (Γ; Σ ` τ) (Γ′; Σ′ ` τ1)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ1 × τ2)

` sndC : (Γ; Σ ` τ) (Γ′; Σ′ ` τ2)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ1)

` inlC : (Γ; Σ ` τ) (Γ′; Σ′ ` τ1 + τ2)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ2)

` inrC : (Γ; Σ ` τ) (Γ′; Σ′ ` τ1 + τ2)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ1 + τ2) Γ′, x1 : τ1; Σ′ ` e1 : τ ′ Γ′, x2 : τ2; Σ′ ` e2 : τ ′

` caseC of inlx1 ⇒ e1 | inr x2 ⇒ e2 : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)

Γ′; Σ′ ` e : τ1 + τ2 ` C : (Γ; Σ ` τ) (Γ′, x1 : τ1; Σ′ ` τ ′) Γ′, x2 : τ2; Σ′ ` e2 : τ ′

` case e of inlx1 ⇒ C | inr x2 ⇒ e2 : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)

Γ′; Σ′ ` e : τ1 + τ2 Γ′, x1 : τ1; Σ′ ` e1 : τ ′ ` C : (Γ; Σ ` τ) (Γ′, x2 : τ2; Σ′ ` τ ′)
` case e of inlx1 ⇒ e1 | inr x2 ⇒ C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)
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` C : (Γ; Σ ` τ) (Γ′, x : τ1; Σ′ ` τ2)

` λx : τ1. C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ1 → τ2)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ2 → τ ′) Γ′; Σ′ ` e2 : τ2

` C e2 : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)

Γ′; Σ′ ` e1 : τ2 → τ ′ ` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ2)

` e1 C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)
` C : (Γ; Σ ` τ) (Γ′, α; Σ′ ` τ ′)

` Λα.C : (Γ; Σ ` τ) (Γ′; Σ′ ` ∀α. τ ′)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` ∀α. τ ′) Γ′ ` τ1
` C τ1 : (Γ; Σ ` τ) (Γ′; Σ′ ` [τ1/α]τ ′)

Γ′ ` τ1 ` C : (Γ; Σ ` τ) (Γ′; Σ′ ` [τ1/α]τ ′)

` pack τ1, C as ∃α. τ ′ : (Γ; Σ ` τ) (Γ′; Σ′ ` ∃α. τ ′)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` ∃α. τ1) Γ′ ` τ ′ Γ′, α, x : τ1; Σ′ ` e2 : τ ′

` unpackC asα, x in e2 : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)

Γ′; Σ′ ` e1 : ∃α. τ1 Γ′ ` τ ′ ` C : (Γ; Σ ` τ) (Γ′, α, x : τ1; Σ′ ` τ ′)
` unpack e1 asα, x inC : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` [µα. τ ′/α]τ ′)

` rollC : (Γ; Σ ` τ) (Γ′; Σ′ ` µα. τ ′)
` C : (Γ; Σ ` τ) (Γ′; Σ′ ` µα. τ ′)

` unrollC : (Γ; Σ ` τ) (Γ′; Σ′ ` [µα. τ ′/α]τ ′)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)
` ref C : (Γ; Σ ` τ) (Γ′; Σ′ ` ref τ ′)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` ref τ ′)

` !C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` ref τ ′) Γ′; Σ′ ` e2 : τ ′

` C := e2 : (Γ; Σ ` τ) (Γ′; Σ′ ` unit)

Γ′; Σ′ ` e1 : ref τ ′ ` C : (Γ; Σ ` τ) (Γ′; Σ′ ` τ ′)
` e1 :=C : (Γ; Σ ` τ) (Γ′; Σ′ ` unit)

` C : (Γ; Σ ` τ) (Γ′; Σ′ ` ref τ ′) Γ′; Σ′ ` e2 : ref τ ′

` C == e2 : (Γ; Σ ` τ) (Γ′; Σ′ ` bool)

Γ′; Σ′ ` e1 : ref τ ′ ` C : (Γ; Σ ` τ) (Γ′; Σ′ ` ref τ ′)

` e1 :=C : (Γ; Σ ` τ) (Γ′; Σ′ ` bool)

Definition 1.1 (Contextual Equivalence)
Let Γ; Σ ` e1 : τ and Γ; Σ ` e2 : τ .

Γ; Σ ` e1 �ctx e2 : τ def= ∀C,Σ′, τ ′, h. ` C : (Γ; Σ ` τ) (·; Σ′ ` τ ′) ∧ ` h : Σ′ =⇒
(h;C[e1])⇓ ⇐⇒ (h;C[e2])⇓
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2 LADR

2.1 Well-formedness

Delayed Assertions H ′, J ′ ::= e1 ↪→i e2 | H ′ ∗ J ′ | H ′ ∨ J ′ | ∃X .H ′ | 2P ′
Delayed Formulas P ′, Q′ ::= e1 = e2 | e1 ;0 e2 | e1 ;1 e2 | e1 ;∗ e2 | > | ⊥ |

P ′ ∧Q′ | P ′ ∨Q′ | P ′ ⇒ Q′ | ∀X .P ′ | ∃X .P ′ | ∀R.P ′ | ∃R.P ′ |
e ∈ P ′ | a | x.P ′ | Val | Constτb

| Loc | Termi | .P

` X ok

` · ok
` X ok x /∈ X
` X , x ok

` X ok α /∈ X
` X , α ok

X ` e : Term
FV(e) ⊆ X
X ` e : Term

` R ok

` · ok
` R ok a /∈ R
` R, a ok

` R ok p /∈ R
` R, p ok

X ;R ` L ok

X ;R ` · ok

p ∈ R p /∈ dom(L) arity(p) = arity(a) ` R, a ok
X ;R, a ` A : Rel(0) X ;R, a ` H : Asrt H delayed

X ;R ` L, p∝ a.(A,H) ok

X ;R ` P ok
X ;R ` P1 : Rel(0) · · · X ;R ` Pn : Rel(0)

X ;R ` P1, . . . , Pn ok

` X ;R;L;P ok
` X ok ` R ok X ;R ` L ok X ;R ` P ok

` X ;R;L;P ok

X ;R ` P : Rel(n)
X ` e1 : Term X ` e2 : Term
X ;R ` e1 = e2 : Rel(0)

X ` e1 : Term X ` e2 : Term
X ;R ` e1 ;∗ e2 : Rel(0)

X ` e1 : Term X ` e2 : Term
X ;R ` e1 ;0 e2 : Rel(0)

X ` e1 : Term X ` e2 : Term
X ;R ` e1 ;1 e2 : Rel(0)

X ;R ` > : Rel(0) X ;R ` ⊥ : Rel(0)

X ;R ` P : Rel(0) X ;R ` Q : Rel(0)
X ;R ` P ∧Q : Rel(0)

X ;R ` P : Rel(0) X ;R ` Q : Rel(0)
X ;R ` P ∨Q : Rel(0)
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X ;R ` P : Rel(0) X ;R ` Q : Rel(0)
X ;R ` P ⇒ Q : Rel(0)

` X ,X ′ ok X ,X ′;R ` P : Rel(0)
X ;R ` ∀X ′.P : Rel(0)

` X ,X ′ ok X ,X ′;R ` P : Rel(0)
X ;R ` ∃X ′.P : Rel(0)

` R,R′ ok X ;R,R′ ` P : Rel(0)
X ;R ` ∀R′.P : Rel(0)

` R,R′ ok X ;R,R′ ` P : Rel(0)
X ;R ` ∃R′.P : Rel(0)

` R, a ok X ;R, a ` A : Rel(0) X ;R, a ` H : Asrt H delayed
X ;R ` ∝ a.(A,H) : Rel(0)

X ;R ` P : Rel(0)
X ;R ` .P : Rel(0)

X ;R ` P : Rel(0)
X ;R ` 2P : Rel(0)

X ;R ` R : Rel(n) X ` e1 : Term · · · X ` en : Term
X ;R ` (e1, . . . , en) ∈ R : Rel(0)

a ∈ R arity(a) = n

X ;R ` a : Rel(n)
p ∈ R arity(p) = n

X ;R ` p : Rel(n)

` X , x1, . . . , xn ok X , x1, . . . , xn;R ` P : Rel(0)
X ;R ` (x1, . . . , xn).P : Rel(n)

` R, r ok arity(r) = n X ;R, r ` R : Rel(n) R contractive in r

X ;R ` µr.R : Rel(n)

X ;R ` R : Rel(2)
X ;R ` ↑R : Rel(2) X ;R ` Termi : Rel(1) X ;R ` Val : Rel(1)

X ;R ` H : Asrt X ;R ` J : Asrt
X ;R ` H V J : Rel(0)

X ;R ` H : Asrt

X ;R ` e1 ↪→i e2 : Asrt

X ;R ` H : Asrt X ;R ` J : Asrt
X ;R ` H ∗ J : Asrt

X ;R ` H : Asrt X ;R ` J : Asrt
X ;R ` H ∨ J : Asrt

` X ,X ′ ok X ,X ′;R ` H : Asrt
X ;R ` ∃X ′.H : Asrt

X ;R ` P : Rel(0)
X ;R ` 2P : Asrt
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2.2 Additional Inference Rules

C ` J

C ` ⊥
C ` J

C ` P ∨Q C, P ` J C, Q ` J
C ` J

C ` ∃X .P C,X , P ` J
C ` J

C ` ∃R.P C,R, P ` J
C ` J

C ` P

C, P ` P C ` >
C ` P C ` Q
C ` P ∧Q

C ` P ∧Q
C ` P

C ` P ∧Q
C ` Q

C ` P
C ` P ∨Q

C ` Q
C ` P ∨Q

C, P ` Q
C ` P ⇒ Q

C ` P ⇒ Q C ` P
C ` Q

C,X ` P
C ` ∀X .P

C ` ∀X .P C ` γ : X
C ` γP

C,R ` P
C ` ∀R.P

C ` ∀R.P C ` ϕ : R
C ` ϕP

C ` γ : X C ` γP
C ` ∃X .P

C ` ϕ : R C ` ϕP
C ` ∃R.P

C ` H V H
(entail-refl)

C ` H V H ′ C ` H ′ V H ′′

C ` H V H ′′
(entail-trans)

C ` H1 ∗H2 V H1
(entail-weaken)

C ` H1 V H ′1 C ` H2 V H ′2
C ` H1 ∗H2 V H ′1 ∗H ′2

(entail-∗)

C ` H1 ∗H2 V H2 ∗H1
(entail-∗-comm)

C ` H1 ∗ (H2 ∗H3)V (H1 ∗H2) ∗H3
(entail-∗-assoc-l)

C ` (H1 ∗H2) ∗H3 V H1 ∗ (H2 ∗H3)
(entail-∗-assoc-r)

C ` H1 V H1 ∨H2
(entail-∨-intro-l) C ` H2 V H1 ∨H2

(entail-∨-intro-r)

C ` H1 V H ′ C ` H2 V H ′

C ` H1 ∨H2 V H ′
(entail-∨-elim)

C ` γ : X
C ` γH V ∃X .H (entail-∃-intro)

C,X ` H V H ′

C ` ∃X .H V H ′
(entail-∃-elim)

C ` e1 ↪→i e2 ∗ e′1 ↪→i e
′
2 V 2(e1 6= e′1)

(entail-↪→-sep)

9



2.3 Model

2.3.1 Interpretation of Absolute Propositions

||A||δe

||e1 = e2||δ
def= e1 = e2

||>||δ def= >
||⊥||δ def= ⊥

||A ∧B||δ def= ||A||δ ∧ ||B||δ
||A ∨B||δ def= ||A||δ ∨ ||B||δ
||A⇒ B||δ def= ||A||δ ⇒ ||B||δ
||∀X .A||δ def= ∀γ ∈ JX K . ||γA||δ
||∃X .A||δ def= ∃γ ∈ JX K . ||γA||δ
||∀R.A||δ def= ∀δ′ ∈ JRK . ||A||(δ, δ′)
||∃R.A||δ def= ∃δ′ ∈ JRK . ||A||(δ, δ′)
||e ∈ A||δ def= ||A||δe
||a||δe def= δ(a)e

||x.A||δe def= ||A[e/x]||δ
||Val||δe def= e value
||Loc||δe def= e ∈ Loc

2.3.2 Properties

Lemma 2.1
W = . /W

Proof: Follows easily from the definitions. �

Lemma 2.2
1. .W ⊇W

2. If W ′ ⊇W , then W ′ wW .

3. If W ′ ⊇W , then .W ′ ⊇ .W .

4. If W ′ wW , then .W ′ w .W .

5. If W ′′ ⊇W ′ and W ′ ⊇W , then W ′′ ⊇W .

6. If W ′′ wW ′ and W ′ wW , then W ′′ wW .

Proof: Follows easily from the definitions. �

Lemma 2.3
1. If W ′ ⊇ .W , then there is Ŵ ′ ⊇W such that .Ŵ ′ = W ′.

2. If W ′ w .W , then there is Ŵ ′ wW such that .Ŵ ′ = W ′.
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Proof: In each case define Ŵ ′ := (W ′.k + 1,W ′.d,W ′.ς1,W ′.ς2, I), where

dom(I) = dom(W ′.I)
I(ι) = W ′.I(ι) if ι /∈ dom(W.I)
I(ι) = (W ′.I(ι).CP ,W ′.I(ι).PL, bW.I(ι).HLcW ′.k+1) otherwise

�

Corollary 2.4
If W ′ wW , then there is

←−
W ′ w /W such that .

←−
W ′ = W ′.

Proof: Since W = . /W by Lemma 2.1, the claim follows by Lemma 2.3. �

Lemma 2.5
1. If W ′ ⊇ / .W , then there is W̃ ′ ⊇W such that / .W̃ ′ = W ′.

2. If W ′ w / .W , then there is W̃ ′ wW such that / .W̃ ′ = W ′.

Proof: In each case define W̃ ′ := (W ′.k,W ′.d,W ′.ς1,W ′.ς2, I), where

dom(I) = dom(W ′.I)
I(ι) = W ′.I(ι) if ι /∈ dom(W.I)
I(ι) = (W ′.I(ι).CP ,W ′.I(ι).PL, bW.I(ι).HLcW ′.k) otherwise

�

Lemma 2.6
1. If W ′1 ⊇W1 and .W1 = .W2, then there is W ′2 ⊇W2 such that .W ′1 = .W ′2.

2. If W ′1 wW1 and .W1 = .W2, then there is W ′2 wW2 such that .W ′1 = .W ′2.

Proof: In each case define W ′2 := (W ′1.k,W
′
1.d,W

′
1.ς1,W

′
1.ς2, I), where

dom(I) = dom(W ′1.I)
I(ι) = W ′1.I(ι) if ι /∈ dom(W2.I)
I(ι) = (W ′1.I(ι).CP ,W ′1.I(ι).PL, bW2.I(ι).HLcW ′

1.k
) otherwise

�

Lemma 2.7
1. If P is delayed and .W1 = .W2, then JP KδW1 = JP KδW2.

2. If H is delayed and .W1 = .W2, then JHKδW1 = JHKδW2.

Proof: Each by primary induction on W.k and secondary induction on the “size” of the formula.
By symmetry it suffices to show only one direction. The interesting cases are:

1. • Case P = P1 ⇒ P2 where P1, P2 are delayed:

– Suppose JP1 ⇒ P2KδW1, W ′2 ⊇W2, and JP1KδW ′2.
– To show: JP2KδW ′2
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– If W ′2.k = 0, there is nothing to show, so assume W ′2.k > 0.
– By Lemma 2.6 there is W ′1 ⊇W1 with .W ′1 = .W ′2.
– Hence instantiating JP1 ⇒ P2KδW1 yields JP2KδW ′1 if we can show JP1KδW ′1.
– By induction, the former is equivalent to JP2KδW ′2 and the latter to JP1KδW ′2.

• Case P = .P ′:
– Suppose J.P ′KδW1, i.e., JP ′Kδ(.W1).
– To show: J.P ′KδW2, i.e., JP ′Kδ(.W2)
– Since ..W1 = ..W2, we are done by induction.

• Case P = Termi:
– Suppose JTermiKδW1e, i.e., FL(e) ⊆W1.ςi.
– To show: JTermiKδW2e, i.e., FL(e) ⊆W2.ςi
– Since .W1 = .W2, we know W1.ςi = W2.ςi.

2. • Case H = e1 ↪→i e2: analogously to previous case
• Case H = 2P where P is delayed:

– Suppose J2P KδW1 and W ′2 wW2.
– To show: JP KδW ′2
– If W ′2.k = 0, there is nothing to show, so assume W ′2.k > 0.
– By Lemma 2.6 there is W ′1 wW1 with .W ′1 = .W ′2.
– Hence instantiating J2P KδW1 yields JP KδW ′1.
– By induction, this is equivalent to JP KδW ′2.

�

Corollary 2.8
1. If P is delayed, then JP KδW = JP Kδ(/ .W ).

2. If H is delayed, then JHKδW = JHKδ(/ .W ).

Proof: Since .W = . / .W by Lemma 2.1, the claim follows by Lemma 2.7. �

Lemma 2.9
If JPKδW and W ′ wW , then J†PKδW ′.

Proof: Follows easily from the definitions and Lemma 2.2. �

Lemma 2.10
If W ′ wW , then JHKδW ′ ⊇ JHKδW .

Proof: By induction on the structure of H. If W.k = 0, then W ′.k = 0 and so there is nothing to
show. Otherwise the only interesting cases are:

• Case H = e1 ↪→i e2:

Je1 ↪→i e2KδW (h1, h2)
⇐⇒ FL(e1),FL(e2) ⊆W.ςi ∧ e1, e2 ∈ Val ∧ hi(e1) = e2

=⇒ FL(e1),FL(e2) ⊆W ′.ςi ∧ e1, e2 ∈ Val ∧ hi(e1) = e2

⇐⇒ Je1 ↪→i e2KδW ′(h1, h2)
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• Case H = 2P :

J2P KδW (h1, h2)
=⇒ J2P KδW
=⇒ ∀W ′′ wW. JP KδW ′′

=⇒ ∀W ′′ wW ′. JP KδW ′′ by Lemma 2.2
=⇒ J2P KδW ′

=⇒ J2P KδW ′(h1, h2)

�

Lemma 2.11
If W ′ ` (h1; e1) ≈ (h2; e2) : Ψ, W ′ wW and W ′.k = W.k as well as W ′.ς1 = W.ς1 and W ′.ς2 = W.ς2,
then W ` (h1; e1) ≈ (h2; e2) : Ψ.

Proof: Easy to verify using Lemma 2.2. �

Lemma 2.12
If W.k > 0, then JAKδW = ||A||δ.

Proof: Easy induction. �

Lemma 2.13 (Substitution)
1. JLK(δ, a7→||A||δ)W = JL[A/a]KδW

2. JP K(δ, a 7→||A||δ)W = JP [A/a]KδW

3. JHK(δ, a 7→||A||δ)W = JH[A/a]KδW

4. ||B||(δ, a 7→||A||δ) = ||B[A/a]||δ

Proof: By mutual induction, a primary one on W.k and a secondary one on the “size” of the
formula, where (2) uses (1) and (3) uses (2). �

Lemma 2.14
1. If h1, h2 :ω W , W ′ wW , and W ′.I|ω = bW.I|ωcW ′.k, then h1, h2 :ω W ′.

2. If h1, h2 : W , then h1, h2 : .W .

Proof:

1. If W ′.k = 0, this holds vacuously. So suppose W ′.k > 0 and thus W.k > 0. By assumption
we know that there are h1

1, . . . , h
n
1 , h

1
2, . . . , h

n
2 with

h1 = h1
1 ] · · · ] hn1 and h2 = h1

2 ] · · · ] hn2

such that
∀i ∈ {1, . . . , n}. (.W, hi1, h

i
2) ∈W.I(ιi).HL(W.I(ιi).CP)

where
S = ι1, . . . , ιn.
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It suffices to show:

∀i ∈ {1, . . . , n}. (.W ′, hi1, h
i
2) ∈W ′.I(ιi).HL(W ′.I(ιi).CP)

• Suppose i ∈ {1, . . . , n}.
• Hence (.W, hi1, h

i
2) ∈W.I(ιi).HL(W.I(ιi).CP).

• By Lemma 2.2 and definition of HeapRel , (.W ′, hi1, h
i
2) ∈W.I(ιi).HL(W.I(ιi).CP).

• Hence (.W ′, hi1, h
i
2) ∈ bW.I(ιi)cW ′.k.HL(W.I(ιi).CP).

• Consequently, (.W ′, hi1, h
i
2) ∈W ′.I(ιi).HL(W ′.I(ιi).CP).

2. Follows easily from part (1) and the definitions.

�

Lemma 2.15
If JLKδWω and W ′ wW , then JLKδW ′ω.

Proof: By induction on the structure of L. Easy to verify using Lemma 2.2. �

Lemma 2.16
If JHKδW (h1, h2) and h′1 ⊇ h1 and h′2 ⊇ h2, then JHKδW (h′1, h

′
2).

Proof: By induction on the structure of H. If W.k = 0, there is nothing to show. Otherwise the
interesting cases are:

• Case H = e1 ↪→i e2:

– We know hi(e1) = e2 and need to show h′i(e1) = e2.

– This follows from h′i ⊇ hi.

• Case H = H1 ∗H2:

– We know there are h1
1, h

2
1 with h1 = h1

1 ] h2
1 and h1

2, h
2
2 with h2 = h1

2 ] h2
2 such that

JH1KδW (h1
1, h

1
2) and JH2KδW (h1

2, h
2
2).

– Let h3
i = h′i|dom(h′

i)\dom(hi).

– Then JH2KδW (h2
1 ] h3

1, h
2
2 ] h3

2) by induction.

– Furthermore, h1
i ] h2

i ] h3
i = h′i.

• Case H = 2P :

J2P KδW (h1, h2)
⇐⇒ J2P KδW
⇐⇒ J2P KδW (h′1, h

′
2)

�

Lemma 2.17 (Monotonicity of JP K wrt. ⊇)
If JP KδWe and W ′ ⊇W , then JP KδW ′e.
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Proof: By primary induction on W.k and secondary induction on the “size” of P . If W ′.k = 0,
then there is nothing to show. Otherwise the interesting cases are:

• Case P = P1 ⇒ P2:

– Suppose W ′′ ⊇W ′ and JP1KδW ′′.

– Using Lemma 2.2, we can instantiate the assumption and get JP2KδW ′′. (If W ′′.k = 0,
this holds trivially.)

• Case P = ∝ a.(B,H):

– We know Jp∝ a.(B,H)K(δ, p 7→pop(ι))W{ι}, for some ι and some p /∈ dom(δ).

– By Lemma 2.2 we know W ′ wW and thus Lemma 2.15 yields
Jp∝ a.(B,H)K(δ, p 7→pop(ι))W ′{ι}.

– Hence J∝ a.(B,H)KδW ′.

• Case P = 2P ′:

– Suppose W ′′ ⊇W ′.
– By Lemma 2.2, W ′′ ⊇W .

– Instantiating the assumption yields JP ′KδW ′′. (If W ′′.k = 0, this holds trivially.)

• Case P = .P ′:

– We know JP ′Kδ(.W ).

– By Lemma 2.2, .W ′ ⊇ .W .

– Hence JP ′Kδ(.W ′) by induction, and thus J.P ′KδW ′.

• Case P = r:

– We know δ(r)We.

– δ(r)W ′e then follows from δ(r) ∈ SemRelarity(r).

• Case P = ↑R:

– Suppose W ′′ ⊇W ′ and h1, h2 : W ′′.

– By Lemma 2.2, W ′′ ⊇W .

– Instantiating the assumption yields W ′′ ` (h1; e1) ≈ (h2; e2) : JRKδ.

• Case P = Termi:

– We know FL(e) ⊆W.ςi.
– By assumption, W.ςi ⊆W ′.ςi.
– Hence FL(e) ⊆W ′.ςi and thus JTermiKδW ′(e).

• Case P = H V J :

– Suppose W ′′ ⊇W ′ and JHKδW ′′(h1, h2).
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– TS: JJKδW ′′(h1, h2)

– Since W ′′ ⊇W by Lemma 2.2, this follows by instantiating the assumption.

�

Lemma 2.18
If JPKδW , then J/PKδ(.W ).

Proof: Consider a single proposition P and assume JP KδW . If P is of the form .P ′, we need to
show JP ′Kδ(.W ), which is equivalent to the assumption. Otherwise, we need to show JP Kδ(.W ),
which follows from the assumption by Lemmas 2.2 and 2.17. �
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2.4 Soundness of the Inference Rules
Theorem 2.19
The following rule is sound:

C ` e1 = e2 C ` J [e1/x]
C ` J [e2/x]

replace

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• If W.k = 0, there is nothing to show.

• Otherwise the first premise yields γe1 = γe2 and thus the claim follows from instantiating the
second premise.

�

Theorem 2.20
The following rule is sound:

C ` J
C,X ,R,P ` J weaken

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JC,X ,R,PK.

• Let γ′ := γ|C.X and δ′ := δ|C.R.

• It is easy to see that then (γ′, δ′,W, ω1, ω2) ∈ JCK.

• Thus the claim follows from instantiating the premise.

�

Theorem 2.21
The following rule is sound:

C ` P C, P ` J
C ` J cut

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• Instantiating the first premise yields JγP KδW .

• Consequently, (γ, δ,W, ω1, ω2) ∈ JC, P K and thus the claim follows from instantiating the
second premise.

�
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Theorem 2.22
The following rule is sound:

C ` P
C,L ` P L-weaken

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JC,LK.

• To show: JγP KδW

• If W.k = 0, there is nothing to show, so assume W.k > 0.

• Say L = p1 ∝ a.(B1, H1), . . . , pn ∝ a.(Bn, Hn).

• From Jγ(C.L), γLKδWω1 we know that there are ι1, . . . , ιn such that

1. Jγ(C.L)KδWω′1 and

2. JγLKδW{ι1, . . . , ιn}

where ω′1 := ω1 \ {ι1, . . . , ιn}.

• It is easy to see that then (γ, δ,W, ω′1, ω2 ] {ι1, . . . , ιn}) ∈ JCK.

• Now instantiate the premise to get JγP KδW .

�

Theorem 2.23
The following rule is sound:

C ` P
C ` .P .-mono

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J.γP KδW

• If W.k = 0, there is nothing to show.

• Otherwise we need to show JγP Kδ(.W ).

• Instantiating the assumption yields JγP KδW .

• The goal then follows from Lemmas 2.2 and 2.17.

�

Theorem 2.24
The following rule is sound:

/ C ` P
C ` .P .-weaken
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Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J.γP KδW

• If W.k = 0, there is nothing to show.

• Otherwise we need to show JγP Kδ(.W ).

• We show (γ, δ, .W, ω1, ω2) ∈ J/ CK:

– We need to show Jγ(C.L)Kδ(.W )ω1 and J/ γ(C.P)Kδ(.W ).

– The former follows from Jγ(C.L)KδWω1, Lemma 2.2, and Lemma 2.15.

– The latter follows from Jγ(C.P)KδW and Lemma 2.18.

• Now instantiate the premise to get JγP Kδ(.W ).

�

Theorem 2.25
The following rule is sound:

C, .P ` P
C ` P löb

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• We show JγP KδW by induction on W.k.

• Case W.k = 0: trivial

• Case W.k > 0:

– By induction we know JγP Kδ(.W ).

– Hence it is easy to see that (γ, δ,W, ω1, ω2) ∈ JC, .P K.

– Instantiating the premise then yields the goal.

�

Theorem 2.26
The following rule is sound:

C ` .(P ⇒ Q)
C ` .P ⇒ .Q

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W ′ ⊇W and J.γP KδW ′.

• To show: J.γQKδW ′

19



• If W ′.k = 0, there is nothing to show.

• Otherwise we need to show JγQKδ(.W ′).

• If (.W ′).k = 0, there is nothing to show, so assume W ′.k > 1 and thus W.k > 1.

• We know JγP Kδ(.W ′).

• Instantiating the premise yields J.(γP ⇒ γQ)KδW , i.e., JγP ⇒ γQKδ(.W ).

• By Lemma 2.2, .W ′ ⊇ .W .

• Hence we get JγQKδ(.W ′).

�

Theorem 2.27
The following rule is sound:

C ` .P ⇒ .Q

C ` .(P ⇒ Q)

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J.(γP ⇒ γQ)KδW

• If W.k = 0, there is nothing to show.

• Otherwise we need to show JγP ⇒ γQKδ(.W ).

• If (.W ).k = 0, there is nothing to show, so assume W.k > 1.

• Now suppose W ′ ⊇ .W and JγP KδW ′.

• To show: JγQKδW ′

• If W ′.k = 0, there is nothing to show, so assume W ′.k > 0.

• Instantiating the premise yields J.γP ⇒ .γQKδW .

• By Lemma 2.3 there is Ŵ ′ ⊇W with .Ŵ ′ = W ′.

• Hence we get J.γQKδŴ ′ if we can show J.γP KδŴ ′.

• Note that the former is equivalent to JγQKδW ′ (which is what we want to show) and the
latter to JγP KδW ′ (which we assumed to hold).

�

Theorem 2.28
The following rule is sound:

C ` .(P ∧Q)
C ` .P ∧ .Q
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Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J.γP ∧ .γQKδW

• If W.k = 0, there is nothing to show, so assume W.k > 0.

• Instantiating the premise yields J.(γP ∧ γQ)KδW , i.e., JγP ∧ γQKδ(.W ).

• Consequently, JγP Kδ(.W ) and JγQKδ(.W ). (If (.W ).k = 0, this holds trivially.)

• Hence J.γP KδW and J.γQKδW and thus J.γP ∧ .γQKδW .

�

Theorem 2.29
The following rule is sound:

C ` .P ∧ .Q
C ` .(P ∧Q)

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J.(γP ∧ γQ)KδW

• If W.k = 0, there is nothing to show, so assume W.k > 0.

• Instantiating the premise yields J.γP ∧ .γQKδW , i.e., J.γP KδW and J.γQKδW .

• Consequently, JγP Kδ(.W ) and JγQKδ(.W ).

• Hence JγP ∧ γQKδ(.W ) and thus J.(γP ∧ γQ)KδW .

�

Theorem 2.30
The following rule is sound:

C ` .(P ∨Q)
C ` .P ∨ .Q

Proof: As for conjunction. �

Theorem 2.31
The following rule is sound:

C ` .P ∨ .Q
C ` .(P ∨Q)

Proof: As for conjunction. �
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Theorem 2.32
The following rule is sound:

C ` .∀X .P
C ` ∀X ..P

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J∀X ..γP KδW

• If W.k = 0, there is nothing to show.

• So assume W.k > 0 and suppose γ′ ∈ JX K.

• To show: J.(γ, γ′)P KδW

• Instantiating the premise yields J.∀X .γP KδW , i.e., J∀X .γP Kδ(.W ).

• Instantiating this yields J(γ, γ′)P Kδ(.W ), i.e., J.(γ, γ′)P KδW .

�

Theorem 2.33
The following rule is sound:

C ` ∀X ..P
C ` .∀X .P

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J.∀X .γP KδW

• If W.k = 0, there is nothing to show.

• Otherwise we need to show J∀X .γP Kδ(.W ).

• So suppose γ′ ∈ JX K.

• To show: J(γ, γ′)P Kδ(.W )

• Instantiating the premise yields J.(γ, γ′)P KδW , i.e., J(γ, γ′)P Kδ(.W ).

�

Theorem 2.34
The following rule is sound:

C ` .∀R.P
C ` ∀R..P

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.
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• To show: J∀R..γP KδW

• If W.k = 0, there is nothing to show.

• So assume W.k > 0 and suppose δ′ ∈ JRK.

• To show: J.γP K(δ, δ′)W , i.e., JγP K(δ, δ′)(.W ).

• Instantiating the premise yields J.∀R.γP KδW , i.e., J∀R.γP Kδ(.W ).

• Again, if (.W ).k = 0, there is nothing to show.

• Otherwise, instantiating J∀R.γP Kδ(.W ) yields JγP K(δ, δ′)(.W ).

�

Theorem 2.35
The following rule is sound:

C ` ∀R..P
C ` .∀R.P

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J.∀R.γP KδW

• If W.k = 0, there is nothing to show.

• Otherwise we need to show J∀R.γP Kδ(.W ).

• If (.W ).k = 0, there is nothing to show.

• Otherwise suppose δ′ ∈ JRK.

• To show: JγP K(δ, δ′)(.W )

• Instantiating the premise yields J.γP K(δ, δ′)W , i.e., JγP K(δ, δ′)(.W ).

�

Theorem 2.36
The following rule is sound:

C ` .∃X .P
C ` ∃X ..P

Proof: As for universal quantification. �

Theorem 2.37
The following rule is sound:

C ` ∃X ..P
C ` .∃X .P

Proof: As for universal quantification. �
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Theorem 2.38
The following rule is sound:

C ` .∃R.P
C ` ∃R..P

Proof: As for universal quantification. �

Theorem 2.39
The following rule is sound:

C ` ∃R..P
C ` .∃R.P

Proof: As for universal quantification. �

Theorem 2.40
The following rule is sound:

†C ` P
C ` 2P

2-intro

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J2γP KδW .

• If W.k = 0, there is nothing to show.

• Otherwise suppose W ′ wW .

• To show: JγP KδW ′

• We show (γ, δ,W ′, ω1,dom(W ′.I) \ ω1) ∈ J†CK:

– We need to show JγC.LKδW ′ω1 and Jγ†(C.P)KδW ′.
– The former follows from JγC.LKδWω1 and Lemma 2.15.

– The latter follows from JγC.PKδW and Lemma 2.9.

• Now instantiating the premise yields JγP KδW ′.

�

Theorem 2.41
The following rule is sound:

C ` A
C ` 2A

2-intro-abs

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J2γAKδW

• If W.k = 0, there is nothing to show.

24



• Otherwise suppose W ′ wW .

• To show: JγAKδW ′

• If W ′.k = 0, there is nothing to show.

• So assume W ′.k > 0 and thus W.k > 0.

• Instantiating the premise yields JγAKδW .

• By Lemma 2.12, this is equivalent to ||γA||δ, which in turn is equivalent to JγAKδW ′.

�

Theorem 2.42
The following rule is sound:

C ` e ∈ Termi

C ` 2(e ∈ Termi)
2-intro-term

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK

• To show: J2(γe ∈ Termi)KδW

• If W.k = 0, there is nothing to show.

• Otherwise suppose W ′ wW .

• To show: Jγe ∈ TermiKδW ′

• If W ′.k = 0, there is nothing to show.

• Otherwise we need to show FL(γe) ⊆W ′.ςi.

• Instantiating the premise yields Jγe ∈ TermiKδW , i.e., FL(γe) ⊆W.ςi.

• By definition of w we know W.ςi ⊆W ′.ςi.

�

Theorem 2.43
The following rule is sound:

C ` 2P
C ` P 2-elim

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• If W.k = 0, there is nothing to show.

• Otherwise we can instantiate the premise with W wW to get JγP KδW .
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�

Theorem 2.44
The following rule is sound:

C ` .2P
C ` 2.P

.2-swap

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J2.γP KδW

• If W.k = 0, there is nothing to show.

• Otherwise suppose W ′ wW .

• To show: J.γP KδW ′

• If W ′.k = 0, there is nothing to show.

• Otherwise we need to show JγP Kδ(.W ′).

• Instantiating the premise yields J2γP Kδ(.W ).

• By Lemma 2.2, .W ′ w .W .

• Hence JγP Kδ(.W ′), i.e., J.γP KδW ′.

�

Theorem 2.45
The following rule is sound:

C ` 2.P
C ` .2P .2-swap

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J.2γP KδW

• If W.k = 0, there is nothing to show.

• Otherwise we need to show J2γP Kδ(.W ).

• So suppose W ′ w .W .

• By Lemma 2.3 there is Ŵ ′ ⊇W with .Ŵ ′ = W ′.

• Instantiating the premise yields J.γP KδŴ ′, i.e., JγP KδW ′.

�
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Theorem 2.46
The following rule is sound:

C ` e ∈ x.P
C ` P [e/x]

elem

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• If W.k = 0, there is nothing to show. Otherwise:

Jγe ∈ x.γP KδW
⇐⇒ Jx.γP KδW (γe)
⇐⇒ JγP [γe/x]KδW
⇐⇒ Jγ(P [e/x])KδW

�

Theorem 2.47
The following rule is sound:

C ` e ∈ µr.R
C ` e ∈ R[µr.R/r]

elem-µ

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• If W.k = 0, there is nothing to show. Otherwise:

Jγe ∈ γR[µr.γR]KδW
⇐⇒ JγR[µr.γR]KδW (γe)
⇐⇒ Jµr.γRKδW (γe)
⇐⇒ Jγe ∈ µr.γRKδW
⇐⇒ Jγ(e ∈ µr.R)KδW

�

Theorem 2.48
The following rule is sound:

p∝ a.(B,H) ∈ C.L C ` e ∈ p
C ` 2(e ∈ p)

pop-mono

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK

• To show: J2(γe ∈ p)KδW
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• If W.k = 0, there is nothing to show.

• Otherwise suppose W ′ wW .

• To show: Jγe ∈ pKδW ′

• If W ′.k = 0, there is nothing to show.

• Otherwise we need to show JpKδW ′(γe).

• From the first premise we know that there is ι such that Jp∝ a.(γB, γH)KδW{ι}.

• Hence δ(p) = pop(ι).

• So it remains to show γe ∈W ′.I(ι).CP .

• Instantiating the second premise yields Jγe ∈ pKδW , i.e., γe ∈W.I(ι).CP .

• By definition of w, W.I(ι).CP ⊆W ′.I(ι).CP .

�

Theorem 2.49
The following rule is sound:

p∝ a.(B,H) ∈ C.L C ` A ≡ p
C ` B[A/a]

pop-law

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: Jγ(B[A/a])KδW

• By Lemma 2.13 it suffices to show JγBK(δ, a 7→ JγAKδW )W .

• If W.k = 0, there is nothing to show.

• Otherwise, by Lemma 2.12, this reduces to showing ||γB||(δ, a 7→||γA||δ).

• From the first premise we know that there is ι such that Jp∝ a.(γB, γH)KδW{ι}.

• Hence δ(p) = pop(ι).

• We know W.I(ι).CP ∈W.I(ι).PL, i.e., ||γB||(δ, a7→W.I(ι).CP).

• It remains to show ||γA||δ = W.I(ι).CP .

• This follows from instantiating the second premise with W ⊇W .

�

Theorem 2.50
The following rule is sound:

p∝ a.(B,H) ∈ C.L
C ` ∃a.a ≡ p pop-snap
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Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J∃a.γa ≡ γpKδW

• If W.k = 0, there is nothing to show, so assume W.k > 0.

• From the premise we know that there is ι such that Jp∝ a.(γB, γH)KδW{ι}.

• Hence δ(p) = pop(ι).

• Let δ′ := δ, a 7→W.I(ι).CP .

• It suffices to show Jγa ≡ γpKδ′W .

• If W.k = 0, there is nothing to show.

• Otherwise this follows from the fact that W.I(ι).CP = W ′.I(ι).CP for any W ′ ⊇W .

�

Theorem 2.51
The following rule is sound:

p∝ a.(B′, H ′) ∈ C.L
C ` ∀a.B ≡ B′

C ` 2(∀a.B ⇒ (H WV H ′))

C ` ∝ a.(B,H)
∝-intro

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• If W.k = 0, there is nothing to show.

• Otherwise we need to show Jp̃∝ a.(γB, γH)K(δ, p̃ 7→pop(ι))W{ι} for some ι.

• From the first premise and Jγ(C.L)KδWω1 we know Jp∝ a.(γB′, γH ′)KδW{ι} for some ι.

• We need to show:

1. W.I(ι).PL = {CP | ||γB||δ, a7→CP)}
– We know implies W.I(ι).PL = {CP | ||γB′||(δ, a7→CP)}.
– It remains to show ||γB′||(δ, a7→CP) = ||γB||(δ, a7→CP), for any CP .
– This follows from instantiating the second premise and Lemma 2.12.

2. ∀CP ∈W.I(ι).PL. ∀W ′ w .W.
(W ′, h1, h2) ∈W.I(ι).HL(CP) ⇐⇒ JγHK(δ, a7→CP)(/W ′)(h1, h2)

– We know ∀CP ∈W.I(ι).PL. ∀W ′ w .W.
(W ′, h1, h2) ∈W.I(ι).HL(CP) ⇐⇒ JγH ′K(δ, a7→CP)(/W ′)(h1, h2)
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– It remains to show JγH ′K(δ, a 7→CP)(/W ′) = JγHK(δ, a7→CP)(/W ′), for any CP ∈
W.I(ι).PL and W ′ w .W .

– By symmetry it suffices to show only one direction.
– So suppose JγH ′K(δ, a 7→CP)(/W ′)(h1, h2).

– By Lemma 2.3 there is Ŵ ′ wW with .Ŵ ′ = W ′.
– Since . /W ′ = W ′ by Lemma 2.1, Lemma 2.7 yields JγH ′K(δ, a7→CP)Ŵ ′(h1, h2).
– Part (1) and Lemma 2.12 let us instantiate the third premise to get

JγH WV γH ′K(δ, a 7→CP)Ŵ ′(h1, h2).

– Consequently, JγHK(δ, a 7→CP)Ŵ ′(h1, h2) and thus we get
JγHK(δ, a7→CP)(/W ′)(h1, h2) by Lemma 2.7 again.

�

Theorem 2.52
The following rule is sound:

C ` ∝ a.(B,H) C, p, p∝ a.(B,H) ` P
∀p′ ∝ a.(B′, H ′) ∈ C.L : C,∀a.B ≡ B′,2(∀a.B ⇒ (H WV H ′)) ` P

C ` P ∝-elim

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: JγP KδW

• If W.k = 0, there is nothing to show.

• So assume W.k > 0.

• Instantiating the first premise yields Jp̃∝ a.(γB, γH)Kδ′W{ι} for some ι, where δ̃ = δ, p̃ 7→pop(ι).

• There are two cases:

1. ι ∈ ω1

– From Jγ(C.L)KδWω1 we then know
r
p̂∝ a.(γB̂, γĤ)

z
δW{ι} for some p̂∝ a.(B̂, Ĥ) ∈

C.L.
– It suffices to show

r
∀a.γB ≡ γB̂

z
δW and

r
2(∀a.γB ⇒ (γH WV γĤ))

z
δW , because

this lets us instantiate the third premise to get JγP KδW .
– We show the former:
∗ From Jp̃∝ a.(γB, γH)Kδ̃W{ι} and

r
p̂∝ a.(γB̂, γĤ)

z
δW{ι} we know

||γB||(δ, a 7→CP) = ||γB̂||(δ, a7→CP) for any CP .

∗ It is easy to see that, together with Lemma 2.12, this implies
r
∀a.γB ≡ γB̂

z
δW .

– We show the latter:
∗ Suppose W ′ wW and let δ′ := δ, a 7→CP for some CP .
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∗ To show:
r
γB ⇒ (γH WV γĤ)

z
δ′W ′

∗ If W ′.k = 0, there is nothing to show
∗ So assume W ′.k > 0.
∗ Now suppose W ′′ ⊇W ′ and JγBKδ′W ′′.

∗ To show:
r
γH WV γĤ

z
δ′W ′′

∗ If W ′′.k = 0, there is nothing to show.
∗ So assume W ′′.k > 0.
∗ By symmetry it suffices to show one direction.
∗ Suppose W ′′′ ⊇W ′′ and JγHKδ′W ′′′(h1, h2).

∗ To show:
r
γĤ

z
δ′W ′′′(h1, h2)

∗ From Jp̃∝ a.(γB, γH)Kδ̃W{ι} and
r
p̂∝ a.(γB̂, γĤ)

z
δW{ι} we know

JγHKδ′(/ W̃ ) =
r
γĤ

z
δ′(/ W̃ ) for any W̃ w .W , if CP ∈W.I(ι).PL.

∗ Note that JγBKδ′W ′′ with Lemma 2.12 implies CP ∈W.Iι.PL.
∗ Further note that W ′′′ wW and thus .W ′′′ w .W by Lemma 2.2.

∗ Hence JγHKδ′(/ .W ′′′) =
r
γĤ

z
δ′(/ .W ′′′).

∗ Consequently, JγHKδ′W ′′′(h1, h2) and Lemma 2.8 yield
r
γĤ

z
δ′W ′′′(h1, h2).

2. ι ∈ ω2

– Let ω′1 := ω1 ] {ι} and ω′2 := ω2 \ {ι}, so dom(W.I) = ω′1 ] ω′2.
– Let δ′′ := δ, p 7→pop(ι).
– We show (γ, δ′′,W, ω′1, ω

′
2) ∈ JC, p, p∝ a.(B,H)K:

∗ This reduces to showing Jp∝ a.(γB, γH)Kδ′′W{ι}.
∗ This in turn follows from Jp̃∝ a.(γB, γH)Kδ̃W{ι} and the definition of δ′′.

– We now instantiate the second premise to get JγP KδW .

�

Theorem 2.53
The following rule is sound:

C ` (e′1, e
′
2) ∈ ↑R

C ` e1 ;∗ e′1 C ` e2 ;∗ e′2

C ` (e1, e2) ∈ ↑R
↑-expand

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J(γe1, γe2) ∈ ↑γRKδW

• If W.k = 0, there is nothing to show.

• Otherwise suppose W ′ ⊇W and h1, h2 : W ′.
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• To show: W ′ ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• FL(γei) ⊆W.ςi ⊆W ′.ςi follows from the definition of ⊇ and the implicit assumption C ` ei ∈
Termi.

• Now assume W ′.d =→ (the other direction is analogously).

• Suppose (h1; γe1) ⇓j (h′1; e′′1) where j < W ′.k.

• Instantiating the first two premises yields W ′ ` (h1; γe′1) ≈ (h2; γe′2) : JγRKδ and γe1 ;∗ γe′1.

• The latter implies (h1; γe1) ε7−→j1 (h1; γe′1) for some j1 and thus (h1; γe′1) ⇓j−j1 (h′1; e′′1) and
j1 ≤ j.

• Consequently, there is h′2, e
′′
2 ,W

′′ such that:

1. W ′′.k = W ′.k − j + j1

2. W ′′ wW ′

3. (h2; γe′2)⇓ (h′2; e′′2)

4. JγRKδW ′′(e′′1 , e′′2)

5. h′1, h
′
2 : W ′′

• Instantiating the third premise yields γe2 ;∗ γe′2, which implies (h2; γe2) ε7−→∗ (h2; γe′2).

• Hence (h2; γe2)⇓ (h′2; e′′2).

• Let W ′′′ := . . . . .︸ ︷︷ ︸
j1 times

W ′′, so:

1. W ′′′.k = W ′′.k − j1 = W ′.k − j
2. W ′′′ wW ′ by Lemma 2.2

3. JγRKδW ′′′(e′′1 , e′′2) by Lemma 2.2 and Lemma 2.17

4. h′1, h
′
2 : W ′′′ by Lemma 2.14

�

Theorem 2.54
The following rule is sound:

C ` (e′1, e
′
2) ∈ ↑R

C ` e′1 ;0 e1 C ` e′2 ;0 e2

C ` (e1, e2) ∈ ↑R
↑-reduce

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• If W.k = 0, there is nothing to show.

• Otherwise suppose W ′ ⊇W and h1, h2 : W ′.
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• To show: W ′ ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• FL(γei) ⊆W.ςi ⊆W ′.ςi follows from the definition of ⊇ and the implicit assumption C ` ei ∈
Termi.

• Now assume W ′.d =→ (the other direction is analogously).

• Suppose (h1; γe1) ⇓j (h′1; e′′1) where j < W ′.k.

• Instantiating the first two premises yields W ′ ` (h1; γe′1) ≈ (h2; γe′2) : JγRKδ and γe′1 ;0 γe1.

• The latter implies (h1; γe′1) ε7−→0 (h1; γe1) and thus (h1; γe′1) ⇓j (h′1; e′′1).

• Consequently, there is h′2, e
′′
2 ,W

′′ such that:

1. W ′′.k = W ′.k − j
2. W ′′ wW ′

3. (h2; γe′2)⇓ (h′2; e′′2)

4. JγRKδW ′′(e′′1 , e′′2)

5. h′1, h
′
2 : W ′′

• Instantiating the third premise yields γe′2 ;0 γe2, which implies (h2; γe′2) ε7−→0 (h2; γe2).

• Hence (h2; γe2)⇓ (h′2; e′′2).

�

Theorem 2.55
The following rule is sound:

/ C ` (e′1, e
′
2) ∈ ↑R

C ` e1 ;1 e′1 C ` e2 ;1 e′2

C ` (e1, e2) ∈ ↑R
↑-unroll

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• If W.k = 0, there is nothing to show.

• Otherwise suppose W ′ ⊇W and h1, h2 : W ′.

• To show: W ′ ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• FL(γei) ⊆W.ςi ⊆W ′.ςi follows from the definition of ⊇ and the implicit assumption C ` ei ∈
Termi.

• Now assume W ′.d =→ (the other direction is analogously).

• Suppose (h1; γe1) ⇓j (h′1; e′′1) where j < W ′.k.
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• Instantiating the second premise yields γe1 ;1 γe′1, which implies (h1; γe1) ε7−→1 (h1; γe′1)
and thus (h1; γe′1) ⇓j−1 (h′1; e′′1) and 1 ≤ j.

• It is easy to see that (γ, δ, .W, ω1, ω2) ∈ J/ CK.

• Furthermore, .W ′ ⊇ .W by Lemma 2.2.

• Note that j < W ′.k and 1 ≤ j imply (.W ′).k > 0.

• Instantiating the first premise accordingly yields .W ′ ` (h1; γe′1) ≈ (h2; γe′2) : JγRKδ.

• Consequently, there is h′2, e
′′
2 ,W

′′ such that:

1. W ′′.k = W ′.k − 1− j + 1 = W ′.k − j
2. W ′′ w .W ′ (wW ′)
3. (h2; γe′2)⇓ (h′2; e′′2)

4. JγRKδW ′′(e′′1 , e′′2)

5. h′1, h
′
2 : W ′′

• Instantiating the third premise yields γe2 ;1 γe′2, which implies (h2; γe2) ε7−→1 (h2; γe′2).

• Hence (h2; γe2)⇓ (h′2; e′′2).

�

Theorem 2.56
The following rule is sound:

C ` (e1, e2) ∈ R C ` R : VRel
C ` (e1, e2) ∈ ↑R

↑-return

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• If W.k = 0, there is nothing to show.

• Otherwise suppose W ′ ⊇W and h1, h2 : W ′.

• To show: W ′ ` (h1; γ(E1[e1])) ≈ (h2; γ(E2[e2])) : JγRKδ

• FL(γei) ⊆W.ςi ⊆W ′.ςi follows from the definition of ⊇ and the implicit assumption C ` ei ∈
Termi.

• Now assume W ′.d =→ (the other direction is analogously).

• Suppose j < W ′.k and (h1; γe1) ⇓j (h′1; e′1).

• Instantiating the first premise yields JγRKδW (γe1, γe2) and thus JγRKδW ′(γe1, γe2) by
Lemma 2.17.

• Instantiating the second premise then implies that γe1 and γe2 are values.
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• Consequently, j = 0 and h′1 = h1 and e′1 = γe1.

• All in all, we have:

1. W ′.k = W ′.k − j
2. W ′ wW ′

3. (h2; γe2)⇓ (h2; γe2)

4. JγRKδW ′(e′1, γe2)

5. h′1, h2 : W ′

�

Theorem 2.57
The following rule is sound:

C ` (e1, e2) ∈ ↑S †C, x1, x2, (x1, x2) ∈ S ` (E1[x1], E2[x2]) ∈ ↑R
C ` (E1[e1], E2[e2]) ∈ ↑R

↑-bind

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• If W.k = 0, there is nothing to show.

• Otherwise suppose W ′ ⊇W and h1, h2 : W ′.

• To show: W ′ ` (h1; γ(E1[e1])) ≈ (h2; γ(E2[e2])) : JγRKδ

• FL(γ(Ei[ei])) ⊆ W.ςi ⊆ W ′.ςi follows from the definition of ⊇ and the implicit assumption
C ` Ei[ei] ∈ Termi.

• Now assume W ′.d =→ (the other direction is analogously).

• Suppose j < W ′.k and (h1; γ(E1[e1])) ⇓j (h′′1 ; e′′1).

• This implies (h1; γ(E1[e1])) l7−→j1 (h′1; (γE1)[e′1]) and (h′1; (γE1)[e′1]) ⇓j−j1 (h′′1 ; e′′1) (for some
j1 ≤ j, l, h′1, e′1) with (h1; γe1) ⇓j1 (h′1; e′1).

• Instantiating the first premise with (h1; γe1) ⇓j1 (h′1; e′1) yields h′2, e
′
2,W

′′ such that

1. W ′′.k = W ′.k − j1,

2. W ′′ wW ′,
3. (h2; γe2)⇓ (h′2; e′2),

4. JγSKδW ′′(e′1, e′2), and

5. h′1, h
′
2 : W ′′.

• Let

– γ′ := γ, x1 7→e′1, x2 7→e′2
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– ω′2 := dom(W ′′.I) \ ω1

and note that dom(W ′′.I) = ω1 ] ω′2.

• Note that j < W ′.k and j1 ≤ j and W ′′.k = W ′.k − j1 imply W ′′.k > 0.

• We show (γ′, δ,W ′′, ω1, ω
′
2) ∈ J†C, x1, x2, (x1, x2) ∈ SK:

– JγC.LKδW ′′ω1 follows from JγC.LKδWω1, Lemma 2.2, and Lemma 2.15.

– J†γC.PKδW ′′ follows from JγC.PKδW , Lemma 2.2, and Lemma 2.9.

– Jγ′((x1, x2) ∈ S)KδW ′′ is J(e′1, e′2) ∈ γSKδW ′′, which is equivalent to JγSKδW ′′(e′1, e′2) and
thus already known.

• Instantiating the second premise now yields W ′′ ` (h′1; (γE1)[e′1]) ≈ (h′2; (γE2)[e′2]) : JγRKδ.

• Instantiating this with (h′1; (γE1)[e′1]) ⇓j−j1 (h′′1 ; e′′1) yields h′′2 , e
′′
2 ,W

′′′ such that

1. W ′′′.k = W ′′.k − j + j1 (= W ′.k − j),
2. W ′′′ wW ′′ (wW ′),
3. (h′2; (γE2)[e′2])⇓ (h′′2 ; e′′2) (and thus (h2; γ(E2[e2]))⇓ (h′′2 ; e′′2)),

4. JγRKδW ′′′(e′′1 , e′′2), and

5. h′′1 , h
′′
2 : W ′′′.

�

Theorem 2.58
The following rule is sound:

C.L = p∝ a.(B,H) C, a, p ≡ a ` {∗H} e1 ≈ e2 {R}
C ` (e1, e2) ∈ ↑R

↑-impure

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• If W.k = 0, there is nothing to show.

• Otherwise suppose W ′ ⊇W and h1, h2 : W ′.

• To show: W ′ ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• FL(γei) ⊆W.ςi ⊆W ′.ςi follows from the definition of ⊇ and the implicit assumption C ` ei ∈
Termi.

• If W ′.k = 0, there is nothing more to show, so assume W ′.k > 0.

• Say ω1 = {ι1, . . . , ιn} and ω2 = {ιn+1, . . . , ιm}.

• From h1, h2 : W ′ we know there is h′1 ⊆ h1 and h′2 ⊆ h2 with h′1, h
′
2 :dom(W ′.I) W

′.

• Let ω′2 := dom(W ′.I) \ ω1.
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• Consequently, for i ∈ {1, 2} there is h′1i and h′2i with h′i = h′1i ] h′2i such that h′11 , h
′1
2 :ω1 W

′

and h′21 , h
′2
2 :ω′

2
W ′.

• The former yields h′1,1i , . . . , h′1,ni with h′1i = h′1,1i ] · · · ] h′1,ni such that (.W ′, h′1,j1 , h′1,j2 ) ∈
W ′.I(ιj).HL(W ′.I(ιj).CP) for each j ∈ {1, . . . , n}.

• Note that from Jγ(C.L)KδWω1, Lemma 2.2, and Lemma 2.15 we know
Jpj ∝ aj .(γBj , γHj)Kδ(.W ){ιj} for each j ∈ {1, . . . , n}.

• Since .W ′ ⊇ .W by Lemma 2.2 we thus get JγHjK(δ, aj 7→W ′.I(ιj).CP)(/ .W ′)(h′1,j1 , h′1,j2 )
for each j ∈ {1, . . . , n}.

• By Lemma 2.8, JγHjK(δ, aj 7→W ′.I(ιj).CP)W ′(h′1,j1 , h′1,j2 ) for each j ∈ {1, . . . , n}.

• Let δ′ := δ, a7→W ′.I(ι).CP , so
q
γ(∗H)

y
δ′W ′(h′11 , h

′1
2 ).

• We show (γ, δ′,W ′, ω1, ω
′
2) ∈ JC, a, p ≡ aK:

– We need to show JγC.LKδW ′ω1 and Jγ(C.P)Kδ′W ′ and Jp ≡ aKδ′W ′.
– The first follows by Lemma 2.2 and Lemma 2.15.

– The second follows by Lemma 2.17.

– The third follows from δ′(aj) = W ′.I(ιj).CP and δ′(pj) = pop(ιj) and the definition of
⊇.

• We now instantiate the second premise to get W ′ ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

�

Theorem 2.59
The following rule is sound:

C ` 2P
C ` H V 2P

(entail-2-intro)

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: JγH V 2γP KδW

• If W.k = 0, there is nothing to show, so assume W.k > 0.

• Now suppose W ′ ⊇W and JγHKδW ′(h1, h2).

• We need to show J2γP KδW ′(h1, h2).

• If W ′.k = 0, there is nothing to show, so assume W ′.k > 0.

• Hence we need to show J2γP KδW ′, which follows from instantiating the premise and applying
Lemma 2.17.

�
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Theorem 2.60
The following rule is sound:

C ` H V 2P

C ` H V H ∗2P
(entail-strengthen)

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: JγH V γH ∗2γP KδW

• If W.k = 0, there is nothing to show, so assume W.k > 0.

• Now suppose W ′ ⊇W and JγHKδW ′(h1, h2).

• We need to show JγH ∗2γP KδW ′(h1, h2).

• If W ′.k = 0, there is nothing to show, so assume W ′.k > 0.

• It suffices to show JγHKδW ′(h1, h2) and J2γP KδW ′.

• The former is already known.

• The latter follows from instantiating the premise.

�

Theorem 2.61
The following rule is sound:

C,2P ` H V H ′

C ` 2P ∗H V H ′
(entail-2-elim)

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: J2γP ∗ γH V γH ′KδW

• If W.k = 0, there is nothing to show, so assume W.k > 0.

• Now suppose W ′ ⊇W and J2γP ∗ γHKδW ′(h1, h2).

• We need to show JγH ′KδW ′(h1, h2).

• If W ′.k = 0, there is nothing to show, so assume W ′.k > 0.

• From J2γP ∗ γHKδW ′(h1, h2) we thus know J2γP KδW ′ and JγHKδW ′(h1, h2)
(using Lemma 2.16).

• We show (γ, δ,W ′, ω1,dom(W ′.I) \ ω1) ∈ JC,2P K:

– It remains to show JγC.LKδW ′.
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– This follows from JγC.LKδW , Lemma 2.2, and Lemma 2.15.

• Instantiating the premise now yields JγH ′KδW ′(h1, h2).

�

Theorem 2.62
The following rule is sound:

C ` e1 ↪→i e2 V 2(e1 ∈ Loc ∧ e1 ∈ Vali ∧ e2 ∈ Vali)
(entail-↪→-val)

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK.

• To show: Jγe1 ↪→i γe2 V 2(γe1 ∈ Loc ∧ γe1 ∈ Vali ∧ γe2 ∈ Vali)KδW

• If W.k = 0, there is nothing to show, so assume W.k > 0.

• Now suppose W ′ ⊇W and Jγe1 ↪→i γe2KδW ′(h1, h2).

• We need to show J2(γe1 ∈ Loc ∧ γe1 ∈ Vali ∧ γe2 ∈ Vali)KδW ′(h1, h2).

• If W ′.k = 0, there is nothing to show, so assume W ′.k > 0.

• Now suppose W ′′ wW ′.

• If W ′′.k = 0, there is nothing to show, so assume W ′′.k > 0.

• Hence we need to show Jγe1 ∈ LocKδW ′′ and Jγe1 ∈ ValiKδW ′′ and Jγe2 ∈ ValiKδW ′′, which
all follow from Jγe1 ↪→i γe2KδW ′(h1, h2) with the help of Lemma 2.17.

�

Theorem 2.63
The following rule is sound:

C ` B[A/a]
C, p, p∝ a.(B,H ′), p ≡ A ` {H} e1 ≈ e2 {R}

C ` {H} e1 ≈ e2 {R}
isl-new

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, ` hi, dom(hi) ⊇W.ςi, hi = h1
i ]h2

i , JγHKδW (h1
1, h

1
2),

and h2
1, h

2
2 :ω2 W .

• To show: W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• Let

– δ′ := δ, p 7→pop(ι) (where ι is fresh)

– CP := ||γA||δ
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– PL := {CP ′ | ||γB||δ, a7→CP ′}
– HL := λCP ′. {(W ′′, h′1, h′2) | W ′′ w .W ∧ JγH ′K(δ, a7→CP ′)(/W ′′)(h′1, h

′
2)}

– ω′1 := ω1 ] {ι}
– W ′ := (W.k,W.d,W.ς1,W.ς2, (W.I, ι7→(CP ,PL,HL)))

• We show W ′ ∈World :

– It suffices to show CP ∈ PL and monotonicity of HL.

– The former follows from the first premise and Lemma 2.13.

– For the latter suppose W ′′′ wW ′′ and (W ′′, h′1, h
′
2) ∈ HL, i.e., W ′′ w .W and

JγH ′K(δ, a7→CP ′)(/W ′′)(h′1, h
′
2).

– By Lemma 2.2 we have W ′′′ w .W .

– It remains to show JγH ′K(δ, a7→CP ′)(/W ′′′)(h′1, h
′
2).

– By Lemma 2.4 there is
←−−
W ′′′ w /W ′′ with .

←−−
W ′′′ = W ′′′.

– Hence JγH ′K(δ, a7→CP ′)
←−−
W ′′′(h′1, h

′
2) by Lemma 2.10.

– Lemma 2.8 now yields JγH ′K(δ, a7→CP ′)(/ .
←−−
W ′′′)(h′1, h

′
2).

– The claim then follows from .
←−−
W ′′′ = W ′′′.

• W ′ ⊇W is easy to see and thus W ′ wW by Lemma 2.2.

• We show (γ, δ′,W ′, ω′1, ω2) ∈ JC, p, p∝ a.(B,H ′), p ≡ AK:

– By assumption we know Jγ(C.L)KδWω1.

– By Lemma 2.15 we get Jγ(C.L)Kδ′W ′ω1.

– Using Lemma 2.2 it is easy to verify that Jp∝ a.(γB, γH ′)Kδ′W ′{ι} holds by construction.

– Consequently, Jγ(C.L, p∝ a.(B,H ′))Kδ′W ′ω′1.

– Also, Jγ(C.P)Kδ′W ′ follows from Jγ(C.P)KδW , W ′ ⊇W , and Lemma 2.17.

– It remains to show Jp ≡ γAKδ′W ′ (we show only one direction, the other is analogously):

∗ Suppose W ′′ ⊇W ′.
∗ If W ′′.k = 0, there is nothing to show.
∗ Otherwise we need to show JγAKδW ′′e, knowing JpKδ′W ′′e.
∗ Since δ′(p) = pop(ι) and W ′′ ⊇W ′, the latter implies ||γA||δe.
∗ This in turn is equivalent to JγAKδW ′′e by Lemma 2.12.

• Furthermore, note that JγHKδ′W ′(h1
1, h

1
2) by Lemma 2.10, and h2

1, h
2
2 :ω2 W

′ by Lemma 2.14.

• We now instantiate the second premise to get W ′ ` (h1; γe1) ≈ (h2; γe2) : JγRKδ.

• Finally Lemma 2.11 yields the claim.

�
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Theorem 2.64
The following rule is sound:

C.L = p∝ a.(B,H) C `
∧
p ⊆ A C `

∧
B[A/a]

C′ = †C, p ≡ A C′ ` H V ∗H[A/a] C′ ` (e1, e2) ∈ ↑R
C ` {H} e1 ≈ e2 {R}

isl-upd

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, ` hi, dom(hi) ⊇W.ςi, hi = h1
i ]h2

i , JγHKδW (h1
1, h

1
2),

and h2
1, h

2
2 :ω2 W .

• To show: W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• We know ω1 = {ι1, . . . , ιn} with Jpi ∝ ai.(γBi, γHi)KδW{ιi} for all i.

• Let W ′ := (W.k,W.d,W.ς1,W.ς2, I), where

dom(I) = dom(W.I)
I(ι) := (||γA||δ,W.I(ι).PL,W.I(ι).HL) if ι ∈ ω1

I(ι) := W.I(ι) otherwise

• We show W ′ ∈World :

– It suffices to prove I(ιi).CP ∈ I(ιi).PL for all i, i.e., ||γAi||δ ∈W.I(ιi).PL.

– Because of Jpi ∝ ai.(γBi, γHi)KδW{ιi}, this reduces to showing ||γBi||(δ, ai 7→||γAi||δ).
– This follows from instantiating the assumption C `

∧
B[A/a] and Lemma 2.13.

• We show W ′ wW :

– It suffices to prove I(ιi).CP ⊇W.I(ιi).CP for all i, i.e., ||γAi||δ ⊇W.I(ιi).CP .

– From instantiating C `
∧
p ⊆ A we get Jpi ⊆ γAiKδW .

– Instantiating this with W yields JpiKδW ⊆ JγAiKδW .

– Note that δ(pi) = pop(ιi) and thus JpiKδW = W.I(ιi).CP .

– Finally, JγAiKδW = ||γAi||δ by Lemma 2.12.

• We show (γ, δ,W ′, ω1, ω2) ∈ JC′K:

– It is easy to see that Jpi ∝ ai.(γBi, γHi)KδW ′{ιi} holds for all i by construction of I in
terms of W.I.

– Consequently, JγC′.LKδW ′ω1.

– Also, Jγ(†C.P)KδW ′ follows from Jγ(C.P)KδW , W ′ wW , and Lemma 2.9.

– It remains to show Jpi ≡ γAiKδW ′ (we show only one direction, the other is analogously):

∗ Suppose W ′′ ⊇W ′ and JpiKδW ′′e.
∗ If W ′′.k = 0, there is nothing to show.
∗ Otherwise, since δ(pi) = pop(ιi), this implies ||γAi||δe.
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∗ The latter is equivalent to JγAiKδW ′′e by Lemma 2.12.

• We show h1, h2 : W ′:

– We prove h1
1, h

1
2 :ω1 W

′ and h2
1, h

2
2 :ω2 W

′, which, using the assumptions, implies the
claim.

– The second property follows from the given h2
1, h

2
2 :ω2 W by Lemma 2.14.

– For the first property, note that JγHKδW (h1
1, h

1
2) with Lemma 2.10 and C′ ` H V

∗H[A/a] imply the existence of h1,1
i , . . . , h1,n

i with h1
i = h1,1

i ] · · · ] h1,n
i , such that

Jγ(Hi[Ai/ai])KδW ′(h
1,i
1 , h1,i

2 ).

– It suffices to show (.W ′, h1,i
1 , h1,i

2 ) ∈ W ′.I(ιi).HL(W ′.I(ιi).CP), i.e., (.W ′, h1,i
1 , h1,i

2 ) ∈
W ′.I(ιi).HL(||γAi||δ).

– Due to Jpi ∝ ai.(γBi, γHi)KδW ′{ιi} this reduces to showing (.W ′).k < W ′.k, which is
clear, and JγHiK(δ, ai 7→||γAi||δ)(/ .W ′)(h1,i

1 , h1,i
2 ).

– This follows from Jγ(Hi[Ai/ai])KδW ′(h
1,i
1 , h1,i

2 ) by Lemmas 2.8 and 2.13.

• We now instantiate C′ ` (e1, e2) ∈ ↑R to get W ′ ` (h1; γe1) ≈ (h2; γe2) : JγRKδ.

• Finally, Lemma 2.11 yields the claim.

�

Theorem 2.65
The following rule is sound:

C ` {H} e′1 ≈ e′2 {R} C ` e1 ;∗ e′1 C ` e2 ;∗ e′2

C ` {H} e1 ≈ e2 {R}
expand

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, ` hi, dom(hi) ⊇W.ςi, hi = h1
i ]h2

i , JγHKδW (h1
1, h

1
2),

and h2
1, h

2
2 :ω2 W .

• To show: W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• FL(γei) ⊆W.ςi follows from the implicit assumption C ` ei ∈ Termi.

• Now assume W.d =→ (the other direction is analogously).

• Suppose (h1; γe1) ⇓j (h′1; e′′1) where j < W.k.

• Instantiating the first two premises yields W ` (h1; γe′1) ≈ (h2; γe′2) : JγRKδ and γe1 ;∗ γe′1.

• The latter implies (h1; γe1) ε7−→j1 (h1; γe′1) for some j1 and thus (h1; γe′1) ⇓j−j1 (h′1; e′′1) and
j1 ≤ j.

• Consequently, there is h′2, e
′′
2 ,W

′ such that:

1. W ′.k = W.k − j + j1
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2. W ′ wW
3. (h2; γe′2)⇓ (h′2; e′′2)

4. JγRKδW ′(e′′1 , e′′2)

5. h′1, h
′
2 : W ′

• Instantiating the third premise yields γe2 ;∗ γe′2, which implies (h2; γe2) ε7−→∗ (h2; γe′2).

• Hence (h2; γe2)⇓ (h′2; e′′2).

• Let W ′′ := . . . . .︸ ︷︷ ︸
j1 times

W ′, so:

1. W ′′.k = W ′.k − j1 = W.k − j
2. W ′′ wW by Lemma 2.2

3. JγRKδW ′′(e′′1 , e′′2) by Lemma 2.2 and Lemma 2.17

4. h′1, h
′
2 : W ′′ by Lemma 2.14

�

Theorem 2.66
The following rule is sound:

C ` {H} e′1 ≈ e′2 {R} C ` e′1 ;0 e1 C ` e′2 ;0 e2

C ` {H} e1 ≈ e2 {R}
reduce

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, ` hi, dom(hi) ⊇W.ςi, hi = h1
i ]h2

i , JγHKδW (h1
1, h

1
2),

and h2
1, h

2
2 :ω2 W .

• To show: W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• FL(γei) ⊆W.ςi follows from the implicit assumption C ` ei ∈ Termi.

• Now assume W.d =→ (the other direction is analogously).

• Suppose (h1; γe1) ⇓j (h′1; e′′1) where j < W.k.

• Instantiating the first two premises yields W ` (h1; γe′1) ≈ (h2; γe′2) : JγRKδ and γe′1 ;0 γe1.

• The latter implies (h1; γe′1) ε7−→0 (h1; γe1) and thus (h1; γe′1) ⇓j (h′1; e′′1).

• Consequently, there is h′2, e
′′
2 ,W

′ such that:

1. W ′.k = W ′.k − j
2. W ′ wW
3. (h2; γe′2)⇓ (h′2; e′′2)

4. JγRKδW ′(e′′1 , e′′2)
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5. h′1, h
′
2 : W ′

• Instantiating the third premise yields γe′2 ;0 γe2, which implies (h2; γe′2) ε7−→0 (h2; γe2).

• Hence (h2; γe2)⇓ (h′2; e′′2).

�

Theorem 2.67
The following rule is sound:

C ` {H} e1
C17−→1 e

′
1 {H ′} C, C1 ` {H ′} e′1 ≈ e2 {R}

C ` {H} e1 ≈ e2 {R}
step-l

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, ` hi, dom(hi) ⊇W.ςi, hi = h1
i ]h2

i , JγHKδW (h1
1, h

1
2)

and h2
1, h

2
2 :ω2 W .

• To show: W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• FL(γei) ⊆W.ςi follows from the implicit assumption C ` ei ∈ Termi.

• Case W.d =→:

– From the first premise we know C1 = x, x ∈ Val1.

– Suppose (h1; γe1) ⇓j (h′′1 ; e′′1) with j < W.k, i.e., (h1; γe1) l...7−→j (h′′1 ; e′′1).

– Instantiate the first premise with h1
i and l to get h1′

1 with

∗ (h1
1; γe1) l7−→1 (h1′

1 ; γ′e′1) and
∗ Jγ′H ′KδW ′(h1′

1 , h
1
2), where

∗ γ′ := γ, x 7→l and
∗ W ′ := W [ς1 := W.ς1 ] {l}], so W ′ ⊇W .

– Note that (h1
1; γe1) l7−→1 (h1′

1 ; γ′e′1) implies (h1; γe1) l7−→1 (h1′

1 ] h2
1; γ′e′1).

– This also means j ≥ 1 and thus W ′.k > 1.

– We show (γ′, δ, .W ′, ω1, ω2) ∈
q
C, x, x ∈ Val1

y
:

∗ This reduces to showing Jγ(C.L)Kδ(.W ′)ω1 and
q
γ(C.P), l ∈ Val1

y
δ(.W ′).

∗ The former follows from Jγ(C.L)KδWω1, Lemma 2.2, and Lemma 2.15.
∗ The latter follows from Jγ(C.P)KδW , Lemma 2.2, Lemma 2.17, and the construction

of W ′.

– Instantiating the second premise now yields .W ′ ` (h1′

1 ] h2
1; γ′e′1) ≈ (h2; γe2) : JγRKδ.

– Since (h1; γe1) l1...7−→j (h′′1 ; e′′1), this implies (h1′

1 ] h2
1; γ′e′1) ...7−→j−1 (h′′1 ; e′′1)

– Consequently, because j − 1 < (.W ′).k, there is h′′2 , e
′′
2 ,W

′′ with:

1. W ′′.k = (.W ′).k − j + 1 (= W.k − j)
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2. W ′′ w .W ′ (wW ′ wW )
3. (h2; γe2)⇓ (h′′2 ; e′′2)
4. JγRKδW ′′(e′′1 , e′′2)
5. h′′1 , h

′′
2 : W ′′

• Case W.d =←:

– Suppose (h2; γe2) ⇓j (h′′2 ; e′′2) with j < W.k.

– Instantiate the first premise with h1
i and fresh l to get h1′

1 with

∗ (h1
1; γe1) l7−→1 (h1′

1 ; γ′e′1) and
∗ Jγ′H ′KδW ′(h1′

1 , h
1
2), where

∗ γ′ := γ, x 7→l and
∗ W ′ := W [ς1 := W.ς1 ] {l}].

– It is easy to see that (γ′, δ,W ′, ω1, ω2) ∈
q
C, x, x ∈ Val1

y
.

– Instantiating the second premise now yields W ′ ` (h1′

1 ] h2
1; γ′e′1) ≈ (h2; γe2) : JγRKδ.

– Consequently, because j < W ′.k, there is h′′1 , e
′′
1 ,W

′′ with:

1. W ′′.k = W ′.k − j (= W.k − j)
2. W ′′ wW ′ (wW )
3. (h1′

1 ] h2
1; γ′e′1)⇓ (h′′1 ; e′′1)

4. JγRKδW ′′(e′′1 , e′′2)
5. h′′1 , h

′′
2 : W ′′

– It remains to show (h1; γe1)⇓ (h′′1 ; e′′1).

– This follows since (h1
1; γe1) l7−→1 (h1′

1 ; γ′e′1) implies (h1; γe1) l7−→1 (h1′

1 ] h2
1; γ′e′1).

�

Theorem 2.68
The following rule is sound:

C ` {H} e2
C27−→2 e

′
2 {H ′} C, C2 ` {H ′} e1 ≈ e′2 {R}

C ` {H} e1 ≈ e2 {R}
step-r

Proof: Symmetric to rule step-l. �

Theorem 2.69
The following rule is sound:

C ` {H1} e1
C17−→1 e

′
1 {H ′1} C ` {H2} e2

C27−→2 e
′
2 {H ′2} / C, C1, C2 ` {H ′1 ∗H ′2} e′1 ≈ e′2 {R}

C ` {H1 ∗H2} e1 ≈ e2 {R}
step-lr

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, ` hi, dom(hi) ⊇W.ςi, hi = h1
i ] h2

i ,
JγH1 ∗ γH2KδW (h1

1, h
1
2) and h2

1, h
2
2 :ω2 W .
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• To show: W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• FL(γei) ⊆W.ςi follows from the implicit assumption C ` ei ∈ Termi.

• From JγH1 ∗ γH2KδW (h1
1, h

1
2) we know that there is h1,1

i and h1,2
i with h1

i = h1,1
i ] h

1,2
i such

that JγHiKδW (h1,i
1 , h1,i

2 ).

• Assume W.d =→ (the other direction is analogously).

• From the first premise we know C1 = x1, x1 ∈ Val1.

• Suppose (h1; γe1) ⇓j (h′′1 ; e′′1) with j < W.k, i.e., (h1; γe1) l1...7−→j (h′′1 ; e′′1).

• Instantiate the first premise with h1,1
i and l1 to get h1,1′

1 with

– (h1,1
1 ; γe1) l17−→1 (h1,1′

1 ; γ1e
′
1) and

– Jγ1H
′
1KδW1(h1,1′

1 , h1,1
2 ), where

– γ1 := γ, x1 7→l1 and

– W1 := W [ς1 := W.ς1 ] {l1}].

• From the second premise we know C2 = x2, x2 ∈ Val2.

• Instantiate the second premise with h1,2
i and fresh l2 to get h1,2′

2 with

– (h1,2
2 ; γe2) l27−→1 (h1,2′

2 ; γ2e
′
2) and

– Jγ2H
′
2KδW2(h1,2

1 , h1,2′

2 ), where

– γ2 := γ, x2 7→l2 and

– W2 := W [ς2 := W.ς2 ] {l2}].

• Let γ′ := γ, x1 7→l1, x2 7→l2 and W ′ := .(W.k,W.d,W1.ς1,W2.ς2,W.I).

• It is easy to see that W ′ ∈World and W ′ ⊇ .W .

• We show (γ′, δ,W ′, ω1, ω2) ∈
q
/ C, x1, x1 ∈ Val1, x2, x2 ∈ Val2

y
:

– This reduces to showing Jγ(C.L)KδW ′ω1 and
q
/ γ(C.P), l1 ∈ Val1, l2 ∈ Val2

y
δW ′.

– The former follows from Jγ(C.L)KδWω1, Lemma 2.2, and Lemma 2.15.

– The latter follows from Jγ(C.P)KδW , Lemma 2.18, Lemma 2.2, Lemma 2.17, and the
construction of W ′.

• Let h′1 := h1,1′

1 ] h1,2
1 ] h2

1 and h′2 := h1,1
2 ] h

1,2′

2 ] h2
2.

• From h2
1, h

2
2 :ω2 W we get h2

1, h
2
2 :ω2 W

′ by Lemma 2.14.

• Note that (h1,1
1 ; γe1) l17−→1 (h1,1′

1 ; γ1e
′
1) implies (h1; γe1) l17−→1 (h′1; γ′e′1).

• Consequently, W.k > 1 and thus W ′.k > 0.
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• Furthermore we have Jγ′H ′1 ∗ γ′H ′2KδW ′(h
1,1′

1 ]h1,2
1 , h1,1

2 ]h
1,2′

2 ) due toW ′ wWi and Lemma 2.10.

• It is also easy to see that ` h′i and dom(h′i) ⊇W ′.ςi.

• Hence we can instantiate the third premise to get W ′ ` (h′1; γ′e′1) ≈ (h′2; γ′e′2) : JγRKδ.

• We know that (h′1; γ′e′1) ...7−→j−1 (h′′1 ; e′′1).

• Consequently, because j − 1 < W ′.k, there is h′′2 , e
′′
2 ,W

′′ with:

1. W ′′.k = W ′.k − j + 1 (= W.k − j)
2. W ′′ wW ′ (wW )

3. (h′2; γ′e′2)⇓ (h′′2 ; e′′2)

4. JγRKδW ′′(e′′1 , e′′2)

5. h′′1 , h
′′
2 : W ′′

• It remains to show (h2; γe2)⇓ (h′′2 ; e′′2).

• This follows since (h1,2
2 ; γe2) l27−→1 (h1,2′

2 ; γ2e
′
2) implies (h2; γe2) l27−→1 (h′2; γ2e

′
2)

�

Theorem 2.70
The following rule is sound:

C ` H V H ′ C ` {H ′} e1 ≈ e2 {R}
C ` {H} e1 ≈ e2 {R}

sep-entail

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, ` hi, dom(hi) ⊇W.ςi, hi = h1
i ]h2

i , JγHKδW (h1
1, h

1
2),

and h2
1, h

2
2 :ω2 W .

• To show: W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• Instantiating the first premise yields JγH ′KδW (h1
1, h

1
2).

• Hence we can instantiate the second premise and get W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ.

�

Theorem 2.71
The following rule is sound:

C ` 2P C ` {H ∗2P} e1 ≈ e2 {R}
C ` {H} e1 ≈ e2 {R}

sep-cut

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, ` hi, dom(hi) ⊇W.ςi, hi = h1
i ]h2

i , JγHKδW (h1
1, h

1
2),

and h2
1, h

2
2 :ω2 W .
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• To show: W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• Instantiating the first premise yields J2γP KδW .

• Consequently, we have JγH ∗2γP KδW (h1
1, h

1
2).

• Now instantiate the second premise to get W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ.

�

Theorem 2.72
The following rule is sound:

C,2P ` {H} e1 ≈ e2 {R}
C ` {H ∗2P} e1 ≈ e2 {R}

2-shift

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, ` hi, dom(hi) ⊇W.ςi, hi = h1
i ] h2

i ,
JγH ∗2γP KδW (h1

1, h
1
2), and h2

1, h
2
2 :ω2 W .

• To show: W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• From JγH ∗2γP KδW (h1
1, h

1
2) we get JγHKδW (h1

1, h
1
2) (using Lemma 2.16) and J2γP KδW .

• The latter implies that (γ, δ,W, ω1, ω2) ∈ JC,2P K.

• Hence we can instantiate the premise to get W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ.

�

Theorem 2.73
The following rule is sound:

C ` {H1} e1 ≈ e2 {R} C ` {H2} e1 ≈ e2 {R}
C ` {H1 ∨H2} e1 ≈ e2 {R}

sep-∨

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, ` hi, dom(hi) ⊇W.ςi, hi = h1
i ] h2

i ,
JγH1 ∨ γH2KδW (h1

1, h
1
2), and h2

1, h
2
2 :ω2 W .

• To show: W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• From JγH1 ∨ γH2KδW (h1
1, h

1
2) we know that JγH1KδW (h1

1, h
1
2) or JγH2KδW (h1

1, h
1
2) holds.

• Instantiating the according premise yields W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ.

�

Theorem 2.74
The following rule is sound:

C,X ` {H} e1 ≈ e2 {R}
C ` {∃X .H} e1 ≈ e2 {R}

sep-∃
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Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, ` hi, dom(hi) ⊇W.ςi, hi = h1
i ] h2

i ,
J∃X .γHKδW (h1

1, h
1
2), and h2

1, h
2
2 :ω2 W .

• To show: W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ

• From J∃X .γHKδW (h1
1, h

1
2) we know that there is γ′ : X such that J(γ, γ′)HKδW (h1

1, h
1
2).

• Hence it is easy to see that ((γ, γ′), δ,W, ω1, ω2) ∈ JC,X K.

• Instantiating the premise then yields W ` (h1; γe1) ≈ (h2; γe2) : JγRKδ.

�

Theorem 2.75
The following rule is sound:

C ` e ;1 e′

C ` {H} e 7−→i e
′ {H}

unroll

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, and JγHKδW (h1, h2).

• Instantiating the premise yields
q
γe ;1 γe′

y
δW .

• Hence we know γe ;1 γe′, which implies (h1; γe) ε7−→1 (h1; γe′).

�

Theorem 2.76
The following rule is sound:

C ` e ∈ Vali C ` A ⊆ Vali C′ = x, x ∈ Vali

C ` {H} E[ref e] C
′

7−→i E[x] {H ∗ x ↪→i e ∗2(x /∈ A)}
alloc

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, and JγHKδW (h1, h2).

• Instantiating the first premise yields that γe is a value.

• Now suppose l /∈ dom(hi) ∪W.ςi.

• Consequently, (hi; γ(E[ref e])) l7−→1 (hi ] {l 7→ γe}; γE[l]).

• Let ĥi := hi ] {l 7→ γe} and ĥ¬i = h¬i.

• It remains to show JγH ∗ l ↪→i γe ∗2(l /∈ γA)KδW ′(ĥ1, ĥ2), where W ′ = W [ςi := W.ςi ] {l}].

• From JγHKδW (h1, h2) we get JγHKδW ′(h1, h2) by Lemma 2.10.

• Is is also clear that we have Jl ↪→i γeKδW ′({l 7→γe}, ∅).
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• Hence it remains to show J2(l /∈ γA)KδW ′(∅, ∅), i.e., J2(l /∈ γA)KδW ′.

• So suppose W ′′ wW ′ and W ′′.k > 0 (otherwise there is nothing to show).

• Now suppose W ′′′ ⊇W ′′ and Jl ∈ γAKδW ′′′.

• If W ′′′.k = 0, there is nothing to show.

• Otherwise we know ||l ∈ γA||δ and thus Jl ∈ γAKδW by Lemma 2.12, and need to derive a
contradiction.

• From instantiating the second premise with we get Jl ∈ ValiKδW and thus l ∈W.ςi.

• This contradicts l /∈ dom(hi) ∪W.ςi.

�

Theorem 2.77
The following rule is sound:

C ` H V e1 ↪→i e2
C ` {H} E[!e1] 7−→i E[e2] {H}

deref

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, and JγHKδW (h1, h2).

• Instantiating the premise yields Jγe1 ↪→i γe2KδW (h1, h2).

• Hence hi(γe1) = γe2 and γe2 is a value.

• Consequently, (hi; γ(E[!e1])) ε7−→1 (hi; γ(E[e2])).

�

Theorem 2.78
The following rule is sound:

C ` e2 ∈ Vali
C ` {H ∗ e1 ↪→i e

′
2} E[e1 := e2] 7−→i E[〈〉] {H ∗ e1 ↪→i e2}

assign

Proof:

• Suppose (γ, δ,W, ω1, ω2) ∈ JCK, W.k > 0, and JγH ∗ γe1 ↪→i γe
′
2KδW (h1, h2).

• From JγH ∗ γe1 ↪→i γe
′
2KδW (h1, h2) we know JγHKδW (h1

1, h
1
2) and Jγe1 ↪→i γe

′
2KδW (h2

1, h
2
2),

where hi = h1
i ] h2

i .

• Hence Jγe1 ∈ ValiKδW and γe1 ∈ dom(h2
i ) ⊆ dom(hi).

• Instantiating the premise yields Jγe2 ∈ ValiKδW , so γe2 is a value.

• Consequently, (hi; γ(E[e1 := e2])) ε7−→1 (hi[γe1 7→ γe2]; γE[〈〉]).
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• Let ĥi := hi[γe1 7→ γe2] and ĥ¬i := h¬i.

• It remains to show JγH ∗ γe1 ↪→i γe2KδW (ĥ1, ĥ2).

• Note that ĥi = h1
i ] h2

i [γe1 7→ γe2].

• Let ĥ2
i := h2

i [γe1 7→ γe2] and ĥ2
¬i := h2

¬i, so ĥi = h1
i ] ĥ2

i .

• Hence it suffices to show Jγe1 ↪→i γe2KδW (ĥ2
1, ĥ

2
2), which follows from Jγe1 ∈ ValiKδW ,

Jγe2 ∈ ValiKδW , and ĥ2
i = h2

i [γe1 7→ γe2].

�
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3 Soundness of the Logical Relation

Lemma 3.1
If C ` ρ(α) : VRel for all α ∈ dom(ρ), then C ` VJτKρ : VRel.

Lemma 3.2
If C ` ρ(α) : Type for all α ∈ dom(ρ), then C ` VJτKρ : Type.

Corollary 3.3
If C ` (v1, v2) ∈ VJτKρ and C ` ρ(α) : Type for all α ∈ dom(ρ), then C ` 2(v1, v2) ∈ VJτKρ.

Lemma 3.4 (Compatibility: Abstraction)
If †C, x1, x2, (x1, x2) ∈ VJτKρ ` (e1, e2) ∈ EJτ ′Kρ and C ` ρ(α) : Type for all α ∈ dom(ρ), then
C ` (λx1:γ1(τ).e1, λx2:γ2(τ).e2) ∈ EJτ → τ ′Kρ.

Proof: By rule ↑-return it suffices to show C ` (λx1:γ1(τ).e1, λx2:γ2(τ).e2) ∈ VJτ → τ ′Kρ.
This means showing C ` λxi:γi(τ).ei ∈ Vali (for i ∈ {1, 2}) and C ` 2(∀x1, x2. (x1, x2) ∈
VJτKρ ⇒ ((λx1:γ1(τ).e1)x1, (λx2:γ2(τ).e2)x2) ∈ EJτ ′Kρ). The former follows from the implicit
assumption C ` λxi:γi(τ).ei ∈ Termi. The latter reduces by rule 2-intro to showing C1 `
((λx1:γ1(τ).e1)x1, (λx2:γ2(τ).e2)x2) ∈ EJτ ′Kρ, where C1 = †C, x1, x2, (x1, x2) ∈ VJτKρ. Since we
know C1 ` xi ∈ Vali and thus C1 ` (λxi:γi(τ).ei)xi ;∗ ei for i ∈ {1, 2}, this follows from the
assumption by rule ↑-expand. �

Lemma 3.5 (Compatibility: Instantiation)
If C ` (e1, e2) ∈ EJ∀α. τKρ and C ` ρ(α) : Type for all α ∈ dom(ρ), then C ` (e1 γ1(τ ′), e2 γ2(τ ′)) ∈
EJτ [τ ′/α]Kρ.

Proof: By rule ↑-bind it suffices to show C1 ` (x1 γ1(τ ′), x2 γ2(τ ′) ∈ EJτ [τ ′/α]Kρ, where C1 =
†C, x1, x2, (x1, x2) ∈ VJ∀α. τKρ. Unfolding the definition of VJ∀α. τKρ and using rule 2-elim lets us
extend C1 to C2 := C1, (x1 γ1(τ ′), x2 γ2(τ ′)) ∈ EJτK(ρ, α 7→VJτ ′Kρ). By Lemma 2.13 we are done. �

Lemma 3.6 (Compatibility: Unpack)
If †C, α1, α2, r, r : Type, x1, x2, (x1, x2) ∈ VJτK(ρ, α 7→r) ` (e′1, e

′
2) ∈ EJτ ′Kρ and C ` (e1, e2) ∈

EJ∃α. τKρ and C ` ρ(α) : Type for all α ∈ dom(ρ), then
C ` (unpack e1 asα1, x1 in e′1, unpack e2 asα2, x2 in e′2) ∈ EJτ ′Kρ.

Proof: By rule ↑-bind it suffices to show C1 ` (unpackx′1 asα1, x1 in e′1, unpackx′2 asα2, x2 in e′2) ∈
EJτ ′Kρ, where C1 = †C, x′1, x′2, (x′1, x′2) ∈ VJ∃α. τKρ. Unfolding the definition of VJ∃α. τKρ lets us ex-
tend C1 to C2 := C1, x′1 ∈ Val1, x′2 ∈ Val2, α1, α2, α

′
1, α
′
2, x1, x2, r, r : Type, x′1 = (packα1, x1 asα′1), x′2 =

(packα2, x2 asα′2), (x1, x2) ∈ VJτK(ρ, α 7→r). Note that we have C2 ` xi ∈ Vali and thus C2 `
unpackx′i asαi, xi in e′i ;∗ e′i for i ∈ {1, 2}. Hence by rule ↑-expand it suffices to show C2 `
(e′1, e

′
2) ∈ EJτ ′Kρ, which follows from the assumption. �

Lemma 3.7 (Compatibility: Unroll)
If C ` (e1, e2) ∈ EJµα. τK and C ` ρ(α) : Type for all α ∈ dom(ρ), then C ` (unroll e1, unroll e2) ∈
EJτ [µα.τ/α]Kρ.
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Proof: By rule ↑-bind it suffices to show C1 ` (unrollx1, unrollx2) ∈ EJτ [µα.τ/α]Kρ, where C1 =
†C, x1, x2, (x1, x2) ∈ VJµα. τKρ. Unfolding the definition of VJµα. τKρ lets us extend C1 to C2 :=
C1, x1 ∈ Val1, x2 ∈ Val2, y1, y2, x1 = roll y1, x2 = roll y2, .(y1, y2) ∈ VJτK(ρ, α 7→VJµα. τKρ). Note
that we have C2 ` yi ∈ Vali and thus C2 ` unrollxi ;1 yi for i ∈ {1, 2}. Hence by rules ↑-unroll
and ↑-return it suffices to show / C2 ` (y1, y2) ∈ VJτ [µα.τ/α]Kρ, which follows by Lemma 2.13
since / C2 contains (y1, y2) ∈ VJτK(ρ, α 7→VJµα. τKρ). �

Lemma 3.8 (Compatibility: Allocation)
If C ` (e1, e2) ∈ EJτKρ and C ` ρ(α) : Type for all α ∈ dom(ρ), then C ` (ref e1, ref e2) ∈ EJref τKρ.

Proof: We show C0 ` (e1, e2) ∈ EJτKρ ⇒ (ref e1, ref e2) ∈ EJref τKρ, where C0 = C.X ; C.R; ·; C.P.
The original claim then follows by rules L-weaken and ⇒-elim. Starting with rule ↑-bind,
we need to show C1 ` (ref x1, ref x2) ∈ EJref τKρ, where C1 = †C0, x1, x2, (x1, x2) ∈ VJτKρ. Us-
ing rule ↑-impure, we enter the separation judgment and are required to show {2>} ref x1 ≈
ref x2 {VJref τKρ}. Since C1 ` {2>} ref xi

Ci

7−→i yi {yi ↪→i xi} (where Ci = yi, yi ∈ Vali) by
rule alloc, we can apply rule step-lr such that it remains to show C2 ` {y1 ↪→1 x1 ∗ y2 ↪→2

x2} y1 ≈ y2 {VJref τKρ} for C2 = / C1, y1, y2, y1 ∈ Val1, y2 ∈ Val2. Now, using rule isl-new,
we create a new island p ∝ a.(B,H) with constant population A, where A = {(y1, y2)}, B =
(a ≡ A), and H = ∃x1, x2. y1 ↪→1 x1 ∗ y2 ↪→2 x2 ∗ 2.(x1, x2) ∈ VJτKρ, thus upgrading C2 to
C3 = C2, p, p ∝ a.(B,H), p ≡ A. Before we can switch back to the regular judgment using rule
isl-upd (without actually updating anything), we need to show that H is currently satisfied. This
follows easily from the current knowledge about the heap and the assumption (x1, x2) ∈ VJτKρ
together with rule mono. Back in the regular judgment with C4 = †C3, p ≡ A, we must show
(y1, y2) ∈ EJref τKρ. This follows from rules ↑-return and, after unfolding the definition of
VJref τKρ, entail-↪→-val and ∝-intro. �

Lemma 3.9 (Compatibility: Assignment)
If C ` (e1, e2) ∈ EJref τKρ and C ` (e3, e4) ∈ EJτKρ and C ` ρ(α) : Type for all α ∈ dom(ρ), then
C ` (e1 := e3, e2 := e4) ∈ EJunitKρ.

Proof: We show C0 ` (e1, e2) ∈ EJref τKρ ⇒ (e3, e4) ∈ EJτKρ ⇒ (e1 := e3, e2 := e4) ∈ EJunitKρ,
where C0 = C.X ; C.R; ·; C.P. The original claim then follows by rules L-weaken and ⇒-elim.
Starting with rule ↑-bind, we need to show C1 ` (x1 :=x3, x2 :=x4) ∈ EJunitKρ, where C1 =
†C0, x1, x2, x3, x4, (x1, x2) ∈ VJref τKρ, (x3, x4) ∈ VJτKρ. The assumption about x1 and x2 tells
us that ∝ a.(. . . , H), where H = ∃y1, y2. x1 ↪→1 y1 ∗ x2 ↪→2 y2 ∗2.(y1, y2) ∈ VJτKρ. With the help
of rule ∝-elim and the fact that our L is empty, we can extend C1 to C2 := C1, p, p ∝ a.(. . . , H)
and hence use rule ↑-impure to enter the separation judgment. Here we are required to show
{H} x1 :=x3 ≈ x2 :=x4 {VJτKρ} under C3 := C2, a, p ≡ a. By combining rules alloc and step-lr,
we need to show {H ′} 〈〉 ≈ 〈〉 {VJτKρ}, where H ′ = x1 ↪→1 x3 ∗ x2 ↪→2 x4. In order to switch
back to the regular judgment using rule isl-upd, we are required to show that the heap law H is
still satisfied. This follows from H ′ and the assumption (x3, x4) ∈ VJτKρ together with rule mono.
Consequently, it suffices to show (〈〉, 〈〉) ∈ EJτKρ under C4 := †C3, which follows by rule ↑-return.

�

Lemma 3.10 (Compatibility: Reference Equality)
If C ` (e1, e2) ∈ EJref τKρ and C ` (e3, e4) ∈ EJref τKρ and C ` ρ(α) : Type for all α ∈ dom(ρ), then
C ` (e1 == e3, e2 == e4) ∈ EJboolKρ.
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Proof: We show C0 ` (e1, e2) ∈ EJref τKρ ⇒ (e3, e4) ∈ EJref τKρ ⇒ (e1 == e3, e2 == e4) ∈
EJboolKρ, where C0 = C.X ; C.R; ·; C.P. The original claim then follows by rules L-weaken and
⇒-elim. Starting with rule ↑-bind, we need to show C1 ` (x1 ==x3, x2 ==x4) ∈ EJboolKρ, where
C1 = †C0, x1, x2, x3, x4, (x1, x2) ∈ VJref τKρ, (x3, x4) ∈ VJref τKρ. The assumptions about x1, x2, x3,
x4 tell us ∝ a.(B1, H1) and ∝ a.(B3, H3), where Bi = (a ≡ {(xi, xi+1)}) and Hi = ∃yi, yi+1. xi ↪→1

yi ∗ xi+1 ↪→2 yi+1 ∗ 2.(yi, yi+1) ∈ VJτKρ. With the help of rule ∝-elim and the fact that our
L is empty, we can extend C1 to C2 := C1, p1, p1 ∝ a.(B1, H1). Since L is now non-empty, an-
other application of that rule requires us to show (x1 ==x3, x2 ==x4) ∈ EJboolKρ twice—(1) under
C3 := C2, p3, p3 ∝ a.(B3, H3) and, separately, (2) under C′3 := C2,∀a.B3 ≡ B1.

For (1) we use rule ↑-impure to access the knowledge of how the heap looks like with respect
to the locations in question. That is, we need to show {H1 ∗H3} x1 ==x3 ≈ x2 ==x4 {VJboolKρ}.
By rule entail-↪→-sep, H1 ∗ H3 implies x1 6= x3 as well as x2 6= x4. Consequently, we know
x1 ==x3 ; false as well as x2 ==x4 ; false. Using rule expand and then leaving the separation
judgment using rule isl-upd (without updating), it suffices to show (false, false) ∈ EJboolKρ. This
follows by rule ↑-return.

For (2) we can derive {(x3, x4)} = {(x1, x2)} from ∀a.B3 ≡ B1, and thus x3 = x1 and x4 = x2.
Consequently, we know x1 ==x3 ; true as well as x2 ==x4 ; true. All we need from here on are
rules ↑-expand and ↑-return. �

Definition 3.11 (Logical Equivalence Judgment for Values)
Given Γ; Σ ` v1 : τ and Γ; Σ ` v2 : τ , we define

Γ; Σ ` v1 ≈log
val v2 : τ def= X ;R;L;P ` (γ1v1, γ2v2) ∈ VJτKρ

where X , R, L, P, γ1, γ2, ρ are defined as in the case for terms.

Lemma 3.12 (Fundamental Property for Values)
If Γ; Σ ` v : τ , then Γ; Σ ` v ≈log

val v : τ .

Definition 3.13 (Wundertüte)
Suppose Γ = α, x : τ and Σ = l : σ.

canonic(k, d,Γ,Σ) := (X ,R,L,P, γ1, γ2, ρ,W, δ) where
X := α1, α2, x1, x2

R := r, p

L := p∝ a.(a ≡ {(l, l)},∃y1, y2. l ↪→1 y1 ∗ l ↪→2 y2 ∗2.(y1, y2) ∈ VJσK)

P := r : Type, (x1, x2) ∈ VJτKρ, l ∈ Val1, l ∈ Val2
γi := α 7→αi, x 7→xi
ρ := α 7→r
W := (k, d, dom(Σ),dom(Σ), I)

dom(I) := {ι1, . . . , ιn}
I(ιi) := ({(li, li)}, {{(li, li)}}, λCP . {(W,h1, h2) ∈ HeapAtomk |

J(h1(li), h2(li)) ∈ VJσiKK∅W})

δ := p 7→pop(ι)

54



Lemma 3.14
If (·,R,L,P, ∅, ∅, ∅,W, δ) = canonic(k, d, ·,Σ), then (∅, δ,W,dom(W.I), ∅) ∈ J·;R;L;PK.

Proof: For this we need to show JLKδWdom(I) and JPKδW . The latter is obvious. For the former,
we show:

Jpi ∝ a.(a ≡ {(li, li)},∃y1, y2. li ↪→1 y1 ∗ li ↪→2 y2 ∗2.(y1, y2) ∈ VJσiK)KδW{ιi}

This boils down to the fact that J(h′1(li), h′2(li)) ∈ VJσiKK∅W ′ is equivalent to

J∃y1, y2. li ↪→1 y1 ∗ li ↪→2 y2 ∗2.(y1, y2) ∈ VJσiKKδ(/W ′)(h′1, h
′
2).

�

Lemma 3.15 (Heap Parametricity)
If ` h : Σ and (·,R,L,P, ∅, ∅, ∅,W, δ) = canonic(k, d, ·,Σ), then h, h : W .

Proof: This boils down to showing h, h :dom(W.I) W . If k = 0, there is nothing to show. Otherwise,
let hi = h|{li}, where we suppose Σ = l : σ. We claim (.W, hi, hi) ∈ W.I(ιi).HL(W.I(ιi).PL),
i.e., (.W, hi, hi) ∈ HeapAtomk and J(h(li), h(li)) ∈ VJσiKK∅(.W ). The former is obvious. For
the latter, note that ·; Σ ` h(li) : Σ(li), for which the Fundamental Property for Values yields
·;R;L;P ` (h(li), h(li)) ∈ VJσiK. By Lemmas 3.14 and 2.17 we are done. �

Lemma 3.16 (Adequacy)
If ·; Σ ` e1 ≈log e2 : τ and ` h : Σ, then (h; e1)⇓ iff (h; e2)⇓.

Proof: Suppose (h; e1) ⇓j (the other direction is symmetric). Let (·,R,L,P, ∅, ∅, ∅,W, δ) =
canonic(j + 1,→,Σ). By unfolding the definition of ≈log we know ·;R;L;P ` (e1, e2) ∈ EJτK.
By Lemma 3.14, J(e1, e2) ∈ EJτKKδW . Since h, h : W by Heap Parametricity, this yields W `
(h; e1) ≈ (h; e2) : JVJτKKδ. Finally, since j < W.k, we learn (h; e2)⇓. �

Theorem 3.17 (Soundness w.r.t. Contextual Equivalence)
If Γ; Σ ` e1 ≈log e2 : τ , then Γ; Σ ` e1 ≈ctx e2 : τ .

Proof: Suppose ` C : (Γ; Σ ` τ)  (·; Σ′ ` τ ′) and ` h : Σ′. By Congruence, ·; Σ′ `
C[e1] ≈log C[e2] : τ ′. By Adequacy, (h;C[e1])⇓ iff (h;C[e2])⇓. �
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4 Examples

4.1 Name Generators

Consider:

τ := ∃α. (unit→ α)× (α× α→ bool)
e1 := letx= ref 0 in pack int, 〈λ .++x, λy.fst y= snd y〉 as τ

e2 := pack ref unit, 〈λ .ref 〈〉, λy.fst y== snd y〉 as τ

To prove these ADTs equivalent, we want to show ` (e1, e2) ∈ EJτK.
By ↑-impure, we have to show ` {2>} e1 ≈ e2 {VJτK}. By rules step-l, alloc and expand,

we need to show
C1 ` {x ↪→1 0} e′1 ≈ e2 {VJτK}

where e′1 is the body of the let and C1 = x; ·; ·;x ∈ Val1.
Using rule isl-new we introduce an island p whose population is a partial bijection between the

natural numbers that will be generated by e′1 and the set of locations allocated by e2:

B := ∃n.∃b ⊂ Loc.bij(a, {1, . . . , n}, b)
H := ∃n. (x ↪→1 n) ∗2(max(dom(a), n) ∧ rng(a) ⊆ Val2)

The population law B states that a is a bijective relation of the form {17→l1, . . . , n 7→ln}.1 The
heap law H then verifies that the state of x always is the maximum n in the domain of the
current population, and that its locations are all valid in the current world. The latter property
is important later to show that newly allocated references will always be fresh with respect to the
current population. Given A = ∅ for the initial population, it is easy to verify that C1 ` B[A/a].
Consequently, we can now define C2 = C1, p, p∝ a.(B,H), p ≡ ∅ and need to show

C2 ` {x ↪→1 0} e′1 ≈ e2 {VJτK}

Both expressions are values, so we want to apply rule isl-upd (and ↑-return, using mono-
tonicity of the logical relation) to reduce the problem to

C3 ` (e′1, e2) ∈ VJτK

where C3 = †C2, p ≡ ∅. To do so, we first need to prove C2 ` B[∅/a], which follows as before, and
C3 ` x ↪→1 0 V H[∅/a]. The latter consists of eliminating the existential in H with n = 0 and
then showing both parts of the separating conjunction. The first, x ↪→1 0, is immediate from the
assumption, while the second part is a propositional formula that we can prove separately and then
cut into the entailment.

Now, we unroll the definition of VJ∃α.τK and pick

r := (x1, x2). x1 ∈ Val1 ∧ x2 ∈ Val2 ∧ (x1, x2) ∈ p

We have to show C3 ` r : Type — which follows straightforwardly from rule pop-mono. Now let
ρ = α 7→r. By the definition of VJτ ′ × τ ′′Kρ, we still have to show

1The bij predicate as well as the other notation in B and H can be defined in our logic.
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1. C3 ` (λ .++x, λ .ref 〈〉) ∈ VJunit→ αKρ

2. C3 ` (λy.fst y= snd y, λy.fst y== snd y) ∈ VJα× α→ boolKρ

Let us first turn to (1). We unroll the definition of VJτ ′ → τ ′′K, and apply the introduction rules
for 2, ∀ and ⇒, producing the goal

C4 ` ((λ .++x) y1, (λ .ref 〈〉) y2) ∈ ↑VJunit→ αKρ

where C4 = †C2, y1, y2, (y1, y2) ∈ VJunitKρ (note that †C3 = †C2). By ↑-expand, ↑-impure and
sep-∃, and expanding the ++ notation, we have to show the equivalence

C5 ` {x ↪→1 n ∗2P} (x := !x+ 1; !x) ≈ ref 〈〉 {VJαKρ}

where C5 = C4, a, n, p ≡ a and P is the boxed proposition in H. We can step through the left
computation using rules step-l and expand and reach

C5 ` {x ↪→1 n+ 1 ∗2P} n+ 1 ≈ ref 〈〉 {VJαKρ}

The right side is more tricky, because we have to derive an appropriate freshness property for the new
location. We first move 2P to the context (rule 2-shift), producing C6 = C5,2(max(dom(a), n)∧
rng(a) ⊆ Val2). From there we can derive C6 ` rng(a) ⊆ Val2 and then apply rules alloc and
step-r to get the goal

C6, y ` {x ↪→1 n+ 1 ∗ y ↪→ 〈〉 ∗2(y /∈ rng(a)) ∗2P} n+ 1 ≈ y {VJαKρ}

By sep-entail and entail-↪→-val, we can further strengthen the heap assertion to include y ∈ Loc.
Now that the new names have been generated, we update the island with the new population

A = a ∪ {(n + 1, y)}, using rule isl-upd. To do so, we first have to show C6 ` p ⊆ A, which is
easy given the assumption p ≡ a in the context. Then we have to show that the population law
still holds, i.e., C6 ` ∃n′.∃b ⊂ Loc.bij(A, {1, . . . , n′}, b). Assuming a suitable set of admissible rules
about bijections, this can be derived by picking n′ = n + 1 and b = rng(a) ∪ {y}, and using the
assumption max(dom(a), n). It also requires the assumptions y ∈ Loc and y /∈ rng(a), which we
can extract from the heap assertion (rule 2-shift). Likewise, we have to prove that the final heap
assertion entails the heap law H[A/a] under the environment C7 = †C6, p ≡ A. Choosing n+ 1 for
the existential variable n in H, the first half, x ↪→1 n+ 1, follows directly from the heap assertion.
The rest can again be derived using only propositional logic.

The final step in this part is to show C7 ` (n+1, y) ∈ ↑VJαKρ. In order to apply rule ↑-return,
a proof for C7 ` VJαKρ : Type is required — which we already proved above, modulo weakening.
The rest then is by straightforward propositional reasoning, given the updated population p ≡ A
in C7 and our definition of r in terms of p.

For part (2) we start as before, yielding the goal

C′4 ` ((λy.fst y= snd y) y1, (λy.fst y== snd y) y2) ∈ ↑VJboolKρ

with C′4 = †C2, y1, y2, (y1, y2) ∈ VJα× αK. We can unfold the definitions of VJτ ′ × τ ′′K and VJαK in
the context and eliminate the respective existential, producing

C′5 = †C2, y1, y2, y′1, y′2, y′′1 , y′′2 , y1=〈y′1, y′′1 〉, y2=〈y′2, y′′2 〉, (y′1, y′2) ∈ r, (y′′1 , y′′2 ) ∈ r.
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Now y1, y2 in the judgment can be replaced by the respective pairs, and by ↑-expand we are left
with

C′5 ` (y′1 = y′′1 , y
′
2 == y′′2 ) ∈ ↑VJboolKρ.

At this point, the proof essentially boils down to the absolute proposition

∀a, y′1, y′′1 , y′2, y′′2 . B ⇒ (y′1, y
′
2) ∈ a⇒ (y′′1 , y

′′
2 ) ∈ a⇒

∃b ∈ {true, false}. (y′1 = y′′1 ; b) ≡ (y′2 == y′′2 ; b)

Expanding out the definition of B, this can be proved by straightforward means in the meta logic
and thus be assumed as an axiom.

4.2 Landin’s Knot

We want to prove that Landin’s Knot – the construction of a fixpoint using backpatching – works.
That is, we want to prove the equivalence between the following two expressions of type τ1 → τ2:

e1 := let z= ref (λx.⊥) in (z := (λx.let f = !y in e); !z)
e2 := fix f(x). e

where fix is a standard cbv fixpoint operator, which can be defined in our language as follows:

fix f(x). e := λx.(unroll v) v x
where v := rollλf ′.(λf.λx.e) (λx.(unroll f ′) f ′ x)

We need to show ` (e1, e2) ∈ EJτ1 → τ2K, or, by rule ↑-impure, ` {2>} e1 ≈ e2 {VJτ1 → τ2K}.
By applying step-l several times, we can reduce this to showing {z ↪→1 F} F ≈ e2 {VJτ1 → τ2K},
where F is the function value assigned to z in e1.

By rule isl-new we introduce an island p that records the fact that y will contain F , forever.
That is, we choose H = z ↪→1 F as the heap law. We do not need the population for this proof,
so we pick B = > and A = ∅. By rules isl-upd and ↑-return, it remains to be shown that
(F, e2) ∈ VJτ1 → τ2K under the extended context.

At this point, we invoke rule löb to prove the equivalence of F and e2 under the “coinductive”
assumption .(F, e2) ∈ VJτ1 → τ2K. Unfolding the definition of VJτ ′ → τ ′′K, we assume y1, y2 with
(y1, y2) ∈ VJτ1K and apply ↑-impure again, such that we now have to show {z ↪→1 F} F y1 ≈
e2 y2 {VJτ2K}. Note how our island re-establishes the crucial assertion about y pointing to F .

We use expand to reach the point where both expressions have to make an essential step:

{z ↪→1 F} (let f = !z in e[y1/x]) ≈ (unroll v) v y2 {VJτ2K}

Now we can apply step-lr, using deref on the left and unroll on the right, yielding, after further
reduction

{z ↪→1 F} e[F/f ][y1/x] ≈ e[e2/f ][y2/x] {VJτ2K}

which we have to prove in an earlier world — removing the .-operator from the assumption (F, e2) ∈
VJτ1 → τ2K that was introduced by rule löb.

We apply isl-upd once more (boxing and unboxing the monotonous assumptions (y1, y2) ∈ VJτ1K
and (F, e2) ∈ VJτ1 → τ2K to have them survive) so that the goal becomes (e[F/f ][y1/x], e[e2/f ][y2/x]) ∈
VJτ2K. By applying ↑-reduce twice this can be expanded to ((λf.λx.e)F y1, (λf.xe) e2 y2) ∈ VJτ2K.
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Now use the introduction rules for implication and 2 twice, discharging the assumptions (y1, y2) ∈
VJτ1K and (F, e2) ∈ VJτ1 → τ2K. With the definition of VJτ ′ → τ ′′K this gives

(λf.λx.e, λf.λx.e) ∈ VJ(τ1 → τ2)→ τ1 → τ2K

which holds by the Fundamental Property.
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